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Chapter1

An Extension of Massera’s Theorem for N-Dimensional
Stochastic Differential Equations

Boudref Mohamed Ahmed, Berboucha Ahmed and
Osmanov Hamid Ibrahim Ouglu

Additional information is available at the end of the chapter

Abstract

In this chapter, we consider a periodic SDE in the dimension 7 >2, and we study the existence
of periodic solutions for this type of equations using the Massera principle. On the other
hand, we prove an analogous result of the Massera’s theorem for the SDE considered.

Keywords: stochastic differential equations, periodic solution, Markov process, Massera
theorem

1. Introduction

The theory of stochastic differential equations is given for the first time by It6 [7] in 1942. This
theory is based on the concept of stochastic integrals, a new notion of integral generalizing the
Lebesgue-Stieltjes one.

The stochastic differential equations (SDE) are applied for the first time in the problems of
Kolmogorov of determining of Markov processes [8]. This type of equations was, from the first
work of Ito, the subject of several investigations; the most recent include the generalization
of known results for EDO, such as the existence of periodic and almost periodic solutions.
It has, among others, the work of Bezandry and Diagana [1, 2], Dorogovtsev [4], Varsan [12],
Da Prato [3], and Morozan and his collaborators [10, 11].
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The existence of periodic solutions for differential equations has received a particular interest.
We quote the famous results of Massera [9]. In its approach, Massera was the first to establish a
relation between the existence of bounded solutions and that of a periodic solution for a
nonlinear ODE.

In this work, we will prove an extension of Massera’s theorem for the following;:
nonlinear SDE in dimension n>2

dx = a(t,x)dt + b(t, x)dW,

2. Preliminaries

Let (Q, F, {F:},50,P) be the complete probability space with a filtration {F;},,, satisfying the
usual conditions

* {F},s is an increasing family of sub algebras containing negligible sets of F and is
continuous at right.

F. = O{UtZOFt}-

Let a Brownian motion W(t), adapted to {F;,t>0}, i.e., W(0) = 0, Vi=0, W(t) is F;,—measurable.
We consider the SDE

{ dx = a(t,x)dt + b(t, x)dW; (1)

x(to) = z.
in (Q,F» {Ft}tzovp)'

The functions a(t,x) : Ry x R" — R" and b(t,x) : Ry x R" — R™™ are measurable. We sup-
pose that F; is the completion of o{W,,ty<r<t} for all t>#),, and the initial condition z is
independent of Wy, for t>ty and E|z|/ < ee.

Suppose that the functions a(t, x) and b(t, x) satisfy the global Lipschitz and the linear growth
conditions

k> 0,VteRy, Vx,yeR" : |ja(t,x) —a(t,y)| + ||b(t,x) — b(t,y)| <k|x —y]|

and

la(t, )" + [|b(t, 2)|IP <k (1 + [1x||")

We know that if a and b satisfy these conditions, then the system (1) admits a single global
solution.

We note by B the space of random F;,—measurable functions x(t) for all ¢, satisfying the relation
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sup Elx(#)[*,
£20

we consider in B the norm

NI=

I/l = sup (ElxP’)

t>0

(B, ||-]l5) is the Banach space.

2.1. Markov property

The following result proves that the solution of the SDE (1) is a Markov process.

Theorem 1. ([5], Th. 2, p. 466) Assume that a(t,x) and b(t,x) satisfy the hypothesis of the theorem
(5], Th. 1, p. 461) and that X“¥)(s) is a process such that for s € t, ) for all t > tq is a solution of SDE

S

Xt (5) = x + J a(u, Xt (u))du + JS b(u, X“’”(u))qu @)
t t

Then the process X;, solution of SDE (1), is a Markovian process with a transition function

p(t,x;8,A) = P(X(t”‘) (s)e A) .

Let p(s,x; t, A) be a transition function; we construct a Markov process with an initial arbitrary
distribution. In a particular case, for t >, we associate with the function p(s,x;t,A) a

family X% (, w) of a Markov process such that the processes X2 (t, w) exist with initial point
zins, i.e.,

P(X(S7Z>(t, w) = z) -1 3)

2.2. Notions of periodicity and boundedness

Définition 1. A stochastic process X(t,w) is said to be periodic with period T (T > 0) if its finite
dimensional distributions are periodic with periodic T, i.e., for all m>0, and t1, t,, ...t,, € R* the joint
distributions of the stochastic processes Xy ikr(w), Xpy1kr(@), ... Xt +k7(w) are independent of k
(keZ).

Remark 1. If X(t, w) is T—periodic, then m(t) = EX(t), v(t) = VarX(t) are T—periodic, in this case,
this process is said to be T—periodic in the wide sense.

Définition 2. The function p(s,x;t,A) =P(X;€A/Xs) for 0<s<t, is said to be periodic if
p(s,x;t+s,A) is periodic in s.

3
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Définition 3. The Markov families X% (w) are said to be p—uniformly bounded (p >2), if
Va > 0,360(a) > 0, Vit

lzlls,p <= | X0 (@), <6(a)

We denote X"?)(w) as the family of all Markov process for ty € R*and z in L?.
Remark 2. It is easy to see that all L,—borné Markov processes X, <i.eEIM > 0,Vtxt : ||Xt||§ » SM,)
is p—uniformly bounded.

Lemme 1. ([6], Theorem 3.2 and Remark 3.1, pp. 66-67) A necessary and sufficient condition for
the existence of a Markov T—periodic X" (w) with a given T—periodic transition function

p(s,x;t, A), is that for some ty, z, Xto:2) (w) are uniformly stochastically continuous and

to+L o
lim lim ianJ p(to,z; t, UR,p)dt =0 4)

R—00 [,—00 o

if the transition function p(s, Xs; t, A) satisfies the following not very restrictive assumption

a(R) = sup 0 <ty t—ty < Tp(tgszs ty Ug p)— R0 (5)
z€ uﬁ(R)/P
for some function B(R) which tends to infinity as R — eo.
In Eq. (4), we have RER’:
Ur,={xeR": [x|” <R}

Ug,, = {x€R": x|’ 2R}

The conditions of Lemma 1 are of little use for stochastic differential equations, since the
properties of transition functions of such processes are usually not expressible in terms of the
coefficients of the equation. So, in the following, we will give some new useful sufficient
conditions in terms of uniform boundedness and point dissipativity of systems.

Lemme 2. If Markov families X" (w) with T—periodic transition functions are uniformly bounded
uniformly stochastically continuous, then there is a T—periodic Markov process.

Proof. By using a Markov inequality [13], we have
1
S —— ) R DT
RP(%, =2 LX" @)l

1
o X7 @,

P(th Z3 ta UR,p)

Then, for @ > 0, 30(a) > 0, such that for all t>¢,
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Iz, <@ = [[X®@ ()] , < O(a)
we get
(0,24, Ur ) S = — 6 (a)
P77 RP(z)

Then

1 to+L . 1 to+L
0< lim lim infEJ p(to, z; t, Ug,p)dt< lim 07 (a) (lim inf—J dt)

R—0c0 L—00 fo R—o0 (Z) L—o0 L fo

_ o @(a)
= M 2pe)

-0,

that is, Eq. (4). From Lemma 1, we have a T—periodic Markov process.

3. Main result

Let the SDE
{ dx = a(t,x)dt + b(t,x)dW,

xi, =2, Elzff <o

We assume that this SDE satisfies the conditions as in Section 2 after Eq. (1).
Suppose that
Hj) the functions a(t, x) and b(t, x) are T—periodic in t.

H,) the functions a(t, x) and b(t, x) satisfy the condition

la(t, )" + NIb(t, )P < (llx[[), p > 2

where ¢ is a concave non-decreasing function.

Lemme 3. ([13], Lemme 3.4) Assume that a(t, x)and b(t, x) verify

E(lla(t, x)I") + E(lb(t, 2)[IP) <1, p > 2

then, the solutions of periodic SDE (6) are uniformly stochastically continuous.

We prove the Massera’s theorem for the SDE in dimension n>2.
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Theorem 2. Under (Hy), (Hz), if the solutions of the SDE (6) are L,—bounded, then there is a
T—periodic Markov process.

Proof. We note by X2 (t, w) an L,-bounded solution of SDE (6), from Theorem 1, this solution
is unique a Markov process that is F;—measurable. Suppose that p(ty,z;t,A) is a transition

function of Markov process X7 (¢ w), under (H;) and since p(t,z;t,A) depend of
a(t,x),b(t,x) then this function is T—periodic in f. In the other hand, ¢ is concave non-
decreasing function, we get

E((|x”) < p(Elx|”)
From the L,~boundedness of X#(t, ), then under (H,): 3n > 0 such that

EHa(t, X2 (¢, a))> Hp + EHb(t,X(tO’Z)(t, cu)) HP <n

for p > 2. By Lemma 3, we have X7 (¢, @) is p—uniformly bounded and p—uniformly sto-
chastically continuous, this gives, the conditions of Lemma 2 are verified, finally, we can
conclude the existence of the T—periodic Markov process. m
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Chapter 2

Phase Portraits of Cubic Dynamic Systems in a Poincare
Circle

Irina Andreeva and Alexey Andreev

Additional information is available at the end of the chapter

Abstract

In the proposed chapter, we are going to outline the results of a study on an arithmetical
plane of a broad family of dynamic systems having polynomial right parts. Let these
polynomials be of cubic and square reciprocal forms. The task of our investigation is to
find out all the different (in the topological sense) phase portraits in a Poincare circle and
indicate the coefficient criteria of their appearance. To achieve this goal, we use the
Poincare method of central and orthogonal consecutive displays (or mappings). As a
result of this thorough investigation, we have constructed more than 250 topologically
different phase portraits in total. Every portrait we present using a special table called a
descriptive phase portrait. Each line of such a special table corresponds to one invariant
cell of the phase portrait and describes its boundaries, as well as a source of its phase flow
and a sink of it.

Keywords: dynamic systems, phase portraits, phase flows, Poincare sphere, Poincare
circle, singular points, separatrices, trajectories

1. Introduction

A dynamic system appears to be a mathematical model of some process or phenomenon, in
which fluctuations and other so-called statistical events are not taken into consideration. It can
be characterized by its initial state and a law according to which the system goes into a
different state. A phase space of a dynamic system is the totality of all admissible states of this
system.

It is necessary to distinguish dynamic systems with the discrete time and with the continuous
time. For dynamic systems with the discrete time (they are called cascades), a system’s behavior
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is described with a sequence of its states. For dynamic systems with continuous time (which
are called flows), a state of the system is defined for each moment of time on a real or an
imaginary axis. Cascades and flows are the main subject of study in symbolic and topological
dynamics.

Dynamic systems, both with discrete and continuous time, can be usually described by an
autonomous system of differential equations, defined in a certain domain and satisfying in it
the conditions of the Cauchy theorem of existence and uniqueness of solutions of the differen-
tial equations.

Singular points of differential equations correspond to equilibrium positions of dynamic sys-
tems, and periodical solutions of differential equations correspond to closed phase curves of
dynamic systems.

The main task of the theory of dynamic systems is a study of curves, defined by differential
equations. This process includes splitting of a phase space into trajectories and studying their
limit behavior —finding and classifying the equilibrium positions, and revealing the attracting
and repulsive manifolds (i.e., attractors and repellers; sinks and sources). The most important
notions of the theory of dynamic systems are the notion of stability of equilibrium states, which
means the ability of a system under considerably small changes of initial data to remain near
an equilibrium state (or on a given manifold) for an arbitrary long period of time, as well as the
notion of roughness of a system (i.e., the saving of a system’s properties under small changes
of a model itself). A rough dynamic system is a system that preserves its qualitative character
of motion under small changes of parameters.

The research methods proposed in this chapter are new and effective; they can also be used for
the study of applied dynamic systems of the second order with polynomial right parts.

According to Jules H. Poincare, a normal autonomous second-order differential system with
polynomial right parts, in principle, allows its full qualitative investigation on an extended

: : =2 : : .
arithmetical plane R, [1]. Inspired by the great Poincare’s works, mathematicians of the next

generations, including contemporary researchers, have studied some of such systems, for
example, quadratic dynamic systems [2], ones containing nonzero linear terms, homogeneous
cubic systems, and dynamic systems with nonlinear homogeneous terms of the odd degrees
(3, 5, 7) [3], which have a center or a focus in a singular point O (0, 0) [4], as well as other
particular kinds of systems.

We consider in the present chapter a family of dynamic systems on a real plane x, .

dx dy
E—X(X,y), T Y (x,y) @

such that X (x, y), Y (x, y) are reciprocal forms of x and y, X is a cubic, Y a square form, and
X (0,1)>0, Y (0, 1) > 0. Our objective is to depict in a Poincare circle all kinds (different in
the topological sense) of possible for systems phase portraits for Eq. (1), and also to indicate
the criteria of every portrait realization close to coefficient ones. With this aim, we apply
Poincare’s method of consecutive mappings: first, the central mapping of a plane x, y (from a

9
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

center (0, 0, 1) of a sphere }'), augmented with a line at infinity (i.e., Ei y plane) on a sphere

Y: X% 4 Y? + 72 = 1 with identified diametrically opposite points, and second, the orthogo-
nal mapping of a lower enclosed semi-sphere of a sphere Y to a circle Q: x? + y?><1 with
identified diametrically opposite points of its boundary I. We will now describe this process
in more detail.

The circle Q and the sphere Y in this process are called the Poincare circle and the Poincare
sphere, respectively [1].

2. Basic definitions and notation

@(t,p), p=(x,y)—a fixed point: = a solution (a motion) of Eq. (1) — system with initial
data(0,p).

Ly:p = @(t,p), t € Imax, — a trajectory of motion ¢(t,p).
L;r (D= + (—) — a semi-trajectory of a trajectory L,,.

O-curve of a system := the system’s semi-trajectory L°,(p # O, s € {+, —}) adjoining to a point O
under a condition such that st — 0.

O"(7)- curve of a system: = the system’s O-curye L; ),

O (-)-curve of a system: = the system’s O-curve adjoining to a point O from a domain x > 0
(x<0).

TO-curve of a system: = the system’s O-curve, which, being supplemented by a point O,
touches some ray in it.

A nodal bundle of NO-curves of a system := an open continuous family of the system’s TO-
curves L°, where s € {4, —} is a fixed index, p €, A a simple open arc, L°,na = {p}.

A saddle bundle of SO-curves of a system, a separatrix of the point O:= a fixed TO-curve,
which is not included in some bundle of NO-curves of a system.

E, H, P-O-sectors of a system: an elliptical, a hyperbolic, a parabolic sector.

A topological type (T-type) of a singular point O of a system:= a word Ao consisting of letters
N, S (a word B, consisting of letters E, H, P), which describes a circular order of bundles N, S of
its O-curves (of its O-sectors E, H, P) when traversing the point O in the “ + ”-direction, i. e.,
counterclockwise, starting with some of them.

P(u) := X(1,u) = py + pyu + poi” + pyit’,

Qu) = Y(1,u) = a+ bu + cu®.

Note 1. For every Eq. (1) system:

10
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1) T-type of a singular point O in its form By, is easy to construct using its T-type in the form
Ao, and going backward (we need to determine both forms, see Corollary 1);

2) Real roots of a polynomial P(u) (polynomial Q(u)) are in fact angular coefficients of isoclines
of infinity (isoclines of a zero));

3) When we write out the real roots of the system’s polynomials P(u), Q(u), separately or all
together, we always number the roots of each one of them in an ascending order.

3. Topological type (T-type) of a singular point O(0, 0)

In order to find all O-curves and to split their totality into the bundles N, S, let us use the
method of exceptional directions of a system in the point O [1]. According to this method, the
equation of exceptional directions for the point O of the Eq. (1) system has the form.

xY(x,y) = x(ax* + bxy + cy?) = 0.

For this, the following cases are possible:
1. Whend = b* — 4ac > 0, this equation defines simple straight lines x = 0 and.

y=qx i=12 g, <q,
2. When d = 0, this equation defines the straight line x = 0 and the double straight line.

b
Yy=4%9="5,
3. Whend < 0, the equation defines only the straight line x = 0.

Theorem 1 is true for the aforementioned cases [5].

Theorem 1. Words Ap and By, which define a topological type (T-type) of a singular point O
(0, 0) of the Eq. (1) system:

1) in the case of d > 0, depending on signs of values P(g;,) = 1,2, have forms, indicated in a
Table 1;

r P (3:) P () Ao Bo
14 * + SoSL N2 SN §? = 55! NS> PH?
2 - _ SoN' 52 5°s! N = NS2 st PH?
56 - + SoNL N2 85! 52 PEPH’
5 * - 55! S2 S°N' N2 H’PEP

Table 1. T-type of a singular point when d > 0 (r =1,6).
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q P (q) Ao Bo

¥ + S0S:N. §° H’P
- . SoN, 5. S° PH?
+ _ SoS°S_N_ H’P
_ + SeS'N_S_ PH?
0 + SoS NS_ H?P
0 _ NS, 'S PH?

Table 2. T-type of the singular point O(0, 0) when d = 0.

2) in the case of d = 0 depending on signs of values g and P(g), they have forms, indicated in a
Table 2,

3) in the case of d < 0 they have forms: Ap = 50S°, Bo = HH (Table 1).
Note 2. Let us clarify the meaning of the new symbols introduced in Theorem 1.

So (5”) means a bundle S, adjoining to point O(0,0) from the domain x > 0 along a semi-axis
x =0,y <0, whent — 4o (along a semi-axis x =0, y > 0, when t— —c0).

“" 7

The lower sign index “ +” or on every bundle N or S, different from S, and S% indicates
whether the bundle consists of O, -curves or of O_-curves. Upper index 1 or 2 on every such a
bundle indicates whether its O-curves are adjoining to point O along a straight line y = g,x or
along a straight line y = g,x.

In Table 2, row 5, 6, a bundle N does not have a lower sign index because it contains both O -
curves and O_ -curves simultaneously.

Corollary 1. From Theorem 1, it follows, that Eq. (1) systems do not have limit cycles on the
R?,., plane.
Xy

Indeed, such a cycle could surround a singular point O (0,0) of an Eq. (1) system, and then the
Poincare index of this singular point must be equal to 1 [1]. However, Bendixon’s formula for
the index of an isolated singular point of a smooth dynamic system is as follows:

e—h
2

1(0)=1+

where ¢(h) is the number of elliptical (hyperbolic) O-sectors of the system. This formula and
our Theorem 1 give: for the singular point O (0, 0) of every Eq. (1) system, Poincare index
1(0) = 0.

Corollary 2. For the singular point O (0, 0) of an Eq. (1) system, 11 different topological types
(T-types) are possible, and from the analysis of these 11 T-types we can conclude:
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for every Eq. (1) system, the singular point O(0, 0) has not more than four separatrices (actually
2, 3, or 4 ones).

4. Infinitely remote singular points (IR points)

Now it is time to discuss the behavior of trajectories of the Eq. (1) systems in a neighborhood of
infinity. For the investigation of this question we use the method of Poincare consecutive
transformations, or mappings [1].

The first Poincare transformation

unambiguously maps a phase plane R?, , of the Eq. (1) system onto a Poincare sphere }:
x? +y* + z* = 1 (where z = —Z [1]) with the diametrically opposite points identified, which is
considered without its equator E, and an infinitely remote straight line of a plane @ The first
Poincare transformation maps onto the equator E of the sphere }’; the diametrically opposite
points are also considered to be identified.

The Eq. (1) system in this mapping transforms into a system, which in the Poincare coordinates

u, z after a time change dt = ~z?dt looks like the following:
du dz
o= P(u)u — Q(u)z, i P(u)z,

where P(u) := X(1,u) and Q(u) := Y(1, u) are reciprocal polynomials.

This new system is determined on the whole sphere }’, including its equator, and on the whole
(u,z) — plane a*, which is tangent to a sphere ) at point C = (1, 0, 0). We shall study this
P2

system, namely on a plane R; ,, and project the received results onto a closed circle

Q, sequentially mapping, first, a plane R?,. onto the sphere Y from its center, and second, its

lower semi-sphere H onto the Poincare circle Q, i. e., onto a closed unit circle of a plane sz,y
through the orthogonal mapping.

For our new system, the axis z = 0 is invariant (consists of this system’s trajectories). On this
axis, lie its singular points O;(u;,0), i=0,m, whereu;i=1,m are all real roots of the
polynomial P(u), and uy = 0; at the same time, there may exist iy € {1, ..., m}: u;;= 0. Let us call
such points IR points of the first kind for the Eq. (1) system.

The second Poincare transformation
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also unambiguously maps a phase plane R’, , onto a Poincare sphere Y. with the diametrically
opposite points identified, considered without its equator. Every Eq. (1) system transforms into
a system, which in the coordinates 7, v, z looks like the following:

dv_

d
i —X(v,1) + Y(v,1)vz, % _ Y(v,1)z2.

at

This last system is determined on the whole sphere }, and on the whole (v,z) — plane @,
which is tangent to a sphere ) | at point D = (0,1,0) [1]. A setz = 0is invariant for this last
system. On this set, lie its singular points(vg,0), where vy is any real root of the polynomial
X(v,1) = py + p,o + p,0* + pyo°. It would be natural to call such points IR points of the second
kind for Eq. (1) systems, but each of these points, for which vy # 0, obviously coincides with

one of the IR-points of the first kind, namely with the point (Ulo , O),

while vy = 0is not a root of the polynomial X(x, 1), because X(0, 1) = p3# 0 for the Eq. (1)
system. Consequently, the following corollary is correct.

Corollary 3. The infinitely remote singular points of any Eq. (1) system are only IR-points of
the first kind.

With the orthogonal projection of a closed lower semi-sphere H of a Poincare sphere Y. onto a
plane x, y, its open part H one-to-one maps onto an open Poincare circle ), while its boundary
E (an equator of the Poincare sphere }}) maps onto the boundary of the Poincare circle I'=0Q),
which implies the following. 1) Trajectories of any Eq.(- (including its singular point O (0, 0))
are displayed in a circle Q, filling it.

2) Such a system’s infinitely remote trajectories (including IR points) are displayed on the
boundary I of a circle (), filling it.

Following Poincare, we call the first trajectories of the Eq. (1) system in (), and the second, we
call trajectories of the Eq. (1) system on I

As it follows from the aforementioned conclusions, to each IR point O;(u;,0), of the Eq. (1)
system, i€ {1,...,m}, correspond two diametrically opposite points situated on the I" circle.

OF (u;,0): O (O ) eI ) =T

x>0 (x<0)"

vie {1,...,m} for the point O; (O; ), we shall introduce the following notation.

1. Let a O; (O; ) —curve be a semi-trajectory of the Eq. (1) system in Q, starting in an

ordinary point p € () and adjacent to a point O:r(_).

2. A notation for bundles N, S, adjacent to a point O; (O; ) from the circle O, similar to the
notation introduced for the point O (0, 0).
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3. A notation of a word A; (A;) consisting of letters N,S, which fixes an order of bundles of
O; (O; )-curves at a semi-circumvention of the point O;" (O; ) in the circle Q in the direc-
tion of increasing u.

We shall describe a T-type of a point O; (O; )with a word A;(4; ), and a T-type of a point
O; with words Aii.

T-types of IR points O, (0,0) of Eq. (1) systems are described in the following theorem.
Theorem 2. Let a number u = 0 be the multiplicity k€ {0, ...,3} of the root of a polynomial

P(u) of the Eq. (1) system. Then, words Aj, which determine the topological types (T-types) of

IR points Oy (0,0) of this system, depending on the value of k and a sign of a number ap;
(where a and py, are coefficients of the system), have the forms as shown in Table 3 [5].

Corollary 4. IR points O} of any Eq.(1)—system do not have separatrices.

T-types of IR points O;(u;,0) # O,(0,0), 1 = 1, m, of Eq. (1) systems are described in the follow-
ing theorem.

Theorem 3. Let a real number u;(# 0) be a multiplicity k; € {1, 2,3} of the root of a polynomial
P(u) of an Eq. (1) system. Then for this system, a value g; = P ®(1;)Q(u;) #0 and words
AF", which determine topological types (T-types) of IR points O: (u;,0) of this system,
depending on the value of k; and signs of numbers u; and g; have forms as shown in Table 4 [5].

Corollary 5. As can be seen from Theorems 2 and 3, for the IR points of Eq. (1) systems, only a
finite number (13) of different T-types are possible. The investigation of these T-types shows
that IR-points of each Eq. (1) system have only m separatrices: one separatrice for every

singular point O;(u;,0),i= 1, m.

“ o7

Note 3. In Tables 3 and 4, the lower sign index “ +” or on every bundle N or S, indicates
whether the bundle adjusts to the point O (or to the point O; ) from the side u > u; or from

the side u < u; of the isocline u = u;.

In Table 3, row 1, a bundle N does not have a lower sign index because as the detailed study of
this case shows, it contains O; -curves (O; -curves) in every domain |u[> 0 [5].

k ap, Ag Ay

0 0 N N

0,2 +(-) N.(N-) N_(N)
1,3 +(=) N_N. (@) @(N_N,)

Table 3. T-types of IR points OF (0,0).
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" ki 8i Al Ay

+(=) 1,3 + N, (ND) S_(S4)
) L3 - S_(5+) N (N-)
+—) 2 + S_N. () @(N_S,)
) 2 - B(N_S,) S_N.(2)

Table 4. T-types of IR points O (u;,0), i€ {1,...,m}.

5. Systems containing 3 and 2 multipliers in their right parts

In this section, we present a solution to the main assigned problem for those Eq. (1) systems
whose decompositions of forms X (x, y), Y (x, y) into real forms of lower degrees contain 3 and
2 multipliers, respectively:

X(x,y) = p3(y — urx)(y — ux)(y — usx), Y(x,y) = c(y — ;%) (y — g,%) (2)

where p; >0, ¢>0, uy <up <us, g, <q, u;#g;foreachiandj.

The solution process contains the follows steps.

5.1. Basic concepts and notation

The following notations are introduced for the arbitrary system under consideration in the
Section 5.

P(u), Q(u) — the system’s polynomials P, Q:
P(u): = X(1,u) = py(u —ur)(u — uz)(u — uz), Qu): =Y(1,u)=c(u—q;)(u—q,)

RSP (RSQ) — an ascending sequence of all real roots of then system’s polynomial P(u) (Q(u)),
RSPQ — an ascending sequence of all real roots of both the system’s polynomials P(u), Q(u).

5.2. The double change (DC) transformation

Let us call a double change of variables in this dynamic system: (¢, y) — (—t, —y). The double
change transformation transforms the system under consideration into another such system,
for which numberings and signs of roots of polynomials P(u), Q(u), as well as the direction of
motion upon trajectories with the increasing of t are reversed. Let us agree to call a pair of
different Eq. (2) systems mutually inversed in relation to the DC transformation, if this trans-
formation appears to convert one into another, and call them independent of a DC transfor-
mation in the opposite case.

Clearly, 10 different types of RSPQ are possible for an arbitrary Eq. (2) system, as Cz = 25 = 10.
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As we can conclude using the DC transformation of Eq. (2) systems, six of the RSPQs appear to
be independent in pairs. Similarly, each of the remaining four systems has the mutually
inversed one among the first six Eq. (2)-systems.

Let us assign a specific number r € {1, ..., 10} to each one of the different RSPQs of the Eq. (2)
system in such a manner that RSPQr = 1,6 are independent in pairs, while RSPQ sequences
with numbers r =7, 10 are mutually inversed to RSPQ's which have numbers r = 1,4.

It is time to introduce the important notion of a family number r of Eq. (2) systems.

An r family of Eq. (2) systems : = the totality of systems (belonging to Eq. (2) family) having
the RSPQ number r.

Now following a single plan, we consistently investigate the families of Eq. (2)systems that
have numbers r = 1, 6. For families having numbers r = 7, 10, we obtain data through the DC-

transformation of families, r = 1, 4.
A plan of the investigation of each selected Eq. (2) family contains the follows items.

1. We determine a list of singular points of systems of the fixed family in a Poincare circle Q.
They appear to be a point O (0, 0) € Q and points O; (u;, 0) €I, i =0,3, uo= 0. For every
point in the list, we use the notions of a saddle (S) and node (IN) bundles adjacent to this
point’s semi-trajectories, of a separatrix of the singular point, and of a topodynamical type
of the singular point (TD type).

2. Further, we split the family under consideration to subfamilies with numbers s =1, 7. For
every subfamily, we reveal topodynamical types of singular points and separatrices of them.

3. We investigate the separatrices” behavior for all singular points of systems belonging to the
chosen subfamily Vs € {1, ..., 7}. Very important are the following questions: a question of
a uniqueness of a continuation of every given separatrix from a small neighborhood of a
singular point to all the lengths of this separatrix, as well as a question about a mutual
arrangement of all separatrices in a Poincare circle Q. We answer these questions for all
families of systems under consideration.

4. Asaresult of all previous studies, we depict phase portraits of dynamic systems of a given
family and outline the criteria of every portrait appearance [5, 6].

From this section, we can conclude the following:

Systems of the family number r = 1 have 25 different types of phase portraits.

Systems of families number 2 and 3: there are 9 types of phase portraits per family.
Systems of families 4 and 5: there exist 7 types of phase portraits per family.

Systems belonging to the family number r = 6 show 36 different types of phase portraits.

Hence, we have obtained 93 different types in total for the systems described in this section—a
lot of possible types at first glance. However, it is important to keep this in mind: every given
family includes an uncountable number of differential systems.
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6. Two classes of systems containing various combinations of two
different multipliers in both right parts: an A-class

In Sections 6 and 7, the problem has been solved for an Eq. (3) family. The Eq. (3) family of
Eq. (1) systems is as follows—the family consists of a totality of all Eq. (1) systems; for each of
them, decompositions of forms X (x, y), Y (x, y) into real multipliers of the lowest degrees
contain two multipliers each:

X(xy) = ply —mx)" (y = u20)®, Y(x.y) = q(y — 3,%) (y — 4,%) ©)
where p, q, uy,u2,9, 9, €Rp >0, 4>0, ur <up, q; <qp ui#gq; for each ij €{1,2},
ki, ko €N, k1 + k> =3.

It is natural to distinguish two classes of Eq. (3) systems. The A class contains systems with
k1 =1, k, =2; and the B class contains systems with k; =2, k, = 1.

In this section, we give a full solution of the assigned task for systems belonging to the A class
of the Eq. (3) family, i.e.,

d d
= = ply —mx)y — w2, 5= aly=9,%) (4 — 9,%) @

The process of forming the solution contains steps similar to the ones described in Section 4 of
this chapter.
For an arbitrary Eq.(4)- system, we introduce the following concepts.

Let P(u), Q(u) be the system’s polynomials P, Q:
P(u): = X(Lu) =p(u—w)(u—uw)’, Qu): =YL, u)=q(u—q, )(u—q,),

and RSP (RSQ) be an ascending sequence of all the real roots of the system’s polynomial, while
P(u) (Q(u)),RSPQ is an ascending sequence of all the real roots of both system’s polynomials
P(u) and Q(u). There exist 6 different possible variants of RSPQ as C; = 55 = 6. Let us number
them from 1 to 6 in some order.

Now let us put into use an important notion:

An r-family of Eq.(4) — systems is the totality of Eq. (4) dynamic systems with the RSPQ
number r from the list of six allowable variants.

A consistent research of families of Eq. (4) dynamic systems.
The steps of research of every fixed family belonging to Eq. (4) dynamic systems are as follows.

1. For all singular points of a given dynamic system that belongs to the family under
consideration, let us introduce notions of S (saddle) and N (node) bundles of semi-
trajectories, which are adjacent to a chosen singular point; also let us introduce a notion
for its separatrix and a notion for its topodynamical type (TD-type).
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2. Now the considered family must be divided into subfamilies numbered s € {1, ...,5}.Then
it is necessary to determine the TD-types of singular points of systems belonging to the

obtained subfamilies, and separatrices of singular points Vs = 1, 5.

3. For all five subfamilies, we investigate the separatrices’ of singular points behavior and
find an answer to a question concerning a uniqueness of a global continuation of every
chosen separatrix from a tiny neighborhood of a singular point to all the lengths of this
separatrix in the Poincare circle (), as well as an answer to a question of all separatrices’
mutual arrangement in €.

The mutual arrangement of all separatrices in the Poincare circle is invariable when, for a given
s, a global continuation of every separatrix of each singular point of the subfamily number s is
unique. Consequently, all systems of a chosen subfamily number s have, in a Poincare circle,
one common type of phase portrait.

But in a different situation, when, for a fixed number s, systems of such subfamily have, for
example, m separatrices with global continuations that are not unique, this subfamily is
divided into m additional subfamilies (so as to say subsubfamilies) of the next order.

As we could understand conducting their further study, for each of subsubfamilies, the global
continuation of every separatrix is unique, and the mutual arrangement of separatrices in the
Poincare circle () is invariable.

As a result, the topological type of phase portrait of all systems belonging to this subsubfamily
in the Q circle is common for the chosen subsubfamily.

4. We depict phase portraits in Q for the systems of Eq.(4) families, r = 1, 6, in the two possible
forms (the table and the graphic ones), and indicate for each portrait close to coefficient criteria
of its realization.

A conclusion for the Section 6 of our chapter is:

1. Eq. (4)-systems belonging to the number 1 family have in the Poincare circle Q, 13
different topological types of phase portraits.

2. Eq.(4)- systems of the family number 2 have 7 types.
3. Family number 3 have 10 types.
4. Family numbers 4, 5, and 6 have 5 different types of phase portraits per number.

This means that in total, all large families of Eq.(4) dynamic systems of the A class may have 45
different topological types of phase portraits in a Poincare circle.

7. Systems with 2 different multipliers in both right parts, belonging
to a B class

In this section, the full solution of our task for Eq. (3) systems of the B class is given:
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d d
d_gtc = ply — mx)*(y — u2x), d_z =q(y = 7:%) (v — 9,%). ©)

For an arbitrary Eq.(5)- system, P(u), Q(u) are the system’s polynomials P, Q.
P(u): = X(L,u) =pu—u1)*(u—uz), Qu): =Y(L,u)=q(u—q,)(u—gq,),

RSPQ shows 6 different variants, because C; = 6.

We can thus conclude that all Eq. (5) family of systems is split into 52 different subfamilies, and

all systems of each chosen subfamily show in a circle (, one common type of a phase portrait
belonging to this particular subfamily. We have constructed all 52 topologically different phase
portraits.

8. Systems containing 3 and 1 different multipliers in right parts

In this section, we solve the problem for an Eq. (6) family, i.e., for a family of Eq. (1) systems

dx d
B oty £y — o)y = w2), L= ey~ q,x)? ©)

p; >0, ¢>0, uy <up <us,q(€R) #u;i=1,3.

The solution process includes the follows steps. Let us break the Eq. (6) family into subfamilies
numbered r=1, 4.

Each of these is a totality of systems with an RSPQ number 7, where r is the system’s number in
the list of possible RSPQs.

1. ug, up us3,q,
2. uy, Uy, q, Uz,
3. u,quy, us,
4. quq, U, uz.

Applying to the Eq. (6) system, a double change of variables (DC): (t, y) — (—t,-y), we reveal
that it transforms families of these systems having the numbers r =1, 2, 3, 4, into their families
with numbers r = 4, 3, 2, 1 respectively, and backward. We emphasize: this fact means that
families of Eq. (6) systems having numbers 1 and 2 are not connected with the DC transforma-
tion, and that families having numbers 3 and 4 are not related to each other; at the same time,
family number 3 is mutually inversed by the DC transformation to the family number 2, and
family number 4 is mutually inversed to the family number 1 correspondingly. This conclusion
follows from the consideration of their RSPQ sequences [5, 6].

1. We study alternately the families of systems, r = 1,2, following the common program of
Eq. (1) systems study [5], i.e.:
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1. We fix r €{1,2}, then we break the chosen family into subfamilies numbered s [5, 6],
s=1,9, and find the topodynamical types (TD-types) of singular points of these systems.

2. We construct for the systems of a fixed subfamily Vs = 1,9, the so-called off-road map
(ORM) [5-7]. The ORM helps us to find an a(w)— limit set of every a(w)— separatrix. It
also lets us describe the mutual arrangement of all separatrices in the Poincare circle €.

3. We depict all possible topologically different phase portraits for Eq. (6) systems.

2. We investigate consistently families of Eq. (6) systems, r = 3, 4, using the DC transformation
of the results obtained for families, r = 2, 1. Then, we depict all types of existing phase
portraits for the families 3 and 4.

Then, we conclude the following.
For families of Eq. (6) systems with numbers 1, 2, 3, and 4, there exist

15+11+11+15=52

different topological types of phase portraits in a Poincare circle Q.

9. Systems containing 2 and 1 different multipliers in right parts

In this section, we give the full solution of the problem for Eq. (7) systems, i.e., for the Eq. (1)
systems of the kind

i =po + Py + P+ pay = py(y — mx) (Y — uxx) 7)
Y= x2 + bxy + C]/Z =c(y — qx)z,

wherep, >0, ¢ >0, u; <uy q(€R) # uy,p».

The process of study of these systems is quite similar to that previously described for other
families of Eq. (1) systems. For an arbitrary Eq. (7) system, P(u), Q(u) are the system’s poly-
nomials P, Q:

P(u): = X(1,u) = py(u — ur)*(u — uy), Q(u): = Y(1,u) = c(u — q)°,

and there exists 3 different variants for their RSPQs.
A conclusion from our research for this particular type of systems is the following.

We've revealed, that for every possible family of Eq. (7) systems, 7 different topological types
of their phase portraits are being implemented. This means that for all three existing families of

such systems, r = 1,3, the number of different phase portraits is 21 [8, 9].
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10. Conclusions

The presented work is devoted to the original study.

The main task of the work was to depict and describe all the different, in the topological
meaning, phase portraits in a Poincare circle, possible for the dynamical differential systems
belonging to a broad family of Eq. (1) systems, and to its numerical subfamilies. The authors
have constructed all such phase portraits in two ways—in a descriptive (table) and in a graphic
form. Each table contains 5-6 rows. Every row describes one invariant cell of the phase portrait in
detail —it describes its boundary, source, and sink of its phase flow. The table was the descriptive
phase portrait.

The second objective of this work was to develop, outline, and successfully apply some new
effective methods of investigation [8-10].

This was a theoretical work, but due to aforementioned new methods, the chapter may be
useful for applied studies of dynamic systems of the second order with polynomial right parts.
The authors hope that this work may be interesting and useful for researchers and for both
students and postgraduates.
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Chapter 3

Reproducing Kernel Functions

Ali Akgul and Esra Karatas Akgul

Additional information is available at the end of the chapter

Abstract

In this chapter, we obtain some reproducing kernel spaces. We obtain reproducing kernel
functions in these spaces. These reproducing kernel functions are very important for
solving ordinary and partial differential equations.

Keywords: reproducing kernel functions, reproducing kernel spaces, ordinary and partial
differential equations

1. Introduction

Reproducing kernel spaces are special Hilbert spaces. These spaces satisfy the reproducing
property. There is an important relation between the order of the problems and the
reproducing kernel spaces.

2. Reproducing kernel spaces

In this section, we define some useful reproducing kernel functions [1-23].

Definition 2.1 (reproducing kernel). Let E be a nonempty set. A function K: EXE — C is
called a reproducing kernel of the Hilbert space H if and only if

a. K(.,t)eHforallteE,
b. (p,K(-,t)) =¢(t) forallt€E and all p € H.

The last condition is called the reproducing property as the value of the function ¢ at the point
t is reproduced by the inner product of ¢ with K(, ).
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Then, we need some notation that we use in the development of this chapter. Next, we define
several spaces with inner product over those spaces. Thus, the space defined as

Ww3[0,1] = {v]v,v’,v’/ - [0,1] — R areabsolutely continuous, v® € L2[0, 1]} (1)

is a Hilbert space. The inner product and the norm in W3[0, 1] are defined by

2 1

(0, 9wz = >_0"(0)g"(0) + J 0¥ (x)g® (x)dx, v, gEeW3[0,1],
= 0 )

ol = \/(v.0)ws,  vEW3[0,1],

respectively. Thus, the space W3[0,1] is a reproducing kernel space, that is, for each fixed
y€[0,1] and any v€ W3[0, 1], there exists a function R, such that

o(y) = (0(0), Ry (x)) s, 3)

and similarly, we define the space
vlv, o, " : [0,1] — R are absolutely continuous,
T5[0,1] = (4)
o' €L?0,1],v(0) = 0,7/(0) =0

The inner product and the norm in T5[0, 1] are defined by

2 1

(0.9)73 = Y _07(0)g" (0) + j (09" (Hdt, 0,geT30,1]
i=0 0 5)

||v||T; =, /(v,v>Tg, veTg[O,l],

respectively. The space T5[0,1] is a reproducing kernel Hilbert space, and its reproducing
kernel function r; is given by [1] as

iszt2+11—2szt3—ist4+1%t5, t<s,
. ©)
iszt2+11—253t2—21—4ts4+1;—055, t>s,
and the space
G3[0,1] = {v[v : [0,1] — R isabsolutely continuous, v (x) € L*[0, 1] }, @)

is a Hilbert space, where the inner product and the norm in G3[0, 1] are defined by
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1

(0.9); =9"(0)g(0) + | v(gx)dx vgeCH0.1,
: ®)

Ivllg = /(0,00 v€G,[0,1],

respectively. The space G,[0,1] is a reproducing kernel space, and its reproducing kernel
function Q, is given by [1] as

Qf:{1+L sy ©)

1+y, x>y

Theorem 1.1. The space W3[0, 1] is a complete reproducing kernel space whose reproducing kernel Ry

is given by
6
> Gy, xsy,
Ry(x) =4 " (10)
Zdi(y)xi_l, x>,
=1
where
2 2
_ | _r _y B _ 1
Cl(y)_lf C2<y)_y/ C3(y)_ 4’ C4(y)_12/ 5(]/) 24]// C6(]/)_120/
y5 _y4 yz y3
di(y) =1 +1007 dy(y) = EYRRRL ds(y) = IRETL ds(y) = ds(y) = ds(y) = 0.
Proof. Since
2 1
(0,Ry) 3 = > o (0)R(0) + L v (@)RY (x)dx, (v, R, €W30,1] (11)
i—0

through iterative integrations by parts for (11), we have

(12)
2 1
+3 (=) NDRED (1) + J v(x)R® (x)dx
i=0 0
Note, the property of the reproducing kernel as
<v(x),Ry(x)>Wg = ov(y). (13)

If
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when x # v,

therefore,

Since

we have
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Ry(0) = R{(0) =0,
R;(0) +R{P(0) =0,
Ry (0) = R, (0) =0,
RP(1) =0,
R¥(1) =0,
RP(1) =0,

akRy+ (y) = akRyf (y), k=0,1,2,3.4,
ORy+ (y) — Ry (y) = —1.

(14)

(15)

(16)

(17)

(18)

(19)

From (14) and (19), the unknown coefficients c;(y) and d;(y) (i =1,2,...,6) can be obtained.

Thus, R, is given by

Ry =

1 1 1
1 122 L 32 L 4
+yx+4yx +12yx 24xy +

Loo 1 55 1
1+yx+4yx +12yx yx© + =X

24
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Now, we note that the space given in [1] as

4

v(x, t)|%,is completely continuousin Q = [0,1] x [0, 1],
W(Q) = (21)
% 0v(x,0)
——eL*(Q = =
S0P © (Q), v(x,0) =0, 5 0

is a binary reproducing kernel Hilbert space. The inner product and the norm in W(Q) are
defined by

2 63 o 63 ai
(v(x,1),g ZJ [aﬁal t)ﬁag(o,t)]dt
+i iv(x 0) 1 (x,0)
:0 at] Y 7at] g 9 ,
J W (22)

63 63 3 63
\ Jo Jo [@@v(x’ f) @@9(% t)} dxdt,
”v”w - <U,’Z)>W, vE W(Q),

respectively.

Theorem 1.2. The W(Q) is a reproducing kernel space, and its reproducing kernel function is

K(y,s) = Ryrs (23)

such that for any ve W(Q),

o(y,s) = (o, 1), Ky (6, 8)) 24
Kys)(x,t) = Kz (y,8). (24)

Similarly, the space

dv

W(Q) = {v(x, H)|o(x, t) is completely continuousin € = [0,1] x [0,1],a 5

el*(Q) } (25)

is a binary reproducing kernel Hilbert space. The inner product and the norm in W(Q) are defined by
[1] as
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1ra 0
<U(x7t)’g(x7 t)>/W :J &U(Ov t)&g(ovt)] dt—" <U(x70)7g(x70)>W%

111y d . N
+ L Jo [&av(x, t)&&g(x, t)} dxdt,

el = /0.0l veW(Q),

respectively. W(Q)isa reproducing kernel space, and its reproducing kernel function G, ) is
Gys) = QyQs- 27)
Definition 1.3.

u(x)|u(x), u'(x), u” (x), areabsolutely continuousin [0, 1]
W3[0,1] =
u®(x) eL?[0,1], x€0,1], u(0) = 0, u(1) = 0.

The inner product and the norm in W3[0, 1] are defined, respectively, by

(u(x), 9(x))wa = 22: 1(0)g"(0) + Jl 1 (x)g"® (x)dx, u(x), g(x) e W30, 1]
i=0 0

and

il = /4t )z, w € W30, 1],

The space W3[0,1] is a reproducing kernel space, that is, for each fixed y€[0,1] and any
u(x) € W3[0, 1], there exists a function R, (x) such that

Definition 1.4.

u(x)|u(x), is absolutely continuousin [0, 1]
W3(0,1) =
u'(x)€L?[0,1],x€0,1],

The inner product and the norm in W3[0, 1] are defined, respectively, by
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1
(u(x), g(x))yr = u(0)g(0) + j ' (x)g' (x)d, u(x), glx) W3[0, 1, (28)

2 0
and

lullys = \/(u)yr,  w€W;[0,1]. (29)

The space W3[0, 1] is a reproducing kernel space, and its reproducing kernel function T, (y) is
given by

14+x, x<y,
T = 30
() {1+y, x>y. (30)

Theorem 1.5. The space W3[0, 1] is a complete reproducing kernel space, and its reproducing kernel
function R,/(x) can be denoted by

Ry(x): 6
Sa@E x>y
=1
where
ci(y) =0,
5,1 5 5, 3
W) =ggY ~156Y “26Y 7Y t13¥
LIV UL SR 5
W) =552 ~ea? T10aY 312?26
)DL T a5 a5
W) = 15729 ~ 1572 t10aY " oaeY ~78Y
os(y) = — SRRV S SR R S B
S\ = "3744Y T37a4Y Tea¥ T1872Y T 104Y
Wep Logpo L5 L 15 1
W) =120 " 3744 18720y 624y 18727 " 1567
1

dl(y):my,
vy 1 5 5, 55 3
hY)=—102Y ~156Y “26Y ~7Y T 13¥

54 1502 7 .
bW =52V ~ @i’ 1Y T1aY " 2
5, 1 5 5 , 5
L) =157 1872 “312Y " 3e? ~7a
ds(y) = — v + =" + TR
sW) = ~57m¥ T3 T 1872y 1567
1 1 1

- - A - 5 - - .3
) = ~15Y *573? ~Tem0? " eaa? 1Y
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Proof. We have

2
(u(x), Ry (x) )yys = ;uw (0)R}(0)

+ [y u® (x)R;‘Q’) (x)dx.

(31)

Through several integrations by parts for (31), we have
{u(x), Ry(x)>wg — Zu(i) (0) [R;i) (0) — (_1)(2—1‘)R;5—i) (0)]

+Z(_1)(27i)u(i)(1)R§54)(1) (32)
i=0
= Jy u()R (x)dx.

Note that property of the reproducing kernel
(), Ry () = 1),

If

(33)

then by (31), we have the following equation:

RO(x) = 6(x — ),

when x # y,

therefore,
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Since
R (x) = 8(x — y),
we have
IRy (y) =R, (y), k=0,1,2,3,4,
and

O°Ry+ (y) = O°Ry-(y) = —1.

Since R, (x) € W3[0,1], it follows that

R,(0) = 0, R,(1) =0,

From (33)—(36), the unknown coefficients c¢;(y) and d;(y) (i = 1,2, ...,

Ry (x) is given by

5 4. 4 1 4.5 5 4.2 5 4.3 1
s7aa Y T Tear™ Y T1sn2t Y T 1

JE R — — == <
TR A TR AT A

R,(x) =
TN s s s L s s 1
5167 156y 267 78y 13%Y Teoa¥ Y T e ¥
. 5 2 5 2 5 3 5 7 2 3.3
32V Y ¥ +1872y ~1g72Y % t0a¥ * " 936"
> Xyt —— e+ y“+—y 1yx— — P+ =X
T 3744 s7a4? T 18727 * T 104 156 3744
1 — 1 x X >
{ ~ 18720 Y 624y 1872y Y
([ v(0)|o(x), V' (x), 0" (x), 0" (x) )
W3[0,1] = { areabsolutely continuousin [0, 1],

o™ (x) € L2[0,1],x€[0,1]

Y~ 15g¥ Y Tt Y

Ve

The inner product and the norm in W3[0, 1] are defined, respectively, by
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ix4_ix5_3x2_5x +3 _|_ix _Lx25+21

51677 1567 T 267 Y AN Tl TR AR TR
5 5.2 5 L 35,7 32 5 5 5
312 <y 26T Y 1gn” ! 1872~ Y +1o4 " 936 Xy 78 Y

21
104 'y

- 3
78yx

(34)

(35)

(36)

6) can be obtained. Thus

(37)
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= 0 (38)

[Wllws = /(0,00 ©EW;[0,1].

The space W30, 1] is a reproducing kernel space, that is, for each fixed.

y€10,1] and any v(x) € W3[0, 1], there exists a function Ry (x) such that

o) = (0(x), Ry()) s (39)
Similarly, we define the space
' o(Ble(t), (1) \
) are absolutely continuousin [0, T,
W3[0, T] = (40)

v (t) e L?[0, T}, t€ {0, T}, v(0) =0

\

The inner product and the norm in W30, T] are defined, respectively, by
1 T

(1), 9w = 0 (0)g"(0) + j o' (09" (Bt oft), g(t) e W30, T),
Py 0 (41)

0llw, = \/(@:0)yz,  0€W3[0,T].

Thus, the space W3[0, T] is also a reproducing kernel space, and its reproducing kernel function
15(f) can be given by

S 1
st+- —=£, t<s,

SOER S (42)
o 13
st + 25 65 , t>s,
and the space
v(x)lo(x), V' (x) )

are absolutely continuousin [0, 1],

W3[0,1] = (43)

v"(x)€L?[0,1],x€[0,1]
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where the inner product and the norm in W30, 1] are defined, respectively, by

1 T
(0(t), 9wz =Zv<f><o>g<f><o>+j o' (Hg" (Hdt, (b, g(t) e W3[0,1],
= 0 (44)
Ivllw, = /(v 0)wz2, vEW3[0,1].

The space W3[0, 1] is a reproducing kernel space, and its reproducing kernel function Q,(x) is

given by

1 +xy+%x2 —%x3, x<y,
Q,(x) = (45)

ol
1+xy+2y eV x>y.

Similarly, the space W, 0, T is defined by

v(t)|o(t) isabsolutely continuousin [0, T},
W3[0, T] = (46)
o(t) € L*0,T), t€[0, T]

The inner product and the norm in W3[0, T] are defined, respectively, by

(0(), g(B)wy = ©(0)g(0) + [y V(B9 (Hdt, (), g(H) e W3[0, T),

lollyy = /(@ )1, 0EW,[0,T].

The space W3[0, T] is a reproducing kernel space, and its reproducing kernel function g, (t) is
given by

(47)

1+t t<s
t) = 48
9 (1) {1+s, t>s. (48)

Further, we define the space W(Q) as

( t)lﬁ is completely contin \
v(x, t)|5 35, is completely continuous,
W(Q) = inQ) = [0,1] x [0, T}, (49)
v 2
W eL (Q), U(x, 0) =0

and the inner product and the norm in W(Q) are defined, respectively, by
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o o
= —_— d
(v(x, t)vg(xat»w JO latz axl (Ovt) atz axlg(oat)] t

<§ (x,0), (. o>> 4
1%

2

T 64 62 64 62
S 0 ) 75 g(x, £) | dxdt,
+Jo Jo [6x4atzv(x’ )6x4atzg(x’ )] x

lollw = 1/ (v, 0)y, vEW(Q).

_|_

M- 1-

Il
o

j

Now, we have the following theorem:

(50)

Theorem 1.6. The space W50, 1] is a complete reproducing kernel space, and its reproducing kernel

function R,/(x) can be denoted by

Ry(x) - g
S a1y,
=1
where
1 2
a) =1 c2y) =, c3(y) = v
1 1 1
C4(y) = 36y3’ S(y) 14—4y 4 6(]/) = 240y 4
1 1
") = 7509 (¥) = ~ 5010
1 1
B 1, _ 1 1 1
ds(y) =0, de(y) =0, d7(y) =0, ds(y)=0

Proof. Since

(v(x), Ry (x) € W3[0,1])

through iterative integrations by parts for (53), we have
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i=0
3

+3 (=) (MRT(1)

i=0

Note that property of the reproducing kernel

(02), Ry () s = 0(1).

~

If

Ry(0) + R (0) =0,

R} (0) — RI®(0) =0,

R}(0) + R (0) =0,

R, (0) = R{P(0) =0,

R*(1) =0,

RP/(1) =0,

RO(1)=0

(1)=0

~

y
when x # y,
®)(y) —
R, (x) =0;
therefore,
8
> aly, x<y,
i=1
Ry(x) = 5
Zdi(y)xl’l, x>y
i=1
Since
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(56)

(57)
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R (x) = 6(x —y), (60)

we have
IRy (y) =R, (y), k=0,1,2,3,4,5,6, (61)
Ry (y) =Ry (y) = 1. (62)

From (56)—(62), the unknown coefficients c;(y) ve d;(y)(i =1,2,...,8) can be obtained. Thus,
R (x) is given by

1 1 1
1 L1292 L33 1 34
+yx+4yx +—yx +144yx

36
——y2x5+—yx6—ix7 x<y
240 720 5040 7 7
Ry(x) = . . . (63)
1 L1292 1 33 1 34
+xy+4xy +36xy +144xy

240 720 50407 7 '
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Chapter 4

General Functions Method in Transport Boundary
Value Problems of Elasticity Theory

Lyudmila Alexeyeva

Additional information is available at the end of the chapter

Abstract

The Lame system describing the dynamics of an isotropic elastic medium affected by a
steady transport load moving at subsonic, transonic, and supersonic speed is considered.
Its fundamental and generalized solutions in a moving frame of reference tied to the
transport load are analyzed. Shock waves arising in the medium at supersonic speeds are
studied. Conditions on the jump in the stress, displacement rate, and energy across the
shock front are obtained using distribution theory. Transport boundary value problem for
an elastic medium bounded by a cylindrical surface of arbitrary cross section and
subjected to transport loads is considered in the subsonic and supersonic case with regard
to shock waves. To solve problems, the generalized functions method is developed. In the
space of generalized functions, generalized solutions are constructed and their regular
integral presentations are obtained. Singular boundary equations solving the boundary
value problems are presented.

Keywords: elastic medium, transport load, subsonic, transonic, supersonic speed, shock
waves, boundary value problem, generalized functions method, generalized solutions,
singular boundary equations

1. Introduction

A widespread source of wave generation in continuous media is transport loading, i.e., mov-
ing loads whose form does not change over time. The velocity of a transport load has a large
effect on the type of differential equations describing the dynamics of the medium. The
equations depend parametrically on the Mach numbers, i.e., on the ratio of the speed of motion
to the propagation speeds of perturbations in the medium (sound speeds). It is well known [1]
that, in an isotropic elastic medium, there are two sound speeds (c3,¢;), which determine the
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velocities of dilatational and shear waves propagation. This has a large effect on the type of
equations and leads to systems of elliptic, hyperbolic, or mixed equations. For transport
problems, typical factors are shock effects generated by supersonic loading. At shock fronts,
the stresses, displacement rates, and energy density are discontinuous. A convenient research
method for such problems is provided by the theory of generalized functions (distributions),
which makes it possible to significantly expand the class of processes amenable to study by
using singular generalized functions in the simulation of observed phenomena. In this chapter,
methods of this theory are used to solve boundary value problems using motion equations of
the theory of elasticity in cylindrical domains under the action of transport loads, moving at
supersonic and supersonic speeds.

2. Motion equation of elastic medium

We consider an isotropic elastic medium with Lame’s parameters A, 1, and a density p. Let us
denote x = xje;, ¢; as the unit vectors of Cartesian coordinate system in the space R’; displace-
ments vector u(x,t) = uje;; stress tensors ¢;; deformation tensor ¢;;. These tensors are connected
by Hook’s law [1]:

€ij =0,5(u;; +uji), ijk=123. (1)
0i; = Cllew = Cllug, (2)
The elastic constant tensor has the symmetry properties.
Cy =Cji =Ci = Cii,
In the case of an isotropic medium, it is equal to
CK = \§I5F + p(oFs, + oFat)
and Hook’s law has the form
Oij = Adivuéij + H(M,‘,j + Llj,i)

Here 6;; = & is the Kronecker symbol. Everywhere, there are tensor convolutions over of the
] i Yy Yy

A Oy

same name indexes from 1 to 3, u;,; = 3%
]

Motion equations for material continuum

(")G',j (‘)211,' R
Ti = CEE] 5 = 1,2,3
bz; TG = Ppa b ’ (3)

for elastic medium by using Egs. (1) and (2) have the form:
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LI (0%, 0)u; + G; =0 (4)
Here L is the matrix Lame’s operator:

. . 2
1000 = (@ - D+ (48 - )

dx; Ox; ot?

a1 =/ (A+2u)/p, c2 = \//p are the velocities of dilatational and shear waves (c; > ¢2), G(x,1)

is the mass force, A is the Laplace operator.

The system shown in Eq. (4) was fairly well studied by Petrashen [2]. Since the elastic potential
of the medium is positive definite, this system is strictly hyperbolic. Such systems can have
solutions with discontinuous derivatives. The discontinuity surface F in R*=R> x t(—oo < t < o0)
coincides with a characteristic surface of the system. It corresponds to a wave front F; moving
in R? at the velocity V:

V=—u/ ”V”:; s ”-'/”3 =

We note that v(x,f) = (v4,vo,v3, V) is a normal vector to F in R? satisfying the characteristic
equation

¥ I « 2 rs - 2 - 3 2 3 ¥
det {( = &) v + b, (& W13 — 12)} = @ W — )G IS - ) =0, (6)
This equation has the roots:

ve=Egllvll;, j=1,2. )

From Egs. (5) and (7), we get that F; moves in R® at the sound velocity V= c; or V =c,.

We introduce a wave vector m = (mq, m,, m3). It is a unit normal vector to F; in R® for fixed t in
the direction of wave propagation. By virtue of Eq. (7),

v

a7 R (®)

Let v; = v4. The requirement that the displacements be continuous across the wave front, i.e.,
[u(x, )], =0 ©)

which is associated with the preservation of the continuity of the medium, leads to kinematic
consistency conditions for solutions at the wave front:

du; du; N T
|:T.'2J'0—t + VE] . = (). i, = 1,2,3 (10)

’
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(the continuity of the tangent derivatives on F;). Additionally, Eq. (4) implies dynamical
consistency conditions for solutions at the wave front, which are equivalent to the momentum
conservation law in its neighborhood:

[i;]m; = —pV I:(?;;:I y 67 =123 <11>
Fe

Definition. A wave is called a shock wave if the jump in the stresses across the wave front is
finite: e;m [0l = 0. If mi{o]r = 0, then this is a weak shock wave. If m;[o;j]r; = e, then this is a
strong shock wave.

Velocity suffers a jump discontinuity across a shock front. At fronts of weak shock waves, the
velocities are continuous, but the second derivatives of solutions are not. Strong shock waves
(in the sense of the aforementioned definition) do not occur in actual media, since, at large
stress jumps, the medium is destroyed and ceases to be elastic. However, strong shock waves
in elastic media play an important theoretical role in the construction of solutions, specifically,
fundamental solutions of Eq. (4).

3. Lame transport equations and Mach numbers

Suppose that the force affecting the medium moves at a constant velocity ¢ along the X3

axis (for convenience, in its negative direction) and, in a moving coordinate system

x' = (x1,x2,z = x3 + ct) it does not depend on t:

G(x,z) = G]'(xl,JQ, X3 + Ct) e (12)
Transport solutions are solutions of Eq. (4) with the same structure:
u = u(xg,x2,x3 +ct) = u(x, z) (13)

The speed of transport loads is called subsonic if ¢ < cp,transonic if c; < ¢ < ¢4, and supersonic if
¢ > c1. A speed is called the first or second sound speed if c = ¢;, j =1, 2, respectively.

In the new variables, the equations of motion are brought to the form

. i D g 9\ o 1
Li| 5 ) = (M2 — M; )az~;a'a-J+ M; A_W 8 u,+gj=o. (14)

Here g; = (pcz)_lGj; M; = ¢/c;j are Mach numbers: (M; < M,).

As M; <1(j = 1, 2) the load is subsonic and the system of equations is elliptic. If the load is
supersonic, i.e.,, M; > 1, j =1, 2, then the system becomes hyperbolic. In the case of transonic
speeds, i.e.,, M; <1 and M, > 1, the equations are hyperbolic-elliptic. In the case of sound
speeds, the equations are parabolic-elliptic if M, = 1 and parabolic-hyperbolic if M; = 1. We
will show this later when considering fundamental solutions of Eq. (14).
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Since the original system is hyperbolic, Eq. (14) can also have discontinuous solutions. Let F be
a discontinuity surface in the space of variables x such that it is stationary in this space and
moves at one of the sound velocities V = ¢4,c;, in the space of (x1,x2,x3). It follows from Eq. (7)
that V = cns, where n = (1ny,1,,n3) is the unit normal to F in R®. Therefore, since ¢ = ci/ns and
Inzl <1, such surfaces can arise only at supersonic speeds: ¢ > c;.

It follows from Egs. (9) to (11) and Eq. (13) that the kinematic and dynamical consistency
conditions for solutions at discontinuities in the mobile coordinate system have the form:

u(x,z)]p=0 = [naui,j — nju, 2], = 0; (15)

loii]nj = —pexclui 2]y n. = —cx/c,  forczcy (16)

n = {ny,ny,n, = nz} is a wave vector, k = 1 for shock dilatational waves, k = 2 for shock shear
waves. Here and hereafter, the derivative with respect to x; is denoted by the index j after a
comma in the function notation or by the variable itself.

Definition. If ¢ > ¢, the solution of the system in Eq. (14) is called classical if it is continuous and
twice differentiable everywhere, except for, possibly, wave fronts. The number of fronts is
finite at any fixed t and the conditions on the gaps, Egs. (15) and (16), are satisfied on the wave
fronts.

At first, we construct the solutions of the transport Lame equation using methods of general-
ized functions theory.

4. Shock waves as generalized solutions of transport Lame equations:
conditions on wave front

Consider Eq. (14) and its solutions on the space of generalized vector functions D’3 (R%) with
components being generalized functions from D'(R%) (see [3]). Obviously, if u is a solution of
Eq. (14) that is twice differentiable, then it is also a generalized solution of Eq. (14). If a vector
function u satisfies Eq. (14) in the classical sense almost everywhere, except for some surfaces,
on which its derivatives are discontinuous, then, generally speaking, u is not a generalized
solution of Eq. (14).

Let u(x,z) be a shock wave (x = (x1,x2)), i.e., a classical solution of the Lame transport equations,
Eq. (14), that satisfies conditions Egs. (15) and (16) at the front F. Let u(x,z) denote the
corresponding regular generalized function.

Theorem 4.1. The shock wave 1 (x,z) is a generalized solution of the Lame equation in D' (R°).

Proof. Using the rules for differentiating generalized functions with derivatives having jump
discontinuities across some surfaces (see [3]), for the equations of motion in D3 (R?), we obtain
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00 ;i Q%
i e
o; ox?2

ou;
G 2 !
+ G = Gi]‘hj pc h, Fép—{—

(17)

0 d
+@ { [A Z/lkl’lkéij + y(uih]- + Ll]'hi] F(SF} — & {[ui ]th(SF}/
]

Here, the right-hand side involves singular generalized functions, namely, single layers 6r (x,z)
and double layers on F. By virtue of conditions Egs. (15) and (16), the densities of these layers
are equal to zero, so the right-hand side of Eq. (17) vanishes; i.e., the shock wave satisfies the
same equations, Eq. (14), but in the generalized sense.

As a result, we obtain a simple formal method for deriving conditions at jumps in solutions
and their derivatives across the shock fronts in hyperbolic equations. Namely, these equations
are written in the space of generalized functions and the densities of the singular functions
corresponding to single, double, etc., layers are set to zero.

Define as follows the kinetic energy density

K = 0.5p]|u,||> = 0.5p¢% |1, .| (18)

and elastic potential

W = 0.501']'1/[1',]' = 0.501']'81']' (19)

Consider the following functions: the energy density E = K + W of elastic deformations and the
Lagrangian A=K — W.

Theorem 4.2. If G is continuous, then the Lagrangian /\ is continuous at the shock waves fronts.

([A]p = 0) and the jump in the energy density satisfies the relation
halEle = [(oghy)uiz] (20)
First formula is equivalent to the equality:

Ck
[E]F = —?h;([ Gijui'z]Fck’ k= 1,2

k

where ¢, is the sound velocity corresponding to front F, h;‘ is the components of the wave

vector to F.

The last formula may be easy to get if we write the equation for E in D; (R3) in the form
E,Z =E ,+ [E]thép = (aijui,z),]' + p(G, u,z) -+ [U,‘jui, Z}F(Sph]' + p(G, [M]F)hzép =

[E]ph, = [Ufj”i' Z] i
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as [u]p = 0. For the gaps of these functions, the theorem has been proved on the basis of classic
methods (see [4, 5]). For full proof of this theorem, see [6].

5. Fundamental Green’s tensors and generalized solutions of transport
Lame equations

The matrix of fundamental solutions a(x, z) satisfies Eq. (14) with a delta function in the mass
force:

L} ( 0 )U" +6(x")d; = 0, i,j =1,2,3 (21)

ox’

This matrix is called Green’s tensor for the transport Lame equations if it satisfies the decay
conditions at infinity

Uf =0, oUf -0, yoo ijk=123. (22)
For a fixed k, its components describe the displacements of the elastic medium under a

concentrated force moving at the velocity c along the axis Z = X5 and acting in the X direction.

Green’s tensor can be obtained by taking the Fourier transform of Eq. (17) and solving the

corresponding system of linear algebraic equations for the Fourier transforms U(&1,&5,E3). It is
reduced to the form (see [4]).

_ M2§? &E; ( 1 1 )
U,—J = # + —- 2 G — 23
(e —m3e) ~ & \liel - m38  [lel® - Mz 22

It can be seen that fl(x, z) has no classical inverse Fourier transform since it has non-integrable
singularities in its denominators. This is associated with the fact that the matrix of fundamen-
tal solutions is defined, generally speaking, up to solutions of the homogeneous system of
equations. The functions

r L 1
Fom =™ (IEI* - M2E3)™, m=0, 1,2

are of crucial importance in the construction of the original Green’s tensor. It is easy to see that
f om is the Fourier transform of the fundamental solution to the equation

i)zfok + 0 fut.
9z? O3

0 f 0k

+(1 - M) +6(2)8(2) =0 (24)

This equation is similar to the elliptic Laplace equation at subsonic speeds if M < 1 and to the
wave equation at supersonic speeds if My > 1. At the sound speed (My = 1), the variable z
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disappears from the equation and the equation becomes parabolic, since the space dimension
is higher by one, which determines the type of Eq. (14), as noted earlier, since the solutions
contain waves of two types. Green’s tensor for the Lame transport equation was constructed
by Alekseyeva [4] by applying fundamental solutions of the Laplace and wave equations and
regularization functions f ,,, which depends on the speed of transport load. Green’s tensor has
the regular form:

Ul(x,2) = &3 28 o (Ix11,2) + 2 (Far, 5 (Ix11,2) = fai(1x]],2)), (25)

where the type of basic function depends on velocity c.

In subsonic case (M < 1):

[2 4 2,2
1 |zl + /2% +mir

4nf . =, 4nf, = 1 ,
foi(1,2) \/m mfy; = sgn [z[ In mir
]
|Z| + V]‘
4:7Tf2]. = |z| ln( - — Vi +myl|x||,

In sonic case (My = 1):

fullxhz) = 05 8(z)[xl, f1, =05 0@l fr=05 z0(2)}x.

In supersonic case (M > 1):

0(z — mjr) y 0(z — mjr) z+V; B 0(z — mjr) z+V; B
hi= "2 m( mjr ) Jo =" (Zln< mjr ) _Vj>'

f -(T,Z) = 7
K 27, /22 — m]Zr2

Here and hereafter, we use the following notation: 0(z) is the Heaviside step function,

2 —
mp=1/1—M, Vi=\/22+mr?, V. =/22—mr?, r=\/x3+x3=]|x,

The dilatational and shear components of a(x, z) are easy to write out

Ul(x,z) = Uy (x, 2) + Ul (x,2)

. . ‘ (26)
Uiy = cforilixllz), - Up(x,2) = 20 (lIxl,2) = fo i(lx]l, 2)
In the supersonic case, the support of the functions is the cone z > myl|x||. This determines a
radiation condition as physical considerations imply that there are no displacements of the
elastic medium outside this cone since the perturbations have a finite propagation velocity,
which cannot be higher than the corresponding sound velocity for a particular type of defor-
mation. At the fronts of shock waves (z = m||x||), Green’s tensor grows to infinity.
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If the following convolution exists,
i; = UpGj(x,2)/pc (27)

it is easy to prove that it is the generalized solution of the transport Lame equations, Eq. (14).

If mass forces are regular, then Eq. (28) has an integral presentation:

ui(x,z) = J Ué(x — Y,z — 1)g;(y, 1)dy,dy,dt = u;i(x, z) (28)

D-

If mass forces are concentrated on surface D and described by singular generalized functions
of the type of single layers g = g;(y, 7)ejop(y, 7), then

iix,2) = | (Wt - .2 - g, D 0 = w(x.2) 29)
D

Moreover, by the Du Bois-Reymond lemma [3], these solutions are classical. For other types of
singular mass forces, to calculate Eq. (28), we use the definition of convolution of a generalized
function [3].

It is easy to see from Egs. (23) to (25) that the solution is represented as a composition of
fundamental solutions distributed over the support of the function f(x,z); their intensities are
determined by its value.

In Alexeyeva and Kayshibayeva’s paper [5], there are some numerical examples of calculation
of the dynamic of elastic medium at subsonic, transonic, and supersonic speed of transport
loads moving along the strip in an elastic medium.

6. Subsonic Green’s tensor, fundamental stress tensors, and their
properties

In the subsonic case from Eq. (25), we obtain the components of Green’s tensor in the form:

m_ 1 (1 2202 W, B 3Via
Yo \Vy T riME riM3 )’
[:rg _ 1 1 221173“"'12 .’I.‘?V'u

P dr \Va | omMME rME)

e ay DiE2 w1 (1 m
02 = 0} = 222 (2Wiy + Vo), 03 = — (_ . ﬁ)

4t dre2 \V; W,
. . Nz ... s o 222Wig
IJ'J = L‘:l = ——nlz U, =U; = - -
: 2 d7rcr? ‘ 2 4 47 c2r?

Vie=Vi=Va, Vi=y/z22+m?r2, m}=1-M?, Wy=V"'-V;' r=/23+23
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They are regular functions. Since by x — 0 [6]:

r?(m? — m) Wiy ~ ri(mi2 —m?) 2%
? 4

2|2 2121 ' r

2 2 oy 2
(T (m3 —mj7)
” 12 — FV[Q ~ W (30)

Vig ~

these components are bounded for (x,z) # (0,0,0). At the point (x,z) = (0,0,0), they have a

weak singularity of order R™', R =+/22 + 2 It has a similar asymptotic at infinity. Accord-
ingly, R™? is the order of the tensor derivatives asymptotic and the behavior of at .

Tensor U generates next fundamental stress tensors if we use Hook’s law (Eq. (2)):

Th,2) = AU+ p (Upk + Uy ), T z,m) = Thx,2)mg

(31)
A~ i
Ti(x,z,n) = —(pc*)  Ti(x,z,n)
Then the elastic constant tensor is presented in the form
. S0~ . )
Th(x,z,n) = C}, U5, wm,  Cl, = Cl./ (pc?) (32)

Tensor F]’:(x, z,n) describes the stresses at the plate with normal 7 in a point x = (x,z). Tensor T

have some remarkable properties.

Theorem 6.1. Fundamental stress tensor T is the generalized solution of the transport Lame equation
with singular mass forces of the multipole type:

P L) TH + Ki (0w, m)0 <x) —0 (33)

where

K@y, n) = And; + pm; (55.6]- + 5]46,-).
For any closed Lyapunov’s surface D, bounding a domain D~ C R

5IHp(x,2) = V.P. J (Thr =y, 7 = 2.0y, 0) + ol = y, 7 = 2)na(3,7) )dS(yr) (34)
D

where Hy(x, z) is the characteristic function of D™, which is equal to 0.5 at D; n(y, t) is a unit normal
vector to D. The integrals are regular for (x,z)&D and are taken in value principle sense for (x,z) € D.

These formulas have been proved by Alexeyeva [6]. The formula in Eq. (35) can be referred to
as a dynamic analog of the well-known Gauss formula for a double-layer potential of the
fundamental solution of Laplace’s equation ([3]: 403). It plays a fundamental role in the
solution of transport boundary value problems (BVP).
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7. Statement of subsonic transport boundary value problems. Uniqueness
of solution

Let D~ be an elastic medium bounded by a cylindrical surface D with generator parallel to the
axis X3; let S be the cross-section of the cylindrical domain; let S be its boundary, and let n be
the unit outward normal of D. Obviously, n = n(x) and 13 = 0. We assume that G is an integrable
vector function and 3¢ > 0 such that

1G(, 2N <O(IK1I 7)) forllx'll — «,  x'€ D™ +D. (35)

There is the subsonic transport load P(x,z) moving along the boundary D (c < cy):

0ij(x,z)nj(x) = P(x,z) = pc’p;(x,2), (x,z)€D (36)

We assume that J¢; > 0:
||”‘IJ 3"13)“ <O(zI™")  for Izl — o, XES, (37)
lp(x,2)|l so(\zrl‘fz) for |z| — o, x €. (38)

A vector function u(x,z) satisfying the aforementioned conditions is referred to as a classical
solution of the BVP. Let C,, ={(x,z): x €D, a <z < b}. The two useful energetic equalities have
been proved by Alexeyeva [6].

Theorem 7.1. Classic solution of transport BVP satisfying to the equalities:

J (P,u)dD(x,z) — J (W —0.5p||u,.||* — (G,u)> dx1dxpdz+
Da D,

ab

+ J {(pPui,z — 033) | (x.ayi(x,a) — (pc*uti, > — 03 (x, b)) | pyui(x, b) }dx1dxodz = 0
S

J <W+0,5pC2||u,Z||2 — Ui31/li,z> ;t“’dxldxz = J (P, uj, . )dx1dx,dz + J (G, u,,)dxdx,dz

S D, iw D,

z, Foo

(P(x,z),u(x,z))dD(x,z) = J (0.5pc%||u, - |I> = W — (G, u))dx1dxodz
-

e O—

(W +0,5pc* |, -|1*)dV (x) = J(P, u,,)dD(x,z) + J (G,u,,)dV(x,z) (39)
D D~

Dgy = {(x,z) :x€D, a<z<b}, D, ={(x,z) :xeD™, a<z<b}.
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The following assertion is its corollary.
Theorem 7.2. The solution of the subsonic transport boundary value problem is unique.

Proof. Since the problem is linear, it suffices to prove the uniqueness of the zero solution. Let u
(x,z) satisfy the zero boundary conditions P(x,z) =0 on D and be a solution of the homogeneous
Lame equations ((Eq. (14)) by G(x,z) = 0.

Then for Vz

| W+ s iyavi) —o (40)
J

It follows from the formula (Eq. (40)) of Theorem 7.1. The integrand is a positive quadratic
form in u;;, since the elastic potential satisfies the relation W >0 ([1]: 589, 591); moreover, W= 0
only for displacements of the medium treated as an absolutely rigid body. Therefore, Eq. (40) is
true only if u;; = 0 for all i, j. This, together with the decay of solutions at infinity and the
arbitrary choice of z, implies that u = 0.

The proof of the theorem is complete. It is valid both for the internal and external boundary
value problem. The asymptotic requirements on G and the boundary functions may be
weakened.

8. General functions method: statement of subsonic transport BVP in
D;(R%)

Our aim is to construct the solution of BVP by using boundary integral equations (BIE) for
u(x,z). The construction of an analog of Green’s formula for solutions of elliptic equations ([3]:
366), which permits one to determine the values of the desired function inside the domain on
the basis of the boundary values of the function and its normal derivative, is the key point in
the construction of BIE of boundary value problems. An analog of this formula for equations of
the static theory of elasticity is referred to as the Somigliana formula [1]. It determines the
function u(x,z) in the domain D™, if the boundary values of displacements up(x,z) and stresses
p(x,z) are given. We construct a dynamic analog of that formula in the case of transport
solutions. To this end, we use the method of generalized functions (GFM).

We introduce the regular generalized solution of BVP
u(x,z) = u(x,z)Hp(x) = u(x,z)Hg (x)1(z), (41)
which defines it as a regular vector function on all space R®. Here Hp(x, z) is the characteristic

function of the set D: 1(z) = 1, Hg (x) is the characteristic function of S~, which is equal to 0.5 at
S:0;Hs™ (x) = —n;(x)ds(x), where nj(x)0s(x) is a simple layer at S.
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By using the properties of the differentiation of regular generalized functions with jumps on D,
we obtain the equation for u(x, z):

pCZLé(ax,aZ,)it\]’(x,Z) = @i+
+(pcnaui,. —B;)dp + (nauidp),. — (C;’ukméu) » (42)
G = GHp(x,z), Op(x,z) =0s(x)1(z), 1(z) =1, is a simple layer on D. Since n; =0 on D, it

follows from the properties of the Green tensor that an analog of the Somigliana formula holds
in the space of generalized functions:

~1

pctil; = LAIJZ:*Pj(SD + ((Auknkéé + u(nju + nluj))(SD*Ui)j + ljl]l:*GjH’,
which we write in a form more suitable for transformation as:
U = lAl]Z:*pj(SD(x,z) + ﬁé,m*éﬁuknlép(x,z) (43)
If we write out this convolution in integral form with regard to the notation introduced here

and Egs. (1) and (2), then we obtain a formula, whose form coincides with the Somigliana
formula for problems of elastostatics ([1]: 605):

w;Hp (x,2) = j (Weey,2.7) p1) = Ti(x,y, 2,7 n(y, T)iy(y, 1) )dD(y, 7),

) (44)

,j=1,23
where we introduce the shift tensors:
U]l:(x,y,z, T) = Ug(x —Y,2—1), Tz(x,y,z,”c,n) = T]l:(x —Y,z2—T,n).
This formula permits one to determine displacements in the medium on the basis of known

boundary values of displacements and stresses. But the integrals are regular only for (x,z)&D
and do not exist for(x,z) € D.

9. Singular boundary integral equations of subsonic transport BVP

The following assertion provides a solution for the aforementioned boundary value problems.

Theorem 9.1. If the solution u(x;z) of subsonic transport BVP satisfies the Holder condition on D;
namely,

luj(x, 2) — iy, DI <Cll(x2) = (. 1)II", x €S, y €S,
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then u(x;z) satisfies the singular boundary integral equation

0,5(x.2) =, U(x.2) + | Ul(x.12.7) (3. DDy, 1)~
D

—V.P. J Tl (x,y, 2,7, n(y, ©))uj(y, \)dD(y,7) — i,j = 1,2,3
D

(45)

Proof. Let consider Eq. (45) for (x,z) €D™. Let (x",2") € D, x — (x*z%). Then, using Theorem
6.1, we have

lim  wi(x,z) = u;(x*,z%) = §.*ﬁ](x*,z*) + lim JUZ(x,y,z, 7) p:(y, 7)dD(y, T)—
(x,2)—(x*,,2") U (x.2)—(x*,z*) ]
D

- lim *)JT{:(x,y,z,T,n(y, 7)) (uj(y, T) — uj(x*,z*))dD(y, )+
"D
+uj(x*,z")  lim )JT]l:(x,y,z, T,n(y,7))dD(y,7) =

(x,2) = (x*,2"
D

/\*Aj * % i
=3 U (x" 2 )+JU§(x,y,z, 7) p;(y, 1)dD(y, 7)—
D

—V.P. | Ti(x,y,z.7,n(y, 1)) (u;(y, 1) — uj(x*,2"))dD(y, 1)+

O—

+uf(x*a2*) lim (61 y JUZ,Z(X,]/,Z, T))”Z(y)dD(ya T)) =

(x,2) = (x*,2")
D
=3 U (x",2) + J Uj(x, 2, 7) p;(y, ))dD(y, 1)~
D

~V.P. T]Z:(x,y,z,”c,n(y, T))(u]-(y, T) — u]-(x*,z*))dD(y, T)+

O—

PN .
+uj(x*, z*)0, = g U(x",z") + J U(x,y,2,7) p;(y,)dD(y, )~
D

—V.P. J T]l:(x,y,z, T,1(y,7))uj(y, 1)dD(y, T) — 0, 5u;(x*, z") + ui(x*, z").
D

In the last relation, we have used the obvious properties: integrals with ll]l exist by virtue of the

Holder property of u on D and weak singularity U]l at D. Then if the surface integral exists, its
value coincides with the principal value; the principal value of the integral containing the
difference of integrated functions is equal to the difference of the principal values of integrals
corresponding to each of these functions if they exist.
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By transposing the last two terms to the left-hand side of the relation, we obtain the formula of
the theorem for the boundary points. The proof of the theorem is complete.

This theorem gives us resolving system of integral equations for defining unknown values of
boundary displacements.

Note also that the subsonic analog of the Somigliana formula was obtained for generalized
functions. But since they are regular, from the Dubois-Reymond lemma ([3]: 97), the solution is
classical. However, if the acting loads are described by singular generalized functions, which
often takes place in physical problems, then one should use a representation of a generalized
solution in the convolution form (Eq. (43)) with the evaluation of convolutions by the defini-
tion (see [3]: 133).

10. Supersonic green’s tensor and its antiderivative with respect to z

From Eq. (25), we get the regular representation of ﬁ{ in the supersonic case which has the

form
6 szz 91 62 x2
2l = L (=) — =% (61V1 = 0:V),
+r4M2 (Vl Vz) N (61V1 — 6,V>5)
(46)
62 szz 61 92 x2
2nl3 = =+ ——2 (———— L (61V1 = 6,V2),
2 Vo AME Vi Vo) MR (1Y = 02V2)
X1X2 01 6, 01  Oym3
2nl; = =2 (2 (o — 0.V, — 0,V) ), 2l = (L 2)
T (Z(w V2)+(11 22))”3 (V1+V2
x1z (07 O 3 Xz (61 6
2 3 = 5\ 55 | 2 = 7 1/
T(ul 1’2 (Vl V2> nllz <V1 V2
Here 0; = 0(z — mj|x||), V;” = /22 — 2||x|| = /M;* — 1. It satisfies the radiation condi-
tions:
supp U(x,z) €{z > 0}, Ui — 0, Uy, — 0 by x' — . 47)
z
One can readily see that its components are zero outside the sonic cones:
Kt ={(x,z) :z>mx||},1=1,2.
On the surfaces of the cones, the components U5 have singularities of the type (> — m2jr2)_1/ 2,

i
For solution of supersonic problems, we introduce the tensor W, (x,z), which is the antideriv-

ative of fl; with respect to z:
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o~ .

Zw]k = Ulxo(x1)5(x2)0(z) = U} %0(z), Wi, =U! (48)

They are also fundamental solutions of Eq. (14) for the mass forces of the corresponding
Fj# 0(z). After calculation, we define its components as:

v v
2mW = 5 (3 = 3) (O1V1 — 0212) +0, 5m%611nz;7: "L (M2 - 0,5m8) ezlnznt =
1 2
(49)
z z+V; z+V;
2nMW3 = -3 (x] — x3)(61V1 — 62V2) + 0, 5m7 O11n p—— (M3 — 0,5m3) 6>In oy
1% v
277Wg = Qllnz T + m%@zlnz;n'— 1’2, 27’(Wg = —XQT_2(91V1 — QZVZ)
2
2nWT = zx1200r 401V — 02V2),  21rWT = —x1172(01V1 — 0,V2)
Tensor W\; has the same support as LAI; but as at the cone K;
z+ 'V,
m;llzll =2z =V, (2,2)=0 =In L =0 (50)
, m; e

it continues on fronts K;. W/ (x,z) has weak singularity by x’ = 0 and weak logarithmic
singularity on Z with respect to ||x|| by x = 0. To single out these singularities, we decompose
it into the terms:

2
Wi(x,z) = Wi(x, z) + W}d(x,z) = ;ek(z —mr) Wi(x) + W;-d(x,z),

. 51
27'(C2W]l-€i (x) = —(6i35]‘3 + 0,51’11%(1 — (51'3)51']')11'17}111’, ( )

27‘(C2W;3 (x) = (8363 + 6;(0,5m3 (1 — 63) — M5)Inmyr

The tensors W;S of diagonal form are independent of z inside the sonic cones K;(I = 1, 2)
and have a logarithmic singularity with respect to ||x|| on the Z-axis. Unlike the generat-
ing tensor W;-s, W;:d has bounded jumps on the K;. One can readily see that the tensor
shifts

Uj(x,y.2) = Ul(x = .2), Wix,.2) = Wiz = y.2)
have the following symmetry properties around the Z-axis:
U{(x,y,z) = Uz:(y,x,z) = ll;(x,y,z), W]l:(x,y,z) = W]l:(y,x,z) = W]’:(x,y,z), j=12 (52)

But for the components with indices (i,j) = (1,3), (3,1), (2,3), (3,2)
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Uix,y,z) = —Ui(y,x,z), Wix,y,z) = —Wy,x,z) (53)

11. Fundamental supersonic antiderivative stress tensor H and its
properties

We introduce antiderivative stress tensor

£, = £ 40(2)0(x)
. . (54)

This tensor can be obtained in a different way, by analogy with T, using Hooke’s law, except
that the Green tensor should be replaced with its antiderivative W. By using the presentation of
the basic functions of Green’s tensor construction (Eq. (25)) in the supersonic case, it can be
presented in the following form:

- y p o [« Ofi d
H;’(] 2y ]’P-) — (24‘7\.“2 _ .“\[j) Tl-jf]|,,j —.1[22 (O,J% + “if]2-j) _25 (.f-‘&leij _f32nij))

0;.. - z
27 fuei (2l 4 2) = V- (0::'. = —”1” -"«-r) y
k T

2+ Vi

27 farii (N2l 2) = (8430 +U.r7712.6i-'5i' O In —————
 fansis (12l 5 2) ( 3058 » D045 []‘5) A my |||

V5. O -4
_lTT‘”A ((5,‘3'?",j +05j3‘f',5 +||’1_‘|| (‘J”,,‘ T'U,' -0, 55,‘jl‘[,‘13))

Obviously, for z < 7, all the introduced shifted tensors are zero. It has the following symmetry
properties around the Z-axis:

Hé(x,y,z, m) = —Hﬁ(y,x,z, m) = —H]i(x,y,z, —m)

except for (i,7) = (1,3), (2,3), (3,1):

H?(x,y,z) = H?(y,x,z), Hf’(x,y,z) = H?(y,x,z), i=1,2.

Components H]Z: (x,z) have weak singularities on the fronts of the type (22 — m2]-||x||2)_1/2, but
more stronger singularity of the type of ||x|| ' on the axis Z. If we put Eq. (51) in Hook’s law,
then we can again single out two terms in H]l (x,z):

2

H;(x, z) = H;S (x,2) + H]’:d (x,2) = Z Ok(z — myr) (H]li(x) + H;Z(x, z)) (55)
k=1

56
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

Since the tensors H]Zi(x) independent of z inside the sonic cones K; (I = 1,2), we conventionally

say that they are stationary. Accordingly, the tensors H]’ﬁ (x,z) are said to be dynamic, because

they depend essentially on z, although they are regular functions. The aforementioned sym-
metry properties hold for both stationary and dynamic terms in the tensors.

For this type of tensors, the next theorem was proved (see [7]).

Theorem 11.1. The fundamental stress tensor H satisfies the relation
z

(ng (x)0(z) = Jd’[J Hi(y —x,7,n(y)) dS(y)+
0 s

Ly :
+J <(pc2) 12.1.3(x —y,z) — W,.(y — x7z)> dy,dy,
3

For x¢D all integrals are regular; for x € D the first integral is singular, calculated in value principle
sense.

This theorem enables us to obtain solvable singular boundary integral equations for a super-
sonic transport boundary value problem.

12. Statement of supersonic transport BVP: uniqueness of solutions

We suppose here that supersonic transport loads, moving at supersonic velocity ¢ > c;, are
known on the boundary D:

P = oynie; = pczpj(x, 2)ej0(z), x = (x1,x2) €S, 4,j=1,2,3 (56)

Functions pj(x,z) are integrable on D,. We assume here G =0 and

u(x,z) =0, wu;.(x,z)=0, 220, xe$~ (57)

For [|(x,2)[| —

uj— 0,3 >0: [[Qull < O(ll(x,z)I"™), =12z (58)
The jump conditions, Egs. (15) and (16) are satisfied on the shock wave fronts.
Theorem 12.1. The solution of the supersonic transport boundary value problem is unique.
Proof. Suppose that there exist two solutions. Since the problem is linear, it follows that their
difference u(x,z) satisfies the zero boundary conditions, i.e., P(x;z) = 0, and is a solution of the

homogeneous equations of motion (G = 0). We note, that Lemma 8.1 is also true in the
supersonic case for shock waves as there is Theorem 3.2 for the gaps of energy on their fronts
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(see full proof). Then together with conditions given in Eq. (59) of decay of the solutions at
infinity and the zero conditions for z=0,

J E(x,z)dx1dx; = J ol - (x,z)dxidx, — 0 by z— oo
s 5
The energy density E is a positive definite quadratic form of u;; by construction. Therefore, by

virtue of the decay of the solution at infinity, the relation only holds if u;; = 0 for all i and j.
Hence, we obtain u = 0; i.e., the solutions coincide. The proof of the theorem is complete.

Theorem 12.1 holds for both exterior and interior boundary value problems.

13. Statement of supersonic BVP in D;(R®) and its generalized solution

To solve the problem, we also use the method of generalized functions. We introduce here the
regular generalized function with support on D :

uj(x,z) = uj(x, z)Hg (x)0(z) (59)

Also using the properties of differentiation of regular generalized functions with gaps at D,
and taking into account the boundary conditions and the conditions on the fronts, we obtain
the transport Lame equations (Eq. (14)) on the space of distributions with singular mass forces:

8, = p0s(0)0(2) + ((Awridyj + p (uinj + ujni) )0s(x)0(2)). i (60)

By using the properties of convolutions with the Green tensor and the boundary conditions,
we obtain the generalized solution of BVP in the form:

pciiy = UpsPibs(x)0(2) + Ul i* (Attrtndys + u (wim; + uin;) )8s(x)0(2) (61)

By analog with the subsonic case, if we use fundamental stress tensor, then the right-hand side
of Eq. (61) may be represented in the form of a surface integral over the boundary of the
domain. In our notation, on the boundary, it acquires the form

ung(x)G(z) = J (ujz:(x7yvz - T) pj(yv T) - T]l:(x,y,z - T n(% T))uj(yv T)>dD(y7 T) (62)

D,

This formula is similar to the Somigliana formula in the static theory of elasticity ([1]: 146), but
it is impossible to use this formula to determine the solution of the boundary value problem in
the case of supersonic loads, because the second term contains strong non-integrable singular-
ities of the tensor T on the shock wave fronts of fundamental solutions; therefore, the integrals
are divergent. To construct a regular integral representation of the formula, we must regularize
it. For this, we use the tensor H.

58
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications
14. Dynamic analog of the Somigliana formula in supersonic case

For regularization of Eq. (61), we put W,, instead of U in the second term and use the property
of differentiation of convolution:

pCZ/le = ﬁi*P]és(x)G( ) + Wk iz (Aumnmélj + [J(Mﬂ’l]' + ujni))és(x)Q(z) =

. —j
= U;C*P](Ss(x)e(z)ﬁ- Wk,i*(/\um/znméij + y(ui,zn]- + uj/zni))és(x)e(z)+ (63)

+Wh i (At + 1 (uim; + ujni) )8 (x)5(z) =
= UjPds(x)0(2) + W " Chyti,ma(x)85(x)0(2) + Clyy W) 10 (.0 ()05 (%)

From here on, we use Eq. (57) we get the formula which can be written in integral form.

Theorem 14.1. The generalized solution of supersonic transport BVP can be presented in the form:

iy = Uy ds(x)0(2) + Cl Wi, 11, (%) (x)0(2) (64)

which for x&S has the next integral presentation

5 zZ—myr .
wHs ()0(:) =3 [0 ~mnasty) || {Ulx—y.z ) p .=
k=1 0

~H gz = )0 it~ [ g )y (0.2 — min)dS ()
S
(65)
r=lx—yl

Proof. Formula (65) follows from Eq. (64) in virtue of Egs. (61) and (32). Its integral form is

wHs ()0(2) = | {2 = ©) 1) = Hifroyoz = 1)y () o
0

If we use Eq. (55) for H;(x, z) as the support of H;S (x,z2), H;d (x,z), we get

Z—myr

2 .
uiHs (x kzlj (z — mr)dS(y) J {Ui-(x—y,z—T)Pj(y,T)— )
- 0

~ (Hjp(x =,z = T.n(y) + Hy(x = v, n(y))y (9, ) ot
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Note that
Z—Mt

|| Hi = vons (v e = Hy ) 0502 = )~ 1,0 =
0

= Hij(x — y.n(y))uj(y, z — mr)

In virtue of this equity, we get from Eq. (66) the last formula of the theorem.

All integrals exist; indeed, the integrands are integrable everywhere, including the fronts of
fundamental solutions, because the kernels of the integrands have weak singularities on the

fronts of the form (2% — m?;||x||?) Y2 in virtue of the properties of kernels U and H. The proof is
completed.

This formula is a dynamic analog of Somigliana formula for supersonic loads. It defines the
displacement in elastic medium by using boundary values of stresses and velocity of displace-
ments of boundary surface.

This formula also preserves its form for (x,z) € D with regard to the definition of Hs™ (x)0(z)
on D.

15. Singular boundary integral equations of supersonic transport BVP

Theorem15.1. If the classical solution of BVP satisfies the Holder’s conditions at D, i.e., 3C>0, >0
that

|ui(x,2) — uj(y,2)| < Cllx —ylI’, xy€ES.

then it satisfies the singular boundary integral equation at D,

Z—myr
2 k

0, 5u;(x,z) = J O(z — myr)dS(y) J {U]l(x - Y,z — 1) p]-(y, T)—
k=1
SE(") 0

—H (¢ = y,2 = T.n(y))u; (9, T) -

—V.P. J H]Z:S(x —y,z,n(y))uj(y,z — mr)dS(y), r = ||x — y||
Si()

z

Sk') ={(y,7) :mur < z—71}, S¥z)={(y):mur <z},

Proof. The desired assertion follows from Theorem 14.1 and Theorem 11.1 for tensor H by
analogy of the proof of Theorem 12.1 about singular boundary integral equations in the
subsonic case. Full proofs of these theorems can be found in [7].
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This theorem gives us a resolving system of integral equations for definition of unknown
values of boundary displacements in the supersonic case.

Moreover, the Somigliana formula for displacements was obtained for generalized functions.
But since they are regular, from the Dubois-Reymond lemma ([3]: 97), this solution is classical.
However, if the acting loads are described by singular generalized functions, which often
takes place in physical problems, then one should use a representation of a generalized
solution in the convolution form (Eq. (65)) with the evaluation of convolutions by the defini-
tion (see [3]: 133).

16. Conclusion

The constructed singular boundary integral equations in the supersonic case are not classical
equations because the solution inside a domain is determined by the boundary values of
stresses and displacement rates rather than displacements themselves, unlike the Somigliana
formula. In addition, the domain of integration over a boundary surface substantially depends
on z, which is specific for hyperbolic equations. This complicates finding solutions of such
problems by the successive approximation method. However, for the numerical discretization
of singular boundary integral equations, the method of boundary elements makes it possible to
use standard methods of computational mathematics for a computer implementation of the
solution of such problems. The aforementioned boundary value problems model the dynamics
of underground structures like transport tunnels and extended excavations subjected to the
dynamic influence of moving vehicles and seismic loads. They permit one to study the dynam-
ics of a rock mass in a neighborhood of underground structures depending on its physical-
mechanical properties, the velocity of moving transport, specific features of the transport load,
and the geometric properties of structures in technical computations of displacements and the
stress-strain state of the mass away from the tunnel.
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Chapter 5

Fixed Point Theory Approach to Existence of Solutions
with Differential Equations

Piyachat Borisut, Konrawut Khammahawong and
Poom Kumam

Additional information is available at the end of the chapter

Abstract

In this chapter, we introduce a generalized contractions and prove some fixed point
theorems in generalized metric spaces by using the generalized contractions. Moreover,
we will apply the fixed point theorems to show the existence and uniqueness of solution
to the ordinary difference equation (ODE), Partial difference equation (PDEs) and frac-
tional boundary value problem.

Keywords: fixed point, contraction, generalized contraction, differential equation, partial
differential equation, fractional difference equation

1. Introduction

The study of differential equations is a wide field in pure and applied mathematics, chemistry,
physics, engineering and biological science. All of these disciplines are concerned with the
properties of differential equations of various types. Pure mathematics investigated the exis-
tence and uniqueness of solutions, but applied mathematics focuses on the rigorous justifica-
tion of the methods for approximating solutions. Differential equations play an important role
in modeling virtually every physical, technical, or biological process, from celestial motion, to
bridge design, to interactions between neurons. Differential equations such as those used to
solve real-life problems may not necessarily be directly solvable, i.e. do not have closed form
solutions. Instead, solutions can be approximated using numerical methods.
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Following the ordinary differential equations with boundary value condition

s (e 0
arm \O gt

where y(xo) =0, y'(x1) =c1, ...,y(”_l)(xn,l) = c,—1 the positive integer n (the order of the
highest derivative). This will be discussed. Existence and uniqueness of solution for initial
value problem (IVP).

u'(t) = f (£ u(t))
u(ty) = up.
Differential equations contains derivatives with respect to two or more variables is called a

partial differential equation (PDEs). For example,

du *u du ou ou
A—+B C——+D—+E—+Fu=G
T oxdy i oy? TR dy L

where u is dependent variable and A, B, C, D, E, F and G are function of x, y above equation is
classified according to discriminant (B2 — 4AC) as follows,

1. Elliptic equation if (B> — 4AC) <0,
2. Hyperbolic equation if (B> — 4AC) > 0,
3. Parabolic equation if (B* — 4AC) = 0.

This will be discussed. Existence of solution for semilinear elliptic equation. Consider a func-
tion u : QCcR" — R" that solves,

—Au=f(u) in Q
U= Uy on 00

where f : R" — R™ is a typically nonlinear function. And fractional differential equations. This
will be discussed. Fractional differential equations are of two kinds, they are Riemann-
Liouville fractional differential equations and Caputo fractional differential equations with
boundary value.

‘Diu(t) = Bu(t);t >0
M(O) =uyeX
where Dy is the Caputo fractional derivative of order a € (0,1), and t€[0, 7], for all T > 0.

The following fractional differential equation will boundary value condition.

Do, u(t) +f(t,u(t)) =0, 0<t<1, 1<a<2

64
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

where f : [0,1] x [0,0) — [0,%) is a continuous function and Dg, is the standard Riemann-
Liouville fractional derivative.

One method for existence and uniqueness of solution of difference equation due to fixed point
theory. The primary result in fixed point theory which is known as Banach’s contraction principle
was introduced by Banach [1] in 1922.

Theorem 1.1. Let (X, d) be a complete metric spaces and T : X — X be a contraction mapping (that is,
there exists 0<a < 1) such that

d(Tx, Ty) < ad(x,y)

for all x, y € X, then T has a unique fixed point.

Since Banach contraction is a very popular and important tool for solving many kinds of
mathematics problems, many authors have improved, extended and generalized it (see in [2—4])
and references therein.

In this chapter, we discuss on the existence and uniqueness of the differential equations by
using fixed point theory to approach the solution.

2. Basic results

Throughout the rest of the chapter unless otherwise stated (X, d) stands for a complete metric
space.

2.1. Fixed point

Definition 2.1. Let X be a nonempty set and T : X — X be a mapping. A point x* € X is said to
be a fixed point of T if T(x*) = x*.

Definition 2.2. Let (X, d) be a metric space. The mapping T : X — X is said to be Lipschitzian if
there exists a constant & > 0 (called Lipschitz constant) such that

d(Tx,Ty)<ad(x,y) forall x,yeX.

A mapping T with a Lipschitz constant & < 1 is called contraction.

Definition 2.3. Let F and X be normed spaces over the field K, T : F — X an operator and c € F.
We say that T is continuous at c if for every ¢ > 0 there exists 0 > 0 such that || T(x) — T(c)|| < €
whenever ||x — ¢|| < 6 and x € F. If T is continuous at each x € F, then T is said to be continuous
onT.

Definition 2.4. Let X and Y be normed spaces. The mapping T : X — Y is said to be completely
continuous if T(C) is a compact subset of Y for every bounded subset C of X.
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Definition 2.5. Compact operator is a linear operator L form a Banach space X to another
Banach space Y, such that the image under L of any bounded subset of X is a relatively
compact subset (has compact closure) of Y such an operator is necessarily a bounded operator,
and so continuous.

Definition 2.6. A subset C of a normed linear space X is said to be convex subset in X if
Ax 4+ (1 — A)y e C for each x, y € C and for each scalar A € [0, 1].

Definition 2.7. v is called the a" weak derivative of u
Du=vo
if
J uD*Pdx = (—1)'“|J vipdx
Q Q

for all test function ¢ € C (Q).

Theorem 2.8. (Schauder’s Fixed Point Theorem) Let X be a Banach space, M C X be nonempty,
convex, bounded, closed and T : M ¢ X — M be a compact operator. Then T has a fixed point.

Lemma 2.9. ref. [5] Given f € C(R) such that |[f(f)|<a = b|t|" where a > 0,b > 0 and r > 0 are
positive constants. Then the map u — f(u) is continuous for L (Q2) to Lg(Q) for p= max(1,r) and
maps bounded subset of L¥ (Q2) to bounded subset of Lg(Q).

Proof. Form to Jensen's inequality
@+ bl © <1k 4 21 <1 1 i)

where C is a positive constant depending on 4, b, p and r only, since u € ¥ (Q), we have

JQLf<u>|?dxsc<a,b,p,r>(ym i Lu”dx> cw

therefore f(u) €L/(Q). Let u, be a sequence converging to u in LP(Q). There exists a subse-
quence u,, and a function g € L (Q)) such that set, u,, — u(x), and |u,y (x)|<g(x), almost every-
where. This is sometimes called the generalized DCT, or the partial converse of the DCT, or the
Riesz-Fisher Theorem. From the continuity of f, |f(u(x)) — f(uy)] — 0 on Q\N, and

F(u(x)) = f ) <CA+ () + [f()]")

where C is another positive constant depending on 4,b,p and r only, the left-hand-side is

independent of n" and is in L'(Q2). We can apply the Dominated Convergence Theorem to
conclude the

J b)) = e — 0
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or in other words, ||f (u(x)) — f(uy) — 0. Since the limit does not depend on the subse-

Is@)
quence this convergence u holds for u,. o

Corollary 2.10. ref. [5] Let 4 >0. Then the map g+ (—A + /Jld)_lg is

i.  continuous as map from L*(Q) to Hj(Q) in other words

”v”Hé(Q) <C(Q) ”g”LZ(Q)'

ii. compact as map form L*(Q) to [*(Q).

Proof. The first part is due to the fact that L*(Q2) is continuously in H™'(Q). The second part
follows as (—A + uly) B [*(Q) — L*(Q) can be viewed as composition of the continuous map
(-A+ /Jld)fl : [(Q) — H)(Q) and the compact embedding Hp(Q)~L?*(Q) and as the compo-
sition of a compact linear operator a continuous linear operator is again compact.

Theorem 2.11. (Poincare) For p € [1, ), there exists a constant C = C(Q, p) such that V¥ € Wé’p(Q);
lullrr (@) < ClIVUull ey A key tool to obtain the compactness of the fixed point maps.

2.2. Fuzzy

A fuzzy set in X is a function with domain X and values in [0, 1]. If A is a fuzzy set on X and
x € X, then the functional value Ax is called the grade of membership of x in A. The a— level
set of A, denoted by A, is defined by

Ay ={x:Ax2a} if a€(0,1], Ao={x:Ax >0},

where denotes by A the closure of the set A. For any A and B are subset of X we denote by
H(A, B) the Huasdorff distance.

Definition 2.12. A fuzzy set A in a metric linear space is called an approximate quantity if and
only if A, is convex and compact in X for each a €[0,1] and sup, _  Ax = 1.

Let I = [0,1] and W(X) c I* be the collection of all approximate in X. For a €[0,1], the family
W, (X) is given by {A€I* : A, is nonempty and compact}.

For a metric space (X, d) we denoted by V(X) the collection of fuzzy sets A in X for which A, is
compact and supAx = 1 for all @ € [0, 1]. Clearly, when X is a metric linear space W(X) c V(X).

Definition 2.13. Let A, Be V(X), a€|0,1]. Then

p,(A,B)= inf d(x,y), D.(A,B)=H(A4s, Ba)

XEAs, YEB,

where H is the Hausdorff distance.
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Definition 2.14. Let A, Be V(X). Then A is said to be more accurate than B (or B includes A),
denoted by A C B, if and only if Ax<Bx for each x € X.

Denote with ®, the family of nondecreasing function ¢ : [0, +e) — [0,4) such that
Y ome1 " (t) < oo forall t > 0.

Theorem 2.15. ref. [6] Let (X, d, <) be a complete ordered metric space and Tq, T : X — Wy (X) be
two fuzzy mapping satisfying

Da(Tlx’ sz) qu(M(x,y)) + Lmin{pa(x, Tlx)7pa(y7 sz),pa(x, TZ]/)?f?a(yv Tlx)}

for all comparable element x, y € X, where L>0 and
1
M(xvy) = max{d(x,y),pa(x, Tlx)vpa(y7 sz)vi [pa(x, sz) + pq(% Tlx)] }

Also suppose that
1. ifye(T1x9), theny, xo€ X are comparable,
ii. ifx,y€X are comparable, then every u € (T1x), and every v € (T,y), are comparable,

iii. if a sequence {x,} in X converges to x € X and its consecutive terms are comparable, then
x, and x are comparable for all .

Then there exists a point x € X such that x, C T1x and x, C Tox.
Proof. See in [6].
Corollary 2.16. ref. [6] Let (X, d, <) be a complete ordered metric space and Ty, T : X — W, (X) be
two fuzzy mappings satisfying
1
Do(T1x, Toy) SqmaX{d(x,y), Pa( T12), P4 (v, T2y), 5 [P (x, Tay) +p,(y, T1x)] }

for all comparable elements x, y € X. Also suppose that
i. ifye(Tix), theny, xo€ X are comparable,
ii. if x,y € X are comparable, then every u € (T1x), and every v € (T,y), are comparable,

iii. if a sequence {x, } in X converges to x € X and its consecutive terms are comparable, then
x, and x are comparable for all #.

Then there exists a point x € X such that x, C T1x and x, C Tox.
2.3. Metric-like space

Definition 2.17. [7] Let X be nonempty set and function p : X x X — R" be a function satisfy-
ing the following condition: for all x, y, z€ X,
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(p4) p(x,%) = p(x,y) = p(y,y) if and only if x =y,
(po) p(x,x) < p(x,y),

(p5) px,x) = p(y,x),

(py) p(x,y) = p(x,2) +p(z,y) — p(z,2)

Then p is called a partial metric on X, so a pair (X, p) is said to be a partial metric space.

Definition 2.18. [8] A metric-like on nonempty set X is a function o : X x X — R*. If for all
x, Y, z € X, the following conditions hold:

(

Q

Noxy) =0=x=y
)o(x,y) = o(y,x);
)o(x,y) = o(x,z) + 0(z,y).

T 9
(e8] N

Then a pair (X, 0) is called a metric-like space.

It is easy to see that a metric space is a partial metric space and each partial metric space is a
metric-like space, but the converse is not true but the converse is not true as in the following
examples:

Example 2.19. [8] Let X = {0,1} and ¢ : X x X — R™ be defined by

2, ifx=y=0,
a(x,y) :{ /

1, otherwise.

Then (X, 0) is a metric-like space, but it is not a partial metric space, cause ¢(0,0)£c(0,1).
Lemma 2.20. ref. [9] Let (X, p) be a partial metric space. Then

i.  {x,} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric
space (X,d,),
ii. X is complete if and only if the metric space (X, d,) is complete.

Definition 2.21. [8, 10] Let (X, 0) be a metric-like space. Then:

i. A sequence {x,} in X converges to a point x € X if lim,,_...c(x,,, x) = o(x, x). The sequence
{x,} is said to be o— Cauchy if lim,, ;.0 (x,, x,n) exists and is finite. The space (X, 0) is
called complete if for every c— Cauchy sequence in {x, }, there exists x € X such that

lim o(x,,x) =o(x,x) = lm o(x,,x,).

Nn—o0 1, N—o°

ii. A sequence {x,}in (X, 0) is said to be a 0 — 0— Cauchy sequence if lim,, ;.0 (X, X, ) = 0.
The space (X, 0) is said to be 0 — 0— complete if every 0 — 0— Cauchy sequence in X
converges (in 7,) to a point x € X such that o(x,x) = 0.
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iii. A mapping T : X — X is continuous, if the following limits exist (finite) and
lim o(x,,,x) = o(Tx, x).

n—oo

Following Wardowski [11], we denote by F the family of all function, F : R* — R satisfying
the following conditions:
(F1) F is strictly increasing on R,

(F2) for every sequence {s, } in R*, we have lim s, = 0 if and only if lim F(s,) = —eo,

n—oo n—oo

(F3) there exists a number k € (0, 1) such that lim s*F(s) = 0.

s—0"

Example 2.22. The following function F : R" — R belongs to F:
i. F(s) =Ins, withs >0,

ii. F(s) =Ins+s, withs>0.

Definition 2.23. [11] Let (X,d) be a metric space. A self-mapping T on X is called an F-
contraction mapping if there exist F € F and 1 € R" such that

Vx,yeX, [d(Tx,Ty) > 0= 1+ F(d(Tx,Ty))<F(d(x,y))]. (2.1)
Definition 2.24. [12] Let (X,0) be a metric-like space. A mapping T: X — X is called a

generalized Roger Hardy type F— contraction mapping, if there exist F€ F and 1€ R* such
that

o(Tx,Ty) >0= 1+ F(o(Tx,Ty)) < F(ao(x,y)+ pa(x,Tx)+ yo(y, Ty)

+no(x, Ty) + da(y, Tx)) 22)

forallx, ye Xand o, B, 7,1, 620 witha + 4+ +2n+26 < 1.

Theorem 2.25. ref. [12] Let (X,0) be 0 — 0— complete metric-like spaces and T : X — X be a
generalized Roger Hardy type F— contraction. Then T has a unique fixed point in X, either T or
F is continuous.

Proof. See in [12]. |

2.4. Modular metric space

Let X be a nonempty set. Throughout this paper, for a function w : (0,%) x X x X — [0, o], we
write

w/\(x’y) = w(/\v x>y)

forall A > 0and x,y € X.

Definition 2.26 [13, 14] Let X be a nonempty set. A function w : (0,00) x X x X — [0, ] is
called a metric modular on X if satisfying, for all x, y, z € X the following conditions hold:
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i. wi(x,y)=0forall A >0ifandonlyifx =1y,
ii. wi(x,y) =wa(y,x)forall A >0,
iil.  wru(x,y) Swi(x,z) + wu(z,y) forall A, u > 0.
If instead of (i) we have only the condition (i")
wy(x,x) =0forall A >0,xeX,
then w is said to be a pseudomodular (metric) on X. A modular metric w on X is said to be
regular if the following weaker version of (i) is satisfied:
x =y if and only if w,(x,y) = 0 for some A > 0.

Note that for a metric (pseudo)modular w on a set X, and any x,y€X, the function
A wy(x,y) is nonincreasing on (0, ). Indeed, if 0 < p < A, then

w/\(xay) Sw)\—#(xax) +w£l(x7y) = a).u(xvy)-

Note that every modular metric is regular but converse may not necessarily be true.

Example 2.27. Let X = R and w is defined by ws(x,y) = if A <1, and w,(x,y) = |[x — y| if
A2>1, itis easy to verify that w is regular modular metric but not modular metric.

Definition 2.28. [13, 14] Let X, be a (pseudo)modular on X. Fix xg € X. The two sets

X = Xo(xo) ={xe X :wr(x,x9) — 0 as A — oo}

and

X, =X (x0) = {xeX:3A = A(x) > 0 such that w;(x,x) < oo}

are said to be modular spaces (around x).

Throughout this section we assume that (X, w) is a modular metric space, D be a nonempty
subset of X, and G:={G,, is a directed graph with V(G,) = D and ACE(G,,)}.

Definition 2.29. [15, 16] The pair (D, G,,) has Property (A) if for any sequence {x,}, .y in D,
with x, — x asn — o and (x,, x,11) € E(G,), then (x,,x) € E(G,), for all n.

Definition 2.30. ref. [17] Let FeF and G,€G. A mapping T : D — D is said to be F-G,-
contraction with respect to R : D — D if

i. (Rx,Ry)€E(Gy) = (Tx,Ty) €E(G,) for all x, yeD, i.e. T preserves edges w.r.t. R,
ii.  there exists a number 7 > 0 such that

w1(Tx, Ty) > 0 = t©+ F(w1(Tx, Ty)) < F(wi (Rx,Ry))

for all x, y € D with (Rx, Ry) € E(G,,).

Example 2.31. ref. [17] Let F € F be arbitrary. Then every F-contractive mapping w.r.t. R is an
F-G,-contraction w.r.t. R for the graph G, given by V(G,) = D and E(G,) = D x D.
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We denote C(T, R):={x €D : Tx = Rx} the set of all coincidence points of two self-mappings T
and R, defined on D.

Theorem 2.32. ref. [17] Let (X, ) be a regular modular metric space with a graph G,. Assume
that D = V(G,,) is a nonempty w-bounded subset of X,, and the pair (D, G, ) has property (A)
and also satisfy Ay-condition. Let R, T : D — D be two self mappings satisfying the following
conditions:

i.  there exists xo € D such that (Rxg, Txy) € E(Gy),

ii. T is an F-G,-contraction w.r.t R,

iii. T(D)CR(D),

iv. R(D) is w complete.

Then C(R, T) # Q.

Proof. See in [17]. O

3. Fixed point approach to the solution of differential equations

Next, we will show a differential equation which solving by fixed point theorem in suitable
spaces.

3.1. Ordinary differential equation

Lemma 3.1. ref. [18] u is a solution of u/(t) = f(t, u(t)) satisfying the initial condition u(ty) = ug
if and only if u(t) = up + LZf(s, u(s))ds.

Proof. Suppose that u is a solution of u'(t) = f(t, u(t)) defined on an interval I and satisfying
u(tp) = up. We integrate both sides of the equation u'(t) = f (¢, u(t)) from ty to ¢, where tis in I

Jt u'(s)ds = Jt f(s,u(s))ds

fo fo
t

u(t) —u(ty) = L f(s,u(s))ds.
Since u(ty) = up, we have

t

u(t):uo—I—J Fs,u(s))ds, tel. (3.1)

to

We will show that, conversely, any function which satisfies this integral equation satisfies both
the differential equation and the initial condition. Suppose that u is a function defined on an
interval I and satisfies (3.1). Setting t = o yields u(ty) = 1, so that u satisfies the initial
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condition. Next, we note that an integral is always a continuous function, so that a solution of
(3.1) is automatically continuous. Since both u and f are continuous, it follows that the inte-
grand f (s, u(s)) is continuous. We may therefore apply the fundamental theorem of calculus to
(3.1) and conclude that u is differentiable, and that is u/(t) = f(t, u(t)). O

The contraction mapping theorem may by used to prove the existence and uniqueness of the
initial problem for ordinary differential equations. We consider a first-order of ODEs for a
function u(t) that take value in R"

w'(t) = f(t,u(t)) (3.2)
M(fo) = Up. (33)
The function f (¢, u(t)) also take value in R" and is assumed to be a continuous function of t and

a Lipschitz continuous function of u on suitable domain.

Definition 3.2. Suppose that f : [ x R" — R" where [ is on interval in R. We say that (¢, u(t)) is
a globally Lipschitz continuous function of u uniformly in t if there is a constant C > 0 such that

IIf (¢, u) — f(t, 0)I<Cllu=l (3.4)

forallx, ye R" and all t€I.

The initial value problem can be reformulated as an integral equation.

t

u(t) = up + J f(s,u(s))ds. (3.5)

fo

By the fundamental theorem of calculus, a continuous solution of (3.5) is a continuously
differentiable solution of (3.2). Eq. (3.5) may by written as fixed point equation.

u="Tu

for the map T defined by

t

Tu(t) = ug —|—J f(s,u(s))ds.

fo

Theorem 3.3. ref. [19] Suppose that f : I x R" — R" where [ is on interval in R and ¢, is a point
in the interior of I. If f(¢,u), is a continuous function of (¢, u) and a globally Lipschitz continu-
ous function of u uniformly in f on I x R", then there is a unique continuously differentiable
function u : I — R" that satisfies (3.2).

Proof. We will show that T is a contraction on the space of continuous function defined on a
time interval ¢y <t <ty + 0, for sufficiently small 6.

Suppose that u, v : [ty, tp + 6] — R" are two continuous function. Then, form (3.4), (3.5) we
estimate,
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|Tu — To|, = sup |Tu(t) — To(t)]
to <t<to+0
t

— sup rj £(5,u(s)) — F(s,0(5))ds|

to<t<to+o Jio

< sup | ) ~ fls.o(s)ds

to <t<to+0 Jio

< sup C\u(s)—v(s)|Jt ds

to <t<tp+0 to

Colu —v|...

IA

If follow that if 5< 1 then T is contraction on C([ty, fo + 6]). Therefore, there is a unique solution
u: [i’o,to + 6] — R,

Let f(x,y) be a continuous real-valued function on [a,b] x [c,d]. The Cauchy initial value
problem is to find a continuous differentiable function y on [a,b] satisfying the differential
equation

d
L flry), yew) =y (3.6)

Consider the Banach space C[a,b] of continuous real-valued functions with supremum norm
defined by ||yl = sup{y(x)| : x €[a, b]}.

Integrating (3.6), that yield an integral equation

X

vx) = & | Fievonar (37)

X0

The problem (3.6) is equivalent the problem solving the integral Eq. (3.7).
We define an integral operator T : Cla, b] — C|a, b] by

X

Ty(r) =y + |ttt

X0

Therefore, a solution of Cauchy initial value problem (3.6) corresponds with a fixed point of T.
One may easily check that if T is contraction, then the problem (3.6) has a unique solution.

Theorem 3.4. ref. [20] Let f(x, y) be a continuous function of Dom(f) = [a,b] x [c,d] such that f
is Lipschitzian with respect to y, i.e., there exists k > 0 such that

If (x,u) — f(x,v)|<klu —v| forall u,v€lc,d] and for x € a,b].

Suppose (xo,,) €int(Dom(f)). Then for sufficiently small # > 0, there exists a unique solution
of the problem (3.6).

Proof. Let M = sup{|f (x,y)| : x,y € Dom(f)} and choose h > 0 such that
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C={y e Clxo — h,xo + h] : |y(x) — yo| <Mh}.

Then C is a closed subset of the complete metric space C[xo — h,xo + h] and hence C is com-
plete. Note T : C — C is a contraction mapping. Indeed, for x € [xo — h,xo + h] and two contin-
uous functions y,, y, € C, we have

1Ty, — Ty,ll = |l f;cof(x’%) _f(x’l/z)dt”
< lx—x| sup  kly;(s) = y,(s)l

s € [xo—h,xo+H]

killy, — y, -

IA

Therefore, T has a unique fixed point implying that the problem (3.6) has a unique fixed point.

3.2. Ordinary fuzzy differential equation

Now, we consider the existence of solution for the second order nonlinear boundary value
problem:
X" (8) = k(t, x(t),x'(t)), tel0,A], A>0,
x(t) = x1, (3.8)
x(ta) = xa, t1, b e[0, A

where k : [0, A] x W(X) x W(X) — W(X) is a continuous function. This problem is equivalent
to the integral equation

x(t) = r G(t,s)k(s,x(s),x'(s))ds + B(t), te€|0,A], (3.9)

t

where the Green’s function G is given by

ty— t)(s — ¢
B=DE=h) 4y cocre,

th — 11
G(t,s) =
w if t1<t<s<t
th — t T

and p(t) satisfies B” = 0, B(t1) = x1, B(f2) = x2. Let us recall some properties of G(t,s), precisely
we have

b PRV
J G(t.s)|ds< 2= B)
h 8

and

ty _
J |G(t,s)]|ds < (t22—t1)

f
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If necessary, for a more detailed explanation of the background of the problem, the reader can
refer to the reference [21, 22]. Here, we will prove our results, by establishing the existence of a
common fixed point for pair of integral operators defined as

Ti(x)(t) = Jtz G(t,s)ki(s,x(s),x'(s))ds + B(t), te€[0,A], ie{l,2} (3.10)

t

where ki, k € C([0, A] x W(X) x W(X), W(X)), xeC' ([0, A], W(X)), and g C([0, A], W(X)).
Theorem 3.5 ref. [6] Assume that the following conditions are satisfied:
i ki koo [0,A] x W(X) x W(X) — W(X) are increasing in its second and third variables,

ii. there exists xo € C*([0, A], W(X)) such that, for all t € [0, A], we have
xo()< J G(t, )k (£, x0(s), X)(8))ds + (1)

where t;, £, € [0, A],

iii. there exist constants y, 6 > 0 such that, for all t€ [0, A], we have

ey (8,x(8), X'()) = ka (& y(8), v (D))< ylx(£) — y ()] + 0l (t) — /' (1)l

for all comparable x, y € C' ([0, A}, W(X)),

iv. fory,6 > 0and ti, t, € [0, A] we have

(o — h)? B (t—t)

1,
8 2 <

v. ifx,yeC ([0, A], W(X)) are comparable, then every u € (T1x), and every v € (Tay), are compa-
rable.

Then the pair of nonlinear integral equations

x(t) = Ltz G(t,s)ki(s,x(s),x'(s))ds + B(t) te€[0,A], ie{l,2} (3.11)

has a common solution in C' ([t1, t,], W(X)).

Proof. Consider C = C'([t, t,], W(X)) with the metric

D(x,y) = max (y|x(t) — y()] + olx'(t) — y'(£)))-

t1<t<ty

The (C,D) is a complete metric space, which can also be equipped with the partial ordering
given by

x,yeC, <x(t)<y(t) forall te|0,A].
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In [23], it is proved that (C, <) satisfies the following condition:

(r) for every nondecreasing sequence {x,} in C convergent to some x € C, we have x,<x for all
neNu{0}.

Let T1, T> : C — C be two integral operators defined by (3.10); clearly, T1, T — 2 are well defined
since ki, k;, and f are continuous functions. Now, x* is a solution of (3.9) if and only if x* is a
common fixed point of T and T.

By hypothesis (a), T, T, are increasing and, by hypothesis (b), xo<T1(xp). Consequently, in
view of condition (r), hypothesis (i)-(iii) of Corollary 2.16 hold true.

Next, for all comparable x, y € C, From hypothesis (c) we obtain successively

Ty (x) () — T2(y)()] < L BIG(t,5)|lk1 (s, x(5), X'(s)) — ka (s, y(s), v/ (5))lds
<D(x,y) r |G(t,s)|ds (3.12)
(th—t)

<
8

D(x,y)

and

! !

Ta(2)) ()= (Taly)) (O1% | £IGue3) i (5.x(5). () k5.9, 5) s

<D0y [ 1Gie s (319)

t

(t —t)
< TD(x,y).

From (3.12) and (3.13), we obtain easily

D(T1x, Toy) < ()/ (t2 —8t1)2 +06 (t2 ; tl)) D(x,y).

Consequently, in view of hypothesis (d), the contractive condition (5) is satisfied with

b—t) (-t
q:y(2 )" sl —t)

1.
8 2 <

Therefore, Corollary 2.16 applied to T; and T>, which have common fixed point x* € C, that is,
x* is a common solution of (3.9). m

3.3. Second-order differential equation

Now, we consider the boundary value problem for second order differential equation
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{ X'(t) = —f(t,x(t)), tel, (3.14)

x(0) =x(1) =0,
where I = [0,1] and f : I x R — R. is a continuous function.

It is known, and easy to check, that the problem (3.14) is equivalent to the integral equation

x(t) = J: G(t,s)f(s,x(s))ds, for tel, (3.15)

where G is the Green’s function define by

H1—s) if 0<t<s<1
s(1—1t) if 0<s<t<l.

G(t,s) = {

That is, if x € C*(I,R), then x is a solution of problem (3.14) iff x is a solution of the integral
Eq. (3.15).

Let X = C(I) be the space of all continuous functions defined on I. Consider the metric-like o
on X define by

o(x,y) = lIx = ylle + Ixllc + lyll forall x,yeX,

where ||u]|.. = max;e(o.y)|u(t)] for all u € X.

Note that o is also a partial metric on X and since
dy(x,):=20(x,y) =0 (x,%) = o(y,y) = 2l = Yl

By Lemma 2.20, hence (X, ¢) is complete since the metric space (X, || - ||) is complete.
Theorem 3.6. ref. [12] Suppose the following conditions:

i.  there exist continuous functions p : I — R" such that
If (s,a) — f(s,b)|<8p(s)|a — b]

forallseland g, beR;

ii.  there exist continuous functions g : [ — R such that
[f (s, @)l <84(s)lal

forallsel and s eR;
iii. max,ep(s) = @Ay < g5, whichis0<a <%
iv.  maxserq(s) = ady < 5 whichis0<a < 1.

Then problem (3.14) has a unique solution u € X = C(I, R).

78
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

Proof. Define the mapping T : X — X by

1

Tx(t) = J G(t,s)f (s,x(s))ds,

0

for all x € X and t € T. Then the problem (3.14) is equivalent to finding a fixed point u of T in X.
Let x, y € X, we obtain

1

1
T = Tv(O] = 1| Gltsiftsx(ois - [ Gltsifts.o)as

0 0

< J G(t,9)|f (s, x(s)) — f(s, y(s)|ds

0

1
< 8 Jo G(t,s)p(s)|x(s) — y(s)|ds

8aAllx — yll. [y G(t,s)ds
= aMllx —yll..

IN

In the above equality, we used that for each tel, we have fol G(t;s)ds = 5(1—1t) and so
sup, ., J G(t,s)ds = &. Therefore,

ITx = Tyll.. < aAqllx — yll.. (3.16)

Moreover, we have

1

Tx(t) = |J G(t,s)f (s,x(s))ds|

0

1
<8 Jo G(t,s)q(s)|x(s)|ds

< 8as ||x|w-

Hence,

ITx|l. < Az |lx]l... (3.17)

Similar method, we obtain

1Tyl < @Az |lyll.. (3.18)

Lete ™™ = Ay + 24, < 1 where 7 > 0. Form (3.16), (3.17) and (3.18), we obtain

o(Tx, Ty) = | Tx — Tyl.. + Tal., + Tyl.

IN

alilx —yl. + ady|x|. + alalyl.,
(A1 4 2A2)[(a)(|Tx — Ty|.. + | Tx|. + |Ty|..)]
= (e Maa(x,y).

(3.19)

IA
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LetB,y,1,6 >0where p <1,y <1 n<1 6<1i Itfollowing (3.19), we get

o(Tx, Ty) < (e ") [ao(x,y) + Bo(x, Tx) + yo(y, Ty) + no(x, Ty) + do(y, Tx)], (3.20)

where a + B + 7 + 21+ 26 < 1. Taking the function F : R" — R in (3.20), where F(t) = In (),
which is F € F, we get

© + F(o(Tx, Ty)) <F(aa(x, ) + po(x, Tx) + ya(y, Ty) + no(x, Ty) + do(y, T)).

Therefore all hypothesis of Theorem (2.25) are satisfied, and so T has a unique fixed point
u € X, that is, the problem (3.14) has a unique solution u € C*(I). m

3.4. Partial differential equation

Consider the Laplace operator is a second order differential operator in the n-dimensional
Euclidean space, defined as the divergence (V-) of the gradient (Vf). Thus if f is a twice-
differentiable real-valued function, then the Laplacian of f is defined by

Af = V*f =V - Vf (3.21)

0 9
63(1 ’aXZ ’

where the latter notations derive from formally writing V = ( -, %). Equivalently, the

Laplacian of f the sum of all the unmixed

n

Af =

i=0

<%
'\,.’

(3.22)

Q
S

X

As a second-order differential operator, the Laplace operator maps C* functions to C*~? func-
tions for k>2. the expression (3.21)(or equivalently(3.22)) defines an operator A : CH(R") —
C*2(R") or more generator A : c®(Q) — c*2(Q) for any open set (O Consider semilinear
elliptic equation. Look for a function u : Q Cc R" — R™ that solves

—Au=f(u) in Q (3.23)
u=1uy on 00 (3.24)
where f : R" — R" is a typically nonlinear function. Equivalently look for a fixed point of

Tu=(~ o) ™ (F(u).

Theorem 3.7. ref. [5] Let f € C(R) and sup, _p|f(x)| = a < . then (3.23) has a weak solution
ueH)(Q),ie.

J Vu - V@dx = J f(u)Ddx, VO e Cy(Q).
Q o}
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Proof. Our strategy is to apply Schauder’s Fixed Point Theorem to the map
T:L*(Q) — L*(Q)
s (=8) " (f(u),
where T is continuous. Lemma (2.9) show that u — f(u) is continuous form L*(Q) into itself.
Corollary (2.10) shows that (—A) ™' is continuous form L2(Q) into H}(C2), which is continu-

ously embedded in L*(Q). Find a closed, non-empty bounded convex set such that T : M — M.
Given u € L*(Q), Tu satisfies

J VTu - VTudx = J f(u)TudealQlllTulle(Q) (3.25)
Q Q

Cauchy-Schwarz. T here fore, using Ponincare’s inequality

2 2 2
1Tz ) < CEOQNTul 2 ) <alQINTul2 gy

Thus if we set R =a|Q|C(Q) and choose M = {u ; ||u||iz(Q) SR}. We have established that
T:M — M, T is compact. Using Poincare’s inequality on the right-hand-side in (3.25), we
obtain. [[VTul[% ¢, R[IVTull 2 . Thus T(M) {u : Ml SR}, and since the embedding
of H'(Q) into L*(Q) is compact, T is compact. O

3.5. A non-homogeneous linear parabolic partial differential equation

We consider the following initial value problem

{ ur(x,t) = e (x, 1) + H(x, t,u(x, t), e (x, 1)), —o0 < x < o0,0<t<T, (3.26)

u(x,0) = p(x) 20, —o0 < x < oo,
where H is continuous and ¢ assume to be continuously differentiable such that ¢ and ¢’ are
bounded.

By a solution of the problem (3.26), we mean a function u = u(x,t) defined on R x I, where
I:=[0, T}, satisfying the following conditions:

i u,up Uy, Uy € C(R X I). {C(R xI) denote the space of all continuous real valued func-
tions},

ii. wuand u, are bounded in R x I,
i, wp(x, ) = uype(x,t) + H(x, t,u(x, t), ue(x,t)) for all (x,t) eR x I,
iv.  u(x,0) = @(x) forallxeR.

It is important to note that the differential equation problem (3.26) is equivalent to the follow-
ing integral equation problem
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t

ux) = | K- &g+ |

0

J k(x — & t—1)H(E, T, u(é, 1), u (&, 1))dédT (3.27)
forallxeR and 0 < t<T, where

k(x,t):= \/iintei_t'

The problem (3.26) admits a solution if and only if the corresponding problem (3.27) has a
solution.

Let
Q:={u(x,t);u,uy €C(R x I) and ||u|| < o},
where
lull == sup |u(x,t)|+ sup |ux(x,t)].
xER, tel xER, tel

Obviously, the function w : Rt x Q x Q — R, given by
@i, = 1 e ol = 2d(w,0)

is a metric modular on Q. Clearly, the set ), is a complete modular metric space independent
of generators.

Theorem 3.8. ref. [17] Consider the problem (3.26) and assume the following:

i.  forc> 0 with |s| < cand |p| < ¢, the function F(x,t,s,p) is uniformly Holder continuous
in x and f for each compact subset of R x I,

1
ii. there exists a constant ¢y < <T + ZH*%T%> <g, where g € (0, 1) such that

1
0< 3 [H(x,t,50,p,) — H(x,t,51,p;)]

< CH{S2_51_;p2_pl}

for all (s1,p,), (s2,p,) €R x R with s1<s, and p; <p,,
iii. H is bounded for bounded s and p.
Then the problem (3.26) admits a solution.

Proof. It is well known that u € (), is a solution (3.26) iff u € (), is a solution integral Eq. (3.27).
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Consider the graph G with V(G) =D =Q, and E(G) = {(4,v)€D x D : u(x,t)<v(x,t)
and u,(x, t) <vy(x, t) at each (x,t) €R x I}. Clearly E(G) is partial ordered and (D, E(G)) satisfy
property (A).

Also, define a mapping A : Q, — Q, by

t

(A= | k= & (e + |

0

Jw k(x — &t —1)H(E, T, u(é, 1), u (&, 7))dédT

for all (x,t) €R x I. Then, finding solution of problem (3.27) is equivalent to the ensuring the
existence of fixed point of A.

Since (u,v) € E(G), (uyx,vy) € E(G) and hence (Au, Av) € E(G), (Auy, Avy) € E(G).

Thus, from the definition of A and by (ii) we have

TIA0) (1) — (Aw) 3, )

0 (3.28)
b 1
< LJ K(x = &t— T)an [ 1(0(E ) — u(E, 1)+ (&, 7) — alE ﬂ)@dgm
< cywp(u,v)T
Similarly, we have
1 i
1 [(Av),(x,t) = (Au), (x,t)] < cpw,(u,v) Jo J_m lke(x — &, t — 1)|dédT (3.29)

< 2n 2 Ty, (1, v).
Therefore, from (3.28) and (3.29) we have
1.1
w)(Au, Av) < <T +2n 2T2> cywa(u,v)
ie.
w)(Au, Av)<qw,(u,v), g€(0,1)
ie.
d(Au, Av)<e "d(u,v), T > 0.

Now, by passing to logarithms, we can write this as
In (d(Au, Av))<In (e "d(u,v))
T+ In (d(Au, Av)) <In (d(u,v)).
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Now, from example 2.22 (i) and taking T = A and R = Z (Identity map), we deduce that the
operator T satisfies all the hypothesis of theorem 2.32.

Therefore, as an application of theorem 2.32 we conclude the existence of u* €(),, such that
u* = Au* and so u* is a solution of the problem 3.26.
3.6. Fractional differential equation

Before we will discuss the source of fractional differential equation.

Cauchy’s formula for repeated integration. Let f be a continuous function on the real line. Then the
ny, repeated integral of f based at g,

f(in) (x) = Jx JO] JUZ rn]f(an)don...dagdazdal

aJa a a

is given by single integration

£ () = ﬁj (x — 0" ()t

a

A proof is given by mathematical induction. Since f is continuous, the base case follows from
the fundamental theorem of calculus.

251w~ | e = 5w

where

Now, suppose this is true for n, and let us prove it for n + 1.

Firstly, using the Leibniz integral rule. Then applying the induction hypothesis

f(—nJrl)(x) _ J J J nf(an+1)dan...d03d02d01

a a a

N J (01 — )" F(B)dtdor

« (=11,
_ :% {% J (01— t)”f(t)dt} doy

This completes the proof. In fractional calculus, this formula can be used to construct a notion
of differintegral, allowing one to differentiate or integrate a fractional number of time.
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Integrating a fractional number of time with this formula is straightforward, one can use
fractional n by interpreting (n — 1)! as I'(n), that is the Riemann-Liouville integral which is
defined by

1 X
o . o1
P& =t Lf(t) (x =57 dt.
This also makes sense if @ = —oo, with suitable restriction on f. The fundamental relation hold

& je15) = 1)

I*(I°f) = I""Ff (x)

the latter of which is semigroup properties. These properties make possible not only the
definition of fractional differentiation by taking enough derivative of I°f. One can define
fractional-order derivative of as well by

4
[a]—a
dxll i

d(){
pri

where [] denote the ceilling function. One also obtains a differintegral interpolation between
differential and integration by defining

4l

———19%(x) ifa>0

N dx
DAf () = f(x) ifa=0
I%f(x) if a <.

An alternative fractional derivative was introduced by Caputo in 1967, and produce a deriva-
tive that has different properties it produces zero from constant function and more importantly
the initial value terms of the Laplace Transform are expressed by means of the value of that
function and of its derivative of integer order rather than the derivative of fractional order as in
the Riemann-Liouville derivative. The Caputo fractional derivative with base point x is then

4
dxl

Dif (x) = 1970 — f(x).

Lemma 3.9. ref. [24] Let u : [0, ] — X be continuous function such that u € C(]0, 7], X) for all
7 > 0. Then u is a global solution of

DYu(t) = Bu(t); t > 0 (3.30)

u(0) = up X (3.31)

if and only if u the integral equation
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u(t) = up +ﬁﬂ (t — )" ' Bu(s)ds, t>0.

Proof. (=) Let T > 0. Since u is a global solution of (3.30), then u € C([0, 7], X), “D{u € C([0, 1], X)
andt

‘Diu(t) = Bu(t), te(0,1].

Thus, by applying I¢ in both sides of the equality (since ‘D%u € L' (0, 7; X)) we obtain
t

u(t) = u(0) + I Bu(t) = up + %ac)Jo (t —s)* ' Bu(s)ds, t>0.

Since T > 0 was an arbitrary choice, u satisfies the integral equation for all >0, as we wish.

(<) On the other hand, choose t > 0 (but arbitrary). By hypothesis, u e C([0,7],X), and
satisfies the integral equation,

u(t) = ug + ﬁﬁ) (t —s)* 'Bu(s)ds, te[0,1].

Observing also #(0) = uy and rewriting the equality above, we obtain
u(t) = u(0) + IyBu(s), tel0,1].

Since Bu(s) € C([0, 1], X), we conclude, by ‘D{I}f (t) = f(t) of the fractional integral and deriv-
ative property that we can apply “D; in both sides of the integral equation, obtaining

‘Diu(t) = Bu(t), te][0,1]
what lead us to verify that “°Dju € C([0, 7], X). Since T > 0 was an arbitrary choice, we conclude
that the function u is a global solution of (3.30). m
Theorem 3.10. ref. [24] Let a € (0, 1), B€ L(X) and u( € X then the problem (3.30).
have a unique global solution.
Proof. Choose T > 0. then consider K, = u € C([0, 7], X); u(0) = up and operator.

T : K; — K; given by

T(u(t) = o + ﬁjo Bu(t)dt.

We will show that a power (with respect to be composition) of this operator is a contraction

and therefore by Banach’s Fixed Point Theorem, T have a unique fixed point in K, to this end,
observe that for any u, v € K;
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IT(u(t) - T®)| = ||ﬁjo (F— ) DB(u(s) — o(s))ds|
< | ﬁj (= ) V|IB] g lu(s) — 0(5)) | ds
B t
< ”rﬂjg‘) lu(s) = ()] jo (t—9)"ds
t“||B
.l l'L) lu(s) — o(s))|
< m||3||ux>||u<s>—v<s)>u
S o) 1Plhoo P G (e
By iterating this relation, we find that
IT2(u(t)) — T2(0()]] < ﬁ IBlus) sup [Tufs) - To()|
tza 2
= WHB“L(X) Oi‘j};H”(S) —o(s))]l
1T (u(t)) — T (o(8))]| < ﬁ Bl sup IT2u(s) —~ T°e(s)
3
< Bt 7y Bl sup 146~ v(s))]
< e )
1T (u(t)) = T (0(1))| < %HBHZW sup [us) - o(s)|

and for an sufficiently large n,the constant in question is less than 1, i.e., there exists a fixed
point u € K;. Observe now that 7 > 0 was an arbitrary choice, so we conclude that the fixed
point u € C([0, 7], X) for all T > 0 and Lemma (3.9), we obtain the existence and uniqueness of a
global solution to the problem (3.30). O

Corollary 3.11. ref. [24] Consider the same hypothesis of theorem (3.10).

i. Let {U,(t)}|,_, be a sequence of continuous functions U, :[0,¢) — X given by
Uo(t) = o, Uy = g + 7 Jy (£ = )" BU, 1 (s)ds, n € {1,2,...}.

Then there exists a continuous function U : [0,%) — X, such that for any 7 > 0, we con-
clude that U, — U in C([0, 7], X). Moreover, U(t) is the unique global solution of (3.30).

ii. It holds that

i t“B
— ozk+1
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Proof. (i) It follows directly from proof of Theorem (3.10).

(ii) It is trivial that Uy(t) = up. So we compute, using the gamma function properties, that

U1 (t) = up +ﬁ£ (t— S)Df—lBuO(s)ds = Up +% = U +%‘
By a simple induction process, we conclude that
(t*B)*
— T ak + 1
and therefore
B %ﬂzl"t;§+ 1) rt:(f+ 1) =E,(t"B)uo.

]

From the above works, we can see a fact, although the fractional boundary value problems
have been studied, to the best of our knowledge, there have been a few works using the lower
and upper solution method. However, only positive solution are useful for many application,
motivated by the above works, we study the existence and uniqueness of positive solution of
the following integral boundary value problem.

D3, u(t) +f(t,u(f) =0, 0<t<1, 1<as2 (3.32)

u(0)=0, u(l) = r u(s)ds, (3.33)
0

where f : [0,1] x [0,00) — [0,) is a continuous function and D, is the standard Riemann-
Liouville fractional derivative.

We need the following lemmas that will be used to prove our main results.

Lemma 3.12. ref. [25] Let & > 0 and u € C(0,1)NnL(0, 1). Then fractional differential equation

Dg,u(t) =0

has

u(t) = Crt* 14 Cot* 2 oo 4 Cut* Y, (3.34)

CieR i=12-,N, N=][a]+1 asunique solution.

Lemma 3.13. ref. [25] Assume that u€C(0,1)nL(0,1) with a fractional derivative of order
a > 0 that belongs to C(0,1)nL(0,1). Then

88
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications
I6.D§ u(t) =u(t) — Cit* 1 — Cot* 2 — oo — Cyt* N (3.35)

forsome C;eR,i=1,2,--,N, N=[a]+ 1.

In the following, we present the Green function of fractional differential equation with integral
boundary value condition.

Theorem 3.14. ref. [26] Let 1 < a < 2, Assume y(t) € C[0, 1], then the following equation

DY u(t) +y(H) =0, 0<t<1 (3.36)
u(0) =0, u(l) = J: u(s)ds, (3.37)

has a unique solution
MﬂzEQMW@% (338)

where
1 —8)" Ya—1+s)=[t—s]" a—1)
(a — 1) (a)

1 =8) Y a—1+5)
(a —DI'(a)

if 0<s<t<1

G(t,s) =
if 0<t<s<1.

Proof. We may apply Lemma (3.13) to reduce Eq. (3.36) to an equivalent integral equation

u(t) = =I5, y(#) + Ct* 1 + Cot* 2

for some Cj, C; € R. Therefore, the general solution of (3.36) is

1 a—1
_ (t _ S) a—1 a—2
u(t) = Jo T y(s)ds + Cit* " + Cot* =, (3.39)
By u(0) = 0, we can get C, = 0. In addition, u(1) = — J Wy(s)ds + Cy, it follows
0
C = Jl (t=9"" (s)ds + Jl u(s)ds (3.40)
T o '

Take (3.40) into (3.39), we have

1

y(s)ds + t*7! J u(s)ds. (3.41)
0

1 i a—1 1 . a—1
u@=—L“r2>y®*+”lL“n3
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1
Let [, u(s)ds = Aby (3.41), we can get

Jl u(t)dt = — Jl Jt My(s)dsdt + Jl o1 Jt My(s)dsdt +A Jl gt

0 0o T(a) 0 o I(a) 0
1 o\ 1 a1
1 . a—1
:Lsi(lar(iz) y(s)ds +2.

So,

1 A 't 1 a1
A= . C_Y 1 L S(lal”(ii) y(s)ds = J &y(s)ds.

Combine with (3.41), we have

t a1 1 a1
u(t) = — L %y(s)ds 4 1 L %y(s)ds 4 1 L my(s)ds

e S 1 [t(l —s) N a =1+ s)]

=~ |, ey v | e
1 [t(l —s) N a—14s) —(t—9s) H(a— 1)} e —s)" (@ —1+5)

-], @ 1) yio)ts + | v
1

:J G(t,s)y(s)ds.
0

This complete the proof.
Remark 3.15. Obviously, the Green function G(t, s) satisfies the following properties:
i. G(t,s)>0 tse(0,1);

ii. G(t,s)< m; 0<ts<l.

Theorem 3.16. ref. [26] Assume that function f satisfies

|f(t,u) — f(t,0)| <a(t)lu— ol (3.42)
where t€[0,1], u,v€[0,), a:[0,1] — [0,) is a continuous function. If
1
J s Ha—1+5s)a(s)ds < (a — 1)I(a) (3.43)
0

then the Eq. (3.32) has a unique positive solution.

Proof. If T" is a contraction operator for n sufficiently large, then the Eq. (3.32) has a unique
positive solution.
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In fact, by the definition of Green function G(t,s), for u, v € P, we have the estimate

1

ITu(t) — To(p)] = J G(t,5)[f (5, u(s)) — (5, 0(5))lds

0

< Jl G(t,5)a(s)[u(s) — o(s)lds
0

§ Jl (11 —3s)" Ya—1+5)
o (a —DI'(e)

_ a—1 ¢l

a(s)||u — vl|ds

1
Denote K = J (1 —35)*" (@ — 1+ s)a(s)ds, then
0

Kta—l

(0( — 1)r(a) ||M - U“

|Tu(t) — To(t)| <

Similarly,

(12— T2o(0) = [ Glt,9)f (s Tals)) — Fis, Tols s
0

1 G(t,s)a(s)|Tu(s) — To(s)|ds

rl a—1

. G(t,s)a(s) 7(0( ~ D a)
TKEA =8)* Ha—1+5)
0 (@ —1)T%(a)
 Kllu —offt* Jl

(= 1)T ()
KH*!

e

IA

IN

lu — v||ds

<

a(s)s® u — v||ds

s 11 =) Ya —1+5)a(s)ds
0

1
where H = J s*1(1 = 5)* '(a — 1+ s)a(s)ds. By mathematical induction, it follows
0
KH" o1

@@

IT"u(t) — T"o(t)] <

by (3.43), for n large enough, we have

(@ =1)'T"(a) (a—1I(a)

KH" a1 K H
(a —

Hence, it holds
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IT"u — T < [Ju -],

which implies T" is a contraction operator for n sufficiently large, then the Eq. (3.32) has a
unique positive solution. u]
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Chapter 6

Local Discontinuous Galerkin Method for Nonlinear
Ginzburg-Landau Equation

Tarek Aboelenen

Additional information is available at the end of the chapter

Abstract

The Ginzburg-Landau equation has been applied widely in many fields. It describes the
amplitude evolution of instability waves in a large variety of dissipative systems in fluid
mechanics, which are close to criticality. In this chapter, we develop a local discontinuous
Galerkin method to solve the nonlinear Ginzburg-Landau equation. The nonlinear
Ginzburg-Landau problem has been expressed as a system of low-order differential equa-
tions. Moreover, we prove stability and optimal order of convergence O(hN H) for
Ginzburg-Landau equation where & and N are the space step size and polynomial degree,
respectively. The numerical experiments confirm the theoretical results of the method.

Keywords: Ginzburg-Landau equation, discontinuous Galerkin method, stability,
error estimates

1. Introduction

The Ginzburg-Landau equation has arisen as a suitable model in physics community, which
describes a vast variety of phenomena from nonlinear waves to second-order phase transi-
tions, from superconductivity, superfluidity, and Bose-Einstein condensation to liquid crystals
and strings in field theory [1]. The Taylor-Couette flow, Bénard convection [1] and plane
Poiseuille flow [2] are such examples where the Ginzburg-Landau equation is derived as a
wave envelop or amplitude equation governing wave-packet solutions. In this chapter, we
develop a nodal discontinuous Galerkin method to solve the nonlinear Ginzburg-Landau
equation
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0
a_bt[ — (v+in)Au + (x +iC)|ul'u — yu = 0, (1)

and periodic boundary conditions and 1, (,y are real constants, v, x > 0. Notice that the
assumption of periodic boundary conditions is for simplicity only and is not essential: the
method as well as the analysis can be easily adapted for nonperiodic boundary conditions.

The various kinds of numerical methods can be found for simulating solutions of the nonlinear
Ginzburg-Landau problems [3-11]. The local discontinuous Galerkin (LDG) method is famous
for high accuracy properties and extreme flexibility [12-20]. To the best of our knowledge,
however, the LDG method, which is an important approach to solve partial differential equa-
tions, has not been considered for the nonlinear Ginzburg-Landau equation. Compared with
finite difference methods, it has the advantage of greatly facilitating the handling of compli-
cated geometries and elements of various shapes and types as well as the treatment of bound-
ary conditions. The higher order of convergence can be achieved without many iterations.

The outline of this chapter is as follows. In Section 2, we derive the discontinuous Galerkin
formulation for the nonlinear Ginzburg-Landau equation. In Section 3, we prove a theoretical
result of L* stability for the nonlinear case as well as an error estimate for the linear case.
Section 4 presents some numerical examples to illustrate the efficiency of the scheme. A few
concluding remarks are given in Section 5.

2. LDG scheme for Ginzburg-Landau equation

In order to construct the LDG method, we rewrite the second derivative as first-order deriva-
tives to recover the equation to a low-order system. However, for the first-order system, central
fluxes are used. We introduce variables r, s and set

- 2
s=5 (2)
then, the Ginzburg-Landau problem can be rewritten as

0
G_Ltl —(v+inr+ (k + iC)|u|2u —yu =0,
3 3 3)

We consider problem posed on the physical domain Q) with boundary 0Q2 and assume that a

nonoverlapping element D* such that

Q=0 D )

Now we introduce the broken Sobolev space for any real number r
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H'(Q) = {vel*(Q):Vk=1,2,...K, 0| € H'(D")}. (5)

We define the local inner product and L?(D¥) norm

(U, 0)pr = J kuvdx, ||u||%)k = (u,u)p, (6)
D
as well as the global broken inner product and norm
K K
(,0)0 = D (,0)pe,  MutllFz) = D (1) . (7)
k=1 k=1

We define the jumps along a normal, 7, as

u=n"u +a"u’. (8)

The numerical traces (u,s) are defined on interelement faces as the central fluxes

. ut +u- . st+s-
u* ={u} = 5 st ={s} = > )

Let us discretize the computational domain Q into K nonoverlapping elements, Df =
[xk_% ) X +%}, Axy = X1 — Xy and k =1,..., K. We assume uy, 11, 55 € V¥ be the approximation

of u, r, s respectively, where the approximation space is defined as

VY ={vio.eP"(D"),vD" e}, (10)

where PV (D) denotes the set of polynomials of degree up to N defined on the element D*. We
define local discontinuous Galerkin scheme as follows: find uy, 71, s, € VkN , such that for all test
functions 9, ¢, p € vy,

(8 ) = v+ i)k, O+ O +10) (J s, 8) | — ok, 9y =,
(1, ) e = (50, ) oo (11)
(Sh>(P)D" = (%Mh,GD)Dk.

Applying integration by parts to (11), and replacing the fluxes at the interfaces by the
corresponding numerical fluxes, we obtain

Ca+9) oy = (v i) )+ o +3C) (JunlPn, 9) |, = (i, 9)py = 0,
(s @) pr = = (3 D) e + (5107 )y = (5107 )y (12)
(sn,@)pr = = (1, ) e + (”ZQD_)H% - (”Z(PJr)k—%'

we can rewrite (12) as
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(3. 9) i — (v + i)y )+ (4 C) (Jn P, 9) = (2w, ) =,

(7 @) e = = (51 b e + (575, P) s (13)
(Stho)Dk = _(uh7(px)Dk + (ﬁ‘uZ’QD)aDk’

where 71 is simply a scalar and takes the value of +1 and —1 at the right and the left interface,
respectively.

3. Stability and error estimates

In this section, we discuss stability and accuracy of the proposed scheme, for the Ginzburg-
Landau problem.
3.1. Stability analysis

In order to carry out the analysis of the LDG scheme, we have the following results.

Theorem 3.1. (L? stability). The solution given by the LDG method defined by (13) satisfies

llun (e, Tl <e 2 Nlug ()l o

forany T > 0.

Proof. Set (S,qb,(p) = (up,vuy,vsy) in (13) ‘and consider the integration by parts formula

(”7 %) ot (7’, %) ot = [ur]i’:%, we get
2

((uh)ta uh)Dk + (Sh,Sh)Dk
= —V(T’h, Mh)Dk + (V + iﬂ)(?’h, uh)Dk — (K + 1C> (’uhlzuh, uh>Dk (14)

Ay (up, ) pr 4 v (1.5}, un) g + V(715 51) s — VTS -
Taking the real part of the resulting equation, we obtain

_ 2
((un)ps un) e + (ShsSn)pr = K<|uh| uh:”h)Dk + v (up, up) (15)

+ v (fsy, un)yp + v (74,50) ypr — V(LS Un)opr-

Removing the positive term K(]uh lzuh, uh> _» We obtain
D
((un)ys un) e + (Sns ) p S)/lluhlliz(Dk) + v (s, un)ype + V(i 50) g — V(iSp, un)ope- (16)

Summing over all elements (16), we easily obtain
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() s t41) 12y + (5o S) 2 ) <V Nlunlly- (17)

Employing Gronwall’s inequality, we obtain

llu(x, Tllo< e Hlug()llg-  ©

3.2. Error estimates

We consider the linear Ginzburg-Landau equation

% — (v+in)Au + (x + iQ)u — yu = 0. (18)

It is easy to verify that the exact solution of the above (18) satisfies
(uf7 S)Dk - (V + 11'])(1’, S)Dk + (K + ZC)(”? S)Dk - y(ua S)Dk = 0’
(r, @) e = —(5:9) pr + (7-5%, @) s (19)
(57 QO)Dk = —(M, (px)Dk + (ﬁ'u*v (P)aD"'

Subtracting (19) from the linear Ginzburg-Landau Eq. (13), we have the following error equation

(= up)y, O) e + (5 — Sn ) e + (8 = 1, @) e + (64 10) (u — up, )
—y(u = up, ) + (r — 10y @) e + (5 = 51, @) pr — (71.(8 = s1)", D) 3 (20)
v+ i) — 1l ) — (el — 1) ) = 0.

For the error estimate, we define special projections P~ and P into VZ. For all the elements,
Df, k=12, ..., K are defined to satisfy

(P u—u,0)y =0, VoeP§ (D), P*u(xk_%) = u(xk_%>, .
(P u—u,0)pr =0, YoeP! (Dk), P‘u(kar%) = ”(xk+§>- .

Denoting

n=Pu—u, T=Pu—u e¢=Pr—r, &=Pr-r

22
T=P's—s, T°=Ps—s. @2)

For the abovementioned special projections, we have, by the standard approximation theory
[21], that

1P u() = u()l2q, <CHV,

23)
1P~ u() = u()ll2(q, <CEN', (

where here and below C is a positive constant (which may have a different value in each
occurrence) depending solely on u and its derivatives but not of h.
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Theorem 3.2. Let u be the exact solution of the problem (18), and let uy, be the numerical solution of the
semi-discrete LDG scheme (13). Then for small enough h, we have the following error estimates:

(. #) = un (s )i,y <CHNT, (24)

where the constant C is dependent upon T and some norms of the solutions.

Proof. From the Galerkin orthogonality (20), we get
(=7, 9) pp + (T = 1% Py) e + (T — 7,0, ) pp + ( +i0) (1 — 11, 8) e — y(11 — 71, 9) e
(e =€) g + (T =T @)pe + (¢ = O ) e = (AT = 7))oy — (v + i)

x(e =€)y — (M.(m— 1), @)spr = 0.
(25)

Taking the real part of the resulting equation, we obtain

(= 7)1, ) i+ (T = ) e + (70— 0, @) e + 37 — 72, 8)
—y(m =7, ) + (e — €,¢) pe + (T = %, @) — (7i.(T - )", ) 3 (26)
—v(e — €, 9)pr — (11.(m — )", @) ypr = 0.

We take the test functions

O=mn, ¢=vn, Q=17 (27)

we obtain

(= 7)) e A V(T = T8, ) pr V(T — T, T ) e
+xc(m — 7, 1) pr = Y — 78, ) o Fv(E — €8, 7T) (28)
+(T — 1, 1) pr — V(1. (T — )", M)k — V(e — €%, 1) pr — v(i(m — )", T)ypr = 0.

Summing over k, simplify by integration by parts and (9), we get

(71, gy +V(7, T)g = V(7% T )y +V(7Te Tx)q + (7, Mg — Y (7, Mg + (1, 7)g
K

+v(7°, 1) + Y (1, 1) — k(1T, 7T) g — VZ (n.( T)opt — VZ ) apks @9)
k=1

we can rewrite (29) as

(e, M)y + (T, 7T) = [+ 11 + 111, (30)
where
[ =v(7° 1) + V(7 7)o (31)

I = (n§,m) —y(n°,m)q +1<(7'ce ) + (%, 7)q

K
_VZ (1.(7)", T)ypr _VZ (n.( )opts
k=1

(32)
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I = 7/(717 TC)Q B K(ch H)Q' (33)

Using the definitions of the projections P, S (21) in (31), we get
=0. (34)

From the approximation results (23) and Young’s inequality in (32), we obtain

lI<c; ||n||§2(0) + c2||T||§2(Q) + ChAN*2, (35)
and
e linlfz g, (36)
Combining (34), (35), (36) and (30), we obtain
(M, M) + (T, Vg ScrlImllfz ) + 2Tl g, + CH*, (37)
provided c; is sufficiently small such that c; <v, we obtain that
(71, )y < 17l 2y + CHF2. (38)

From the Gronwall’s lemma and standard approximation theory, the desired result follows. [.

4. Numerical examples

In this section, we present several numerical examples to illustrate the previous theoretical
results. We use the high-order Runge-Kutta time discretizations [22], when the polynomials
are of degree N, a higher order accurate Runge-Kutta (RK) method must be used in order to
guarantee that the scheme is stable. In this chapter, we use a fourth-order non-total variation
diminishing (TVD) Runge-Kutta scheme [23]. Numerical experiments demonstrate its numerical
stability

Ju
% 2

where uy, is the vector of unknowns, we can use the standard fourth-order four-stage explicit
RK method (ERK)

kl

F(u,t"),
K= f(ug + L and +1At>,
2 2
K= ]—‘(uZ - %Atkz, £+ %At), (40)
K = F(u + AHE, 1" + At),

wtl = u) +% (k' + 2K + 2K° + K*),
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to advance from u! to u}™, separated by the time step, At. In our examples, the condition

At<CAx%. (0 < C < 1) is used to ensure stability.

min

Example 4.1 We consider the following linear Ginzburg-Landau equation

ou _ (v+in)Au+ (k+iQ)u =0, x€[-20,20], te(0,0.5, u(x,0)=1up(x), 41)

ot
with
1= e = =0
The exact solution u(x, t) = a(x)e™™ (¢()-wt where
a(x) = Fsech(x), F = a 1_;{41/2, d= ! +24;/2 — 1, w = _w_ (43)

The convergence rates and the numerical L error are listed in Figure 1 for several different
values of v, confirming optimal O(h"'") order of convergence across.

-1 — - - —1—.-__‘_- T T T
S i h=2  [-m-N=1 e ne T . =2 [-m-N=1
-2 ®~e... T - -®@-N=2 S “tm -@-N=2}
A = == N= .--.~.._ = == N=
. o L L h=3 -*-N_S 5 *_..- Seom h=3 -*-N_3_
o -3 o .-._ ’ N=4 = 3 -~ -9 ‘ N=4
E . ) - &
L L X LT w Su ~Je e
| L *._ I ~. Sy h=
N_I —4 ~‘§ ..‘-* h= N—l = his ‘.*L_
= g ""-* = “~’ ek
8 -5 L 8 -5 g s
*..* h=5 ~’~\ h=5
-6 .~’~ -6 "
¢
16 18 2 22 24 26 16 18 2 22 24 28
log, ,(N) log, ,(N)
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0 ; 0 . . .
-m-N=1 -m-N=1
-1 el LT PO & h= -@-N=2H -1 kol LIS he -@=N=2
5 o... T -,y |k-N=3 : ... e ®-..g |N=3
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4 L O Wewiag h=3 i y *. R N h=3 $
I o . T o 9.
N_J -3 ’ Sead & o~ -3 . Teas 9
) ~._~- “ .. i R s, oy
P -4 L > _ “~e g h=4
Ke) .. - 8 -4 ‘~.. *.._‘*
=5 N h=5 Thig
. 8 “<e h=5
_? Y 0~~~~
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Figure 1. The rate of convergence for the solving the nonlinear Ginzburg-Landau equation in Example 4.2.
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Example 4.2 We consider the nonlinear Ginzburg-Landau Eq. (1) with initial condition,
u(x,0) =™, (44)

with parameters v=1,x=1,n=1,(=2, x&€[-10,10]. We consider cases with N = 2 and
K =40 and solve the equation for several different values of y. The numerical solution u(x, t)
for y=2,1,0, —1, — 2 is shown in Figures 2 and 3. The parameter y will affect the wave
shape. From these figures, it is obvious that the solution decays rapidly with time evolution
especially for y < 0 and the parameter y dramatically affects the wave shape.

Figure 2. Numerical results for the nonlinear Ginzburg-Landau equation in Example 4.2.
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Figure 3. Numerical results for the nonlinear Ginzburg-Landau equation with y = —2 in Example 4.2.

5. Conclusions

In this chapter, we developed and analyzed a local discontinuous Galerkin method for solving
the nonlinear Ginzburg-Landau equation and have proven the stability of this method.
Numerical experiments confirm that the optimal order of convergence is recovered. As a last
example, the Ginzburg-Landau equation with initial condition is solved for different values of
y and results show that the parameter y dramatically affects the wave shape. In addition, the
solution decays rapidly with time evolution especially for y<0.
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Chapter 7

Existence Theory of Differential Equations of Arbitrary

Kamal Shah and Yongjin Li

Additional information is available at the end of the chapter

Abstract

The aims of this chapter are devoted to investigate a system of fractional-order differential
equations (FDEs) with multipoint boundary conditions. Necessary and sufficient condi-
tions are investigated for at most one solution to the proposed problem. Also, results for
the existence of at least one or two positive solutions are developed by using a fixed-point
theorem of concave-type operator for the considered problem. Further, we extend the
conditions for more than two solutions and established some adequate conditions for
multiplicity results to the proposed problem. Also, a result devoted to Hyers-Ulam stabil-
ity is discussed. Suitable examples are provided to verify the established results.

Keywords: fractional differential equations, coupled system, boundary condition,
concave operator
Mathematics subject classification: 26A33, 34A08, 35B40

1. Introduction

Arbitrary-order differential equations are the excellent tools in the description of many
phenomena and process in different fields of science, technology, and engineering (see [1,
2]). Therefore, considerable attention has been paid to the subject of differential equations of
arbitrary order (see [3-5] and the references therein). The area devoted to the existence of
positive solutions to fractional differential equations and their system especially coupled
systems was greatly studied by many authors (for details see [6-9]). In all these articles, the
concerned results were obtained by using classical fixed point theorems like Banach contrac-
tion principle, Leray-Schauder fixed point theorem, and fixed point theorems of cone type.
The aforesaid area has been very well explored for both ordinary- and arbitrary-order
differential equations. Existence and uniqueness results for nonlinear and linear, classical,
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as well as arbitrary-order differential equations have been investigated in many papers (see
few of them as [10-13]).

Another warm area of research in the theory of fractional-order differential equations (FDEs) is
devoted to the multiplicity of solutions. Plenty of research articles are available on this topic in
literature. In [14], the author studied the given boundary value problem (BVP) for existence of
multiple solutions:

{ 2% p(t) + H(t,p(t) =0, tel, 6;€(1,2],
p()l=o = p(H)l;y = 0.
where 2 is the Riemann-Liouville derivative of non-integer order and I = [0, 1]. In same line,

Kaufmann and Mboumi [15] studied the given boundary value problem of fractional differen-
tial equations for multiplicity of positive solutions:

{ 2% p(t) + p(YH(t,p(t) =0, tel, 0,€(1,2],
pt)|=o =P ()], =0,

where 2 is the Riemann-Liouville derivative and ¢ € C(I,R), He C(I x R,R).

In the last few decades, the theory devoted to the multiplicity of solutions is very well
extended to coupled systems of nonlinear FDEs, and we refer to few papers in [16-18]. Wang
et al. [19] established some conditions under which the given system of three point BVP

2% p(t) = Halt,q(b); teL
2%q(t) = Ha(t,p(1)); tEL
P(Dieo =0, p(t)ey = ()]s 4(D)]i=0 =0, q(H) = =va(¥)],_,,

has a solution, where 0;, 0,€(1,2] and y,vel, £€(0,1), H;:[0,1] xR — Rfori=1,2 are
nonlinear functions.

In the last few decades, another important aspect devoted to stability analysis of FDEs with
initial/boundary conditions has been given much attention. This is because stability is very
important from the numerical and optimization point of view. Various forms of stabilities were
studied for the aforesaid FDEs including exponential, Mittag-Leffler, and Lyapunov stability.
Recently, Hyers-Ulam stability has given more attention. This concept was initially introduced
by Ulam and then by Hyers (for details see [20-22]). Now, many articles have been written on
this concept (see [23-27]). So far, the aforementioned stability has not yet well studied for
multipoint BVPs of FDEs. Motivated by the aforesaid discussion, we propose the following
coupled system of four-point BVP provided as

2% p(t) = Ha(tp(t),q(t)); teL O1€(m—1,m)],
2%q(t) = Ha(t.p(1),q(1));  tEL O (m—1,m) M)
pO()ico =47 (B, =0, p(B)l1 = p()lieyy A2 = ()] -
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where j=0,1,2,---m—2, m>3, 1=1[0,1], n,&€(0,1), Hi, Ha:[0,1] x {O}JuR" x {OJUR" —
{0}UR™ are continuous functions, and 2%, 9% stand for Riemann-Liouville fractional derivative
of order 0, 0, in sequel. We obtain necessary and sufficient conditions for the existence of solution
to system (1) by using another type of fixed point result based on a concave-type operator with
increasing or decreasing property. The idea then extends to form some conditions which ensure
multiplicity of solutions to the considered problem. Also, we discuss some results about the Hyers-
Ulam stability for the considered problem. Further by providing examples, we illustrate the
established results.

2. Preliminaries

In the current section, we review few fundamental lemmas and results found in [2, 4, 6, 28, 29].

Definition 2.1. Arbitrary-order integral of function ¢ : (0,%) — R is recalled as

1 -
Y0~ gy | =9 wios

0
where 61 > 0 is a real number and also the integral is pointwise defined on R*

Definition 2.2. Arbitrary-order derivative in Riemann-Liouville sense for a function i € ((0,), R)
is given by

m et o \m=0—-1
2%(t) = (%) L%w(s)da 61 > 0, where m = [01] + 1.

Lemma 2.3. [16] Let 01 >0, then for arbitrary C;€R, j=1,2,...,.m, m = [01]+ 1, and the
solution of

2" y(t) = f(1)
is provided by

Y(t) =T (1) + Crth ™+ ot 2 4 Lt

Definition 2.4. [17, 28] Consider a Banach space E with a closed set C CE. Then, C is said to be
partially ordered if p=q such that g — p € C. Further, C is said to be a cone if it holds the given
conditions:

1. peCand for a real constant x>0 the relation kp € C holds.

2. pand —p € Cyield that 0 € C, where 0 is zero element of Banach space E
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Definition 2.5. [17, 28] A closed and convex set C of E is said to be a normal cone if it obeys the given
properties:

1. For 0=p=q€gE, thereexists p > 0, such that ||p|lg <Bl|q|lg;
2. p~q, forall p,q€E yields that there exist constants a, b > 0 such that ap=q=bq.

Remark 2.6. As ~ is an equivalence relation, therefore defines a set Cy = {p€E:p ~ f} for feC
Obviously, one can derive that C; C C for f > 0.

Definition 2.7. The operator S : C — C is said to be A concave for every 6, A € (0,1),p€C, if and
only if S(Ap)=6"Sp.

Definition 2.8. The operator S : C — C is said to be to be increasing if p, g€ C, p=q gives that
Sp=8g.

Lemma 2.9. [17, 28] Assume that S : C — C is increasing A—concave operator for a normal cone C
produced by Banach space E, such that there exists p > 0 with Sf € Cy. Then, S has a unique fixed point

peCs

Theorem 2.10. [30] Let E be a Banach space with CCB, which is closed and convex. Let £ be a
relatively open subset of C with 0 € € and S : € — C be a continuous and compact operator. Then.

1. The operator S has a fixed point in &,
2. There exist w €0 and A € (0,1) with w = ASw.

Lemma 2.11. [30] For a Banach space E together with a cone C, there exist two relatively open subsets
Ay and A, of E such that 0€ A; C Ay C A, Moreover, for a completely continuous operator
S:Cn(A\Ay) — C, one of the given conditions holds:

1. ISpll<lipll for allp e CNoAy; |ISpll=Ipll, for all p € CNOAy;
2. |ISpllzlipll for all pe CnOAy; |ISpll<lipll, for all p € CNOA,

Then, S has at least one fixed point in CN (Az\Aq).

3. Main results

Theorem 3.1. Let ¢ € C([0,1],R), n€(0,1) and Ay =1 —n%~1 < 1, and then the unique solution
to BVP of linear FDE

2% p(t) = p(t), tel, 01€(m—1,m), )
PO(B) o = 0, p(Blies = p(B)],_y j=0.1,2,m—2, m23,
is given by
1
o) = | Gttops ®)
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where G(t,s) is the Green’s function defined by

E [~ =1 - 9] + (19, 0sssisnst,
A
X %[—[t(l ) 4 [ty —s)]” } 0<t<s<n<l,
G(t3) = g 11 4)
! —— M1 =)+ (=), 0spsssist,
1
—i[t(l $)!, 0<n<t<s<1.
\ /\1

Proof. In view of Lemma 2.3, we may write Eq. (2) as

p(t) =Z%@(t) + C1t" 1 4 Coth 2 L 4 ot )

In view of conditions p(j)(t)t:0 =0, j=01,..m—-2, m=>3,, Eq. (5) suffers from singularity;
therefore, we have C; = C3 = ... = C,, = 0. Hence, Eq. (5) becomes

p(t) = T%p(t) 4+ C, 19 1. (6)

Applying boundary condition p(f)|;-1 = p(t)|,_,and d =1 — n¢ in Eq. (6), one has

011
p(t) =T%p(t) + %l— [Z%p(n) — 1% (1))

fo s)ds.

)

where G(t,s) is Green’s function given in Eq. (4).

In view of Theorem 3.1 and using A1 =1 — 1791‘1, Ay =1—&E%71 the corresponding coupled
system of integral equations to the proposed system (1) is given as

{ p(t) = [ Gu(t,s)Ha(s,p(s), q(s))ds,

(8)
= fol Ga(t,8)Ha(s,p(s),q(s))ds,

where G (t,s), Ga(t,s) are Green's functions, which can be similarly computed like in Theorem
3.1. Further, they are continuous on I x I and satisty the following properties:

i. maxt€1|G1(t,s)|SW— Gi(1,s), for all s€l,
maxteI|G1(ta5)|S%: Gy(1,s), for all sel;

1(8)

ii. miniepg1-9/Gi(t,s)> 5~ G(1,s) forevery 0 s€(0,1);

G
min;e g,1-9/Ga(t,5) > ()G(l s) for every 6 s€(0,1);

Further, taking that y = inf{y, = 6% 1,y, = %1}
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Let us define a Banach space by E = {p(t)|p € C(I)} endowed with a norm ||p||; = max;e1|p(t)|.
Further, in the norm for the product space, we define it as ||(p, )|z = lIPllg + ||9]/g- Clearly,
(E X E, ||||[gxg) is @ Banach space. Onward, we define the cone CCE x E by

C = {(p)eBx Esmin () + 0] 210 s}

Consider an operator S : E x E — E x E defined by
1 1
Stp.a)(t) = (jclu,s)m(s,p(s),q(s))ds, JGz(taS)H2(57P(S):‘7(S))d5>- o
0 0
= (S1p(#), S2q(t))-

It is to be noted that the fixed points of the operator S correspond with the solution of the
system (1) under consideration.

Theorem 3.2. Under the continuity of Hi, Ha : I x R'u{0} x R*u{0} — R*{0}, the operator S
satisfies that S(C) cC and S : C — C s completely continuous.

Proof. To derive S(C) € C, let (p,q) € C, and then we have

1 1
S1(p(8),q(#)) = J Gi(t,s)Hi(s,p(s), 4(s))ds 2y, J G1(1,8)Hi (s, p(s)), q(s)ds. (10)
0 0

Also, we get

1

1
Si(p(t), 9(t)) = j Gi(t,5)H1 (5, p(s), 4(s) )ds < J Gi(1,5)H1 (s, p(s)), q(5)ds. (11)
0 0

Thus, from Egs. (10) and (11), we have
S1(p(1),q(t)2y1IS1(p,q)llg, forevery tel
Similarly, we can obtain
Sa(p(t),q(t)) 2y11S2(p, g)llg, forevery tel.
Thus S1(p(t), () + Sa(p(H), (1) 2V 11(p. ) lece, forall tel,
min [S1(p(f),q(t)) + S2(p(1),4(£) ]2Vl (P, ) llexce-

Hence, we have S(p,q) e C = S(C) cC.
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Let us consider

max [Ha (£, p(t), q(D)| S My, max|Ha(t, p(t), (1)) < M.
Then, we consider t; < t, €1, such that

1
1S1(p, 9)(t2) — S1(p,q)(h)| = J (G(t2,5) = Ga(tr,8))Ha(s, p(s), q(s))ds

0

= r/(\/eli) l(tgllmtlell) <JZ (n—s5)"""ds — J: (1- 5)911ds)}

+ % U: (t, — )" 'ds — J: (t — s)ellds}

(12)

Ml 0:—1 01—1 0 0 o
e [(51 —h )(77 T- M)+ (t21 - tll)]
By the same fashion, we obtain for S, as

M L _
1S2(p,0)(12) = Salp )01 < gty | (B - ) (€% =) + 22 - )| (a9

The right hand sides of Egs. (12) and (13) are approaching to zero at t; — t,. Thus, the operator
S is equi-continuous. Therefore, thanks to the Arzelad-Ascoli theorem, we receive that
S =(81,82) : C — Cis completely continuous.

Theorem 3.3. Due to continuity of Hy and Hy on I x RTU{0} x RTU{0} — R, there exist
P, ¥y, 0i(j=1,2): (0,1) — R"U{0} for t€ (0,1), p, =0 such that

[Ha(t, p(t),q(t)]
|H2<t7 p<t>7 q(t))l

P1(t) + P (DIp®] + o1 (B)lg()];
P (1) + Py (H)lp(t)] + 02(H)lq(H)],

IAN A

along with the following conditions:

1

i A= [Gi(1,8)p(s)ds <o, Ay = Jl" Gi(1,s)[¢(s) + 01(s)]ds < 1,
0 0

ii. A= } Ga(1,5)@,(s)ds < oo, Ay = } Ga(1,5)[th,(s) + 0a(s)]ds < 1
0 0

are satisfied. Then, the system (1) has at least one solution (p,q) which lies in

B ‘ . 2A1 2A2
&= {(p,q) €C:|l(p Dllexe < mm(l —2A 71— 2A2> }
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Proof. Let £ = {(p,q) €C: ||(p,9)llexe < r} with min(ﬁ%}xl 71333\2) <r

Define the operator S : £ — C as in Eq. (9).
Let (p,q) € € that is ||(p,q)llg.e < r- Then, we have

1
L Gi (£, 5)Ha (5, p(s), 4(5))ds

1S1(p, ) ()] = max
tel

1 1

Ga(Ls)y S)p(e)lds + | G1<1,s>ol<s>|q<s>rds) (14)

0

< (Jl G (1,8), (s)ds + J

0 0

1

Gi(1,s)[p,(s) + aﬂs)}ds] = Ay AL

< Jl Gi(1,5)p, (s)ds +rU 2

0 0

Thus, from Eq. (14), we have

1816 lle = 5. (15)
Similarly, one can derive that

I152(p. )15 5 (16)
Thus, from Egs. (15) and (16), we get

IS(p, Dllexe <7 (17)

Therefore, S(p, q)gi Hence, by Theorem 3.2 the operator S : £ Eis completely continuous.

Consider the eigenvalue problem:

(p,q) = pS(p,q), with p€(0,1). (18)

Under the assumption that (p, q) is a solution of Eq. (18) for p € (0,1), we have

1
p(6)) <pmax | Ga(t,5) . p(s),a(5)ds
0

1 1

jcla,s)qol ()ds + jclu, )y (5)[p(s)] + 01(5)lq(s))ds

0 0
Sp(Al + VAl)

<p

which implies that ||p|lg < %
Similarly, we can obtain that ||g]lg <%, so ||(p,q)llgxg < r, which implies that (p,q) does not

belong to d& for all p € (0,1). Therefore, due to Theorem 2.10, S has a fixed point in €
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Assume that the given hypothesis holds:
(H;) The nonlinear functions H; and H, are continuous on I x R*u{0} x RTu{0} — R*uU{0}

(Hy) For all te1, we have
Hi(tp,q) =# 0, Ha(t;p.q) #0, at (p,q) = (0,0)
and
Hi(tp,g) 71, Ha(t1,1) #1; at (p,q) = (1,1);
(H3) For all t €1 such that
0<p<p, 0<q<q, = Hi(tp,q)<Hi(t:pyqr), Haltp,q)<Hi(tpysq);

(H4) For p, 20, there exist real numbers 0 < A, u < 1, such that for each tel,7€(0,1), we
have

Hi(t,Tp,Tq) 2 H, (t,p,q), Ha(t, tp,T9) 27" Ha(t, p59)-

Theorem 3.4. Under the assumptions (H1) — (Hy), the BVP (1) has a unique solution in Cr where
f(t) = (01 01,
Proof. Let max{A, u} =« and (p, q) € C. For each t €1, using (H4), we have

1
Si(tp, 7q)(t) = JG1(1‘, s)Hi(s, Tp(s), T4(s))ds
0

1

> TAJG1 (t,8)H1(s,p(s),q(s))ds = T*S1(p, q)(t) = T°S1(p, 9)(t),
0

Analogously, we also get
Sa(p, 7q)(H) 27" S2(p, 9) (1)

In view of partial order = on E x E induced by the cone C, we get S(tp,19)=7"S(p(t),q
(1)), t€(0,1), (p,q)€C. Which yields that S is T— concave and nondecreasing operator
with respect to the partial order by using hypothesis (Hy). Hence, taking f € C for each t€l
defined by

f(t) = (telflaterl) = (fl(t)vfz(t))'

Suppose that
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1 1
1 1
Wi = max Hi(s,1,1)ds, JH s,1,1)ds
1 {r(el)b[ 1( ) F(GZ)O 2( ) }

and

1

1 1
1
Wy = max{rwl)j L(s)H1(s,0,0)ds, T6y) i K(s)Ha(s,0, O)ds}.

Also, from Green’s functions, we can obtain that
1+A 1+A
L(s) = (1—9)" (222, K(s) = (1—9)% 1 (22, (19)
/\1 /\2

Due to nondecreasing property of Hi, H, in view of (Hz), we get u >0, v > 0. Therefore,
applying (19) together with (Hy), one has

1

Sih(t) = JGl (t,5)Ha(s,f1(5),f(s))ds

0

1 1
— JGl (t,8)Hq (5,871, 5% )ds < J G (t,s)H1(s,1,1)ds
0 0

(1—=9)"""Hy(s,1, 1)ds) < uf (8).

IN
~
'ﬂ
| =
—
O —

Similarly, we can get

Saf (£) < uf 5 (8)-

Then, we obtain

Sf=uf. (20)

Like the aforesaid process, applying Eq. (19) together with (Hy), for each f €1, one has

1 1
Sif(t) = JGl (t,s)Hq (5,871, 8% 1) ds> JGl (t,8)H1(s,0,0)ds
0 0

1
> LJL(S)Hl (5,0,0)ds | 911 >vhy (1),
ro,
0

With same fashion, we can obtain
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Sof () 2vf,(t).
Thus, we have
SF(t)=vf. 1)
From Egs. (20) and (21), we produce
VF=SF=uf,

which implies that Sf € C;. So, thanks to Lemma 2.9, we see that the operator S is concave;
hence, it has at most one fixed point (p, q) € Cr which is the corresponding solution of BVPs (1).

Now, we define the following:

(C1) Hj(j =1,2) : I x RTU{0} x R*u{0} — R*U{0} is uniformly bounded and continuous on I
with respect to t.

(C3) Green’s functions G1(1,s), Ga(1, s) satisfy
1 1
0< J Gi(1,s)ds <o, 0< J Gz (1,5)ds < e
0 0

(C3) Let these limits hold:

Hi(t,p,q) Ha(t,p,q)

H} = lim max , H$ = lim max——"1~,
p+tq—e tel = p+q ptg—e tel  p+q

Hio = lim infw, Hy o = lim infw, where @€ {0, }.
ptq—etel  p+4q ptg—etel  p+q

1 1
01 = maxJGl(t,s)ds, Op = maIxJGz(t,s)ds.
te
0

tel
0

Theorem 3.5. Assume that the conditions (C1) — (C3) together with given assumptions are satisfied:

1-6 1-6
(Hs) HLO()/% | Gl(l,s)ds> > 1, Hl,m<y% | Gﬂl,s)ds) > 1and
0 0

1-6 1-6
Ho,0 (7/% J Gz(l,s)ds> > 1, Hp e (7/% J Gz(l,s)ds) > 1.

0 0

Moreover, H10 = Hz 0 = H1, = Hp . = o0 also hold:

(Hg) There exists constant a > 0 such that
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max  Hi(t,p,q) < =—
tel, (p.g) €9C, itpyq) 201

and

Ho(t,p,q) < —.
teI,r(?,qa)XeaCa 2( P-4 207

Then, the system (1) of BVPs has at least two positive solutions (p,q), (p,q) which obeying
0 <li(p.Dllexe <a <1(@.9)llexE- (22)

Proof. Assume that (Hs) holds, and consider €, a, A such that 0 < € < a < A. Further we
define a set by

Q, ={(u,v) €E X E : ||(u,v)|lgxg <1}, where re{e,a,A}.

Now, if

1-6 1-6
Hl,o(yf J G1(1,s)ds) >1 and Hz,o(y§ Gz(l,s)ds) >1.

0

D —

Then, obviously, we can obtain that
ISP, @) lexe = 1(p; ) llexe, for (p,q) € CNOCQL,. (23)

1-0 1-0
Now, if Hl,m<)/% | Gl(l,s)ds) >1 and Hz,w()/g | G2(1,s)ds> > 1.
0 0

Then, like the proof of Eq. (23), we have
IS, @)llexe 211 (P, 9)llexe, for (p,g) € CNOLY,. (24)

Also, from (Hs) and (p,q) € CnoQ,, we get

S1(p. ) (B = ||y Gu(t,s)H(s.u(s), 0(s))ds
< Jy Ga(L,9)[Ha(s.p(s). q(s))Ids.

From which we have

24 1 o
1S1(p; Dllexe < 2—01J0 Gi(1,s)ds = 5

Similarly, we have ||S1(p,q)llgxe < § as (p,q) € CN0oQ,. Hence, we have
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IS(, D llexe < (P, 9)llexe, for (p,q) €CNAQ,. (25)

Now, applying Lemma 2.11 to Egs. (23) and (25) yields that S has a fixed point
(p,q)€CN(Q,\C;) and a fixed point in (p,7) € Cn (Q;\ Q). Hence, we conclude that the
system of BVPs (1) has at least two positive solutions (p, g), (p,q) such that ||(p, q)llgxg # @ and
1(7,9)llgxe # a. Thus, relation (22) holds.

Theorem 3.6. Consider that (C1) — (C3) together with the following hypothesis are satisfied:

(H7) 517‘[1/0 <1, 517’(1,00 <1 527'(1,0 <1, and 527‘[2,00 <1

(Hg) There exist p > 0 such that

) a
m Hq (t — Gi(1,s)d ,
tel, (P»qa)éaca vith(tp.a) > 2 1(1,5) s)

2 !
t S| | Ga1,9)d
tel, (pg) €3G, ata(tp.9) > > 2(1,5) s)

such that

0<(p, g llexe < < 17, 9)lgxE-

Then, the proposed coupled system of BVPs (1) has at least two positive solutions.
Proof. Proof is like the proof of Theorem 3.4.

Analogously, we deduce from Theorem 3.5 and 3.6 the following results for multiplicity of
solutions to the system (1) of BVPs.

Theorem 3.7. Under the conditions (C1) — (C3), there exist 2k positive numbers a;, Ej, j=12..k

with a; < )/151 <aj<a< ]/152 <ap..ap < ylﬁk <ar and a; < )/251 <aj<a < )/232 <
ay...ax < yyax < ay such that.

1
(Ho) Ha(t,p(t),q(b) (yl 6{ Gl<1,s)ds> >a, for (t,p,q) €1 x [y,a;,3j] x [y,a;,aj], and

Ha(t,p(t),q(t))61<a;, for (t,p,q) €I x [ylﬁj,ﬁj} X [y,a5,ai],j=12..k

1

(Hio) Ha(t,p(t),q(t) (yzg Gz<1,s>ds) >aj, for (t,p,q) €1 x [y,2;,a)] x [,a,a)], and
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Hi(t,p(t),q(t)d2<aj, for (t,p,q) €l x [y,a;,aj] x [yzﬁj,ﬁj}, j=12..k

Then, system (1) of BVPs has at least k solutions <p]-, q]-), satisfying

%SHG%%NEWS%,j:LZWK

Further, if assumptions (C1) — (Cs) hold such that there exist 2k positive numbers b, 5]-, j=12.k

with
b; < by <b, <b,... < by < by,
together with following hypothesis hold:

(H11) Hai(t,p,q) and Hy(t,p,q) are nondecreasing on {O, Bk] foralltel;

1-6
(Hu ) (t,p(t), (1) (yl j Gl<1,s>ds) > by, (b p(B)s4(£)01 Sy j = 1,2...k
0

1-6
Hz(t,bl(t),l)(t)) (’)/2 J Gz(l,S)dS) Zb]', Hz(t,p(t),q(t))62 Sb]', j= 1,2...k.
0

Then, system (1) of BVPs has at least k solutions (p]-, q]-), satisfying

by<ll (p; ;) lee<by j=1,2..k

4. Hyers-Ulam stability

(26)

Definition 4.1. ([31, Definition 2]) Consider a Banach space E x E such that S1,S, : EXE — E x E

be the two operators. Then, the operator system provided by

{MO:&WW@,
q(t) = Sa(p, q)(t)

27)

is called Hyers-Ulam stability if we can find €;(i = 1,2,3,4) > 0, such that for each p;(i =1,2) >0

and for each solution (p*,q*) € E x E of the inequalities given by

{ llp* — Hl(p*;q*)“ExE <p1
||11* - HZ(p*aq*)”ExE <py,
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there exist a solution (p,q) € E x E of system (26) which satisfy

{ lp* — Pllexe <Cip1 + Capy, 29)

lg* — Gllexe <C3py + Capy.
Definition 4.2. IfA;, fori=1,2, ---, n be the (real or complex) eigenvalues of a matrix M € C"*", then
the spectral radius p(M) is defined by
p(M) = max{|A;|, for i=1,2,- n}.

Further, the matrix will converge to zero if p(M) < 1..

Theorem 4.3. ([31, Theorem 4]) Consider a Banach space E x E with S1, S, : E X E — E x E be the
two operators such that

IS1(p.q) — S1(P*, §) g <Cillp — P*llgxe + C2llg — 9" llg <k
I1S2(p,q) — So(P*, ) lgxe <Csllp — P*llgxk + Callg — 9" lg <k (30)
forall (p,q), (p*,q") €E x E,

and if the matrix

v (e

C3 C4

converges to zero ([31, Theorem 1]), then the fixed points corresponding to operatorial system (26) are
Hyers-Ulam stable.

For the stability results, the following should be hold:

(H13) Under the continuity of H;, i = 1, 2, there exist a;, b; €c(0,1), i=1,2and (p,q), (7,q) such
that

|Hi(t,p,q) — Hi(t,p,9)|<ai(t)lp — pl + bi(H)lg—ql, i=1,2.

In this section, we study Hyers-Ulam stability for the solutions of our proposed system.
Thanks to Definition 4.1 and Theorem 4.3, the respective results are received.

Theorem 4.4. Suppose that the assumptions (H13) along with condition that matrix

_ folGl(las)ﬂl(S)dS fol G1(1,s)b1(s)ds
LR G, s)m(s)ds  Jy Ga(1,8)ba(s)ds

is converging to zero. Then, the solutions of (1) are Hyers-Ulam stable.

Proof. In view of Theorem 4.3, we have
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1S1(p.9) = S1@.Dllexe < Jy Gi(1,8)a1(s)llp — Pllgxeds + Jy Gi(1,5)b1(s)llg — Fllgeds
1S2(p,9) = S2(B. Dllexe < Jy Ga(1,8)ax(s)llp — Pllexeds + fo Ga(1,5)ba(5)llg — Fllgceds.

From which we get

1S1(p. ) = St Dl < [y G1(1,5)ar (5)ds) | Ip — Pl + | Jy G (1,561 ()] llg — e
1S2(p, ) = S2B.Dllee < | Jy Ga(1,5)ax(s)ds | lp — Pllesce + [ Jy Ga(1,)b2(s)ds| g — Flce-
(D)

Hence, we get

”S(pv q) - S(?vq)”ExE SM”(P7 q) - (?77)”E><E/ (32)

[y Gi(1,8)ai(s)ds [ Gi(1,8)ba(s)ds

where M = | * 1
Jo G2(1,8)az(s)ds [y Ga(1,5)ba(s)ds

] . Hence, we received the required results.

5. Illustrative examples

Example 5.1. Consider the given system of BVPs

7

p(t) + (1-8) + [p(t)q(t )]% = 0/ @utﬂf) +1+t+ [p(Hg(B)f = 0, te(0,1),
p(t) =p () =p (5 =q(t =q (=0, at t=0, (33)

P(sz() q(

Clearly, Hi(t,p,q) # 0, Ha(t,p,q) #0, at (p,q) = (0,0), and Hi(t,p.q) #0, Ha(t,p.q) #0, at

(p,q) = (1,1). Simple computation yields that H1, H, are nondecreasing for every t € (0,1). Also, for

-1
37

W[ =

7, t€(0,1), and p, g=0, one has max{},3
Hi(t, tp,q) 2 H, (t,p,q), Ho(t, tp, q) 2 T%’)'fz(i', p.q).

Thus, all the conditions of Theorem 3.4 are fulfilled, so the system (32) of BVPs has unique positive
solution in By where f(t) = (t%), t%).

Example 5.2. Consider the following system of BVPs:

Dop(t) + (L+ 17+ [p() + g0 =0, Pq(t) + 1+t +[p(t) + (O] =0, te(0,1),

pl) t):qm()_(), ]_0,1,2,3, at t =0, (34)
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It is obvious that Hi(t,p,q) #0, Ha(t,p,q) #0, at (p,q)=(0,0), and Hi(t,p,q) #0,
Ha(t,p,q) # 0, at (p,q) = (1,1). Also, an easy computation yields that Hi, Ha are nondecreasing for
each t € (0,1). Moreover, for t, t€(0,1), and p, 420, we see that max{3,2} =3,

Hi(t, tp, 19) >1H, (t,p,q), Ha(t, tp, 1q) 2 T3H2(t, p.q).

Thus, all the assumption of Theorem 3.4 is fulfilled, so the coupled system (33) has a unique positive
solution in B where f(t) = (t%, t%).

Example 5.3. Consider the following system of BVPs:

7 t ot .
9 p(t) - E"‘%COSW(M +E51n|q(t)|/ te (071)/
Do) = =+ £ sinpp()] + - cosla(t)l, te(0,1)
=50 T o ST T g COSITL ” (35)

p0(H) =qi(H) =0, j=0,1,2, at t=0,
p0=p(3) a0 =q(3):

From system (33), we see that

Ve

t2

t t .
[Hi(t,p,q)| < 0 + %coslp(t)l + %smlq(t)l

and
2

2 t
<4+ —
[Ha(t,p,q)| < 50 + 0 sin|p(t)] +60 cos|q(t)].

where p(0) =4, 9(0=5, =4 D=5 ab)=5 ob)=4 Also,
n==¢&= %, Ay = Ay = 0.17677. Thus, by computation, we have

NI

' B (1—y5)
Gj(1.5) = 6.65710— 0

, for j=1,2.

Upon computation, we get
1

1
A = J G1(1,5)p,(s)ds = 0.003577 < oo, Ay = J G2(1,5)p,(s)ds = 0.000924 < eo.
0 0

Similarly, we can also compute.

A1 = [} Gi(1,8)[W,(s) + 01(s)]ds = 0.03092853 < 1, Ay = [ Ga(1,5)[th,(s) + 0a(s)]ds = 0.00289 < 1.
Further, we see that max{0.007626, 0.00185} = 0.007626. So, all the conditions of Theorem 3.3 are
satisfied. So, the BVP (34) has at least one solution and the solution lies in

E={(p.9)€C:ll(p,7)lle<e < 0.007626}.
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Example 5.4. Tnking the following system of BVPs

u PO +a®OP +1 o ou o (B +t
22p(t) + (15 + £2)5, =0, 27q(t) + (15 + £)5, =0, te(0,1),

pi(t) =g (t) =0, j=0,1,2,3,4, at t =0, (36)
1 1
P =p(3). a0 =a(3):

It is simple to check that Hy0 = Ha,0 = H1,e = Ha, = 0. Also, for any (t,p,q) €I x I x I, we see
that

1
< -

Hl(t7p7q) - 361
Ha(t,p,q) < 1
2 ’p?g - 362'

Thus, all the assumptions of Theorem 3.5 are satisfied with taking a = 1, so the coupled system (35) has
two solutions satisfying 0 < [I(p,q)lexe <1 < (P, @)llexe-

Example 5.5. Consider the following coupled systems of boundary value problems:

' Pp(t) + r(g) [M + %] —0,te(0,1),

2/ 16 32
5\ [92Icos(p()I , tcos(q())I] _
9q(t)+l"<§>[ TN N }_o,te(o,l), 37)

pV(t)y =gV (t) =0, j=0,1,2, at t=0,
1 1
r=r(3) am=a(3).

Here, a1 (t) =T (3) &, b1(t) =T (3) %, m(t) =T(3) 16955, br(t) =T(3) 329\;5. Moreover

Ve

B [ Jy Gi(1,s)ai(s)ds [, Gl(l,s)bl(s)ds] B [0.0460 0.0007}
[ Go(1,8)m(s)ds [} Ga(1,5)by(s)ds | L0.0068 0.0058 |

Here, p(M) = 4.61 x 1072 < 1. Therefore, matrix M converges to zero, and hence the solutions of (36)
are Hyers-Ulam stable by using Theorem 4.4.

6. Conclusion

We have developed a comprehensive theory on existence of solutions and its Hyers-Ulam
stability for system of multipoint BVP of FDEs. The concerned theory has been enriched by
providing suitable examples.
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Chapter 8

Solution of Nonlinear Partial Differential Equations by
New Laplace Variational Iteration Method

Tarig M. Elzaki

Additional information is available at the end of the chapter

Abstract

Nonlinear equations are of great importance to our contemporary world. Nonlinear phe-
nomena have important applications in applied mathematics, physics, and issues related
to engineering. Despite the importance of obtaining the exact solution of nonlinear partial
differential equations in physics and applied mathematics, there is still the daunting
problem of finding new methods to discover new exact or approximate solutions. The
purpose of this chapter is to impart a safe strategy for solving some linear and nonlinear
partial differential equations in applied science and physics fields, by combining Laplace
transform and the modified variational iteration method (VIM). This method is founded
on the variational iteration method, Laplace transforms and convolution integral, such
that, we put in an alternative Laplace correction functional and express the integral as a
convolution. Some examples in physical engineering are provided to illustrate the sim-
plicity and reliability of this method. The solutions of these examples are contingent only
on the initial conditions.

Keywords: nonlinear partial differential equations, Laplace transform, modified
variational iteration method

1. Introduction

In the recent years, many authors have devoted their attention to study solutions of nonlinear
partial differential equations using various methods. Among these attempts are the Adomian
decomposition method, homotopy perturbation method, variational iteration method (VIM)
[1-5], Laplace variational iteration method [6-8], differential transform method and projected
differential transform method.
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Many analytical and numerical methods have been proposed to obtain solutions for nonlinear
PDEs with fractional derivatives such as local fractional variational iteration method [9], local
fractional Fourier method, Yang-Fourier transform and Yang-Laplace transform and other
methods. Two Laplace variational iteration methods are currently suggested by Wu in
[10-13]. In this chapter, we use the new method termed He’s variational iteration method,
and it is employed in a straightforward manner.

Also, the main aim of this chapter is to introduce an alternative Laplace correction functional
and express the integral as a convolution. This approach can tackle functions with discontinu-
ities as well as impulse functions effectively. The estimation of the VIM is to build an iteration
method based on a correction functional that includes a generalized Lagrange multiplier. The
value of the multiplier is chosen using variational theory so that each iteration improves the
accuracy of the result.

In this chapter, we have applied the modified variational iteration method (VIM) and Laplace
transform to solve convolution differential equations.

2. Combine Laplace transform and variational iteration method to solve
convolution differential equations

In this section, we combine Laplace transform and modified variational iteration method to
figure out a new case of differential equation called convolution differential equations; it is
possible to obtain the exact solutions or better approximate solutions of these equivalences. This
method is utilized for solving a convolution differential equation with given initial conditions.
The results obtained by this method show the accuracy and efficiency of the method.

Definition (2.1)

Let f(x), g(x) be integrable functions, then the convolution of f(x), g(x) is defined as:
F9°g0 = [ Flx - Do)
0
and the Laplace transform is defined as:
LIF0) = F(s) = [ (x)ax
0

where Re s > 0, where s is complex valued and ¢ is the Laplace operator.
Further, the Laplace transform of first and second derivatives are given by:

(D)L[f (x)] = st[f(x)] — £(0)
(ii)e[f"(x)] = s*[f(x)] — sf(0) — £'(0)
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More generally:

¢V ()] = $"Ef(0] — 5"H(0) — 52(0) — ... — st 2(0) — £ (0)

and the one-sided inverse Laplace transform is defined by:

LE(s)] = f(x) = % J F(s)e**ds

a—ioo

where the integration is within the regions of convergence. The region of convergence is half-
plane @ < Re{s}.

Theorem (2.2) (Convolution Theorem)

If
then:
or equivalently,

Consider the differential equation,
Lly(x)] +R[y()] +N[y(x)] + N*[y(x)] =0 (1)
With the initial conditions

y(0) =h(x), y'(0) =k(x) (2)

where L is a linear second-order operator, R is a linear first-order operator, N is the nonlinear
operator and N*[y(x)] is the nonlinear convolution term which is defined by:

N*[y(x)] Zf(y»",y”, ----- ,y<“’)*g(y>y’,y”>---->y(“))

According to the variational iteration method, we can construct a correction functional as
follows:

a0 = 7,0 + [ 48) Ly, () +R5, () + N7, () + N'7, (£)] e ®
0

Ry, (&), Ny, (&) and N*y, (&) are considered as restricted variations, that is,
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6Ry, =0,0Ny, =0and 6N*y, =0, A = -1

Then, the variational iteration formula can be obtained as:
X
a0 = 3,00 = [ [Ly,(6) + Ry, () + N () +N'F, ()] e @
0

Eq. (4) can be solved iteratively using y,(x) as the initial approximation.
Then, the solution is y(x) = limy, (x).
Now, we assume that L = % in Eq. (1).
Take Laplace transform (£) of both sides of Eq. (1) to find:
¢[Ly(x)] + ¢[Ry(x)] + €[Ny(x)] + £[N*y(x)] =0 (5)

s’y —sy(0) —y'(0) = —t{Ry(x) + Ny(x) + N'y(x)} =0 (6)

By using the initial conditions and taking the inverse Laplace transform, we have:
|1 .
) = p) - SRy + Ny + Ny =0 %

where p(x) represents the terms arising from the source term and the prescribed initial conditions.

Now, the first derivative of Eq. (7) is given by:

le(xX) = d];(xx) — %E_l L%E{Ry(x) + Ny(x) + N*y(x)}] =0 8)

By the correction functional of the irrational method, we have:

00 = 1,80 = [ {(5,(60), — gp(€) — 60 [ SERY(E) + Ny(&) + Ny(@)} | o
0

Then, the new correction functional (new modified VIM) is given by:
|1 .
Yy (x) = y,(x) + € 1 L—ZE{Ryn(x) + Ny, (x) + N yn(x)} , n20 )

Finally, we find the answer in the strain; if inverse Laplace transforms exist, Laplace transforms
exist.

In particular, consider the nonlinear ordinary differential equations with convolution terms,
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1=y ()2 +2y"y"y"(v")" = 0,y(0) =y'(0) =0 (10)
Take Laplace transform of Eq. (10), and making use of initial conditions, we have:
2
Pl - S =ty (") -2y

The inverse Laplace transform of the above equation gives that:

1

]/(X) — 52 + 1 {S_ZE [y/* (y//)Z . Zy/*y//} }

By using the new modified (Eq. (9)), we have the new correction functional,

Y1 (x) =y,(x) + ¢! {Slzf, {y’* (y“)2 _ zyl*y//} }

or
s () = 9,0+ [eO)°0 ) - 20) 00§ ay
Then, we have:
yo(x) =

() =%, y3(x) =%, ,y,(x) = x

This means that:
Yol = 1100 = 72(0) = corrrs = 7, () =x
Then, the exact solution of Eq. (10) is y(x) = x%.

2y —(y) —2x+y*(y") = 0,y(0) =1 (12)

Take Laplace transform of Eq. (12), and using the initial condition, we obtain:
1 2 — ¢ N2 (1) 2
sty =1-5=[()" =y (v")’]

Take the inverse Laplace transform to obtain
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yo) =T+ +07 {%E ) =y ()] }
Using Eq. (9) to find the new correction functional in the form

Va0 = 3,00+ £ {%E ) =y, )] }

or
Y () = 9, () + ¢! {; )] - elyle[6)7]] } (13)
Then, we have:
Yo(x) =1+ x>
ygm:1+X%Hf%{ugﬂ—zamu®}:1+f+m1%{3—(§>G>}:1+f
Yo(X) =y (%) = y,(x) = .o =y, =1+x

Then, the exact solution of Eq. (12) is:

y(x) =1+x°

3. Solution of nonlinear partial differential equations by the combined
Laplace transform and the new modified variational iteration method

In this section, we present a reliable combined Laplace transform and the new modified varia-
tional iteration method to solve some nonlinear partial differential equations. The analytical
results of these equations have been obtained in terms of convergent series with easily comput-
able components. The nonlinear terms in these equations can be handled by using the new
modified variational iteration method. This method is more efficient and easy to handle such
nonlinear partial differential equations.

In this section, we combined Laplace transform and variational iteration method to solve the
nonlinear partial differential equations.

To obtain the Laplace transform of partial derivative, we use integration by parts, and then, we
have:

E(@) = sF(x,s) — f(x,0), "
2 X )
e (6 fa(t; t)) = §?F(x,s) — sf(x,0) — af(a£ 0)

133
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

£<af(x, t)) _d [F(x,s)],

ot dx
Ff(x,t)\ &
E( 37 >_E[P(X’S)]'

where f(x, s) is the Laplace transform of (x, t).
We can easily extend this result to the nth partial derivative by using mathematical induction.

Toillustrate the basic concept of He’s VIM, we consider the following general differential equations,
C[Lu(x, t)] + €[Nu(x, t)] = €[g(x, t)] (15)

with the initial condition
u(x,0) = h(x) (16)

where L is a linear operator of the first-order, N is a nonlinear operator and g(x, t) is inhomo-
geneous term. According to variational iteration method, we can construct a correction func-
tional as follows:

vt = J/\[Lun(x,s) + Nitn(x,5) — g(%,8)]ds 17)
0

where A is a Lagrange multiplier (A = —1), the subscripts n denotes the nth approximation, u,
is considered as a restricted variation, that is, éu,, = 0.

Eq. (17) is called a correction functional.

The successive approximation u,,; of the solution u will be readily obtained by using the
determined Lagrange multiplier and any selective function ug; consequently, the solution is
given by:

u = lim u,

U—oo

In this section, we assume that L is an operator of the first-order % in Eq. (15).
Taking Laplace transform on both sides of Eq. (15), we get:
ClLu(x, t)] + L[Nu(x, t)] = Llg(x, 1)] (18)

Using the differentiation property of Laplace transform and initial condition (16), we have:

stlu(x,t)] — h(x) = L[g(x,t)] — €[Nu(x,t)] (19)

Applying the inverse Laplace transform on both sides of Eq. (19), we find:
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u(x,t) = G(x,t) — E_l{éNu[x, t]}, (20)

where G(x,t) represents the terms arising from the source term and the prescribed initial
condition.

Take the first partial derivative with respect to t of Eq. (20) to obtain:

%u(x, t) — %G(x, t) +§£-1 {%E[Nu(x, t)]} (21)

By the correction functional of the variational iteration method
t
Ups1 = U —J (Un)e(x,€) —3G<X &) +EE’1 1E[Nu(é t)] ¢ pdé
n+l — Un ) n)E\A ag ’ aé— E ’

or

Uns1 = G(x,t) — £ {%E[Nun(x, t)]} (22)

Eq. (22) is the new modified correction functional of Laplace transform and the variational
iteration method, and the solution u is given by:

u(x,t) = im u,(x, t)
U0

In this section, we solve some nonlinear partial differential equations by using the new mod-
ified variational iteration Laplace transform method; therefore, we have:

Example (3.1)
Consider the following nonlinear partial differential equation:

up+uu, =0, u(x,0) = —x (23)
Taking Laplace transform of Eq. (23), subject to the initial condition, we have:

x 1
e t)] = —— — = L{uuy
[, 1] = — — fun]
The inverse Laplace transform implies that:
1
u(x,t) = —x—1=0 gf[uux]

By the new correction functional, we find:
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S

U (X, 8) = —x — £ {lf[unwn)x] }

Now, we apply the new modified variational iteration Laplace transform method:

up(x, t) = —x

u(x,t) = —x — 7! {1E[x]} = —x—¢! L%} = —x —xt

S

1 2 2 1
_ -1 _ 3
ur(x,t) = —x — £ {x(sz—k +s4>] ——x—xt—xtz—gxt

53

Therefore, we deduce the series solution to be:

u(x ) = x(1+t+84+€+.) ==
which is the exact solution.
Example (3.2)
Consider the following nonlinear partial differential equation:
ou ou\ ou 5
5 <a) + Uss u(x.0) = x (24)

Taking Laplace transform of Eq. (24), subject to the initial condition, we have:
21w\ du
E[u(x,t)]—?—i—gﬁl(a) tuss

Take the inverse Laplace transform to find that:

1 | (ou\*>  du
2 1)l ou ogu
u(x,t) =x=+1¢ {s£[<6x> +u6x2]}

The new correction functional is given as

)1 ou,, 2 Qu,
Mn+1(X,t):X2—{—E 1{58[(6x> +unaxZ]}

This is the new modified variational iteration Laplace transform method.

The solution in series form is given by:
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up(x, t) = x>
6x2
u(x,t) = x> + E‘l{—z = x% + 6x7t
S

uz(x,t) = x> (1 + 6t + 368> + 72t°)

The series solution is given by:

x2

~1—6t

u(x,t) = x*(1 + 6t + 368> + 728> + ...)

Example (3.3)

Consider the following nonlinear partial differential equation:

ou ou\? ,u x+1
E—Zu(a> +u 32 u(x.0) = 5

(25)

Using the same method in the above examples to find the new correction functional in the form:

x+1 41 ou,, 2 u,
Ups1(x, t) = 5 —HZl{EE[Zun(ax) +u2n¥]}

Then, we have:

x+1
x+1 S (x+11 x+1 t
1) == ”1{ i 5_2}: 2 {”5}

x+1 t 3, 1, 1
n(t) = — (1+§+§€+§9+6fg

The series solution is given by:

x+1 t 1.2 x+1 1
u(x,t) == <1+2+2ﬁ?+m>: (1-1)72,

which is the exact solution of Eq. (25).
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Example (3.4)

Consider the following nonlinear partial differential equation:

R ou\ 2 0
a_;+<§) fu—=te, u(x0)=0 S =e? (26)

Taking the Laplace transform of the Eq. (26), subject to the initial conditions, we have:

2
te ™ +u? — a_u —u
ox

Take the inverse Laplace transform to find that:

te ™ +u? — b_u Z—u
ox
te™ + u,> — Oty 2—u
n ax n

This is the new modified variational iteration Laplace transform method.

sPlu(x,t)) —e > =1

1
u(x,t) =te ¥ + ¢! {S—ZE

The new correct functional is given as:

L 4] 1
Uni1(X,t) = te ™ + L 1{5—2£

The solution in series form is given by:
up(x, t) = te™*
up(x, t) = te ™ (27)
uz(x,t) = te™*

The series solution is given by:

u(x,t) =te ™
4. New Laplace Variational iteration method

To illustrate the idea of new Laplace variational iteration method, we consider the following
general differential equations in physics.

L[u(x,t)]+N[u(x,t)]:h(x,t) (28)

2

where L is a linear partial differential operator given by —, N is nonlinear operator and /(x ,#)

o’
is a known analytical function. According to the variational iteration method, we can construct
a correction functional for Eq. (28) as follows:
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t

Upi1 (X, ) = uy(x, ) + JX(x, ¢)[Luy(x,¢) + Nuy(x,¢) — h(x,¢)]dc,
0

(29)

n=0,

where [ is a general Lagrange multiplier, which can be identified optimally via the variational
theory, the subscript 72 denotes the nth approximation, N, (X , &) is considered as a restricted
variation, that is, ONu, (x ,5) = 0.

Also, we can find the Lagrange multipliers, by using integration by parts of Eq. (28), but in this
chapter, the Lagrange multipliers are found to be of the form 4 = (x,t —¢) and in such a

case, the integration is basically the single convolution with respect to f, and hence, Laplace
transform is appropriate to use.

Take Laplace transform of Eq. (29); then the correction functional will be constructed in the form:

E[un-&-l (xa t)] = E[un(xa t)]

[t i (30)
+0 JA(x, ¢)[Luy(x, ¢) + Nuy,(x,¢) = h(x,¢)]dc |, n=0,
0

Therefore

Clunir (x,8)] = €lun(x,1)]
+8[A(x, t)%[Luy (x, ) + Nily(x,t) — h(x, t)]] (31)
= Quy (x, )] + €[A(x, £)] €[Luty (x, £) + Nity(x, £) — h(x, t)]

where * is a single convolution with respect to ¢.

To find the optimal value of (x ,f —¢) we first take the variation with respect to u, (x,1).
Thus:

O Ul (] = <o g (. )+

ou,, Uy
5 (32)
= e[A(x, t)] €[Luy(x, 1) + Nity(x, 1) — h(x, t)]
Then, Eq. (32) becomes
¢ [5”n+1 (x, t)] ={ [514” (x, t)] + 0/ [/T(x,t)] ! [Lu" (x, t)] (33)
2
In this chapter, we assume that L is a linear partial differential operator given by — then,
ot

Eq. (33) can be written in the form:
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0[Su,.,,(x.0)]= £[Su, (x,0)]+ €[ Z(x,0) || s*0Su, (x.0) ] (34)

The extreme condition of #, (X ,¢ ) requires that ou ,,,(x ,¢ ) = 0. This means that the right
hand side of Eq. (34) should be set to zero; then, we have the following condition:

_ —1 _
0 Ax0) |= = = A(x,t)=—t (35)
Then, we have the following iteration formula

f'[”nJrl (x> t)] = ﬁ[”n(xv t)]

0 [J(t — )Lty (x, €) + Nity(x, ) — h(x, 0)dc |, n>0, (56)
0

5. Applications

In this section, we apply the Laplace variational iteration method to solve some linear and
nonlinear partial differential equations in physics.

Example (5.1)

Consider the initial linear partial differential equation

8u(x,0)_x
ot

u,(x,t)—u_ (x,t)+u(x,t)=0 , u(x,00=0, (37)

The Laplace variational iteration correction functional will be constructed in the following
manner:

Cun 1 (x, £)] = Clun (x, )]

+ lji(x, &) [ ) — ()40 (5,) + ty(x,)] e )
0
or
E[unJrl (x7 t)] = E[un(x7 t)]
FC[A(x, )5 [ (1) (3, 8) = () o (3, 1) + U (%, 1)]]
= Llun(x,t)] + E[X(x, t)]g[(”n)tt(xa £) — (un) o (2, 1) + un(x, t)] (39)

Ouy,
SZEun(xv t) — SUy (x7 0) - % (xa 0)

= Lun(x, )] + L[A(x, 1)]
_E(u”)xx(x7 t) + Luy, (.’)C, t)
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Taking the variation with respect to #, (X ,# ) of Eq. (39), we obtain:

ot (2.0)] = 5 Ui 3.
N 6; ] 20ty (%, £) — 1ty (x,0) — aalt (x,0) (40)
—0(tty) ., (x, £) + Luty (x, )
Then, we have.
([ 81, (x,0)] = €[ Su, (x,0)] + £] X(x,0) || 5°LSu, (x,0) + L Su, (x,1) |
= ([ 6u, (x,0)] {1 +[ A(x0) (s> + 1)}
The extreme condition of %, ,, (X ,# ) requires that o ,, (x ,¢ ) = 0. Hence, we have:
1+ (s> +D)0A(x,0)=0 , and Z(x,t):f‘L;iJ =—sin¢ (41)
Substituting Eq. (41) into Eq. (38), we obtain:
Clunia (x, )] = Clun(x,1)]
t
—t [J sin (£ — ¢) [(# ) (%, €) = () o (%, €) + 112, d]dc} (42)
= E[zn(x, )] — €] sin 0 [(t)y,(x, 1) — (1) . (x, £) + 200 (x, )]
Letu,(x ,¢) =u(x,0)+1 Z_l: (x ,0) = xt, then, from Eq. (42), we have:
O[u,(x,0)] = €[ xt]— [sins] e[ xe] = f‘ﬁ
The inverse Laplace transforms yields:
u,(x,t)=x sint (43)
Substituting Eq. (43) into Eq. (38), we obtain:
Cluy(x,0)] = C|x sint |- L[sint | £[0]  then u,(x,1)=x sint
Then, the exact solution of Eq. (37) is:
u(x,t)=x sint (44)
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Example (4.2)

Consider the nonlinear partial differential equation:

u,(e.t)—u_ ()l (e, =x%> L u(x,0)=0 , 8u(;,0) = (45)

The Laplace variational iteration correction functional will be constructed as follows:

i (1)) = £, (x,0)] - {J(t— )[( ) =) g)} } (46)

+ul (x,6)—x°g”

or

(2, 1] = Lo, 1] + €] Tz, | D) T e t>”

e U R () — 2282
= Cun (x, 1)) + C[A (o, )] 0 (1) (20, 1) — () (x, 1) + U2 (x, £) — X*£2] 7)

o, 1) st (2,0) —
= Lty (x, t)] +£[ @ t)} s°Luy (x, ) — suy(x,0) ~ (x,0)

— (1) (2, 8) + Ll (x, 1) — £(x%£)

Taking the variation with respect to #, (X ,#) of Eq. (47) and making the correction functional
stationary we obtain:

This implies that:
£+s£/T(x,t)=0 , and /T(x,t)=1?'1 [_—1}=—1 (48)
A

Substituting Eq. (21) into Eq. (19), we obtain:

ﬁ[unﬂ(x,t)]zé[un(x,t)]—{_"(t—g){( 32(?:;) (z)g =% g)} g} (49)
or
it )] = el + €= 1~ (50)

ou
Letu (x,t)=u(x,0)+¢ a—(x ,0) = xt, then, from Eq. (50), we have:
4

0oy (e, 0] =4 [xt]+0 [-2]0 [ 0- 04577 =7 |
u,(x,t)=xt
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Then, the exact solution of Eq. (45) is: # (x ,¢ ) = X1

Again, the exact solution is obtained by using only few steps of the iterative scheme.
Example (4.3)

Consider the physics nonlinear boundary value problem,

u,—~6m, +u_ . =0 |, u(x,0)=£2, x #0

X
The Laplace variational iteration correction functional is
it (x, )] = Lun(x, 1))
t
- (t4) (%, €) = 61 (x, €) (1) (%, €) 52
+0 JA(x,t— <) ' dc (52)
0 +(un)xxx (x’ C)

or
Uit (x,B] = Lt (x, 1)) + LA, [ xt) 6(14) (1) (1623 (%, £) + (1) (35, 1))
)

= o, )] + L[ACx, B)] ] (1 —6(u)( )2 £) () e (6, 1)
( )(u

x, b)) (uy, (up
= Cluy (x, 1)) + L[A(x, )] [sup(x, 8) — 1 (x, 0 —t[6 1)y (%5 1) = () g (%, £)]]

uy)(x, t)(u

Taking the variation with respect to 2, (X ,# ) of the last equation and making the correction
functional stationary we obtain:

0[ 81, (x.0)]=0 [Su, (x,0)] +¢[ A(x,0) |[s¢8u, (x,0)]
= ([ Su, (x,0){+st[ 20,0 ]}

This implies that:

1+s LA(x,t)=0 , and A(x,t)=/" {_—1]?; (53)
S

Substituting Eq. (53) into Eq. (52), we obtain:

’ 6
Clu,, (x,0)]=¢[u,(x,0)]+¢ [ J' (_1){( +)(L(tx)g)(x ;’)‘ Dx6)@,), (x, g)}j }

or

14 [un+1 (x, t)] =/ [un ] +/ [—1] l [(un ), —(u )u,), +(u,).. ] (54)

Letu,(x,t)=u(x,0)= % , then, from Eq. (54), we have:
x
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)] = [ }z[ 1]6[288} 6.2,
X X

6 288 6048 2

uz(x t)—x——?f— xs gesrrsrases

6x (x° —24t)

Then, the exact solution of Eq. (51) is: u(x ,f) = ﬁ
x =12t

Exercises

Solve the following nonlinear partial differential equations by new Laplace variational itera-
tion method:

Dup+uu, =1—e*(t+e7), u(x,0) =e™*

u+uty =2t+x+£ +x2,  u(x,0)=0

3)us + uny = 222t + 2xt? + 2%, u(x,0) =1

1
4 up+uu, =1+ tcosx—i—i sin 2x;, u(x;0) = sinx

)
5)us + uu, =0, u(x,0) = —
6)ut—|—uux—u—e u(x,0) =1+x
7t — Uy —u+ v =xt + 322, u(x,0) =1, w(x,0) =x
8)up — tyy + 14 =1+ 2xt+ 52,  u(x,0) =1, u(x,0) = x
9) Uy — Uy + u? = 6xt(x% — t2) + x°%, u(x,0) =0, u(x,0) =0
10) uy — Uy + u? = (x* + tz)z, u(x,0) = x2,u4(x,0) = 0
1) uy — thyy +u+u? =x*cos?t,  u(x,0) =x,u;(x,0) =0

)
)
12)us +uu, =0,  u(x,0) =
13)us +uu, =0, u(x,0) =
) )
)
)
)

14)u; + uu, =0, u(x,0) =2x

15) up 4+ uty = Uy, u(x,0) = —x

16) up + uny = tyy, u(x,0) = 2x

17) up 4+ unty = tyy, u(x,0) = 4tan2x

6. Conclusions

The method of combining Laplace transforms and variational iteration method is proposed for
the solution of linear and nonlinear partial differential equations. This method is applied in a
direct way without employing linearization and is successfully implemented by using the
initial conditions and convolution integral. But this method failed to solve the singular differ-
ential equations.
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Answers

=
=

(x,t) =t+e™, 2u(xt) = +axt 3)u(xt) =1+x%*> 4)u(x,t) =t+ sinx
X

5)u(x,t) = T 6)u(x, t) =x+e, 7)u(x,t)=1+xt, 8)u(x,t)=1+xt
9u(x,t) =23, 10)u(x,t) =2 +x*, 11)u(x,t) = xcost, 12)u(x,t) = 1L+t

X 2x X 2x
13 H)y=——, 14 ) =——, 15 ) =——, 16 b)) =
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Chapter 9

Differential Equations Arising from the 3-Variable
Hermite Polynomials and Computation of Their Zeros

Cheon Seoung Ryoo

Additional information is available at the end of the chapter

Abstract

In this paper, we study differential equations arising from the generating functions of the
3-variable Hermite polynomials. We give explicit identities for the 3-variable Hermite
polynomials. Finally, we investigate the zeros of the 3-variable Hermite polynomials by
using computer.

Keywords: differential equations, heat equation, Hermite polynomials, the 3-variable
Hermite polynomials, generating functions, complex zeros

1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers, Euler numbers,
Genocchi numbers, and tangent numbers see [1-15]. The special polynomials of two variables
provided new means of analysis for the solution of a wide class of differential equations often
encountered in physical problems. Most of the special function of mathematical physics and
their generalization have been suggested by physical problems.

In [1], the Hermite polynomials are given by the exponential generating function
o i
> Hy(x) == et
n!
n=0

We can also have the generating function by using Cauchy’s integral formula to write the
Hermite polynomials as
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4" 2tx—t2
Hy(x) = (1) e = ¢

dx" 27'(155 C o+l e 4t

with the contour encircling the origin. It follows that the Hermite polynomials also satisfy the
recurrence relation

Hy,1(x) = 2xH,(x) — 2nH, 1 (x).

Further, the two variables Hermite Kampé de Fériet polynomials H,(x,y) defined by the
generating function (see [3])

Z x y xt+yt2 (1)

are the solution of heat equation
p)

d d )
@Hn(xvy) :an(x,y)/ Hﬂ(xao) =X

We note that
H,(2x,—1) = H,(x).

The 3-variable Hermite polynomials Hy,(x,y, z) are introduced [4].

3

k
Z*Hy_3k(x,y)
n(¥:Y,2 _”'Z K(n—3k)!

The differential equation and he generating function for H, (x, y,z) are given by

>’ ¥ 9
<32$+2y$+Xa— n)Hn(x,y,z) =0

and
xt+yt 4zt . "
e :ZHV[(X,:V,Z)E, (2)
respectively.
By (2), we get
o p
ZH (xl + X2, Y,z ) _| €(x1+x2)t+yt2+2t3
n=0 !
SR p
— n
=22y ()
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By comparing the coefficients on both sides of (3), we have the following theorem.
Theorem 1. For any positive integer 1, we have

" /n
Hn(xl —|—x2,y,z) = Z <l )Hz(xl,y,z)xg‘l-

=0

Applying Eq. (2), we obtain

o

ZHn(x,y,zl +22)

_ ext+yt2+(z1 +2)t

S| s

_ i’: ZHn_g)k(x,y, z1)Zkn! |
c~  kl(n —3k)! n!

On equating the coefficients of the like power of ¢ in the above, we obtain the following
theorem.

Theorem 2. For any positive integer 1, we have

k

_ N Hieak(y,21)25
Hy(x,y,z1 + 22) ”Z Kt — 3K)
Also, the 3-variable Hermite polynomials Hy(x, y, z) satisfy the following relations

0 2
_Hn VA :—Hn yYs~)r
5 (v y,2) =5 5 Halx,y,2)

and

gH (x z)—a—SH (x,y,2)
aZ n 7% _ax3 n 7ya .

The following elementary properties of the 3-variable Hermite polynomials H,(x,y,z) are
readily derived form (2). We, therefore, choose to omit the details involved.
Theorem 3. For any positive integer 1, we have

1 H,(2x,—1,0) = H,(x).

k

HE—
2 H”(x’yl + Y2 ) —”'E%'

3 Hy(x,y.2) = <?>Hl(x)Hnl(—x,y+ 1,2).

=0
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Theorem 4. For any positive integer 1, we have

1 H, (x1 + X2, +y2,2) => (7)Hl(x1=y1=Z)Hnl(x27y2)‘
=0

n

2 H, (Xl +x2,Y1 + Yy, 21 +Zz) => (7>Hl(xlay1vz)Hnl(xzayzazz)-
=0

The 3-variable Hermite polynomials can be determined explicitly. A few of them are

HO(X Y,z )

Hl(x Y,z )

HZ(x Y,z ) = x* +2y/

Hj(x,y,z) = x° + 6xy + 62,

Ha(x,y,z) = x* +12x%y + 12% + 24xz,

Hs(x,y,z) = x° + 205y + 60xy* 4+ 60x%z + 120yz,

He(x,y,z) = x° + 30x*y + 180x2y2 + 120y° + 120x°z + 720xyz + 36022,

H7(x,y,z) = x” + 42x°y + 420x3y? + 840xy> + 210x*z + 2520x%yz + 2520y%z + 2520xz2,
(x,y,2) =

= a8 + 56x°y + 840x*y? + 3360x%y° +1680y* +336x°z + 6720x°yz
+ 20160xy*z + 10080x>z2 + 20160yz>.
Ho(x,y,z) = x° + 72x"y + 1512x°y% + 10080x°y® + 15120xy* + 504x°z + 15120x*yz
+ 90720x%%z + 60480y°z + 30240x°22 + 181440xyz* + 604802°,
Hio(x,y,2) = x1% 4+ 90x8y + 2520x°y? + 25200x*y> + 75600x2y* + 30240y° + 720x"z
+ 30240x°yz + 302400x%y*z + 604800xy°z + 75600x*z>
+ 907200x%yz> + 907200y°z* + 604800xz°.

Recently, many mathematicians have studied the differential equations arising from the gener-
ating functions of special polynomials (see [7, 8, 12, 16-19]). In this paper, we study differential
equations arising from the generating functions of the 3-variable Hermite polynomials. We give
explicit identities for the 3-variable Hermite polynomials. In addition, we investigate the zeros
of the 3-variable Hermite polynomials using numerical methods. Using computer, a realistic
study for the zeros of the 3-variable Hermite polynomials is very interesting. Finally, we observe
an interesting phenomenon of “scattering’ of the zeros of the 3-variable Hermite polynomials.

2. Differential equations associated with the 3-variable Hermite
polynomials

In this section, we study differential equations arising from the generating functions of the 3-
variable Hermite polynomials.

Let

3 = I
F=F(tx,vy,z) = gye et ZHn(Xa%Z)a, x Yy zteC. 4)
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Then, by (4), we have

0 0
) — S F(t,x,y,2) = = (ext+yt2+zt3> _ ity (x + 2yt + 3zt2)

ot )

= (x + 2yt + 3282) F(t, x, 9, 2),

d
r® = &F(l) (t,x,y,2) = (2y + 62t)F(t,x,y,2) + (x + 2yt + 3z ) FV(t,x,,2) ©

= ((x® +2y) + (6z + dxy)t + (4y* + 6x2)#* + (12yz)£ + (92%)#*)F(t, x,,2).
Continuing this process, we can guess that

N 2N
FN) = (%) F(t,x,y,z) = Zui(N,x,y,z)tiF(t,x,y,z), (N=0,1,2,...). (7)
i=0

Differentiating (7) with respect to ¢, we have

OFN) 2N ' 2N '
(N+1) Ry Z”i(N’ x,y,2)it 'F(t,x,y,z) + Zui(N, x,y,z)t FY (¢, x,y, 2)
i=0 i=0
2N , 2N .
= Za,-(N, x,y,2)it F(t,x,y,z) + Zai(N, x,y,z)t'(x 42yt + 3z8*)F(t,x,y, z)
i=0 i=0

2N 2N
= Ziai(N,x,y,z)ti_lF(t,x,y,z) + Zxai(N,x,y,z)tiF(t,x,y,z)
i=0 i=0

2N 2N
—I—EZyai(N,x,y, ) E(t %y, z) + ZBzai(N,x,y, 2)EP2F(t,x,y, z)
i=0 i=0
2N-1 ' 2N ‘
= Z (i+ Daia (N, x,y,2)t'F(t,x,y,z) + Zxai(N, x,y,z)FF(t,x,y,z)
i=0 i=0
2N+1 . 2N+2 '
+ Z 2ya, (N, x,y,2)t'F(t,x,y,z) + Z 3za;_»(N,x,y,z)t'F(t,x,y,z)
i=1 i=2
Hence we have
2N-1 ‘
F(N+1) = Z(i‘|’1)‘1i+1(N7x7]/72)t1F(t7xa%z)
i=0

2N
+Zxai (N, x,y,2)'F(t,x,y,2)
i=0

(8)

2N+1

+ Z 2ya, (N, x,y,2)t'F(t,x,y,z)

i=1
2N+-2

+ Z 3za; »(N,x,y,2)I'F(t,x,y,2).

=2
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Now replacing N by N + 1 in (7), we find

N+2 .
FN) = N " (N + 1,x,y,2)£F(t, 3,9, 2).
i=0

Comparing the coefficients on both sides of (8) and (9), we obtain

ap(N+1,x,y,z) = a1(N,x,y,z) + xap(N, x, Y, z),

;i (N +1,x,y,z) = 2a5(N,x,y,z) + xa1 (N, x,y,z) + 2ya (N, x,y, z),

N (N +1,x,y,z) = xaon (N, x,y,2) + 2ya,y (N, x,y,z) + 3zaon—2(N, x,,2),
a1 (N +1,x,y,2) = 2ya, (N, x,y,z) + 3zamn-1(N, x, Y, 2),

mn+2(N +1,x,y,2) = 3zan(N, x,y, z),

and
ai(N+17xayaz) = (i+1)ﬂi+1(Naxa%Z) +xai(N7x7yaz)
+2ya, ;(N,x,y,z) +3za; >(N,x,y,z), (2<i<2N —1).

In addition, by (7), we have
F(t,x,y,2) = FO(t,x,y,2) = a0(0,x,y,2) F(£,%, . 2),

which gives
ap(0,x,y,z) = 1.
It is not difficult to show that

xF(t, x,y) + 2ytF(t, x,y,z) + 3zt*F(t,x,y,z)
=FU(t,x,y,2)

o

=]

a;i(1,x,y,z)F(t,x,y,z)

1=

= (a0(1,x,y,2) + a1 (1, x,y,2)t + a2 (1, x,y,2) ) F(t, x,y, ).

Thus, by (14), we also find

ap(l,x,y,z) =x, m(l,x,y,z) =2y, ax(l,x,y,z) =3z

From (10), we note that

ap(N +1,x,y,z) = a1 (N, x,y,z) + xap(N, x,v,z),
ao(N,x,y,z) =a (N —1,x,y,z) + xap(N — 1,x,y,z), ...

N
ap(N+1,x,y,z) = Zx’ln(N —i,x,y,z) +aN T,
i=0

and
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an2(N +1,x,y,z) = 3zan (N, x,, 2),
aon(N,x,y,z) = 3zapn_2(N — 1,x,y,2), ... (17)
ania(N +1,x,y,2) = (32)" .

Note that, here the matrix a;(j, X, Y)o<;<on142,0<j<n+1 1S 8iven by

1 x 2y+x°

0 2y 4xy+6z

0 3z 6xz+4y°

0 0 12yz

0 0 (37

0 0 0

00 0 (3z)

00 0 0 e (B2)NH

Therefore, we obtain the following theorem.

Theorem 5. For N = 0,1,2, ..., the differential equation
o\ N .
) = (6_t> F(t,x,y,z) = (;ui(N,x,y,z)tZ> F(t,x,y,z)

has a solution

2 3
F = F(t,x,y,z) — extert +zt ,
where

N
ao(N+1,x,y,z) = inal(N —i,x,y,z) + N,
i=0

a(N+1,x,y,z) = 2a,(N,x,y,z) + xa1 (N, x,y,z) + 2ya,(N, x,y, z),

aN(N +1,x,y,z) = xaon (N, x,y,2) + 2ya,y_ (N, x,y,z) + 3zamn—2(N, x, Y, 2),
an+1(N +1,x,y,2) = 2ya, (N, x,y,z) + 3zan-1(N, x, Y, 2),
mN2(N+1,x,y,2) = (3Z)N+1,
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and

ﬂi(N+ 17x7yﬂz) = <l+ 1)ai+1(N7xa%Z) +xﬂi(N,xa]/,Z)
+2ya, ;(N,x,y,z) +3za; >(N,x,y,z), (2<i<2N —1).

From (4), we note that

N\ t
FN) — (&) F(t,x,y,z) kX;HHN X, Y, )k" (18)
By (4) and (18), we get
N o g > m
ot (&) F(t,x,y,z) = (’;(_n)m %>< 0Hmm(x Y,2) '>
e - (19)

(20)
© (N /(N m
m=0 \ k=0 \ k
Hence, by (19) and (20), and comparing the coefficients of fn—l, gives the following theorem.
Theorem 6. Let m, n, N be nonnegative integers. Then
L (m - N /N
Z < )(—n) kHNH((x,y,z) = Z ( )nNka+k(x —-n,Y,z). (21)
o \K o \k

If we take m = 0 in (21), then we have the following corollary.

Corollary 7. For N = 0,1,2, ..., we have

N
N(xX, Y,z :Z< )N"Hkx—ny,)

0

For N =0,1,2, ..., the differential equation
. O\ N N
FWY = <b_t> F(t,x,y,z) = (; i(N,x,y,z)t ) F(t,x,y,z)

has a solution
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F = F(t,x,y,z) = "0+

Here is a plot of the surface for this solution. In Figure 1(left), we choose —2<z<2, —1<¢<1,
x =2, and y = —4. In Figure 1(right), we choose —-5<x<5, —1<t<1,y = -3, andz = —1.

3. Distribution of zeros of the 3-variable Hermite polynomials

This section aims to demonstrate the benefit of using numerical investigation to support
theoretical prediction and to discover new interesting pattern of the zeros of the 3-variable
Hermite polynomials H,(x,y,z). By using computer, the 3-variable Hermite polynomials
H,(x,y,z) can be determined explicitly. We display the shapes of the 3-variable Hermite poly-
nomials H,(x,y,z) and investigate the zeros of the 3-variable Hermite polynomials H,,(x, y, z).
We investigate the beautiful zeros of the 3-variable Hermite polynomials H,(x,y,z) by
using a computer. We plot the zeros of the H,(x,y,z) for n =20, y=1, —1, 1+ —1—14
z=3, —3,3+1i —3 —1iand xeC (Figure 2). In Figure 2(top-left), we choose n =20, y =1,
and z = 3. In Figure 2(top-right), we choose n = 20, y = —1, and z = —3. In Figure 2(bottom-
left), we choose n =20, y =1+, and z = 3 + i. In Figure 2(bottom-right), we choose n = 20,
y=-1—-iandz=-3—-1i.

In Figure 3(top-left), we choose n =20, x =1, and y = 1. In Figure 3(top-right), we choose
n=20, x=-1, and y = —1. In Figure 3(bottom-left), we choose n =20, x =1+, and
y = 1+ 1. In Figure 3(bottom-right), we choose n =20, x = -1 —j,andy = -1 —i.

Stacks of zeros of the 3-variable Hermite polynomials H,,(x,y, z) for 1<n <20 from a 3-D structure
are presented (Figure 3). In Figure 4(top-left), we choose n = 20, y = 1, and z = 3. In Figure 4
(top-right), we choose n = 20, y = —1, and z = —3. In Figure 4(bottom-left), we choose n = 20,
y =1+41,and z = 3 + i. In Figure 4(bottom-right), we choosen = 20,y = —1 —j,andz = -3 —i.

Figure 1. The surface for the solution F(t,x,y,z).
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Figure 2. Zeros of H,(x,y,z).
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Our numerical results for approximate solutions of real zeros of the 3-variable Hermite poly-
nomials H, (x,y, z) are displayed (Tables 1-3).

The plot of real zeros of the 3-variable Hermite polynomials H,(x,y,z) for 1<n<20 structure

are presented (Figure 5).

In Figure 5(left), we choose y = 1 and z = 3. In Figure 5(right), we choose y = —1 and z = 3.

Stacks of zeros of H,(x, —2,4) for 1<n <40, forming a 3D structure are presented (Figure 6). In
Figure 6(top-left), we plot stacks of zeros of H,(x, —2,4) for 1<n<20. In Figure 6(top-right),
we draw x and y axes but no z axis in three dimensions. In Figure 6(bottom-left), we draw y
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Figure 3. Zeros of H,(x,y,z).

and z axes but no x axis in three dimensions. In Figure 6(bottom-right), we draw x and z axes

but no y axis in three dimensions.

It is expected that H,(x,y,z), x€C,y, z€R, has Im(x) = 0 reflection symmetry analytic com-
plex functions (see Figures 2-7). We observe a remarkable regular structure of the complex
roots of the 3-variable Hermite polynomials H,(x,y,z) for y,z€R. We also hope to verify a
remarkable regular structure of the complex roots of the 3-variable Hermite polynomials
H,(x,y,z) for y,z€ R (Tables 1 and 2). Next, we calculated an approximate solution satisfying

H,(x,y,z) = 0,x € C. The results are given in Tables 3 and 4.

157
WORLD TECHNOLOGIES




Differential Equations with Modeling Applications

| 10 i

M Imix)
|m(><)/},/ s ——eegy

Figure 4. Stacks of zeros of H, (x,y,z), 1<n<20.

The plot of real zeros of the 3-variable Hermite polynomials H,(x,y,z) for 1<n <20 structure
are presented (Figure 7).

In Figure 7(left), we choose x = 1 and y = 2. In Figure 7(right), we choose x = —1 and y = —2.

Finally, we consider the more general problems. How many zeros does H,(x,y,z) have?
We are not able to decide if H,(x,y,z) = 0 has n distinct solutions. We would also like to know
the number of complex zeros Cy,(xyz) of Hu(x,y,z), Im(x) # 0. Since n is the degree of the
polynomial H,(x,y,z), the number of real zeros Ry, lying on the real line Im(x) = 0 is
then Ry, (xyz = — Ch,(xyz), Where Cy, (r,.) denotes complex zeros. See Tables 1 and 2 for
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Degree n Real zeros Complex zeros
1 1 0
2 0 2
3 1 2
4 2 2
5 1 4
6 2 4
7 3 4
8 2 6
9 3 6
10 4 6
11 3 8
12 4 8
13 3 10
14 4 10

Table 1. Numbers of real and complex zeros of H,(x,1,3).

Degree n Real zeros Complex zeros
1 1 0
2 2 0
3 1 2
4 2 2
5 3 2
6 2 4
7 3 4
8 4 4
9 3 6
10 4 6
11 5 6
12 6 6
13 5 8
14 6 8

Table 2. Numbers of real and complex zeros of H,(x, —1, —3).
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Degree n x
1 0
2 _
3 — 1.8845
4 3.1286, —0.17159
5 —4.5385
6 —5.8490, —1.3476
7 —7.1098, —2.1887, —0.36350
8 —8.3241, —3.4645
9 —-9.4984, —4.6021, —1.1118
10 -10.637, —5.7212, —1.5785, —0.61919
11 —11.745, —6.8105, — 2.8680
12 —12.824, —7.8743, —3.8894, —0.99513
Table 3. Approximate solutions of H,(x,1,3) =0,x€R.
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Figure 5. Real zeros of H,(x,y,z), 1<n<20.

tabulated values of Ry, (xy.z) and Cp, (xyz)- The author has no doubt that investigations along

these lines will lead to a new approach employing numerical method in the research field of
the 3-variable Hermite polynomials H,(x,y,z) which appear in mathematics and physics. The
reader may refer to [2, 11, 13, 20] for the details.
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degree n x

1 0

2 —1.4142, 1.4142

3 3.3681

4 0.16229, 5.0723

5 —1.3404, 1.4745, 6.6661
6 2.9754, 8.1678

7 0.31213, 4.3783, 9.5946
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degree n x

8 —1.2604, 1.5304, 5.7274, 10.959

9 2.8224,7.0271, 12.270

10 0.44594, 4.0615, 8.2834, 13.535

11 —1.1740, 1.5825, 5.2667, 9.5013, 14.760

12 —1.4659, —0.87728, 2.7469, 6.4398, 10.685, 15.949

Table 4. Approximate solutions of H,(x,—1,-3) =0,x€R.
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Figure 7. Real zeros of H,(x,y,z), 1<n<20.
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