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PREFACE

This book aims to help a broader range of students by exploring a wide variety of significant topics
related to this discipline. It will help students in achieving a higher level of understanding of the subject
and excel in their respective fields. This book would not have been possible without the unwavered
support of my senior professors who took out the time to provide me feedback and help me with the
process. 1 would also like to thank my family for their patience and support.

Calculus refers to the mathematical study of continuous change. The major branches of calculus are
differential calculus and integral calculus. Differential calculus is concerned with the immediate rate of
change and the slopes of curves. Integral calculus focuses on the accumulation of quantities and the areas
under and between curves. Both branches are connected by the fundamental theorem of calculus. They
utilize the fundamental concepts of convergence of infinite sequences and infinite series to a well-defined
limit. Calculus is used in various branches of physical sciences, computer science, statistics, engineering,
economics, business, actuarial science and demography. It is also used in various other fields where a
problem is capable of being mathematically modeled and where an optimal solution is required. This
textbook outlines the processes and applications of calculus in detail. It presents this complex subject
in the most comprehensible and easy to understand language. The book will serve as a reference to a
broad spectrum of readers.

A brief overview of the book contents is provided below:
Chapter - Calculus: An Introduction

The branch of mathematics which deals with the study of continuous change is known as calculus.
It is broadly divided into two branches, differential calculus and integral calculus. Some of its key
components are functions, their limits and their continuity. This is an introductory chapter which will
introduce briefly all these significant aspects of calculus.

Chapter - Differential and Integral Calculus

Differential calculus is the branch of calculus which deals with the rate of change in quantities while
integral calculus focuses on the accumulation of quantities and the areas under and between curves.
Some of the types of integrals studied under this discipline are quadratic integrals, Borwein integrals and
Dirichlet integrals. The diverse applications of differential and integral calculus have been thoroughly
discussed in this chapter.

Chapter - Multivariable Calculus

The branch of calculus which deals with the differentiation and integration of functions involving several
variables instead of one is known as multivariable calculus. A definite integral which is a function of
more than one real variable is known as a multiple integral. This chapter discusses in detail these
theories and methodologies related to multivariable calculus.
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Chapter - Vector Calculus

The branch of calculus which deals with differentiation and integration of vector fields is known as vector
calculus. Some of the differential operators studied within vector calculus are gradient, divergence and
curl. All these diverse concepts related to vector calculus have been carefully analyzed in this chapter.

Chapter - Fundamental Theorems of Calculus

Some of the basic theorems in calculus are mean value theorem, Rolle’s Theorem, extreme value theorem,
Taylor’s theorem and divergence theorem. Mean value theorem is used for proving statements regarding
a function on an interval starting from local hypotheses about derivatives at points of the interval. This
chapter has been carefully written to provide an easy understanding of the varied facets of these theories.

Travis Madden



Calculus:

An Introduction

The branch of mathematics which deals with the study of continuous change is known as calculus.
It is broadly divided into two branches, differential calculus and integral calculus. Some of its key
components are functions, their limits and their continuity. This is an introductory chapter which
will introduce briefly all these significant aspects of calculus.

Calculus is a branch of mathematics that involves the study of rates of change. Before calculus
was invented, all math was static: It could only help calculate objects that were perfectly still. But
the universe is constantly moving and changing. No objects—from the stars in space to subatomic
particles or cells in the body—are always at rest. Indeed, just about everything in the universe is
constantly moving. Calculus helped to determine how particles, stars, and matter actually move
and change in real time.

Calculus is used in a multitude of fields that you wouldn’t ordinarily think would make use of its
concepts. Among them are physics, engineering, economics, statistics, and medicine. Calculus is also
used in such disparate areas as space travel, as well as determining how medications interact with
the body, and even how to build safer structures. You’'ll understand why calculus is useful in so many
areas if you know a bit about its history as well as what it is designed to do and measure.

Calculus was developed in the latter half of the 17th century by two mathematicians, Gottfried
Leibniz and Isaac Newton. Newton first developed calculus and applied it directly to the under-
standing of physical systems. Independently, Leibniz developed the notations used in calculus. Put
simply, while basic math uses operations such as plus, minus, times, and division (+, -, x, and +),
calculus uses operations that employ functions and integrals to calculate rates of change.

Those tools allowed Newton, Leibniz, and other mathematicians who followed to calculate things
like the exact slope of a curve at any point. The Story of Mathematics explains the importance of
Newton’s fundamental theorem of the calculus.

Unlike the static geometry of the Greeks, calculus allowed mathematicians and engineers to make
sense of the motion and dynamic change in the changing world around us, such as the orbits of
planets, the motion of fluids, etc.” Using calculus, scientists, astronomers, physicists, mathemati-
cians, and chemists could now chart the orbit of the planets and stars, as well as the path of elec-
trons and protons at the atomic level.

Branches of Calculus

There are two branches of calculus: differential and integral calculus. “Differential calculus studies
the derivative and integral calculus studies the integral,” the Massachusetts Institute of Technology.
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But there is more to it than that. Differential calculus determines the rate of change of a quantity.
It examines the rates of change of slopes and curves.

This branch is concerned with the study of the rate of change of functions with respect to their
variables, especially through the use of derivatives and differentials. The derivative is the slope of
a line on a graph. You find the slope of a line by calculating the rise over the run.

Integral calculus, by contrast, seeks to find the quantity where the rate of change is known. This
branch focuses on such concepts as slopes of tangent lines and velocities. While differential cal-
culus focuses on the curve itself, integral calculus concerns itself with the space or area under the
curve. Integral calculus is used to figure the total size or value, such as lengths, areas, and volumes.

Calculus played an integral role in the development of navigation in the 17th and 18th centuries
because it allowed sailors to use the position of the moon to accurately determine the local time.
To chart their position at sea, navigators needed to be able to measure both time and angles with
accuracy. Before the development of calculus, ship navigators and captains could do neither.

Calculus — both derivative and integral — helped to improve the understanding of this important
concept in terms of the curve of the Earth, the distance ships had to travel around a curve to get
to a specific location, and even the alignment of the Earth, seas, and ships in relation to the stars.

Practical Applications

Calculus has many practical applications in real life. Some of the concepts that use calculus
include motion, electricity, heat, light, harmonics, acoustics, and astronomy. Calculus is used
in geography, computer vision (such as for autonomous driving of cars), photography, artifi-
cial intelligence, robotics, video games, and even movies. Calculus is also used to calculate the
rates of radioactive decay in chemistry, and even to predict birth and death rates, as well as in
the study of gravity and planetary motion, fluid flow, ship design, geometric curves, and bridge
engineering.

In physics, for example, calculus is used to help define, explain, and calculate motion, electricity,
heat, light, harmonics, acoustics, astronomy, and dynamics. Einstein’s theory of relativity relies
on calculus, a field of mathematics that also helps economists predict how much profit a company
or industry can make. And in shipbuilding, calculus has been used for many years to determine
both the curve of the hull of the ship (using differential calculus), as well as the area under the hull
(using integral calculus), and even in the general design of ships.

In addition, calculus is used to check answers for different mathematical disciplines such as statis-
tics, analytical geometry, and algebra.

Calculus in Economics

Economists use calculus to predict supply, demand, and maximum potential profits. Supply and
demand are, after all, essentially charted on a curve—and an ever-changing curve at that.

Economists use calculus to determine the price elasticity of demand. They refer to the ever-chang-
ing supply-and-demand curve as “elastic,” and the actions of the curve as “elasticity.” To calculate
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an exact measure of elasticity at a particular point on a supply or demand curve, you need to think
about infinitesimally small changes in price and, as a result, incorporate mathematical derivatives
into your elasticity formulas. Calculus allows you to determine specific points on that ever-chang-
ing supply-and-demand curve.

FUNCTION

A function from a set 4 toaset B is arule that associates, to each element of A4, a unique element
of B.

Functions are typically denoted by lower-case or upper-case single letters, though some functions
have special notations. To say that a function f isfrom A to B, wewrite f : 4 > B is a function.

For an element a of the domain 4, the unique element of B associated with « is denoted as f(a).
The act of going from a to f(a) is termed applying the function. The element a is termed an input
to the function and the corresponding element f(a) is termed the output or image of the function
corresponding to that input.

A and B may be equal or distinct.
Some key terminology:
+ The domain of a function f: 4 — B istheset 4.

o This term is not used in most basic treatments of the calculus of one variable: The co-do-
main of a function f:A4— B istheset B.

+ Therange of a function f: 4 — B is the subset of B given as {f(a) |lae A} ,1.e., the set of
elements of B that arise as outputs of the function.

Functions of one Variable

In the context of functions of one variable, the term function is used for a function whose domain
is a subset of R and whose co-domain is R, i.e., for a real-valued function with a real variable as
input. In other words, the term function is used for a function if both the domain and the range
are subsets of R .

Key Features
Equal Inputs give Equal Outputs

A key feature of functions is that, for a given function, the input to the function completely de-
termines the output, i.e., if the same input is fed into the same function at different times, the
output will be the same each time. This feature can be captured by the phrase equal inputs give
equal outputs. When people ask whether a function is well defined, what they usually mean
is whether it is a function at all, in the sense of whether it has the key feature of equal inputs
give equal outputs.
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Here are some examples:

Example of a purported Purported Does it satisfy the equal inputs give equal outputs So, is it really
function domain property? a function?
f(d) is defined as the Yes, because any two circles with the same diameter are

Positive reals | congruent and hence have the same area. In fact, we can | Yes

f a circle with di-
avea oF o e Wi @l also obtain an explicit formula: f(d):=zd’ /4

ameter d

f(x) is defined as the - Yes, because any two squares with the same perimeter
Positive reals | are congruent and hence have the same area. In fact, we | Yes

area of a square with pe-
4 P can also obtain an explicit formula: f(x):=x* /16

rimeter x

f(x) is defined as the No, because different rectangles with the same perim-
Positive reals | eter can have different shapes and consequently have | No

area of a rectangle with :
different areas

perimeter x

Domain and Restriction of Domain

The study of a function depends crucially on the domain on which the function is being studied. If
a function of one variable is defined solely by means of an expression or procedure, the domain of
the function is taken to be the largest possible subset of the reals on which that expression or pro-
cedure makes sense and gives a valid answer. However, we can also consider functions restricted
to domains that are strictly smaller than the maximum possible domain on which the expression
being used for the function makes sense. The behavior of the function, as well as answers to ques-
tions like whether it is increasing or decreasing and what its extreme values are, depends on what
domain we are considering the function on.

Here are some examples: Consider the function f defined as follows: f(d)is defined as the area
of a circle with diameter d . Ignoring the boundary case of point circles and line circles, the only
possible inputs for this function are positive reals, so f is a function from the positive reals to the
positive reals given by the expression f(d):=zd” / 4. However, if we look only at the expression for
£, then that expression makes sense for all real numbers, including zero and negative real numbers
as well as positive real numbers. Call the latter function g, i.e., g(d):=zd’ /4 for all d € R. Then,
f is the restriction of g to the subdomain (0, «) . Note that:

. gisnot an increasing function, but the restriction / is an increasing function.
« gisnot a one-one function, but the restriction / is a one-one function.

« g attains its absolute minimum value, but the restriction ./ does not.

Description of Functions

A description of a function should be a clear and actionable way of describing (i) what the domain
is, and (ii) how to compute the output of the function from any given input in the domain. There
are three main kinds of descriptions:

» Algebraic (expression-based or formula-based, or procedural).

e Numerical (in the form of a table of inputs and outputs).
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« Graphical (in the form of the graph of the function).

Algebraic, Expression-based or Procedural Descriptions

This is a description of the function that uses a formula or expression based on known functions
and known techniques for pointwise combination, composition, taking the inverse function, and
using piecewise definitions. The known techniques are the tools used to build complicated func-
tions from the existing simpler ones.

An algebraic description is typically written in the form:
X > expression in x

The way this is interpreted is that, to evaluate the function at any actual input, we replace all oc-
currences of x on the right side with that input and compute.

Alternatively, if the function is denoted by the letter g, we can also write, in place of the above:
g(x) = expression in x

Dummy Variable: The letter x used above is a dummy variable (or a local variable). In other
words, replacing x on both the left side and in the right side expression by a single other letter
gives an identical function definition. Also, if the letter x is already in use, then some other letter
should be used for the function description.

In some cases, the algebraic description may be too complicated to write in a single straight line
expression. In this case, we may express it in terms of a procedure or algorithm.

Here are some examples:

Function Algebraic description of function Comments
identity function X=X
square function X x?

We are using a composite of two functions:

ine- functi in’ ; . .
sine-squared function X smex the square function and the sine function.

Failed to parse (syntax error): x \mapsto \left\ | we use a piecewise definition of function.
absolute value function | Ibrace x, & x \ge 0 \\ -x, & x < 0 \\\end{array}\ | Specifically, this function is a piecewise
right. linear function.

LIMIT OF A FUNCTION

The limit of a function at a point @ in its domain (if it exists) is the value that the function ap-
proaches as its argument approaches a. The concept of a limit is the fundamental concept of
calculus and analysis. It is used to define the derivative and the definite integral, and it can also be
used to analyze the local behavior of functions near points of interest.
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Informally, a function is said to have a limit L at a if it is possible to make the function arbitrarily
close to L by choosing values closer and closer to a. Note that the actual value at «a is irrelevant
to the value of the limit.

The notation is as follows:

lim f (x) =L,

xX—a
which is read as “the limit of f(x) as xx approaches aais L.”

A

The limit of f(x) at x, is the y-coordinate of the red point, not f(x,).
Formal Definition of a Function Limit
The limit of f(x) as xx approaches x, is L, i.e

lim f (x)=L

X=Xy

if, for every € > 0, there exists 6 >0 such that, for all x,
O<|x—x0|<5 :|f(x)—L| <E€.
In practice, this definition is only used in relatively unusual situations. For many applications, it is

easier to use the definition to prove some basic properties of limits and to use those properties to
answer straightforward questions involving limits.

Properties of Limits

The most important properties of limits are the algebraic properties, which say essentially that
limits respect algebraic operations.

Theorem

Suppose that lim f (x) =M and lim g(x) = N.
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Then lim (f(x)+g(x))=M + N
lim (f(x) - g(x))=M = N
lim (/(x) g(x)) =M N

lim{f(x)j M i N 20
x—a g(x) N

lim f(x)" = M* (if M,k >0)

These can all be proved via application of the epsilon-delta definition. Note that the results are only
true if the limits of the individual functions exist: if lim f(x) and lim g(x) do not exist, the limit of

their sum (or difference, product, or quotient) might nevertheless exist.

Coupled with the basic limits lim__, , ¢ = ¢, where ccis a constant, and lim,_, , x = a, the proper-
ties can be used to deduce limits involving rational functions:

Let f(x) and g(x) be polynomials, and suppose g(a) # 0. Then

lim £ _ f(@
—ag(x)  gla)

This is an example of continuity, or what is sometimes called limits by substitution.
g(a) =0is a more difficult case;
Example:

Let m and n be positive integers. Find

S |
lim
x—1 x” — 1

Immediately substituting x=1 does not work, since the denominator evaluates to 0.0. First, divide
top and bottom by x-1 to get

B I

SRR

x"=1+x""
Plugging in x=1 to the denominator does not give 0,0, so the limit is this fraction evaluated at x=1,
which is

m 2

x™ X
2

+o4+1 m

n

XX 4+l n

It is important to notice that the manipulations in the above example are justified by the fact that
lim f(x) is independent of the value of f(x)at x =a, or whether that value exists. This justifies
xX—a
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x" =1
x" =1

for instance, dividing the top and bottom of the fraction
x#1.

by, x—1, since this is nonzero for

One-sided Limits

A one-sided limit only considers values of a function that approaches a value from either above or
below.

The right-side limit of a function f as it approaches a is the limit:
lim f(x)=L

The left-side limit of a function fis:
lim f(x)=L

The notation” x — a™" indicates that we only consider values of x that are less than aa when eval-
uating the limit. Likewise, for “x — a* "we consider only values greater than a. One-sided limits
are important when evaluating limits containing absolute values |x| sign (x), floor functions |x|

and other piecewise functions.
Example:

Find the left- and right-side limits of the signum function (x) as x — 0:

M x=0
sgn(x) =14 x
0 x=0.

Consider the following graph:

From this we see lim sgn (x)=—1.
x—0"

Example:

Determine the limit lim —W
x—1" X —

\/Z(x—l)__\/g

X — 1| can be written as —(x —1) Hence, the limit is lim =

For x <1,
x>l —(_x — l)

Two-sided Limits
By definition, a two-sided limit

lim f(x)=L

exists if the one-sided limits lim f(x) and lim f(x) are the same.
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Example:
Compute the limit,

-1

x—1 x_l'

Since the absolute value function f (x) = |x| is defined in a piecewise manner, we have to consider

T | | x—1]
two limits: lim —— and lim——.
=1 x—1 Wt x—1

x—1
Start with the limit lim | | . For x>1,

x—1|:x—1.So

- x —
) |x - 1| .ox—1
lim = lim =1
-t x—=1 " x-—

. x—1 .
So the two-sided limit lim | | does not exist.

x—1 X — 1
Example:

A graph of a function f(x). As shown, it is continuous for all points except x=-1 and x=2 which are
its asymptotes. Find all the integer points — 4 < I <4, where the two-sided limit lim _,, f(x) exists.

Since the graph is continuous at all points except x=—1 and x=2, the two-sided limit exists at
x=-3,x=-2,x=0,x=1,and x =3. At x =2, there is no finite value for either of the two-sided
limits, since the function increases without bound as the xx-coordinate approaches. The situation
is similar for x=—1. So the points x =-3, x=-2, x =0,x =1, and x =3 are all the integers on which
two-sided limits are defined.

Infinite Limits

One way for a limit not to exist is for the one-sided limits to disagree. Another common way for
a limit to not exist at a point aa is for the function to “blow up” near a, i.e. the function increases
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without bound. This happens in the above example at, x=2, where there is a vertical asymptote.
This common situation gives rise to the following notation.

Given a function f{x) and a real number a, a, we say
f(x)=o0
If the function can be made arbitrarily large by moving x sufficiently close to a,
for all N >0, there exists ¢ > 0 such that 0 < |x—a| <o= f(x)>N.
There are similar definitions for one-sided limits, as well as limits “approaching —.”

Warning: If lim f(x)=oo, it is tempting to say that the limit at a exists and equals oo. This is
incorrect. If lim f(x) = oo, the limit does not exist; the notation merely gives information about
X—>a

the way in which the limit fails to exist, i.e. the value of the function “approaches «” or increases
without bound as x — a.

Example:

What can we say about lirr(} l ?
X—>
X

Separating the limit into llmi and hmi we obtain lim —=o0
x—0" x—0" x>0 x

and
1

lim—=-o
x—>0" x

. . 1
To prove the first statement, for any N >0 in the formal definition, we can take 6=—, and the
proof of the second statement is similar. N

So the function increases without bound on the right side and decreases without bound on the left

. . . TR |
side. We cannot say anything else about the two-sided limit lim— # o or.
xX—a x

Example:

.1
What can we say about lim —-?
x=0 x

. o .1 .1 )
Separating the limit into lim — and lim —, we obtain
0" x x=>0" x

1

x—=0" x
and
o1
lim — =®
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Since these limits are the same, we have lim _,j — = co. Again, this limit does not, strictly speaking,
X

exist, but the statement is meaningful nevertheless, as it gives information about the behavior of

. 1
the function — near O.
X

Limits at Infinity

Another extension of the limit concept comes from considering the function’s behavior as xx “ap-
proaches oo0,” that is, as xx increases without bound.

The equation lim f(x) =L means that the values of f can be made arbitrarily close to L by taking

x sufficiently large. That is,

for all € >0, there is N > 0 such that x> N = |f(x)-L|<e.

There are similar definitions for lim f(x)=L,aswellas lim f(x)=o and so on.

Graphically, lim f(x)=o corresponds to a vertical asymptote at a, w},lile lim f(x)=L corre-

sponds to a horizontal asymptote at L.

Limits by Factoring

Limits by factoring refers to a technique for evaluating limits that requires finding and eliminating
common factors.

Limits by Substitution

Evaluating limits by substitution refers to the idea that under certain circumstances (namely if
the function we are examining is continuous), we can evaluate the limit by simply evaluating the
function at the point we are interested in.

L’Hopital’s Rule
L’Hépital’s rule is an approach to evaluating limits of certain quotients by means of derivatives.

Specifically, under certain circumstances, it allows us to replace lim /) with lim & which
is frequently easier to evaluate. g g

CONTINUITY OF A FUNCTION

The property of continuity is exhibited by various aspects of nature. The water flow in the rivers
is continuous. The flow of time in human life is continuous i.e. you are getting older continuously.
And so on. Similarly, in mathematics, we have the notion of the continuity of a function.
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What it simply means is that a function is said to be continuous if you can sketch its curve on a
graph without lifting your pen even once. It is a very straightforward and close to accurate defini-
tion actually. But for the sake of higher mathematics, we must define it in a more precise way.

A function f(x) is said to be continuous at a point x = a, in its domain if the following three condi-
tions are satisfied:

1. f(a) exists (i.e. the value of f(a) is finite).
2. Lim__f(x) exists (i.e. the right-hand limit = left-hand limit, and both are finite).
3. Lim__{(x) = f(a).

The function f(x) is said to be continuous in the interval / =[x,,x,] if the three conditions men-
tioned above are satisfied for every point in the interval I.

However, note that at the end-points of the interval I, we need not consider both the right-hand
and the left-hand limits for the calculation of Lim,_,, f(x).For a = x, , only the right-hand limit
need be considered, and for a = x,, only the left-hand limit needs to be considered.

Some Typical Continuous Functions
« Trigonometric Functions in certain periodic intervals (sin x, cos x, tan x etc.)
« Polynomial Functions (x* +x +1, x*+ 2....etc.)
« Exponential Functions (e, 5e¢* etc.)

+ Logarithmic Functions in their domain (log,, x, In x? etc.)

Discontinuity

If any one of the three conditions for a function to be continuous fails; then the function is said to
be discontinuous at that point. On the basis of the failure of which specific condition leads to dis-
continuity, we can define different types of discontinuities.

In this type of discontinuity, the right-hand limit and the left-hand limit for the function at x = a
exists; but the two are not equal to each other. It can be shown as:

Limx%a + f(x) * Limx%a— f(x)

I
i
1

Jump
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Infinite Discontinuity

The function diverges at x = a to give it a discontinuous nature here. That is to say, f(a) is not de-
fined. Since the value of the function at x = a tends to infinity or doesn’t approach a particular finite
value, the limits of the function as x — a are also not defined.

Infinite

Point Discontinuity

This is a category of discontinuity in which the function has a well defined two-sided limit at x =
a, but either f(a) is not defined or f(a) is not equal to its limit. The discrepancy can be shown as:

Lim,,, f(x)# f(a)

This type of discontinuity is also known as a Removable Discontinuity since it can be easily elimi-
nated by redefining the function in such a way that,

fla)=Lim,_,, f(x)

Removable

Example: Let a function be defined as
f(x) = 5—2xfor x<1
3 for x=1

x+2 for x>1
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Is this function continuous for all x?

Solution: Since for x < 1 and x > 1, the function f(x) is defined by straight lines (that can be drawn
continuously on a graph), the function will be continuous for all x= 1. Now for x = 1, let us check
all the three conditions:

—>f(1)=3 (given)

—> Left- Hand Limit
=Lim__f(x)
=Lim_ (5-2x)
=5-2x1

=3

—> Right- Hand Limit
=Lim__. f(x)
=Lim_,(x+2)

=1+2

=3

> Lim__f(x)=Lim_,+ f(x)=3= f()

Thus all the three conditions are satisfied and the function f(x) is found out to be continuous at x =
1. Therefore, f(x) is continuous for all x.



Differential and

Integral Calculus

Differential calculus is the branch of calculus which deals with the rate of change in quantities
while integral calculus focuses on the accumulation of quantities and the areas under and between
curves. Some of the types of integrals studied under this discipline are quadratic integrals, Bor-
wein integrals and Dirichlet integrals. The diverse applications of differential and integral calculus
have been thoroughly discussed in this chapter.

DIFFERENTIAL CALCULUS

Differential calculus is a branch of mathematics dealing with the concepts of derivative and
differential and the manner of using them in the study of functions. The development of
differential calculus is closely connected with that of integral calculus. Indissoluble is also
their content. Together they form the base of mathematical analysis, which is extremely im-
portant in the natural sciences and in technology. The introduction of variable magnitudes
into mathematics by R. Descartes was the principal factor in the creation of differential calcu-
lus. Differential and integral calculus were created, in general terms, by I. Newton and G. Leib-
niz towards the end of the 17th century, but their justification by the concept of limit was only
developed in the work of A.L. Cauchy in the early 19th century. The creation of differential
and integral calculus initiated a period of rapid development in mathematics and in related
applied disciplines. Differential calculus is usually understood to mean classical differential
calculus, which deals with real-valued functions of one or more real variables, but its modern
definition may also include differential calculus in abstract spaces. Differential calculus is
based on the concepts of real number; function; limit and continuity — highly important
mathematical concepts, which were formulated and assigned their modern content during
the development of mathematical analysis and during studies of its foundations. The central
concepts of differential calculus — the derivative and the differential — and the apparatus
developed in this connection furnish tools for the study of functions which locally look like
linear functions or polynomials, and it is in fact such functions which are of interest, more
than other functions, in applications.

Let a function y = f(x) be defined in some neighbourhood of a point x,. Let Ax # 0 denote the
increment of the argument and let Ay = f(x, + Ax) — f(x,) denote the corresponding increment
of the value of the function. If there exists a (finite or infinite) limit:
. A
lim =
A0 Ax
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then this limit is said to be the derivative of the function f at x,;itisdenoted by f'(x,), df (x,)/ dx,
y', y., dy/dx. Thus, by definition,

e AV S+ A - f(x)
1= g = i HE 0

The operation of calculating the derivative is called differentiation. If f'(x,) is finite, the function
f is called differentiable at the point x,. A function which is differentiable at each point of some
interval is called differentiable in the interval.

Geometric Interpretation of the Derivative

Let C be the plane curve defined in an orthogonal coordinate system by the equation y = f(x)
where f is defined and is continuous in some interval J; let M (x,, y,) be a fixed point on C,
let P(x,y) (xe€J) be an arbitrary point of the curve C and let MP be the secant. An oriented
straight line MT (T a variable point with abscissa x, + Ax) is called the tangent to the curve C
at the point M if the angle ¢ between the secant MP and the oriented straight line tends to zero
as x — x, (in other words, as the point P € C arbitrarily tends to the point M). If such a tan-
gent exists, it is unique. Putting x =x, + Ax, Ay = f(x, + Ax) — f(x,), one obtains the equation
tan = Ay / x for the angle /8 between MP and the positive direction of the x -axis.

A

a

yﬁf (x) L
a \B

The curve C has a tangent at the point M if and onlyif lim,_,, Ay/Ax exists,i.e.if f'(x,) exists.
The equation tan & = f'(x,) is valid for the angle @ between the tangent and the positive direc-
tion of the x -axis. If f"'(x,) is finite, the tangent forms an acute angle with the positive x -axis, i.e.
—-nm/2<a<n/2;if f'(x,)=o,the tangent forms a right angle with that axis.

V7S pk »a r Pk
LaNiE

L
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Thus, the derivative of a continuous function f* ata point x, is identical to the slope tan & of the
tangent to the curve defined by the equation y = f(x) at its point with abscissa x,.

Mechanical Interpretation of the Derivative

Let a point M move in a straight line in accordance with the law s = f(¢). During time Ar the
point M becomes displaced by As = f(¢ + At) — f(¢). The ratio As/At represents the average
velocity v, during the time A¢. If the motion is non-uniform, v,, is not constant. The instanta-
neous velocity at the moment ¢ is the limit of the average velocity as At — 0,i.e. v= f"(¢) (on the
assumption that this derivative in fact exists).

Thus, the concept of derivative constitutes the general solution of the problem of constructing tan-
gents to plane curves, and of the problem of calculating the velocity of a rectilinear motion. These
two problems served as the main motivation for formulating the concept of derivative.

A function which has a finite derivative at a point x, is continuous at this point. A continuous
function need not have a finite nor an infinite derivative. There exist continuous functions having
no derivative at any point of their domain of definition.

The formulas given below are valid for the derivatives of the fundamental elementary functions at
any point of their domain of definition (exceptions are stated):

if f(x)=C =const, then f'(x)=C"'=0;
.iAf f(x)=x, then f'(x)=1;

=

N

. (x*)'=ax”", a =const (x % 0,if a <1);

3

4. (@")'=a"Ina,a=const >0, a#1;in particular, (¢*)'=e";

5. (log, x)'=(log,e)/x=1/(xIna),a=const >0,a#1, (Inx)'=1/x;
6

. (sinx)'=cosx;

7. (cosx)'=—sinx;
8. (tanx)'=1/cos’ x;
9. (cotan x)'=—1/sin’ x;

10. (arcsin x)'=1/1 - x*, x= + |;
11. (arccos x)'=—1/ﬁ, x#x1;
12. (arctan x)'=1/(1+ x°);

13. (arccotan x)'=—-1/(1+ x%);

14. (sinh x)'= cosh x;

15. (cosh x)'=sinh x;
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16. (tanh x)'=1/cosh’ x;
17. (cotanh x)'=—1/sinh” x.
The following laws of differentiation are valid:

If two functions u and v are differentiable at a point x,, then the functions

u
cu (wherec=const), uzxv, wuv, —(v=0)
v

are also differentiable at that point, and

(cu)'=cu',
utv)'=u'tv,

(wv)'=u'v+uv'

u) u'v—uy'
B R T
% \

Theorem on the derivative of a composite function: If the function y = f(u) is differentiable at a
point u,, while the function ¢(x) is differentiable at a point x,, and if u, = ¢(x,), then the com-
posite function y = f (¢(x)) is differentiable at x,, and y. = f'(u,) ¢'(x,) or, using another no-
tation, dy/dx = (dy/ du)(du / dx).

Theorem on the derivative of the inverse function: If y= f(x) and x = g(y) are two mutually
inverse increasing (or decreasing) functions, defined on certain intervals, and if f'(x,)# 0 exists
(i.e. is not infinite), then at the point y, =f(x,) the derivative g'(y,) =1/ f'(x,) exists, or, in a dif-
ferent notation, dx/dy =1/(dy/ dx). This theorem may be extended: If the other conditions hold
and if also f'(x,)=0 or f'(x,)= oo, then, respectively, g'(y,) = or g'(y,)=0.

One-sided Derivatives

If at a point x, the limit:
Ay

lim —
A0 Ay

exists, it is called the right-hand derivative of the function y = f(x) at x, (in such a case the func-
tion need not be defined everywhere in a certain neighbourhood of the point x,, ; this requirement
may then be restricted to x > x, ). The left-hand derivative is defined in the same way, as:

Ay

lim —.
axT0 Ay

Afunction f has a derivative at a point x, if and only if equal right-hand and left-hand derivatives
exist at that point. If the function is continuous, the existence of a right-hand (left-hand) derivative
at a point is equivalent to the existence, at the corresponding point of its graph, of a right (left)
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one-sided semi-tangent with slope equal to the value of this one-sided derivative. Points at which
the semi-tangents do not form a straight line are called angular points or cusps.

yu

yo Y=f(x)

0]

Derivatives of Higher Orders

Let a function y = f(x) have a finite derivative y'= f'(x) at all points of some interval; this de-
rivative is also known as the first derivative, or the derivative of the first order, which, being a
function of x, may in its turn have a derivative y"= f"(x), known as the second derivative, or the
derivative of the second order, of the function f, etc. In general, the » -th derivative, or the deriva-
tive of order #, is defined by induction by the equation y<"> =( y<" - l>) ', on the assumption that y<" b

is defined on some interval. The notations employed along with ¥ are £, d" f(x)/dx", and, if
n= 2’ 3’ also yu, f"(X), ym’ fm(X).

The second derivative has a mechanical interpretation: It is the acceleration w=d’s/dt’ = f"(¢)
of a point in rectilinear motion according to the law s = f'(¢).

Differential

Let a function y = f(x) be defined in some neighbourhood of a point x and let there exist a
number A such that the increment Ay may be represented as Ay = AAx + @ with @ /Ax — 0 as
Ax — 0. The term 4 A x in this sum is denoted by the symbol dy or df and is named the differ-
ential of the function f(x) (with respect to the variable x) at x. The differential is the principal
linear part of increment of the function (its geometrical expression is the segment LT in figure,
where MT is the tangent to y = f(x) at the point (x,, y,) under consideration).

The function y = f(x) has a differential at x if and only if it has a finite derivative:
von i Ay
f )= lim =4

At this point, a function for which a differential exists is called differentiable at the point in ques-
tion. Thus, the differentiability of a function implies the existence of both the differential and the
finite derivative, and dy = df (x) =f'(x)Ax. For the independent variable x one puts dx = Ax, and
one may accordingly write dy = f'(x)dx, i.e. the derivative is equal to the ratio of the differentials:

=2
f(X)—dx
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The formulas and the rules for computing derivatives lead to corresponding formulas and rules for
calculating differentials. In particular, the theorem on the differential of a composite function is
valid: If a function y = f(u) is differentiable at a point u,, while a function ¢(x) is differentiable
atapoint x, and u, = ¢ (x,), then the composite function y = f(¢(x)) is differentiable at the point
x, and dy = f'(u,) du, where du = ¢'(x,) dx. The differential of a composite function has exactly
the form it would have if the variable u were an independent variable. This property is known the
invariance of the form of the differential. However, if u is an independent variable, du = Au is an
arbitrary increment, but if « is a function, du is the differential of this function which, in general,
is not identical with its increment.

Differentials of Higher Orders

The differential dy is also known as the first differential, or differential of the first order. Let y = f(x)
have a differential dy = f'(x)dx at each point of some interval. Here dx = Ax is some number in-
dependent of x and one may say, therefore, that dx = const . The differential dy is a function of x
alone, and may in turn have a differential, known as the second differential, or the differential of the
second order, of f, etc. In general, the n-th differential, or the differential of order n, is defined
by induction by the equality d"y =d(d""'y), on the assumption that the differential 4"y is de-
fined on some interval and that the value of dx is identical at all steps. The invariance condition for
d’y,d’y,..., is generally not satisfied (with the exception y = f (&) where u is a linear function).

The repeated differential of dy has the form,
o(dy) = f"(x)dxox

and the value of 6(dy) for dx=0x is the second differential.

Principal Theorems and Applications of Differential Calculus

The fundamental theorems of differential calculus for functions of a single variable are usually
considered to include the Rolle theorem, the Legendre theorem (on finite variation), the Cauchy
theorem, and the Taylor formula. These theorems underlie the most important applications of dif-
ferential calculus to the study of properties of functions — such as increasing and decreasing func-
tions, convex and concave graphs, finding the extrema, points of inflection, and the asymptotes of
a graph. Differential calculus makes it possible to compute the limits of a function in many cases
when this is not feasible by the simplest limit theorems. Differential calculus is extensively applied
in many fields of mathematics, in particular in geometry.

Differential Calculus of Functions in Several Variables

Let a function z= f(x, y) be given in a certain neighbourhood of a point (x,, y,) and let the
value y =y, be fixed. f(x, y,) will then be a function of x alone. If it has a derivative with re-
spect to x at x,, this derivative is called the partial derivative of f with respectto x at (x,, y,)
; itis denoted by £.(x,, ¥,), Of (xX,, ¥,)/ 0x, Of / Ox, z, 0z/&x, or f.(x,,,)- Thus, by definition,

' e Az S (g +Ax, y) = (x5 o)
fx(xooyo)—l}gt Ar —gg}) A
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where A _z= f(x, + Ax, y,) — f(x,, y,) is the partial increment of the function with respect to x
(in the general case, 0z / Ox must not be regarded as a fraction; 0/ 0x is the symbol of an operation).

The partial derivative with respect to y is defined in a similar manner:

AyZ - lim f(xo > Yo +Ay) _f(xoa yo)
Ay Ay—0 Ay

f (X5 Yo) = hm

where A z is the partial increment of the function with respect to A z. Other notations include
of (x,, v,)/ &y, Of 10y, z, ,» 0z/0y,and f (x,,,) . Partial derivatives are calculated according to
therules of differentiation of functions of a smgle variable (in computing z, one assumes y = const
while if zy is calculated, one assumes x = const ).

The partial differentials of z= f(x, y) at (x,, y,) are, respectively,
dxz=f];(x0,y0)dx; dyzzf;(x()’yo)dyﬁ

where, as in the case of a single variable, dx = Ax, dy = Ay denote the increments of the indepen-
dent variables.

The first partial derivatives 0z / ox = f.(x,y) and 0z/dy = fy (x, y), or the partial derivatives of the
first order, are functions of x and y, and may in their turn have partial derivatives with respect to
x and y . These are named, with respect to the function z = f(x, y), the partial derivatives of the
second order, or second partial derivatives. It is assumed that

o(2).0 ) o
ax\ox) ox*’ oylex) owdy
o(a) o o(e e
ax\dy) ovox’ dy\ox) oy’
The following notations are also used instead of 6%z / 8°x:

o’ f(x,y) O°f
% I w2

o) [206 1), fu(xy);

and instead of 0°z/dxdy:
O f(xy) Of :
z ) ’ B X x’ s X x’ >
w ooy ooy Sfo (50),  f,(x,p)

One can introduce in the same manner partial derivatives of the third and higher orders, together
with the respective notations: 0"z / Ox" means that the function zis to be differentiated » times with
respect to x; 0"z /0x”0y? where n = p + g means that the function z is differentiated p times with
respect to x and g times with respect to y. The partial derivatives of second and higher orders ob-
tained by differentiation with respect to different variables are known as mixed partial derivatives.
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To each partial derivative corresponds some partial differential, obtained by its multiplication by
the differentials of the independent variables taken to the powers equal to the number of differen-
tiations with respect to the respective variable. In this way one obtains the #-th partial differen-
tials, or the partial differentials of order »:

o'z dx", o'z dx” dy*.

ox" ox”oy?

The following important theorem on derivatives is valid: If, in a certain neighbourhood of a point
(%> ¥,), a function z = f(x, y) has mixed partial derivatives f (x,y) and f (x,»), and if these
derivatives are continuous at the point (x,, ,), then they coincide at this point.

A function z = f(x,y) is called differentiable at a point (x,,y,) with respect to both variables x
and y if it is defined in some neighbourhood of this point, and if its total increment

Az = f(x, + Ax, yo + Ay) = f(X,5 V)

may be represented in the form

Az = AAx + BAy + o,

where 4 and B are certain numbers and @/ p —> 0 for p=./(Ax)* + (Ay)> = 0 (provided that
the point (x, + Ax, y, + Ay) lies in this neighbourhood). In this context, the expression

dz=df (x,,y,)=AAx + B Ay

is called the total differential (of the first order) of 1 at (x,, y,); this is the principal linear part of
increment. A function which is differentiable at a point is continuous at that point (the converse
proposition is not always true). Moreover, differentiability entails the existence of finite partial
derivatives:

Goor) = lim 224, £y v) = lim 222
S, 39) = lim === 4, 1, (%o, 3) = limy N F

Thus, for a function which is differentiable at (x,, y,),
dz=df(x,, ¥o) = [o(Xo ¥o) Ax + f, (X, ¥0)AY,
or

dz=df(x,,y,) = f);(xoa V) dx + f:v'(x09 Yo)dy,

if, as in the case of a single variable, one puts, for the independent variables, dx = Ax, dy = Ay.

The existence of finite partial derivatives does not, in the general case, entail differentiability
(unlike in the case of functions in a single variable). The following is a sufficient criterion of
the differentiability of a function in two variables: If, in a certain neighbourhood of a point
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(%> ¥), a function f has finite partial derivatives f. and f, y which are continuous at (Xy, ¥,),
then f is differentiable at this point. Geometrically, the total differential df(x,, y,) is the in-
crement of the applicate of the tangent plane to the surface z= f(x,y) at the point (x,, y,,z,),

where z, = f(x,, ,)-

@ oz=f(x+y)
Yo Yo=dt(x9,y9)
0 > y
/ (xoyyo)w
X (Xog+ AX5Y5+AY)

Total differentials of higher orders are, as in the case of functions of one variable, introduced by
induction, by the equation

d"z=d(d""'z),

on the assumption that the differential "'z is defined in some neighbourhood of the point under
consideration, and that equal increments of the arguments dx, dy are taken at all steps. Repeated
differentials are defined in a similar manner.

Derivatives and Differentials of Composite Functions

Let w=f(4,,...,u,) be a function in m variables which is differentiable at each point
of an open domain D of the m -dimensional Euclidean space R™, and let m functions
u,=¢(x, ,....x,),....,u, =@, (x,,...,x,) in n variables be defined in an open domain G of the
n-dimensional Euclidean space R". Finally, let the point (u, ,...,u,), corresponding to a point
(x,,...,x,) € G, be contained in D. The following theorems then hold:

A) If the functions ¢, ,..., ¢, havefinite partial derivatives with respectto x, ,..., x,, the composite
function w= f(u, ,...,u, ) in x, ,..., x, also has finite partial derivatives with respect to x, ,..., x,
,and

ow_of o, L o,
ox, Ou, Ox,  Ou, ox
ow_o o O ou
ox, Ou, Ox, Ou, Ox
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B)Ifthefunctions ¢, ,..., ¢, aredifferentiablewithrespecttoallvariablesatapoint (x,,...,x,)€G,
then the composite function w= f(u, ,...,u, ) is also differentiable at that point, and

a’w:idu1 +...+idun,

u, ou,
where du, ,...,du, are the differentials of the functions u, ,...,u,. Thus, the property of invari-
ance of the first differential also applies to functions in several variables. It does not usually apply
to differentials of the second or higher orders.

Differential calculus is also employed in the study of the properties of functions in several vari-
ables: finding extrema, the study of functions defined by one or more implicit equations, the theory
of surfaces, etc. One of the principal tools for such purposes is the Taylor formula.

The concepts of derivative and differential and their simplest properties, connected with arithmeti-
cal operations over functions and superposition of functions, including the property of invariance
of the first differential, are extended, practically unchanged, to complex-valued functions in one
or more variables, to real-valued and complex-valued vector functions in one or several real vari-
ables, and to complex-valued functions and vector functions in one or several complex variables.
In functional analysis the ideas of the derivative and the differential are extended to functions of
the points in an abstract space.

Derivative Test

In calculus, a derivative test uses the derivatives of a function to locate the critical points of a func-
tion and determine whether each point is a local maximum, a local minimum, or a saddle point.
Derivative tests can also give information about the concavity of a function.

The usefulness of derivatives to find extrema is proved mathematically by Fermat’s theorem of
stationary points.

First Derivative Test

The first derivative test examines a function’s monotonic properties (where the function is increas-
ing or decreasing) focusing on a particular point in its domain. If the function “switches” from
increasing to decreasing at the point, then the function will achieve a highest value at that point.
Similarly, if the function “switches” from decreasing to increasing at the point, then it will achieve
a least value at that point. If the function fails to “switch”, and remains increasing or remains de-
creasing, then no highest or least value is achieved.

One can examine a function’s monotonicity without calculus. However, calculus is usually help-
ful because there are sufficient conditions that guarantee the monotonicity properties above, and
these conditions apply to the vast majority of functions one would encounter.

Precise Statement of Monotonicity Properties

Stated precisely, suppose fis a continuous real-valued function of a real variable, defined on some
interval containing the point x.
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» Ifthere exists a positive number >0 such that fis weakly increasing on (x — r, x) and weak-
ly decreasing on (x, x + r), then f has a local maximum at x. This statement also works the
other way around, if x is a local maximum point, then fis weakly increasing on (x - r, x) and
weakly decreasing on (x, x + r).

« Ifthere exists a positive number r>0 such that fis strictly increasing on (x — r, x) and strict-
ly increasing on (x, x + r), then f'is strictly increasing on (x — r, x + r) and does not have a
local maximum or minimum at x.

This statement is a direct consequence of how local extrema are defined. That is, if x_ is a local
maximum point then there exists r>o0 such that f (x) < f(x,) for xin (x - r, x + r) which means f
has to increase from x - r to x and has to decrease from x to x + r because fis continuous.

Note that in the first two cases, fis not required to be strictly increasing or strictly decreasing to the left
or right of x, while in the last two cases, fis required to be strictly increasing or strictly decreasing. The
reason is that in the definition of local maximum and minimum, the inequality is not required to be
strict: e.g. every value of a constant function is considered both a local maximum and a local minimum.

Precise Statement of First Derivative Test

The first derivative test depends on the “increasing-decreasing test”, which is itself ultimately a
consequence of the mean value theorem. It is a direct consequence of the way the derivative is
defined and its connection to decrease and increase of a function locally.

Suppose f'is a real-valued function of a real variable defined on some interval containing the crit-
ical point a. Further suppose that f is continuous at a and differentiable on some open interval
containing a, except possibly at a itself.

« Ifthere exists a positive number >0 such that for every x in (a — r, a) we have f(x) > 0, and
for every x in (a, a + r) we have f ’(x) <0, then fhas a local maximum at a.

« If there exists a positive number r>o0 such that for every x in (a — , a) U (a, a + r) we have
f’(x) > 0, then fis strictly increasing at a and has neither a local maximum nor a local min-
imum there.

» If none of the above conditions hold, then the test fails. (Such a condition is not vacuous;
there are functions that satisfy none of the first three conditions such as f{x) = x2-sin(1/x).

Again, note that in the first two cases, the inequality is not required to be strict, while in the next
two, strict inequality is required.

Applications

The first derivative test is helpful in solving optimization problems in physics, economics, and
engineering. In conjunction with the extreme value theorem, it can be used to find the absolute
maximum and minimum of a real-valued function defined on a closed, bounded interval. In con-
junction with other information such as concavity, inflection points, and asymptotes, it can be
used to sketch the graph of a function.
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Second Derivative Test (Single Variable)

After establishing the critical points of a function, the second derivative test uses the value of the
second derivative at those points to determine whether such points are a local maximum or a local
minimum. If the function fis twice differentiable at a critical point x (i.e. f'(x) = 0), then:

« If f'(x)<0 then f has alocal maximum at x.
« If f'(x)>0 then f has alocal minimum at x.
« If f"(x)=0, the test is inconclusive.

In the last case, Taylor’s Theorem may be used to determine the behavior of f near x using higher
derivatives.

Proof of the Second Derivative Test

Suppose we have f(x)>0 (the proof for f'(x)<0 is analogous). By assumption, f (x)=0.
Then,

o SO =0 f (e )

h—0 h h—0 h

0<f"(x)=£i_r)r&f,(x+h2_f,(x) —1;

Thus, for h sufficiently small we get,

[ix+h)
h

which means that f'(x+ /) <0 if h < o (intuitively, f is decreasing as it approaches x from the left),
and that f'(x+#4) >0 if h > o (intuitively, f is increasing as we go right from x). Now, by the first
derivative test, f has a local minimum at x.

Concavity Test

A related but distinct use of second derivatives is to determine whether a function is concave up or
concave down at a point. It does not, however, provide information about inflection points. Specif-
ically, a twice-differentiable function fis concave up if " (x)>0 and concave down if £ (x)<O0.
Note that if (x) = x*, then x = 0 has zero second derivative, yet is not an inflection point, so the sec-
ond derivative alone does not give enough information to determine if a given point is an inflection
point.

Higher-order Derivative Test

The higher-order derivative test or general derivative test is able to determine whether a func-
tion’s critical points are maxima, minima, or points of inflection for a wider variety of functions
than the second-order derivative test. The second derivative test is mathematically identical to the
special case of n=1 in the higher-order derivative test.

Let f be a real-valued, sufficiently differentiable function on the interval / c R,ce and n>1 an
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integer. Also let all the derivatives of f at ¢ be zero up to and including the nth derivative, but with
the (n+1)th derivative being non-zero:

f@)==f"()=0 and f"V(c)#0.

There are four possibilities, the first two cases where c is an extremum, the second two where c is
a (local) saddle point:

« Ifnisoddand f* "(c) 0, then cis alocal maximum.
« Ifnisoddand f“"*"(c)>0, then cis alocal minimum.
« Ifnisevenand f“"(c)<0, then cis a strictly decreasing point of inflection.
« Ifnisevenand /""" (c)> 0, then cis a strictly increasing point of inflection.

Since n must be either odd or even, this analytical test classifies any stationary point of f, so long
as a nonzero derivative shows up eventually.
Example:

Say we want to perform the general derivative test on the function f(x)=x°+5 at the point x = 0.
To do this, we calculate the derivatives of the function and then evaluate them at the point of in-
terest until the result is nonzero.

f'(x)=6x’, f'(0)=0
£"(x)=30x", £"(0)=0
FP(x)=120x°, £P(0)=0
@ (x)=360x", fP(0)=0
O (x)=720x, f©0)=0
£O(x) =720, £©(0)=720

At the point x = 0, the function x° +5 has all of its derivatives at 0 equal to 0 except for the 6th
derivative, which is positive. Thus n=5, and by the test, there is a local minimum at o.

Multivariable Case

For a function of more than one variable, the second derivative test generalizes to a test based on
the eigenvalues of the function’s Hessian matrix at the critical point. In particular, assuming that
all second order partial derivatives of f are continuous on a neighbourhood of a critical point x,
then if the eigenvalues of the Hessian at x are all positive, then x is a local minimum. If the eigen-
values are all negative, then x is a local maximum, and if some are positive and some negative,
then the point is a saddle point. If the Hessian matrix is singular, then the second derivative test
is inconclusive.
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Differentiation Rules

Differentiation rules is the rules for computing the derivative of a function in calculus.

Elementary Rules of Differentiation

Unless otherwise stated, all functions are functions of real numbers (R) that return real values;
although more generally, the formulae below apply wherever they are well defined — including the
case of complex numbers (C).

Differentiation is Linear

For any functions f and g and any real numbers a and b, the derivative of the function
h(x) = af (x) + bg(x) with respect to x is:

W' (x)=af"(x)+bg'(x)
In Leibniz’s notation this is written as:

daf +bg) _ df  ,dg
dx dx dx

Special cases include:

o The constant factor rule
(af ) =af’
e The sum rule
(f+g) =f'+¢
o The subtraction rule
(f-g) =f"-¢"
The Product Rule
For the functions f and g, the derivative of the function h(x) = f{x) g(x) with respect to x is
R(x)=(fg) (x) = f'(x)g(x)+ f(x)g'(x).

In Leibniz’s notation this is written

d(fg) _df dg
dx _dxg+fdx'
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The Chain Rule

The derivative of the function A(x) = f(g(x)) is:
h'(x)= f"(g(x))-g'(x).
In Leibniz’s notation, this is written as:

d d d
Eh(x) = Ef(z) |z=g()f) Eg(x) ’

often abridged to,

dh(x) _ df(g(x)) dg(x)
dx dg(x)  dx

Focusing on the notion of maps, and the differential being a map D , this is written in a more con-
cise way as:

[D(he )], =[Dh],,, -[Dg],-

The Inverse Function Rule

If the function fhas an inverse function g, meaning that g(f(x))=x and f(g(y))=y, then

g'= 1
flog

In Leibniz notation, this is written as

a1
dy dy
dx

Power Laws, Polynomials, Quotients and Reciprocals
The Polynomial or Elementary Power Rule

If f(x)=x",for any real number »#0 then
flx)=m"".
When r =1, this becomes the special case that if f(x)=x, then f'(x)=1

Combining the power rule with the sum and constant multiple rules permits the computation of
the derivative of any polynomial.
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The Reciprocal Rule

The derivative of A(x) =

for any (nonvanishing) function fis:

S'(x)

W(x)=—
==y

wherever fis non-zero.

In Leibniz’s notation, this is written
da/f__1dr
dx fPdx

The reciprocal rule can be derived either from the quotient rule, or from the combination of power
rule and chain rule.

The Quotient Rule
If fand g are functions, then:
( S ) _fk-gf

>~ Wherever g is nonzero.
g g

This can be derived from the product rule and the reciprocal rule.

Generalized Power Rule

The elementary power rule generalizes considerably. The most general power rule is the functional
power rule: for any functions fand g,

(fg)’z(eg‘“f)/ =f* (f'§+g'lnf}

wherever both sides are well defined.
Special cases
o If f(x)=x",then f'(x)=ax"" when a is any non-zero real number and x is positive.

» The reciprocal rule may be derived as the special case where g(x)=-1.
Derivatives of Exponential and Logarithmic Functions

d

d—(c‘”‘):acw‘lnc, c>0
X
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the equation above is true for all ¢, but the derivative for ¢ <0 yields a complex number.

d ax ax
a(e )zae
%(bgcx):xliw, c>0,c#1

the equation above is also true for all ¢, but yields a complex number if ¢ <0.

%(lnx):%, x>0.

d 1
—(1 =—.
dx(n|x|) X

%(x") =x"(I1+Inx).

700) = 2@ Lt oy O In ),

if f(x) >0, and if /A and a8 exist
dx dx

X=Xy ==X, =X iffz"<n (x) >0 and % eXiStS.
dx

d (ol 0 (YO
E(fl(x)m ) ): {Za_xk(fl(xl)fz( ) ﬂ

k=1

Logarithmic Derivatives

The logarithmic derivative is another way of stating the rule for differentiating the logarithm of a
function (using the chain rule):

(Inf) = 7 wherever f is positive.
Logarithmic differentiation is a technique which uses logarithms and its differentiation rules to
simplify certain expressions before actually applying the derivative. Logarithms can be used to
remove exponents, convert products into sums, and convert division into subtraction — each of
which may lead to a simplified expression for taking derivatives.
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Derivatives of Trigonometric Functions

N .y 1
(sinx) =cosx (arcsinx)’ = -
I-x
, . : 1
(cosx) =—sinx (arccosx) =— -
l-x
(tanx) =sec’ x=———=1+tan’ x (arctanx) =——
cos” x I+x
' (arcsec x) !
secx) =secxtanx =
( ) | x|x* =1
' (arcesc x) !
cscx) =—cscxcotx =
( ) |x|[Vx> =1
’ 2 _1 2 ' ].
(cotx) =—cse” x =———=—(1+cot" x) | (arccotx) =— >
sin” x I+x

It is common to additionally define an inverse tangent function with two arguments, arctan(y, x). Its
value lies in the range [~7, 7] and reflects the quadrant of the point (x, y). For the first and fourth
quadrant (i.e. x >0 ) one has arctan(y, x > 0) = arctan(y / x). Its partial derivatives are:

Oarctan(y, x) X Oarctan(y, x) -y
o =——,and ==
X +y ox X +y
Derivatives of Hyperbolic Functions
) X —x . , 1
(sinhx) =coshx = ¢ te (arsinhx)’ = ——
Vx©+1
(cosh x) =sinhx =< _26 (coshx) =sinhx =S¢
, , 1
(tanh x) =sech’x (artanhx)' = =
- X
, 1
(sechx)’ = —tanh xsechx (arsechx) =— =
xvl-x

(cschx)' = —cothxcschx

(arcschx) =—

1
| x [V1+x7

(cothx) = —csch’x

2

(arcothx)' =
l-x




CHAPTER 2 Differential and Integral Calculus 33

Derivatives of Special Functions

Gamma function I'(x) = jt"‘le" dt
0

I'(x) = j e Intdt

crof n{1e2)- )

=Ty (%)

with ¥ (x) being the digamma function, expressed by the parenthesized expression to the right of
A(x)in the line above.

. ) |
Riemann Zeta function ' (x) = Z—x

n=1

, - Inn In2 In3 In4
S0 =Y a2 2P
n=l1

T T

P prlme q prime, q;tp

Derivatives of Integrals

Suppose that it is required to differentiate with respect to x the function:

Fo =" fendr,

. 0 . : . .
where the functions f(x,¢)and ™ f(x,t) are both continuous in both ¢ and x in some region of
X

the (#,x) plane, including a(x) <t <b(x) x, < x <Xx,, and the functions a(x) and b(x) are both
continuous and both have continuous derivatives for x, <x <x,. Then for x, <x<x;:

F'(x) = /(G ()~ £ (ax)a'(x)+ [ ”ﬁﬂ 1) .

This formula is the general form of the Leibniz integral rule and can be derived using the funda-
mental theorem of calculus.

Derivatives to nth Order

Some rules exist for computing the n-th derivative of functions, where n is a positive integer. These
include.
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Faa di Bruno’s Formula

If fand g are n-times differentiable, then

RGN P ( ")

{km}
n—1
where » = Z k, and the set {k,} consists of all non-negative integer solutions of the Diophantine

m=1

equation kam =n.

m=1
General Leibniz Rule

If fand g are n-times differentiable, then

U"’" f(x) o)

dnk

Differential Equation

A differential equation is a mathematical equation that relates some function with its derivatives.
In applications, the functions usually represent physical quantities, the derivatives represent their
rates of change, and the differential equation defines a relationship between the two. Because such
relations are extremely common, differential equations play a prominent role in many disciplines
including engineering, physics, economics, and biology.

In pure mathematics, differential equations are studied from several different perspectives, mostly
concerned with their solutions—the set of functions that satisfy the equation. Only the simplest
differential equations are solvable by explicit formulas; however, some properties of solutions of a
given differential equation may be determined without finding their exact form.

If a closed-form expression for the solution is not available, the solution may be numerically ap-
proximated using computers. The theory of dynamical systems puts emphasis on qualitative anal-
ysis of systems described by differential equations, while many numerical methods have been de-
veloped to determine solutions with a given degree of accuracy.

Visualization of heat transfer in a pump casing, created by solving the heat equation.
Heat is being generatedinternally in the casing and being cooled at the boundary,
providing a steady state temperature distribution.
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For example, in classical mechanics, the motion of a body is described by its position and velocity
as the time value varies. Newton’s laws allow these variables to be expressed dynamically (given
the position, velocity, acceleration and various forces acting on the body) as a differential equation
for the unknown position of the body as a function of time.

In some cases, this differential equation (called an equation of motion) may be solved ex-
plicitly. An example of modeling a real-world problem using differential equations is the de-
termination of the velocity of a ball falling through the air, considering only gravity and air
resistance. The ball’s acceleration towards the ground is the acceleration due to gravity minus
the acceleration due to air resistance. Gravity is considered constant, and air resistance may be
modeled as proportional to the ball’s velocity. This means that the ball’s acceleration, which is
a derivative of its velocity, depends on the velocity (and the velocity depends on time). Find-
ing the velocity as a function of time involves solving a differential equation and verifying its
validity.

Types

Differential equations can be divided into several types. Apart from describing the properties of
the equation itself, these classes of differential equations can help inform the choice of approach
to a solution. Commonly used distinctions include whether the equation is: Ordinary/Partial,
Linear/Non-linear, and Homogeneous/heterogeneous. This list is far from exhaustive; there are
many other properties and subclasses of differential equations which can be very useful in specific
contexts.

Ordinary Differential Equations

An ordinary differential equation (ODE) is an equation containing an unknown function of one
real or complex variable x, its derivatives, and some given functions of x. The unknown function
is generally represented by a variable (often denoted y), which, therefore, depends on x. Thus x is
often called the independent variable of the equation. The term “ordinary” is used in contrast with
the term partial differential equation, which may be with respect to more than one independent
variable.

Linear differential equations are the differential equations that are linear in the unknown function
and its derivatives. Their theory is well developed, and, in many cases, one may express their solu-
tions in terms of integrals.

Most ODEs that are encountered in physics are linear, and, therefore, most special functions may
be defined as solutions of linear differential equations. As, in general, the solutions of a differen-
tial equation cannot be expressed by a closed-form expression, numerical methods are commonly
used for solving differential equations on a computer.

Partial Differential Equations

A partial differential equation (PDE) is a differential equation that contains unknown multivariable
functions and their partial derivatives. (This is in contrast to ordinary differential equations, which
deal with functions of a single variable and their derivatives.) PDEs are used to formulate problems
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involving functions of several variables, and are either solved in closed form, or used to create a
relevant computer model.

PDEs can be used to describe a wide variety of phenomena in nature such as sound, heat, electrostat-
ics, electrodynamics, fluid flow, elasticity, or quantum mechanics. These seemingly distinct physical
phenomena can be formalized similarly in terms of PDEs. Just as ordinary differential equations
often model one-dimensional dynamical systems, partial differential equations often model mul-
tidimensional systems. PDEs find their generalization in stochastic partial differential equations.

Non-linear Differential Equations

A non-linear differential equation is a differential equation that is not a linear equation in the
unknown function and its derivatives (the linearity or non-linearity in the arguments of the func-
tion are not considered here). There are very few methods of solving nonlinear differential equa-
tions exactly; those that are known typically depend on the equation having particular symme-
tries. Nonlinear differential equations can exhibit very complicated behavior over extended time
intervals, characteristic of chaos. Even the fundamental questions of existence, uniqueness, and
extendability of solutions for nonlinear differential equations, and well-posedness of initial and
boundary value problems for nonlinear PDEs are hard problems and their resolution in special
cases is considered to be a significant advance in the mathematical theory. However, if the differ-
ential equation is a correctly formulated representation of a meaningful physical process, then one
expects it to have a solution.

Linear differential equations frequently appear as approximations to nonlinear equations. These
approximations are only valid under restricted conditions. For example, the harmonic oscillator
equation is an approximation to the nonlinear pendulum equation that is valid for small amplitude
oscillations.

Equation Order

Differential equations are described by their order, determined by the term with the highest de-
rivatives. An equation containing only first derivatives is a first-order differential equation, an
equation containing the second derivative is a second-order differential equation, and so on. Dif-
ferential equations that describe natural phenomena almost always have only first and second
order derivatives in them, but there are some exceptions, such as the thin film equation, which is a
fourth order partial differential equation.

Examples:

In the first group of examples, u is an unknown function of x, and ¢ and w are constants that are
supposed to be known. Two broad classifications of both ordinary and partial differential equa-
tions consists of distinguishing between linear and nonlinear differential equations, and between
homogeneous differential equations and heterogeneous ones.

« Heterogeneous first-order linear constant coefficient ordinary differential equation:

u 2
—=cu+x".
dx
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Homogeneous second-order linear ordinary differential equation:

« Homogeneous second-order linear constant coefficient ordinary differential equation de-
scribing the harmonic oscillator:

2

u
—+o'u=0.
dx

« Heterogeneous first-order nonlinear ordinary differential equation:

ﬂ=u2 +4.
dx

« Second-order nonlinear (due to sine function) ordinary differential equation describing
the motion of a pendulum of length L:

2
u )
L—+gsinu =0.
dx? &

In the next group of examples, the unknown function u depends on two variables x and t or x and y.

« Homogeneous first-order linear partial differential equation:
0 0
oo
o Ox

« Homogeneous second-order linear constant coefficient partial differential equation of el-
liptic type, the Laplace equation:

o’u  o'u B

PP

e Homogeneous third-order non-linear partial differential equation:

3
8u_6 ou Ou

E_ ox ox’

Existence of Solutions

Solving differential equations is not like solving algebraic equations. Not only are their solutions
often unclear, but whether solutions are unique or exist at all are also notable subjects of inter-
est.

For first order initial value problems, the Peano existence theorem gives one set of circumstances
in which a solution exists. Given any point (a,b) in the xy-plane, define some rectangular region
Z , such that Z =[l,m]x[n, p] and (a,b) is in the interior of Z. If we are given a differential
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. d . . .
equation ay = g(x,y) and the condition that y =bw when x = a, then there is locally a solution
to this problem if g(x,y) and 8_g are both continuous on Z. This solution exists on some interval

X
with its center at a . The solution may not be unique.

However, this only helps us with first order initial value problems. Suppose we had a linear initial
value problem of the nth order:

£.) j;{

+...+f1(x)%+f0(x)y=g(x)

such that,
Y(x0) = Y0, ¥' (%) = ¥, " (%) = ¥y

For any nonzero f, (x),if {f,, f,,"*} and g are continuous on some interval containing x,, y is
unique and exists.

Applications

The study of differential equations is a wide field in pure and applied mathematics, physics, and
engineering. All of these disciplines are concerned with the properties of differential equations
of various types. Pure mathematics focuses on the existence and uniqueness of solutions, while
applied mathematics emphasizes the rigorous justification of the methods for approximating solu-
tions. Differential equations play an important role in modeling virtually every physical, technical,
or biological process, from celestial motion, to bridge design, to interactions between neurons.
Differential equations such as those used to solve real-life problems may not necessarily be direct-
ly solvable, i.e. do not have closed form solutions. Instead, solutions can be approximated using
numerical methods.

Many fundamental laws of physics and chemistry can be formulated as differential equations. In
biology and economics, differential equations are used to model the behavior of complex systems.
The mathematical theory of differential equations first developed together with the sciences where
the equations had originated and where the results found application. However, diverse prob-
lems, sometimes originating in quite distinct scientific fields, may give rise to identical differential
equations. Whenever this happens, mathematical theory behind the equations can be viewed as
a unifying principle behind diverse phenomena. As an example, consider the propagation of light
and sound in the atmosphere, and of waves on the surface of a pond. All of them may be described
by the same second-order partial differential equation, the wave equation, which allows us to think
of light and sound as forms of waves, much like familiar waves in the water. Conduction of heat,
the theory of which was developed by Joseph Fourier, is governed by another second-order partial
differential equation, the heat equation. It turns out that many diffusion processes, while seem-
ingly different, are described by the same equation; the Black—Scholes equation in finance is, for
instance, related to the heat equation.
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INTEGRAL CALCULUS

The branch of mathematics in which the notion of an integral, its properties and methods of cal-
culation are studied. Integral calculus is intimately related to differential calculus, and together
with it constitutes the foundation of mathematical analysis. The origin of integral calculus goes
back to the early period of development of mathematics and it is related to the method of ex-
haustion developed by the mathematicians of Ancient Greece (cf. Exhaustion, method of). This
method arose in the solution of problems on calculating areas of plane figures and surfaces, vol-
umes of solid bodies, and in the solution of certain problems in statistics and hydrodynamics. It
is based on the approximation of the objects under consideration by stepped figures or bodies,
composed of simplest planar figures or special bodies (rectangles, parallelopipeds, cylinders,
etc.). In this sense, the method of exhaustion can be regarded as an early method of integra-
tion. The greatest development of the method of exhaustion in the early period was obtained
in the works of Eudoxus (4th century B.C.) and especially Archimedes (3rd century B.C.). Its
subsequent application and perfection is associated with the names of several scholars of the
15th—17th centuries.

The fundamental concepts and theory of integral and differential calculus, primarily the relation-
ship between differentiation and integration, as well as their application to the solution of applied
problems, were developed in the works of P. de Fermat, I. Newton and G. Leibniz at the end of the
17th century. Their investigations were the beginning of an intensive development of mathemati-
cal analysis. The works of L. Euler, Jacob and Johann Bernoulli and J.L. Lagrange played an essen-
tial role in its creation in the 18th century. In the 19th century, in connection with the appearance
of the notion of a limit, integral calculus achieved a logically complete form (in the works of A.L.
Cauchy, B. Riemann and others). The development of the theory and methods of integral calculus
took place at the end of 19th century and in the 20th century simultaneously with research into
measure theory (cf. Measure), which plays an essential role in integral calculus.

By means of integral calculus it became possible to solve by a unified method many theoretical and
applied problems, both new ones which earlier had not been amenable to solution, and old ones
that had previously required special artificial techniques. The basic notions of integral calculus are
two closely related notions of the integral, namely the indefinite and the definite integral.

The indefinite integral of a given real-valued function on an interval on the real axis is defined as the
collection of all its primitives on that interval, that is, functions whose derivatives are the given func-

tion. The indefinite integral of a function f is denoted by j f(x)dx.If F issome primitive of f ,then
any other primitive of it has the form F' + C, where C is an arbitrary constant; one therefore writes

j f(x)dx=F(x)+C

The operation of finding an indefinite integral is called integration. Integration is the operation
inverse to that of differentiation:

[£dr=F@)+C. df fxdx= f(x)dx.
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The operation of integration is linear: If on some interval the indefinite integrals exist, then for any
real numbers 4, and A4,, the following integral exists on this interval:

J. f,(x)dx and I £, (x)dx

[Uh /1) + 2 fy ()1
and equals,
A [ fdx + 4, [ f(xdx.

For indefinite integrals, the formula of integration by parts holds: If two functions # and v are dif-

ferentiable on some interval and if the integral J.vdu exists, then so does the integral Iua’u , and
the following formula holds:

Iudv =uy— '[vdu

The formula for change of variables holds: If for two functions f and ¢ defined on certain in-
tervals, the composite function f o ¢ makes sense and the function ¢ is differentiable, then the
integral,

[ flp®1¢" (1)t
exists and equals,
j £ (x)dx

A function that is continuous on some bounded interval has a primitive on it and hence an in-

definite integral exists for it. The problem of actually finding the indefinite integral of a specified

function is complicated by the fact that the indefinite integral of an elementary function is not an

elementary function, in general. Many classes of functions are known for which it proves possible

to express their indefinite integrals in terms of elementary functions. The simplest examples of

these are integrals that are obtained from a table of derivatives of the basic elementary functions:
a+l

o +C,a#—-1;
a+l

1) Ix“dx =

2)J.%zln|x|+C;

X

3) [or'dx = ¢

+C, a>0, a#1; in particular, J‘exdx =e" +C;
In o

4) Isinxdxz—cosx+C;

5)jcosxdx=sinx+C;

6)J d =tanx+C;
cos’ x
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7 I ,df =—cotan x + C;
sin” x
8) fsinh xdx =cosh x + C;

9) jcoshx dx =sinhx + C;

10) j = tanhx+C;
cosh2

ll)jmzcotanh x+C;

12) I = l arctan X +C=- i arccotan X +C";
X+at o« a a a
dx 1 xX—a
D 2 el

—arcsm—+C——arccos—+C' [x<|al;
a

14)]\/7
1S)Iﬁ

If the denominator of the integrand vanishes at some point, then these formulas are valid only for
those intervals inside which the denominator does not vanish.

=In|x++/x” +a’| +C (when x* — o is under the square root, it is assumed that | x| > |).

The indefinite integral of a rational function over any interval on which the denominator does not
vanish is a composition of rational functions, arctangents and natural logarithms. Finding the
algebraic part of the indefinite integral of a rational function can be achieved by the Ostrogradski
method. Integrals of the following types can be reduced by means of substitution and integration
by parts to integration of rational functions:

J-R x’(aerbj ,“,(ax+bj .,
cx+b cx+b

where 7,,.., » are rational numbers; integrals of the form,

122 "m

IR(x, Vax® +bx+c)dx

Certain cases of integrals of differential binomials; integrals of the form,

J. R(sin x, cos x) dx, I R(sinh x, cosh x) dx

(where R(y, ,..., y,) are rational functions); the integrals,
J-e’” cos [ xdx, Ie"”‘ sin [ xdx,

jx” cosa x dx, Ix” sina x dx,
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Ix" arcsin x dx, Ix" arccos x dx,

'[x” arctan xdx, '[x”arccotan xdx, n 0,1,..,

and many others. In contrast, for example, the integrals,

. )
e sin x COS X
I—ndx, I — dx, I — dx, n=12,...,
X X X

cannot be expressed in terms of elementary functions.

The definite integral,
b
[ () ax

of a function f defined on an interval [a, b] is the limit of integral sums of a specific type. If this
limit exists, f is said to be Cauchy, Riemann, Lebesgue, etc. integrable.

The geometrical meaning of the integral is tied up with the notion of area: If the function f >0 is
continuous on the interval [a, b], then the value of the integral,

[ s

is equal to the area of the curvilinear trapezium formed by the graph of the function, that is, the set
whose boundary consists of the graph of f, the segment [a, b] and the two segments on the lines
x =a and x =b making the figure closed, which may degenerate to points.

The calculation of many quantities encountered in practice reduces to the problem of calculating
the limit of integral sums; in other words, finding a definite integral; for example, areas of figures
and surfaces, volumes of bodies, work done by force, the coordinates of the centre of gravity, the
values of the moments of inertia of various bodies, etc.

The definite integral is linear: If two functions f, and f, are integrable on an interval , then for any
real numbers 4, and 4, the function:

VROV
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is also integrable on this interval and

JIAfi0)+ L] dr =4[ fix)de+ 2, [ f,(2) .

a a

Integration of a function over an interval has the property of monotonicity: If the function f is
integrable on the interval [a, b] and if [c, d] < [a, b], then f isintegrable on [c, d] as well. The
integral is also additive with respect to the intervals over which the integration is carried out: If
a <c<b and the function f is integrable on the intervals [a, c] and [c, d], then it is integrable
on [a, b], and

j-f(x)dx:jf(x)dx+j-f(x)dx,

If f and g are Riemann integrable, then their product is also Riemann integrable. If /> g on
[a, b] then,

J.f(x) dx > J.g(x) dx.

If f isintegrableon [a, b], then the absolute value | /| is also integrable on [a, b] if —0 <a <b «,
and

[ () ax

b
< [If ()l dx.
By definition one sets,

]z.f(x)dx =0 and Tf(x)dx = —j)-f(x)dx, a<b.

A mean-value theorem holds for integrals. For example, if / and g are Riemann integrable on an
interval [a, b],if m< f(x) <M, x € [a,b],and if g does not change sign on [a, b], that is, it is ei-
ther non-negative or non-positive throughout this interval, then there exists a number m < g <M
for which,

[ 80 v = uf g

Under the additional hypothesis that f is continuous on [a, b], there exists in (a, b) a point &
for which,

[ 7 g dx=f(&)fg(x) v
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In particular, if g(x)=1, then

[feodx = f(&)b-a).

Integrals with a Variable upper Limit

If a function f is Riemann integrable on an interval [a, b], then the function F defined by:

F(x):jff(t)dt, a<x<b,

is continuous on this interval. If, in addition, f is continuous ata point x,, then F isdifferentiable
at this point and F'(x,) = f(x,). In other words, at the points of continuity of a function the fol-
lowing formula holds:

Lrwa=sw.
x (24

Consequently, this formula holds for every Riemann-integrable function on an interval [a, b],
except perhaps at a set of points having Lebesgue measure zero, since if a function is Riemann
integrable on some interval, then its set of points of discontinuity has measure zero. Thus, if the
function f is continuous on [a, b], then the function F defined by,

F(x)=[f @ at

is a primitive of f on this interval. This theorem shows that the operation of differentiation
is inverse to that of taking the definite integral with a variable upper limit, and in this way a
relationship is established between definite and indefinite integrals:

J.f(x)dx:]if(t)dtJFC

The geometric meaning of this relationship is that the problem of finding the tangent to a curve
and the calculation of the area of plane figures are inverse operations in the above sense.

The following Newton—Leibniz formula holds for any primitive /' of an integrable function f on
an interval [a, b]:

Jb.f(X)dx=F(b)—F(a)

It shows that the definite integral of a continuous function over some interval is equal to the differ-
ence of the values at the end points of this interval of any primitive of it. This formula is sometimes
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taken as the definition of the definite integral. Then it is proved that the integral jb f(x)dx
introduced in this way is equal to the limit of the corresponding integral sums. “

For definite integrals, the formulas for change of variables and integration by parts hold. Suppose, for
example, that the function f is continuous on the interval (a, ) and that ¢ is continuous together
with its derivative ¢' on the interval (e, ), where (&, £) is mapped by ¢ into (a,b): a< @ (t)<b
for o <t < 3, so that the composite f o¢ is meaningful in (¢, £). Then, for o, 5, € (a, f), the
following formulas for change of variables holds:

#(Bo)

By
f J(x)dx= If[¢ (O]¢' @) dt.

# ()

The formula for integration by parts is:

b

[u(x) dv(x) =uCev(x) [:2) - fv(x) du(x)

a

where the functions # and v have Riemann-integrable derivatives on [a, b].

The Newton—Leibniz formula reduces the calculation of an indefinite integral to finding the values
of its primitive. Since the problem of finding a primitive is intrinsically a difficult one, other meth-
ods of finding definite integrals are of great importance, among which one should mention the
method of residues and the method of differentiation or integration with respect to the parameter
of a parameter-dependent integral. Numerical methods for the approximate computation of inte-
grals have also been developed.

Generalizing the notion of an integral to the case of unbounded functions and to the case of an
unbounded interval leads to the notion of the improper integral, which is defined by yet one more
limit transition. The notions of the indefinite and the definite integral carry over to complex-val-
ued functions. The representation of any holomorphic function of a complex variable in the form
of a Cauchy integral over a contour played an important role in the development of the theory of
analytic functions.

The generalization of the notion of the definite integral of a function of a single variable to the case
of a function of several variables leads to the notion of a multiple integral. For unbounded sets and
unbounded functions of several variables, one is led to the notion of the improper integral, as in
the one-dimensional case.

The extension of the practical applications of integral calculus necessitated the introduction of the
notions of the curvilinear integral, i.e. the integral along a curve, the surface integral, i.e. the inte-
gral over a surface, and more generally, the integral over a manifold, which are reducible in some
sense to a definite integral (the curvilinear integral reduces to an integral over an interval, the
surface integral to an integral over a (plane) region, the integral over an n -dimensional manifold
to an integral over an »n-dimensional region). Integrals over manifolds, in particular curvilinear
and surface integrals, play an important role in the integral calculus of functions of several vari-
ables; by this means a relationship is established between integration over a region and integration
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over its boundary or, in the general case, over a manifold and its boundary. This relationship is
established by the Stokes formula (which is a generalization of the Newton—Leibniz formula to the
multi-dimensional case.

Multiple, curvilinear and surface integrals find direct application in mathematical physics, par-
ticularly in field theory. Multiple integrals and concepts related to them are widely used in the
solution of specific applied problems. The theory of cubature formulas has been developed for the
numerical calculation of multiple integrals.

The theory and methods of integral calculus of real- or complex-valued functions of a finite num-
ber of real or complex variables carry over to more general objects. For example, the theory of in-
tegration of functions whose values lie in a normed linear space, functions defined on topological
groups, generalized functions, and functions of an infinite number of variables (integrals over tra-
jectories). Finally, a new direction in integral calculus is related to the emergence and development
of constructive mathematics.

Integral calculus is applied in many branches of mathematics (in the theory of differential and
integral equations, in probability theory and mathematical statistics, in the theory of optimal pro-
cesses, etc.), and in applications of it.

Integral

One of the central notions in mathematical analysis and all of mathematics, which arose in con-
nection with two problems: to recover a function from its derivative (for example, the problem of
finding the law of motion of a material object along a straight line when the velocity of this point is
known); and to calculate the area bounded by the graph of a function f on an interval a <x<b
and the xx-axis (the problem of calculating the work performed by a force over an interval of time
a <t < b leads to this problem, as do other problems).

The two problems indicated above lead to two forms of the integral, the indefinite and the definite
integral. The study of the properties and calculation of these interrelated forms of the integral con-
stitutes the problem of integral calculus.

In the course of development of mathematics and under the influence of the requirements of nat-
ural science and technology, the notions of the indefinite and the definite integral have undergone
a number of generalizations and modifications.

The Indefinite Integral

A primitive of a function of the variable x on aninterval a < x <b is any function F whose de-
rivative is equal to f at each point x of the interval. It is clear that if F' is a primitive of f/ on the
interval a < x <b thensois F| = F'+C, where C s an arbitrary constant. The converse also holds:
Any two primitives of the same function f on the interval a < x <b can only differ by a constant.
Consequently, if F' is one of the primitives of f on the interval a < x <b, then any primitive of
f on this interval has the form F + C, where C is a constant. The collection of all primitives of f
on the interval a<x<b is called the indefinite integral of f (on this interval) and is denoted by the
symbol.
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[ £(x)ex.

According to the fundamental theorem of integral calculus, there exists for each continuous func-
tion f ontheinterval a < x <b a primitive, and hence an indefinite integral, on this interval.

The Definite Integral

The notion of the definite integral is introduced either as a limit of integral sums or, in the case
when the given function f is defined on some interval [a,b] and has a primitive F on this interval,
as the difference between the values at the end points, that is, as F(b)— F(a). The definite integral

of f on [a,b] is denoted by Ib f(x)dx. The definition of the integral as a limit of integral sums for

the case of continuous functions was stated by A.L. Cauchy in 1823. The case of arbitrary functions
was studied by B. Riemann. A substantial advance in the theory of definite integrals was made by
G. Darboux, who introduced the notion of upper and lower Riemann sums. A necessary and suf-
ficient condition for the Riemann integrability of discontinuous functions was established in final
form in 1902 by H. Lebesgue.

There is the following relationship between the definitions of the definite integral of a continuous
function f on a closed interval [a,b] and the indefinite integral (or primitive) of this function: 1) if
F is any primitive of f, then the following Newton—Leibniz formula holds:

[ f(o)dx = F(b)=F(a);

For any x in the interval [a, b] , the indefinite integral of the continuous function f can be written
in the form

b X
j F(x)dx = j f(Hde+C
where C is an arbitrary constant. In particular, the definite integral with variable upper limit,

F(x)=[f(@®)dt

is a primitive of f.

In order to introduce the definite integral of f over [a,b] in the sense of Lebesgue, the set of
values of y is divided into subintervals of points ...<y_ <y, <y <..., and one denotes by M. the

set of all values of x in the interval [a,b] for which y, , < f(x)< y,, and by x(M,) the measure
of the set M, in the sense of Lebesgue. A Lebesgue integral sum of the function f on the interval
[a, b] is defined by the formula,

o= Zﬂi/u(Mi)
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where 1, are arbitrary numbers in the interval [y, ,y.].

A function f is said to be Lebesgue integrable on the interval [a, b] if the limit of the integral sums
??? exists and is finite as the maximum width of the intervals (y, ,,,) tends to zero, that is, if
there exists a real number I such that for any ¢ >0 there is a 0 >0 such that under the single

condition max(y,—y,, )< the inequality |O' -1 | <€ holds. The limit I is then called the definite
Lebesgue integral of f over [a,b].

Instead of the interval [a,b] one can consider an arbitrary set that is measurable with respect to
some non-negative complete countably-additive measure. An alternative introduction to the Leb-
esgue integral can be given, when one defines this integral originally on the set of so-called simple
functions (that is, measurable functions assuming at most a countable number of values), and then
introduces the integral by means of a limit transition for any function that can be expressed as the
limit of a uniformly-convergent sequence of simple functions.

Each Riemann-integrable function is Lebesgue integrable. The converse is false, since there exist
Lebesgue-integrable functions that are discontinuous on a set of positive measure (for example,
the Dirichlet function).

In order that a bounded function be Lebesgue integrable, it is necessary and sufficient that this
function belongs to the class of measurable functions. The functions encountered in mathematical
analysis are, as a rule, measurable. This means that the Lebesgue integral has a generality that is
sufficient for the requirements of analysis.

The Lebesgue integral also covers the cases of absolutely-convergent improper integrals.

The generality attained by the definition of the Lebesgue integral is absolutely essential in many
questions in modern mathematical analysis (the theory of generalized functions, the definition of
generalized solutions of differential equations, and the isomorphism of the Hilbert spaces L, and
[,, which is equivalent to the so-called Riesz—Fischer theorem in the theory of trigonometric or
arbitrary orthogonal series; all these theories have proved possible only by taking the integral to
be in the sense of Lebesgue).

The primitive in the sense of Lebesgue is naturally defined by means of equation ???, in which the
integral is taken in the sense of Lebesgue. The relation F'= f in this case holds everywhere, ex-
cept perhaps on a set of measure zero.

Other Generalizations of the Notions of an Integral

In 1894 T.J. Stieltjes gave another generalization of the Riemann integral (which acquired the
name of Stieltjes integral), important for applications, in which one considers the integrability
of a function f defined on some interval [a,b] with respect to a second function defined on
the same interval. The Stieltjes integral of f* with respect to the function U is denoted by the
symbol,

I=[f(x)dU(x).
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If U has a bounded Riemann-integrable derivative UU ’, then the Stieltjes integral reduces to the
Riemann integral by the formula:

[F@du) = [1@U x)dx.

b
In particular, when U(x) = x+ C, the Stieltjes integral ??? is the Riemann integral J- f(x)dx.

However, the interesting case for applications is when the function U does not have a derivative.
An example of such a U is the spectral measure in the study of spectral decompositions.

The curvilinear integral,

£ Gy

along the curve A defined by the equations x=¢(t), y =y (1) ,y=w(t), a <t < b, is a special case
of the Stieltjes integral, since it can be written in the form,

[£16@), v (£)1dg().

A further generalization of the notion of the integral is obtained by integration over an arbitrary
set in a space of any number of variables. In the most general case it is convenient to regard the
integral as a function of the set M over which the integration is carried out, in the form,

F(M)= [ f(x)dU(x),

where U is a set function on M (its measure in a particular case) and the points belong to the set
M over which the integration proceeds. Particular cases of this type of integration are multiple
integrals and surface integrals.

Another generalization of the notion of the integral is that of the improper integral.

In 1912 A. Denjoy introduced a notion of the integral that can be applied to every function f that
is the derivative of some function F . This enables one to reduce the constructive definition of the
integral to a degree of generality which completely answers the problem of finding a definite inte-
gral taken in the sense of a primitive.

Quadratic Integral

In mathematics, a quadratic integral is an integral of the form,

dx
[
a+bx+cx

It can be evaluated by completing the square in the denominator.



50 Calculus: An Introduction

J- dx _lJ- dx
a+bx+cx? c[ b)2+{a b? j

Positive-discriminant Case

Assume that the discriminant g = b* — 4ac is positive. In that case, define u and A by,

u=x+—,
2c
and
2
—Azzz—b— ! (4ac bz)
c 4ct  4Ac?

The quadratic integral can now be written as,

dx
'[a+bx+cx Zju :_I(u+A)(u A)

The partial fraction decomposition,

1 1 ( 11 j
u+A)u—-A4A) 24\u-A4A u+A4
allows us to evaluate the integral:
1 du 1 (u - Aj
— J. = In + constant.
c' (u+AYu—-A4)y 24c \u+A4

The final result for the original integral, under the assumption that g > o, is

J‘d—_il{2cx+b\/7

a+bx+cx’ _\@ 2cx+b+\/7

Negative-discriminant Case

J+ constant, where g = b* —4ac.

In case the discriminant g = b* — 4ac is negative, the second term in the denominator in

J- dx _lj dx
a+bx+cx® c( bjz_'_(a b? )

is positive. Then the integral becomes
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1 du

; uw+ A4
1 du/ A
Ted) (/AP +1
1 dw
_Z w+1

1
= —arctan(w) + constant
cA

1
=—arctan ® + constant
cA A

arctan| ———=—— |+ constant

2 2ex+b
=—————arctan| ——— |+ constant.
4ac —b* 4ac—b*

Fresnel Integral

The Fresnel integrals S(x) and C(x) are two transcendental functions named after Augustin-Jean
Fresnel that are used in optics and are closely related to the error function (erf). They arise in the
description of near-field Fresnel diffraction phenomena and are defined through the following

integral representations:

S(x) = j: sin(#®)dt, C(x) =j0 cos(¢>)dt.

The simultaneous parametric plot of S(x) and C(x) is the Euler spiral (also known as the Cornu spiral
or clothoid). Recently, they have been used in the design of highways and other engineering projects.

0.8

0.6

04

0.0

Plots of S(x) and C(x). The maximum of C(x) is about 0.977451424. If the integrands of S and C were defined
using 77¢> /2 instead of 2, then the image would be scaled vertically and horizontally.
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Fresnel integrals with arguments mt2/2 instead of 2 converge to 0.5.
The Fresnel integrals admit the following power series expansions that converge for all x:
4n+3

PPN N X
S(x) = jo sin(¢%)dt _;( ) D

C(x) = jo cos(¢2)dt = i(—l)“ "

-m )
~ 2n)!(4n+1)

Some authors, including Abramowitz and Stegun, by using above equations, 7¢* /2 for the argu-
ment of the integrals defining S(x) and C(x). This changes their limits at infinity from S(x)to C(x)

and the arc length for the first spiral turn (27)to 2 (at £ =2), all smaller by a factor 2/ . The

alternative functions are also called Normalized Fresnel integrals.

Euler Spiral
10 T T T T T
0.5 @ ]
> 0.0 - ]

b @
-1.0 -0.5 0.0 0.5 1.0
X

Euler spiral (x, y) = (C(¢),S(¢)) . The spiral converges to the centre of the holes in the
image as f tends to positive or negative infinity.
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The Euler spiral, also known as Cornu spiral or clothoid, is the curve generated by a parametric
plot of S(¢) against C(¢). The Cornu spiral was created by Marie Alfred Cornu as a nomogram for
diffraction computations in science and engineering.

From the definitions of Fresnel integrals, the infinitesimals dx and dy are thus:
= C'(t)dt = cos(t*)dt,
= §'(¢)dt = sin(t*)dt.

Thus the length of the spiral measured from the origin can be expressed as:
_ (" [52 2 _ g _
L= "\ +dy’ = [ di=1,

That is, the parameter ¢ is the curve length measured from the origin (0,0), and the Euler spiral
has infinite length. The vector (cos(z*), sin(¢*)) also expresses the unit tangent vector along the
spiral, giving @ =¢*. Since t is the curve length, the curvature x can be expressed as:

1

1_49 =

R dt

And the rate of change of curvature with respect to the curve length is,

di _ dt9
dt ar

An Euler spiral has the property that its curvature at any point is proportional to the distance along
the spiral, measured from the origin. This property makes it useful as a transition curve in highway
and railway engineering: If a vehicle follows the spiral at unit speed, the parameter in the above
derivatives also represents the time. That is, a vehicle following the spiral at constant speed will
have a constant rate of angular acceleration.

Sections from Euler spirals are commonly incorporated into the shape of roller-coaster loops to
make what are known as clothoid loops.

Properties
e (C(x) and S(x) are odd functions of x.

« Asymptotics of the Fresnel integrals as x — oo are given by the formulas:

S(r) = \/7(s1gn(x) 140(x _4)](cos(x) sm\(/@]]

- ;T[SIgrzl(X)Jr[HO( 4)][?\1/(%)_223;_;)]}
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Complex Fresnel integral S(z)

« Using the power series expansions above, the Fresnel integrals can be extended to the do-
main of complex numbers, and they become analytic functions of a complex variable.

« The Fresnel integrals can be expressed using the error function as follows:

0
Re(z)

Complex Fresnel integral C(z)

1+l 1+i 1-i
S erf| —z |—ierf z 1\,
@7 V2 2

T 1-i 1+ 1-i
C(z —ertf| —=z |+ierf| —z
B=\27% NG) 2

or

C(2)+iS(z) = \flief zlz,

S(z)+iC(z) = \/7“-1 1+2lz

e (Cand S are entire functions.
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Limits as x Approaches Infinity

The integrals defining C(x) and S(x) cannot be evaluated in the closed form in terms of ele-
mentary functions, except in special cases. The limits of these functions as x goes to infinity are
known:

j”costwt:j“’simzdr:@:\/z.
0 8

0 4
AX
Z=tein/4 z=Reit

Y.

Ys 2
Y, z=t y
- —P

R

The sector contour used to calculate the limits of the Fresnel integrals

The limits of C and S as the argument tends to infinity can be found by the methods of complex
analysis. This uses the contour integral of the function:

e
around the boundary of the sector-shaped region in the complex plane formed by the positive
x-axis, the bisector of the first quadrant y = x with x > 0, and a circular arc of radius R centered at

the origin.

As R goes to infinity, the integral along the circular arc y, tends to o,

B B 74 /4 7R2(1iz) T _
J. e’zdt|SI |e’2|dt:RJ. eR2°°52tdtSRJ. e 7 dt:—(l—e Rz),
7 7 0 0 4R

where polar coordinates z = Re” were used and Jordan’s inequality was utilised for the second
inequality. The integral along the real axis y, tends to the half Gaussian integral:

Ie‘tz dt :g.

The integrand is an entire function on the complex plane, its integral along the whole contour is
zero. Overall, we must have:

I: e dt[ e ar

73
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where y, denotes the bisector of the first quadrant, as in the diagram. To evaluate the right hand
side, parametrize the bisector as,

_ wil4 — \/5

t=re —(+r
2( )

where r ranges from o to +o. The square of this expression is just +ir°. Therefore, substitution
gives the right hand side as:

5

*® —ir? 2 .
jo e = (I+idr.
Using Euler’s formula to take real and imaginary parts of e gives this as:
j: (cos () —isin(rz))g(l +i)dr
= gjow [cos(rz) +sin(r?) +i (cos(rz) —~ sin(rz))]dr = g +0i,

where we have written 0i to emphasize that the original Gaussian integral’s value is completely
real with zero imaginary part. Letting /. = J. :cos(rz)dr,l g = .[ : sin(r*)dr and then equating real

and imaginary parts produces the following system of two equations in the two unknowns 7.,/:

I+ :\/g,

I.—-1,=0
Solving this for /. and I gives the desired result.

Generalization

The integral,

[ _m+nl 0 l-l m+nl+1

X

. s g [eiX _
_[x exp(ix )dx_.[; T dx_z(m+nl+l) I!

1=0

is a confluent hypergeometric function and also an incomplete gamma function,

m+1
m+1
Ix’” exp(ix")dx = al F " |ix"
m+1 m+1
1+
n

I, m+1
— _l(m+1)/n7/ ,_lxn
n n
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which reduces to Fresnel integrals if real or imaginary parts are taken:

1 m+1
m+n+l ~ 2n
jxm sin(x")a’x:x—1 5 2 o |—x—
m+n+1 §+m+1 2 4
2 2n 2

The leading term in the asymptotic expansion is,

m+1
n . m+l_(m+1) . .
1 |lxn - F em(m+1)/(2n)xm1’
m+1 n n
1+
n

and therefore

0 1 1 '
I x" exp(ix")dx =—T" (ﬂj /P /(2m)
0 n n

For m = o, the imaginary part of this equation in particular is,

[“sin(x*)dx =T (1 + lj sin (ij
0 a 2a

with the left-hand side converging for a > 1 and the right-hand side being its analytical extension

to the whole plane less where lie the poles of I'(a™").

The Kummer transformation of the confluent hypergeometric function is,
jx'” exp(ix")dx =V, (x)e",

with

1

m+1|=ix"|.

n

B
m+1 1+

Numerical Approximation

For computation to arbitrary precision, the power series is suitable for small argument. For large
argument, asymptotic expansions converge faster. Continued fraction methods may also be used.

For computation to particular target precision, other approximations have been developed. Cody
developed a set of efficient approximations based on rational functions that give relative errors
down to 2x107%. A fortran implementation of the Cody approximation that includes the values
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of the coefficients needed for implementation in other languages was published by van Snyder.
Boersma developed an approximation with error less than 1.6x107°.

Borwein Integral

In mathematics, a Borwein integral is an integral involving products of sinc(ax), where the sinc

) sin(x .
function is given by sin c(x) =—() for x not equal to 0, and sinc(0) = 1.
X

These integrals are remarkable for exhibiting apparent patterns which, however, eventually break
down. An example is as follows,

Iw Sil’l(x)
0 X
[ sin(x) sin(x/3) , 5

0 x x/3

x=m/2

=x/2

J-oo sin(x) sin(x/3) sin(x/5) -
o X x/3 x/5

This pattern continues up to

Joo sin(x) sm(x/3)ms1n(x/13)dx=7z/2
o x x/3 x/13

Nevertheless, at the next step the obvious pattern fails,

I sin(x) sin(x/3) " sin(x/15) ,_ 467807924713440738696537864469

= T
0 X x/3 x/15 935615849440640907310521750000
V2 6879714958723010531

=2 935615849440640907310521750000
=Z _231x10™"
2

In general, similar integrals have value % whenever the numbers 3, 5, 7... are replaced by positive
real numbers such that the sum of their reciprocals is less than 1.
1 1 1 1
In the example above, —+—+...+ —<l,but—+ —+...+=>1
3 5 13 3 5

5
An example for a longer series,

Jw2cos(x) sin(x) sin(x/3) sm(x/lll)dx= Zl2,

0 X x/3 x/111

Iw2cos(x) sin(x) sin(x/3)  sin(x/111) sm(x/113)dx< /2
0 X x/3 x/111 x/113
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is shown in together with an intuitive mathematical explanation of the reason why the original and
the extended series break down.

In this case, l+l+...+i<2butl+ l+...+L>2.
3 5 111 3 5 113

General Formula

Given a sequence of real numbers, a,,4,,4a,,...,, a general formula for the integral

J-Oooli[ sin(a, x) I

=0 X

can be given. To state the formula, we will need to consider sums involving the a,. In par-
ticular, if y=(y,,7,,....7,) €{£1l}". is an n -tuple where each entry is %1, then we write
b,=a,+ya +y,a,+-+y,a,, which is a kind of alternating sum of the first few a, , and we set:

n

JO@H sin(akx)dx: T o

0% ax 2a,

where,

c 1

n

=T Z ¢,b; sgn(b,)
2"n !H a, 7SV
k=1

In the case when a, >|a, |+|a,|+---+|a, |,we haveC, =1.

Furthermore, if there is an » so that for each £=0,..,n—1 we have 0<a, <2aq, and
a+a,++a, <a,<a+a,+-+a
partial sum of the first n elements of the sequence exceed a,then C, =1 for each £ =0,...,n—1
but,

+a,, which means that » is the first value when the

n-1

(g t+a,+--+a,—a,)

n
n-1
2 n!Hak
k=1

C =1

n

1
The first example is the case when a;, = Note that if n=7 then a, :E and

2k+1
11 1 1 1 1 1
l+1+l+l+L+iz0.955 but —+—+—+—+—+—+—~1.02, so because g, =1, we get
35 7 9 11 13 35 7 9 11 13 15

that,

J-oo sin(x) sin(x/3)  sin(x/13) P
0 X x/3 x/13 2
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which remains true if we remove any of the products but that,

J.w sin(x) sin(x/3)msin(x/15)dx_£ - G +5"+7 9 #1117 137 4157 =)
o x x/3 x/15 2 20.74(1/3-1/5-1/7-1/9-1/11-1/13-1/15)

which is equal to the value given previously.

Dirichlet Integral

There are several types of integrals which go under the name of a “Dirichlet integral.” The integral

Dlu]= J.Q|Vu|2dV

appears in Dirichlet’s principle.

o
ol

where the kernel is the Dirichlet kernel, gives the nth partial sum of the Fourier series.

The integral,

1 ¢
E.[,ﬁf(x)

Another integral is denoted,

s :l » Sin QP ipn J 0 for|}/k|>ak
=] e Pr

TPy 1 for |7k|<ak
for k=1, ...,n.

There are two types of Dirichlet integrals which are denoted using the letters and J . The type 1 Dir-
ichlet integrals are denoted 7, J, and I J, and the type 2 Dirichlet integrals are denoted C, D, and
CD.

The type 1 integrals are given by,
]EJ-J."'If(tI +t2 +"'+tn)t1(1171 t§271 ”.t:n*I dt2 ...dtn

_ (e (a,)...I'(a,)
- TE,e,)

(Z,a)-1

[foxc ar

where I'(z) is the gamma function. In the case n =2,

lgq! B(p+1,g+1
]:J.J.xpyqudy:( pq 5 _ (p g+l
; p+q+2) pt+q+2
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where the integration is over the triangle T bounded by the x-axis, y-axis, and line x+ y =1 and
B(x,y) is the beta function.

The type 2 integrals are given for » -D vectorsaandr,and 0<c<b,

C” (r,m)=

a

T(m + R) [ [T %" dx,
F(m)Hill“(ri) c (1+Zf=1xl.)m+R

¢ r—1
Tm+R) o = Ll%" dx
DO (rmy= R e Lo

rem 17,1 (1e3 =)

¢ .1
Cox dx,
i=l !

1

m+R

D LR

rem [17,10) (1 Xas)

and p, are the cell probabilities. For equal probabilities, a, =1. The Dirichlet D integral can be
expanded as a multinomial series as,

D (r,m)=—1 Z Z{m_lzﬁ % ]

m
(1+Zf:1) x<n Xy <7y m_l,xl,...,xb

X

s ——
1+ZZ=1ak

i=1

For small b, C and D can be expressed analytically either partially or fully for general arguments
and a .=1.

1—‘(’ﬂl +}”2)2 E (rzarl +I”2;1+}”2;—1)

CVr )=
R rT()T(ry)
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! - —(h+n+n
JE YT A+ ) " dy,

2 .
Cl()(FZ’FB.’rl): 0

L'(n+nrn+n) f
BT () I(r)

Where,
2F =,K (rzarl tntn ;1+r2’_(1+y)_1)

is a hypergeometric function.

L(rh+n+n)
(r+ 1) T (D)) (r

D (ry, 1 1) = )L LRy dy,

Where,

F =Rt ntn s len+n—-1-y).
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Multivariable Calculus

The branch of calculus which deals with the differentiation and integration of functions involving
several variables instead of one is known as multivariable calculus. A definite integral which is a
function of more than one real variable is known as a multiple integral. This chapter discusses in
detail these theories and methodologies related to multivariable calculus.

Multivariable calculus is the study of calculus with more than one variable. We understand differ-
entiation and integration of two or more variable by partial derivative by using the first order of
test in finding the critical point. Then we apply the second order of test to find maxima, minima
and saddle point. We solve optimization problems using the first and second order.

Multivariable calculus is a branch of calculus in one variable to calculus with functions of more
than one variable. In single variable calculus, we study the function of single variable whereas in
multivariable calculus we study with two or more variables.

Partial Derivatives: It is derivative of a function of two or more variables with respect to one of
those variables, with the other held constant. It is used in vector calculus and differential geometry.

Let’s assume F(x,y) to be a function with two variables. By keeping y constant and differentiable F
(assuming F is differentiable) with respect to variable x. What we obtain is the partial derivative of
F with respect to x and is denoted by 9F /0x OR Fx.

In the same way, partial derivative of F with respect to y is denoted by 9F/dy OR Fy.

Critical point of function of two variables: Critical point of a function with two variables is a point
where the partial derivative of first order are equal to 0. To find a critical point we must first take
the derivative of the function. Then set that derivative equal to 0 and solve for x. Each value of x
that w get is known as the critical number.
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Let’s find the critical point of function F defined by F(x,y)= x*+ y.
We start with finding the first order partial derivative.
F (x,y)=2x
F (x,y)= 2y
Now we will solve the equation F (x,y)=0 and Fy(x,y)= 0 simultaneously.
F(xy)=2x=0
Fy(x, )=2y=0
The solution of the above equation is the ordered pair (0,0).

The graph of F(x,y)= x2+ y? states that at the critical point (0,0) f has a minimum value.

Maxima and minima of functions of two variable: After getting the critical point we do the second
derivative test to determine if a critical point is a relative maximum or relative minimum. The
meaning of maximum and minimum does not state that the relative maximum or minimum is the
largest/smallest value that the function will ever take. It just states that in some region around
point (a,b) the function will always be smaller/larger than F(a,b). It is possible for the function to
be larger/smaller outside of that region.

Firstly, we need to figure out how many second derivatives we have,

O°F
o> "
2

Fo o°F
Y00y
2

oF _F.

oyox 7

O’F
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It is interesting to note that,

2 2
P :8F:8F:Fx
Y00y ovox

The second derivative test states that when we have a critical point (x, y,) of Function of two vari-
ables and have to calculate the partial derivative.

Let Asz(xo,yo),Bzny (xo,yo),Cszy (xo,yo)
If AC — B2 > 0 and A > o then it is the minimum and when A < 0 is the maximum.

When, AC —B2 < 0 then it is called the saddle point.

And when, AC — B2= 0 then we cannot conclude whether it will be the minimum, maximum or the
saddle point.

Optimization problems with functions of two variables: Optimization problems involve optimizing
functions in two variables using first and second order.

Let us look at some problems closely.
Example: F(x,y) = x*+ 2y*— x%y
Solution: Critical point occurs where F, and F, are simultaneously o.
F = 2x — 2xy = 2x(1-y)
F =4y-x
F=oifx=0o0ry=1
Using this in the equation F, = 0
Ifx=0,y=0
Ify=1theng4 -x*=0
So, x =
Therefore, we have (0,0), (2,1), and (-2,1)
Now using the second partial test to classify
D=F -F —(F ) =(2-2y).(4) - (-2x)
At (0,0) D= 8 and F _ = 2 therefore we have a minimum.
At (2,1) D = -16 is the saddle point.

At (-2,1) D = -16 = 0 therefore is a saddle point.
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Application of Multivariable Calculus: Multivariable calculus is useful considering that most nat-
ural phenomenon are non-linear and can be best described by using multivariable calculus and
differential equation. For example relationship between speed, position and acceleration can be
defined by multivariable calculus and differential equation.

MULTIPLE INTEGRAL

Integral as area between two curves.

2 2
Double integral as volume under a surface z =10 — * 7V The rectangular region at the bottom of the body is the

8
domain of integration, while the surface is the graph of the two-variable function to be integrated.
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The multiple integral is a definite integral of a function of more than one real variable, for ex-
ample, f(x, y) or f(x, y, z). Integrals of a function of two variables over a region in R? are called
double integrals, and integrals of a function of three variables over a region of R3 are called triple
integrals.

Just as the definite integral of a positive function of one variable represents the area of the region
between the graph of the function and the x-axis, the double integral of a positive function of two
variables represents the volume of the region between the surface defined by the function (on the
three-dimensional Cartesian plane where z = f{x, y) and the plane which contains its domain. If
there are more variables, a multiple integral will yield hypervolumes of multidimensional functions.

Multiple integration of a function in n variables: f(x , x, ..., x ) over a domain D is most commonly
represented by nested integral signs in the reverse order of execution (the leftmost integral sign
is computed last), followed by the function and integrand arguments in proper order (the integral
with respect to the rightmost argument is computed last). The domain of integration is either rep-
resented symbolically for every argument over each integral sign, or is abbreviated by a variable
at the rightmost integral sign:

[ @i, -,
D

Since the concept of an antiderivative is only defined for functions of a single real variable, the
usual definition of the indefinite integral does not immediately extend to the multiple integral.

Mathematical Definition
For n > 1, consider a so-called “half-open” n-dimensional hyperrectangular domain T, defined as:

T =[a,,b)x[a,,b,)x---x[a,,b )= R".

Partition each interval [aj, bj) into a finite family I of non-overlapping subintervals L with each
subinterval closed at the left end, and open at the right end.

Then the finite family of subrectangles C given by
C=1xI,x--xI
is a partition of T; that is, the subrectangles C, are non-overlapping and their union is 7.

Let f :T — R be a function defined on T. Consider a partition C of T as defined above, such that
Cis a family of m subrectangles C_ and

Ir=CcuCu---uC,

We can approximate the total (n + 1)th-dimensional volume bounded below by the n-dimensional
hyperrectangle T and above by the n-dimensional graph of f with the following Riemann sum:

S F(BIm(C,)



68 Calculus: An Introduction

where P, is a point in C, and m(C,) is the product of the lengths of the intervals whose Cartesian
product is C,, also known as the measure of C..

The diameter of a subrectangle C, is the largest of the lengths of the intervals whose Cartesian
product is C,. The diameter of a given partition of T'is defined as the largest of the diameters of the
subrectangles in the partition. Intuitively, as the diameter of the partition C is restricted smaller
and smaller, the number of subrectangles m gets larger, and the measure m(C,) of each subrectan-
gle grows smaller. The function f'is said to be Riemann integrable if the limit:

S=lim>" f(R)m(C,)
k=1
exists, where the limit is taken over all possible partitions of T of diameter at most 6.

If fis Riemann integrable, S is called the Riemann integral of f over T and is denoted
J---Irf(xl,xz,...,xn)dxl---dxn

Frequently this notation is abbreviated as
Lﬂmwx.

where x represents the n-tuple (x,, ... x ) and d"x is the n-dimensional volume differential.

The Riemann integral of a function defined over an arbitrary bounded n-dimensional set can be de-
fined by extending that function to a function defined over a half-open rectangle whose values are zero
outside the domain of the original function. Then the integral of the original function over the original
domain is defined to be the integral of the extended function over its rectangular domain, if it exists.

In what follows the Riemann integral in n dimensions will be called the multiple integral.

Properties

Multiple integrals have many properties common to those of integrals of functions of one variable
(linearity, commutativity, monotonicity, and so on). One important property of multiple integrals
is that the value of an integral is independent of the order of integrands under certain conditions.
This property is popularly known as Fubini’s theorem.

Particular Cases

In the case of T' < R?, the integral
1= fxy)dedy
is the double integral of fon T, and if T'< R3 the integral,

I=MJ@%@ﬁ@ﬁ

is the triple integral of fon T.
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Notice that, by convention, the double integral has two integral signs, and the triple integral has
three; this is a notational convention which is convenient when computing a multiple integral as
an iterated integral.

Methods of Integration

The resolution of problems with multiple integrals consists, in most cases, of finding a way to
reduce the multiple integral to an iterated integral, a series of integrals of one variable, each
being directly solvable. For continuous functions, this is justified by Fubini’s theorem. Some-
times, it is possible to obtain the result of the integration by direct examination without any
calculations.

The following are some simple methods of integration:

Integrating Constant Functions

When the integrand is a constant function c, the integral is equal to the product of c and the measure of
the domain of integration. If ¢ = 1 and the domain is a subregion of R?, the integral gives the area of the
region, while if the domain is a subregion of R3, the integral gives the volume of the region.

Example. Let f{x, y) = 2 and

D={(x>y)ER2:2SXS4;3SyS6}
in which case
64 6 pd
L _[2 2a’xa’y=2j3 Lldxdy=2.area(D)=2.(2.3)=12’

since by definition we have:

E .[241 dxdy = area(D).

Use of Symmetry

When the domain of integration is symmetric about the origin with respect to at least one of
the variables of integration and the integrand is odd with respect to this variable, the integral is
equal to zero, as the integrals over the two halves of the domain have the same absolute value but
opposite signs. When the integrand is even with respect to this variable, the integral is equal to
twice the integral over one half of the domain, as the integrals over the two halves of the domain
are equal.

Example: Consider the function f'(x,y)=2 sin(x)-3y" +5 integrated over the domain

T:{(x,y)eRz:x2+y2£1},

a disc with radius 1 centered at the origin with the boundary included.
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Using the linearity property, the integral can be decomposed into three pieces:

2sinx =3y’ +5) dx dy = || 2sinx dx dy— || 3y’ dxdy+ || 5dxdy
T T T T

The function 2 sin(x) is an odd function in the variable x and the disc T'is symmetric with respect to
the y-axis, so the value of the first integral is 0. Similarly, the function 3y2 is an odd function of y,
and T'is symmetric with respect to the x-axis, and so the only contribution to the final result is that
of the third integral. Therefore the original integral is equal to the area of the disk times 5, or 57t.

Example: Consider the function f(x,y,z)=x exp( Y+ zz) and as integration region the sphere

with radius 2 centered at the origin,
T:{(x,y,z) eR :x*+y +2° £4}.

The “ball” is symmetric about all three axes, but it is sufficient to integrate with respect to x-axis to
show that the integral is 0, because the function is an odd function of that variable.

Normal Domains on Rz

This method is applicable to any domain D for which:
« The projection of D onto either the x-axis or the y-axis is bounded by the two values, a and b.

e Any line perpendicular to this axis that passes between these two values intersects the
domain in an interval whose endpoints are given by the graphs of two functions, a and .

Such a domain will be here called a normal domain. Elsewhere in the literature, normal domains
are sometimes called type I or type II domains, depending on which axis the domain is fibred over.
In all cases, the function to be integrated must be Riemann integrable on the domain, which is true
(for instance) if the function is continuous.

X-axis

If the domain D is normal with respect to the x-axis, and f : D — R is a continuous function; then
a(x) and B(x) (both of which are defined on the interval [a, b]) are the two functions that determine
D. Then, by Fubini’s theorem:

b B(x)
JI, /Gy dedy=[ dx] " f(xy)dy.
y-axis
If D is normal with respect to the y-axis and f : D — R is a continuous function; then a(y) and

B(y) (both of which are defined on the interval [a, b]) are the two functions that determine D.
Again, by Fubini’s theorem:

J.J.D f(x,y) dx dy Lb dyJ. ((yy))f(x, y) dx.
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Normal Domains on R3

If T'is a domain that is normal with respect to the xy-plane and determined by the functions a(x,
y) and B(x, y), then

I]. £ G2y dxdy dz =[] [ f(x.7.2) dz dx dy

a(x,y)

This definition is the same for the other five normality cases on R3. It can be generalized in a
straightforward way to domains in R™.

Change of Variables

The limits of integration are often not easily interchangeable (without normality or with complex
formulae to integrate). One makes a change of variables to rewrite the integral in a more “comfort-
able” region, which can be described in simpler formulae. To do so, the function must be adapted
to the new coordinates.

Example: The functionis f(x,y)=(x— 1)2 + \/; ; if one adopts the substitution X’ =x - 1,3y’ =y
therefore x = x’ + 1, y = y’ one obtains the new function f, (x,y)= (x')2 + \/; )

« Similarly for the domain because it is delimited by the original variables that were trans-
formed before (x and y in example).

« the differentials dx and dy transform via the absolute value of the determinant of the Jaco-
bian matrix containing the partial derivatives of the transformations regarding the new
variable.

There exist three main “kinds” of changes of variable (one in R?, two in R3); however, more general
substitutions can be made using the same principle.

Polar Coordinates

In R? if the domain has a circular symmetry and the function has some particular characteristics
one can apply the transformation to polar coordinates which means that the generic points P(x,
y) in Cartesian coordinates switch to their respective points in polar coordinates. That allows one
to change the shape of the domain and simplify the operations.

X 0
/B
/
/ , I
//(X B - -
‘b <=
of - _
/ I I
rs d | I
f Y ! P
d b

Transformation from cartesian to polar coordinates.
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The fundamental relation to make the transformation is the following;:
J(x,y) = f(pcos g, psing).

Example: The function is f{x, y) = x + y and applying the transformation one obtains,
f(p,p)=pcosp+ psing = p(cos @ +sin ).

Example: The function is f{x, y) = x* + y?, in this case one has:

2

f(p.9)=p’(cos’ p+sin’ )= p

using the Pythagorean trigonometric identity (very useful to simplify this operation).

The transformation of the domain is made by defining the radius’ crown length and the amplitude
of the described angle to define the p, ¢ intervals starting from x, y.

X @
<
T[ _____
D
/\ j p
a b a b

Example of a domain transformation from cartesian to polar.

Example: The domain is D = {x* + y*> < 4}, that is a circumference of radius 2; it’s evident that
the covered angle is the circle angle, so ¢ varies from 0 to 271, while the crown radius varies from o
to 2 (the crown with the inside radius null is just a circle).

Example: The domain is D = {x* + y*> < 9, x* + Yy > 4, Y > 0}, that is the circular crown in the pos-
itive y half-plane; ¢ describes a plane angle while p varies from 2 to 3. Therefore the transformed
domain will be the following rectangle:

T={2<p<3,0<¢p<7}.
The Jacobian determinant of that transformation is the following:

cosp —psing
sing  pcose

o(x,y) _
o(p,9)

which has been obtained by inserting the partial derivatives of x = pcos(¢),y = psin(p) in the

first column respect to p and in the second respect to ¢, so the dx dy differentials in this transfor-
mation become p dp d¢.
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Once the function is transformed and the domain evaluated, it is possible to define the formula for
the change of variables in polar coordinates:

(| raydcdy=[[ f(pcose. psing)pdp do.

@ is valid in the [0, 27t] interval while p, which is a measure of a length, can only have positive
values.

Example: The function is f{x, y) = x and the domain is the same as in previous example. From the
previous analysis of D we know the intervals of p (from 2 to 3) and of ¢ (from 0 to ). Now we
change the function:

f(x,y)=x— f(p,p)=pcose.
finally let’s apply the integration formula:

.UD xdxdy = ”TPCOS ppd pd .

Once the intervals are known, you have

3 37 3
IO L p’ cospd pdep = IO cosp d(p[%} =[sin go]g (9__j =0.

2

Cylindrical Coordinates

&)
N
‘<w

Cylindrical coordinates.

In R3 the integration on domains with a circular base can be made by the passage to cylindrical
coordinates; the transformation of the function is made by the following relation:

f(x,y,2) > f(pcose, psing,z)

The domain transformation can be graphically attained, because only the shape of the base varies,
while the height follows the shape of the starting region.
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Example: The regionis D = {x2 +y°<9x*+y"> 4,0 <z< 5} if the transformation is applied,
this region is obtained:

T={2<p<3,0<9p<L27,0<z<5}

Because the z component is unvaried during the transformation, the dx dy dz differentials vary as
in the passage to polar coordinates: therefore, they become p dp do dz.

Finally, it is possible to apply the final formula to cylindrical coordinates:
'mD S (x,y,z)dxdydz = mT f(pcose, psing, z)

This method is convenient in case of cylindrical or conical domains or in regions where it is easy to
individuate the z interval and even transform the circular base and the function.

Example: The function is f{x, y, z) = x* + y* + z and as integration domain this cylinder: D = {x* +
Y2 <9, -5 < z < 5 }. The transformation of D in cylindrical coordinates is the following;:

T={0<p<3,05p<27r,-5<z<5}.
while the function becomes

f(pcose, psing,z)=p* +z
Finally one can apply the integration formula:

J.‘”.D(x2 +y° +z) dxdy dz = ”.[T(pz + z)p dpde dz,

developing the formula you have,

3
[ az["dp[ (p*+ pz)dp = 27zj55{%4+ P Z} dz=2z (%+%zjddz —...=4057.

Spherical Coordinates

In R3 some domains have a spherical symmetry, so it’s possible to specify the coordinates of every
point of the integration region by two angles and one distance. It’s possible to use therefore the
passage to spherical coordinates; the function is transformed by this relation:

f(x,v,2z) > f(pcos@sing, psinGsin @, pcos )

Points on the z-axis do not have a precise characterization in spherical coordinates, so 0 can vary
between 0 and 2.

The better integration domain for this passage is the sphere.
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Spherical coordinates.

Example: The domain is D = x* + y* + z* < 16 (sphere with radius 4 and center at the origin); ap-
plying the transformation you get the region,

T={0<p<4,0<¢p<7,0<0<2r}.
The Jacobian determinant of this transformation is the following;:

cos@singp —psindsing pcosfcosp

ox0,2) _ sinfsing  pcosfsing  psinfcosg|= p’sing
(p,0,9)

cCos @ 0 —psing
The dx dy dz differentials therefore are transformed to p’sin(¢)dp d6 de.

This yields the final integration formula:
I_UD f(x,y,z)dxdydz= mT (psin ¢ cos, psinpsin@, pcosp)p’sinpd p d6 de.

It is better to use this method in case of spherical domains and in case of functions that can be
easily simplified by the first fundamental relation of trigonometry extended to R3; in other cases it
can be better to use cylindrical coordinates.

mT f(a,b,e)p*singdp do dop.

The extra p? and sin ¢ come from the Jacobian.
In the following examples the roles of ¢ and 0 have been reversed.

Example: D is the same region as in example above and f(x, y, z) = x*> + y* + z2 is the function to
integrate. Its transformation is very easy:

f(psinpcos®, psinpsin @, pcosp) = p,
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while we know the intervals of the transformed region 7 from D:

T={0<p<4,0<p<7,0<60<L2r}.
We therefore apply the integration formula:

jij(x2 +y* +2" )dx dy dz =ﬂij2p2 sin@dp do do,
and, developing, we get

40967r
5

4
”_[p sinf@dpdfdo= I s1ngodqof p4dpj dé = 2;1.[ s1n(p{ }d(/) 27{ j|[—COS(p]”

Example: The domain D is the ball with center at the origin and radius 3a,
D:{x2 +y'+2° £9a2}
and f(x, y, z) = x2 + y? is the function to integrate.

Looking at the domain, it seems convenient to adopt the passage to spherical coordinates, in fact,
the intervals of the variables that delimit the new T region are obviously:

T={0<p<3a,059p<27,0<0< 1}.
However, applying the transformation, we get
X,v,z)=x"+y" = p’sin’ Ocos’ p+ p’ sin’ @sin’ p = p’ sin’ 6.
f(x,y,2) yioop P+p p=p
Applying the formula for integration we obtain:

[[[ p?sin* 60> sin0d pdodp= [[[ p*sin’ 0dpdode

which is very hard to solve. This problem will be solved by using the passage to cylindrical coordi-
nates. The new T intervals are

z{OSpS3a,OS¢)S27Z,—«/9a2—p2 SZS«/9a2—p2};

the z interval has been obtained by dividing the ball into two hemispheres simply by solving the
inequality from the formula of D (and then directly transforming x? + y? into p?). The new function
is simply p2. Applying the integration formula:

IHT ppdpdpd:.

Then we get

jj”d(p j: pidp jg dz = 27zj:“ 20°\9d% — p*dp
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_ 2 Loaz (9a* — )i dt t=94% - p?
- 2;;_[0902 (9a2«/? —t\/;)dt
_ Zn(j:az 9>t dt — jogaz N dt)

:|9a2
0

3 5
=2z 9azzt2 —%t2
3 5

=2.27rxa’ (6—%)

6487
=—-a.
5

Thanks to the passage to cylindrical coordinates it was possible to reduce the triple integral to an
easier one-variable integral.

Double Integral over a Rectangle

Let us assume that we wish to integrate a multivariable function f over a region A:
A={(x,y)eR*:11<x<14;7<y<10} and f(x,y) = x" +4y

From this we formulate the iterated integral,

10 14 2
L Ill(x +4y)dxdy

The inner integral is performed first, integrating with respect to x and taking y as a constant, as it
is not the variable of integration. The result of this integral, which is a function depending only on
Yy, is then integrated with respect to y.

x=14

Llj(xz + 4y)dx = [%xz' + 4yx}

x=11

I e
=§(14) +4y(14)—§(11) —-4y(11)
=471+12y

We then integrate the result with respect to y.

[“@n+i2yyay=[471y 461"
7 y=1

= 471(10) + 6(10)> — 471(7) — 6(7)
~1719
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In cases where the double integral of the absolute value of the function is finite, the order of inte-
gration is interchangeable, that is, integrating with respect to x first and integrating with respect to
y first produce the same result. That is Fubini’s theorem. For example, doing the previous calcula-
tion with order reversed gives the same result:

L IIO x +4y dy dx = J.ll [x y+2y ]y_odx

=j (3x% +102) dx

=14

_[x +102x]
=1719.

Double Integral over a Normal Domain

ANy

(LD

D

Example: double integral over the normal region D.
Consider the region:

D={(x,y)eR*:x>0,y<1,y>x"}

Calculate,
HD (x+y)dxdy.

This domain is normal with respect to both the x- and y-axes. To apply the formulae it is required
to find the functions that determine D and the intervals over which these functions are defined. In
this case the two functions are:

a(x)=x" and B(x) =1

while the interval is given by the intersections of the functions with x = 0, so the interval is [a, b]
= [0, 1] (normality has been chosen with respect to the x-axis for a better visual understanding).



CHAPTER 3  Multivariable Calculus 79

It is now possible to apply the formula:
([ ctyydvdy=[ dx[,(x+y)ydy=] dx|x +y—21
pOrE ) dedy=| dx| (x+y)dy=| dx|xy+—-]

(at first the second integral is calculated considering x as a constant). The remaining operations
consist of applying the basic techniques of integration:

2 1 4
Jl xy+y— a’x:j1 x+l—x3—x— dx:---zg.
0 2, 0 2 2 20

X

If we choose normality with respect to the y-axis we could calculate
Lol
IO d yJ.O (x+y) dx.

and obtain the same value.

VA
TN
' a(x,y)
a____i_|__i:____)1_
b oy
______ fy) gy
X

Example of domain in R3 that is normal with respect to the xy-plane.

Calculating Volume

Using the methods previously described, it is possible to calculate the volumes of some common
solids.

« Cylinder: The volume of a cylinder with height h and circular base of radius R can be
calculated by integrating the constant function h over the circular base, using polar coor-
dinates.

R
Volume = Iozﬂ d(p.[: hpdp=2rh [%} =7R*h

0
This is in agreement with the formula for the volume of a prism

Volume = base area x height.
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« Sphere: The volume of a sphere with radius R can be calculated by integrating the constant
function 1 over the sphere, using spherical coordinates.

Volume = IﬂD f(x,y,z)dx dy dz

=[lJ,1av
:ﬂL;ﬁgn¢dpd9d¢
=["do[ sing dg| p*dp
=2z sinpdg| pidp
=27 J.O”sin(plgd(p
=§nRﬂ—amﬂZ=§zR?

» Tetrahedron (triangular pyramid or 3-simplex): The volume of a tetrahedron with its apex
at the origin and edges of length £ along the x-, y- and z-axes can be calculated by integrat-
ing the constant function 1 over the tetrahedron.

Volume = J.Ol a’xjoH dyJ‘jﬂﬁy dz

= J‘: dxjj_x (-x—y)dy

2
= J./(l2 —2x+x* —uj dx
0 2

2 2 o
AN ARN A
"3 6 6
This is in agreement with the formula for the volume of a pyramid
2 3
Volume = 1 x base area x height = 1 X E—x (= g_
3 3 2 6
Vi ?Y
e
XS
7

Example of an improper domain.
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Multiple Improper Integral

In case of unbounded domains or functions not bounded near the boundary of the domain, we
have to introduce the double improper integral or the triple improper integral.

Multiple Integrals and Iterated Integrals

Fubini’s theorem states that if:

.”AXBV(X’J’)l d(x,y) <o,

that is, if the integral is absolutely convergent, then the multiple integral will give the same result
as either of the two iterated integrals:

[[,, femdeen =] ([, 70 av)ax=[ (] 1) ax) d.

In particular this will occur if [f{x, y)| is a bounded function and A and B are bounded sets.

If the integral is not absolutely convergent, care is needed not to confuse the concepts of multiple
integral and iterated integral, especially since the same notation is often used for either concept.
The notation:

[, o) dyax

means, in some cases, an iterated integral rather than a true double integral. In an iterated inte-
gral, the outer integral:

[ ax

is the integral with respect to x of the following function of x:
1
g0 = f(xy) dv.

A double integral, on the other hand, is defined with respect to area in the xy-plane. If the double
integral exists, then it is equal to each of the two iterated integrals (either “dy dx” or “dx dy”) and
one often computes it by computing either of the iterated integrals. But sometimes the two iterated
integrals exist when the double integral does not, and in some such cases the two iterated integrals
are different numbers, i.e., one has,

[, [ fCey)dy =] f(x,v)ax .

This is an instance of rearrangement of a conditionally convergent integral.

On the other hand, some conditions ensure that the two iterated integrals are equal even though
the double integral need not exist. By the Fichtenholz—-Lichtenstein theorem, if f is bounded on
[0, 1] x [0, 1] and both iterated integrals exist, then they are equal. Moreover, existence of the inner
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integrals ensures existence of the outer integrals. The double integral need not exist in this case
even as Lebesgue integral, according to Sierpinski.

The notation,

J‘[O,l]x[(],l] f(x) y) dx dy

may be used if one wishes to be emphatic about intending a double integral rather than an iterated
integral.

Practical Applications

Quite generally, just as in one variable, one can use the multiple integral to find the average of a
function over a given set. Given a set D € R" and an integrable function f over D, the average value
of fover its domain is given by,

— 1
f=o [ fxsx,

where m(D) is the measure of D.
Additionally, multiple integrals are used in many applications in physics.

In mechanics, the moment of inertia is calculated as the volume integral (triple integral) of the
density weighed with the square of the distance from the axis:

L=|[] pav.

The gravitational potential associated with a mass distribution given by a mass measure dm on
three-dimensional Euclidean space R3 is,

V) ={[f

If there is a continuous function p(x) representing the density of the distribution at x, so that
dm(x)= p(x)d’ x, where dx is the Euclidean volume element, then the gravitational potential is,

reo=-|f[ . %p(y)d 'y

In electromagnetism, Maxwell’s equations can be written using multiple integrals to calculate
the total magnetic and electric fields. In the following example, the electric field produced by a
distribution of charges given by the volume charge density p( 7) is obtained by a triple integral
of a vector function:

-1 PP L
B~ W o
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This can also be written as an integral with respect to a signed measure representing the charge
distribution.

MATRIX CALCULUS

Matrix calculus is concerned with rules for operating on functions of matrices. For example, sup-
pose that an m x n matrix X is mapped into a p x g matrix Y. We are interested in obtaining ex-
pressions for derivatives such as,

o,
o0X,

3

forall 7, j and k, /. The main difficulty here is keeping track of where things are put. There is no
reason to use subscripts; it is far better instead to use a system for ordering the results using matrix
operations.

Matrix calculus makes heavy use of the vec operator and Kronecker products. The vec operator
vectorizes a matrix by stacking its columns (it is convention that column rather than row stacking
is used). For example, vectorizing the matrix:

1 2

3 4

56
produces

1]

3

5

2

4

_6_

The Kronecker product of two matrices, A and B, where Ais mxn and Bis p x ¢, is defined as:

AB A,B .. AB
op| B AxB . 4B
A B A,B .. A B

ml m2 mn
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which is an mp x ng matrix. There is an important relationship between the Kronecker product
and the vec operator:

vec(AXB)=(B" > ® 4)vec(X).

This relationship is extremely useful in deriving matrix calculus results.

Another matrix operator that will prove useful is one related to the vec operator. Define the matrix
T, , as the matrix that transforms vec (A) into vec (AT ) :

T, vec(A4)= Vec(AT).

Note the size of this matrix is mn x mn. T, , has a number of special properties. The first is clear
from its definition; if 7,, , is applied to the vec of an m x n matrix and then 7, , applied to the re-
sult, the original vectorized matrix results:

T,.T. vec(A4)=vec(A)

n,m> m,n

thus,
];,me,n = Imn
The fact that,
T.,.=T,

follows directly. Perhaps less obvious is that,
Tm,n = ];Im
(also combining these results means that 7, , is an orthogonal matrix).

The matrix operator 7, , is a permutation matrix, i.e., it is composed of 0s and 1s, with a single 1
on each row and column. When premultiplying another matrix, it simply rearranges the ordering
of rows of that matrix (postmultiplying by 7,, , rearranges columns).

The transpose matrix is also related to the Kronecker product. With A and B defined as above,

B®A4=1T,,(4®B)T,,.

This can be shown by introducing an arbitrary »n x ¢ matrix C:
T,,(A®B)T, vec(C) = T,,(4A® B)VCC(CT)
=T,, Vec(BCTAT)
= VGC(ACBT)
=(B® A)vec(C).
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This implies that ((B ®A4)-T,,(A®B)T,, )Vec(C )=0. Because C is arbitrary, the desired re-
sult must hold.

An immediate corollary to the above result is that,

(A4®B)T, =T, ,(B® 4).
It is also useful to note that 7;,, =T, =1, . Thus, if 4 is Ixn then (4® B)Tn’q =(B® A4). When
working with derivatives of scalars this can result in considerable simplification.

Turning now to calculus, define the derivative of a function mapping R" — R” as the m xn ma-
trix of partial derivatives:

(07, - 22

For example, the simplest derivative is,

ddx
dx

=A.

Using this definition, the usual rules for manipulating derivatives apply naturally if one respects
the rules of matrix conformability. The summation rule is obvious:

D[af(x) + ,Bg(x)] = an(x) + ,BDg(x),

where @ and g are scalars. The chain rule involves matrix multiplication, which requires con-
formability. Given two functions f :R" — R"” and g:R" — R", the derivative of the composite
function is,

D[f(g(x))] =/"(g(x))g"(x).

Notice that this satisfies matrix multiplication conformability, whereas the expression
g '(x) f '( g(x)) attempts to postmultipy an n x p matrix by an m x n matrix. To define a prod-

uct rule, consider the expression f (x)T g(x),where f,g :R" — R" . The derivative is the 1x n
vector given by,

DL (%) g(x)|=g(x) £ (x)+ f(x)' & (»):

Notice that no other way of multiplying g by /"' and f by g' would ensure conformability. A more
general version of the product rule is defined below.

The product rule leads to a useful result about quadratic functions:

dx Ax

=x A+ x"A" xT(A + AT).
dx

When A is symmetric this has the very natural form dx"Ax/dx =2x"A.
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These rules define derivatives for vectors. Defining derivatives of matrices with respect to
matrices is accomplished by vectorizing the matrices, so dA(X)/dX is the same thing as
dvec(A(X))/dvec(X). This is where the the relationship between the vec operator and Kro-
necker products is useful. Consider differentiating dx'A4x with respect to 4 (rather than
with respect to x as above):

dvec(xTAx) a’(xT ® xT)Vec(A)

dvec(A) - dvec(A) - (xT®XT)

(the derivative of an m x n matrix A with respect to itselfis 7, ).

A more general product rule can be defined. Suppose that f:R" — R"™*” and g:R" > R, so
f(x)g(x):R" > R"". Using the relationship between the vec and Kronecker product operators

vee(L, /(x)(x)1,)=(2(x) @1, )vee(f(x))= (1, ® £ (x))vec(g(x)).
A natural product rule is therefore,

Df (x)g(x)=(g(x) ®1,) 1 (x)+(1,® £ (x))g'(x):
This can be used to determine the derivative of d4'4/dA where Ais m x n.

vec(A'4)=(1, ® 4" )vec(4)=(A4" ®1,)vec(4")=(4"®1,)T,, vec(4).

m,n

Thus (using the product rule),

dA" A
dA

=(1,®4") + (4'®1,)7,,.
This can be simplified somewhat by noting that,
(47®L,)71,,=1,,(1,®4).

Thus,
dA™ A
dA

=(1,+7,,)(1,®4").

The product rule is also useful in determining the derivative of a matrix inverse:

aa'4 _ (4 ®I”)dA’l
dA dA

+(1,®47).

But 47'A4 is identically equal to I, so its derivative is identically 0. Thus,

4™
dA

=—(4®1L) (L,e4")=—(47®1L)(1,®4" )=—(4T04").
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It is also useful to have an expression for the derivative of a determinant. Suppose A is n x n with
|A| # 0. The determinant can be written as the product of the ith row of the adjoint of 4 (4") with
the ith column of 4:

|4|=44, .

Recall that the elements of the ith row of A™ are not influenced by the elements in the ith column
of A and hence,

o4
=y
aA 1.

‘1

To obtain the derivative with respect to all of the elements of A, we can concatenate the partial
derivatives with respect to each column of A:

L )l (L) L) 4] Do bec( )

The following result is an immediate consequence,

dn |A|

TR VGC(A_T )T )

Matrix differentiation results allow us to compute the derivatives of the solutions to certain classes
of equilibrium problems. Consider, for example, the solution, x, to a linear complementarity prob-
lem LCP(M,q) that solves,

Mx+g>0, x>0, x"(Mx+q)=0

The ith element of x is either exactly equal to 0 or is equal to the ith element of Mx+ g . Define a
diagonal matrix D such that D, =1if x>0 and equal o otherwise. The solution can then be writ-
ten as x=—M 'Dq , where M = DM + I — D. It follows that,

and that,
ox _ o oM™ oM
oM oM™ oM oM
= (gD ®I)(-MT® M )(I ® D)

=g >DM "> ®M™'D
x' ® ox/oq
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Given the prevalence of Kronecker products in matrix derivatives, it would be useful to have rules
for computing derivatives of Kronecker products themselves, i.e. dA® B/dA and dA® B/dB.
Because each element of a Kronecker product involves the product of one element from A multi-
plied by one element of B, the derivative dA @ B/dA must be composed of zeros and the elements
of B arranged in a certain fashion. Similarly, the derivative d4 ® B/ dB is composed of zeros and
the elements of A arranged in a certain fashion.

It can be verified that d4® B/ dA can be written as:

_‘P] o ... O
¥, 0 .. 0
¥, 0 0
0 ¥ 0 ;
\Pl
Y, W
dAdeB: =1,®| °
] \{Jq .
.o \Pq_
0 0 LPI
0 0 Y,
i 0 0 qu_
where,
i 1i O O |
B, 0 0
B, 0 0
0 B, = 0
0 B, = 0
\{Iiz cee cee - cee :Im®Bl
0 B, - 0
0 0 i
0 0 B,,
i 0 0 Bpi_
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This can be written more compactly as,

dAd(jB =(1,®T, ®1,)(1,, ®vec(B))=(1,, ®T,,)(I, ® vec(B)®1,).

Similarly d4® B/ dB can be written as:

(@, 0 - 0
0 © - 0
0 0 0,
O, 0 0
0 O, 0
dA®B_
B
d 0 0 0,
®q 0 0
0 ®q 0
i 0 0 ®q_
where,
i il 0 O ]
0 4, 0
0 0 A,
A4, O 0
0 4, 0
0, =
0 0 A,
im 0 0
0 4, 0
i 0 0 Al.m_

This can be written more compactly as,

UDS (1,01, 01)(sec(d)®1,)=(T, ®1,.)(1, &rec(4)@1,).
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Notice that if either A is a row vector (m = 1) or B is a column vector (q = 1), the matrix

(In ®T, 1 p) = Imnpq and hence can be ignored.

To illustrate a use for these relationships, consider the second derivative of xx' with respect to x,
an n-vector.

)
dzx =x®I +1, ®x;
X
hence,
2 T
fz ;’CT =(T,, ®1,)(1, ®vec(I,) +vec(1,)®1,).
xXax

Another example is,

a4’
dAdA

=(1,9T, @31,1)[(1"2 ®Vec(A*1)) T, + (Vec (A*T)@[n2 )J(A*T ® A’l)

Often, especially in statistical applications, one encounters matrices that are symmetrical. It
would not make sense to take a derivative with respect to the i, jth element of a symmetric
matrix while holding the j, ith element constant. Generally it is preferable to work with a
vectorized version of a symmetric matrix that excludes with the upper or lower portion of the
matrix. The vech operator is typically taken to be the column-wise vectorization with the upper
portion excluded:

All

vech(4) =|--

nn—1

nn

One obtains this by selecting elements of vec(A) and therefore we can write:

vech(A4)=S,vec(4),

where S, is an n(n + 1) /2 x n* matrix of os and 1s, with a single 1 in each row. The vech opera-
tor can be applied to lower triangular matrices as well; there is no reason to take derivatives with
respect to the upper part of a lower triangular matrix (it can also be applied to the transpose of
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an upper triangular matrix). The use of the vech operator is also important in efficient computer
storage of symmetric and triangular matrices.

To illustrate the use of the vech operator in matrix calculus applications, consider an nx n sym-
metric matrix C defined in terms of a lower triangular matrix, L,

C=LL.
Using the already familiar methods it is easy to see that

dc
& (1, ®L)T, +(L®L).
dL (” )n;n+( ")

Using the chain rule

dvech(C) dvech(C) e dL _g a’_CST
dvech(L)  dC  dL dvech(L) " dL "

Inverting this expression provides an expression for dvech(l.)/dvech(C).

Related to matrix derivatives is the issue of Taylor expansions of matrixto-matrix functions. One
way to think of matrix derivatives is in terms of multidimensional arrays. An mn x pg matrix can
also be thought of as an m x nx p x g 4-dimensional array. The “reshape” function in MATLAB
implements such transformations. The ordering of the individual elements has not change, only
the way the elements are indexed.

The dth order Taylor expansion of a function f (X ) :R™" — R”™ at X can be computed in the
following way:

fzvec(f(f())
dszec(X—f()

fori =1tod

{

f=rY(X)dx

for j=2toi

fi =reshape( i,mn(pq)jfz,pq)dX/j
f=r+f

j

f=reshape(f, m, n)

The techniques described thus far can be applied to computation of derivatives of common “spe-
cial” functions. First, consider the derivative of a nonnegative integer power A' of a square matrix
A . Application of the chain rule leads to the recursive definition.
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d4™

a4 =(4"®1) W+(]® A7)

d4d  dA

which can also be expressed as a sum of i terms,

a YA ea
dA

J=1

This result can be used to derive an expression for the derivative of the matrix exponential func-
tion, which is defined in the usual way in terms of a Taylor expansion:

io 1!

Thus,

1]
=1
~
~.
Il

Operator Results
Ais mxn, B is pxq, X is defined comformably.
AB A,B ... A,B

1n

wp | BB AnB . 4B

AB A.B .. A B
(AC®BD)=(4A® B)(C®D)
(A®B) ' =4"'®B"

(4®B) =4"® B’
vec(AXB) = (BT ® A)Vec(X)
trace(AX ) = Vec(AT )T vec(X)
trace( AX ) = trace(XA)

T, vec(A4)= VGC(AT )
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Differentiation Results

Ais mxn, Bis pxgq, xis nx1, Xis defined comformably.

_dfi(x)
[Df]ij ) dx,
ddx _
dx

D[af(x) + ﬂg(x)] = an(x) + ﬁDg(x)
D[/ (g(x)]=1(2(x)g'()

DLf(x)g(x)]=(g(x) ®1,) /1(x)+ (1, ® f (x))g'(x).

.
dx Ax =x"(4+47)
dx
dvec(xTAx) _ (xT % xT)
dvec(A)
dA" A
. (£:+7,)(1,® A7)
dAA"
. :(]mz +Tm,m)(A®Im)
T 4T
dx A Ax _ 2x" ® x'A" (when x isa vector)
dA
T T
de Ad x _ 2x"A® x (when xisa vector)
dAXB

=B"® 4
dX
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4™

7 =—(47®4")
%{Jlﬂ:VeC(A_T)T
dAij =(1,®71, ®1,)(1,, ®vec(B))=(1, ®T,,)(I, ® vec(B) ®1,).
dAdCzB = (1,87, ®1,)(vec(4) ®1,)=(T, ®1,,)(1, ®vec(4)®1,).
d;f —x ® 1, +1,® x
%Z(Tm ®1,)(1, ® vec(1, )+ vec(I,)® 1,)
a =(4®1)=— AR (1®Af*1):i(AT)’”‘ ® A

Jj=1

dexp (4) i ' ( )i_j ® A4

i=0 -j:]
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Vector Calculus

The branch of calculus which deals with differentiation and integration of vector fields is known
as vector calculus. Some of the differential operators studied within vector calculus are gradi-
ent, divergence and curl. All these diverse concepts related to vector calculus have been carefully
analyzed in this chapter.

Vector Calculus is a mathematical discipline that studies the properties of operations on vectors
of Euclidean space. the concept of a vector constitutes the mathematical abstraction of quantities
that are characterized not only by a numerical value but also by a direction (for example, force,
acceleration, velocity).

Vector Algebra

A vector is a directed line segment, that is, a segment whose beginning (also called the vector’s
point of application) and end are indicated. The length of the directed line segment, which rep-
resents a vector, is called its length or magnitude. The length of vector a is denoted by |a|. Vectors
are called collinear if they lie either on the same line or on parallel lines. Two vectors are said to be
equal if they are collinear and have the same length and direction. All zero vectors are considered
to be equal. Vector calculus, deals with free vectors.

An important role in vector algebra is played by linear operations on vectors: adding vectors and
multiplying them by real numbers. The sum a + b of vectors a and b is the vector extending from
the beginning of vector a to the end of vector b such that the beginning of vector b is joined to the
end of vector a. The derivation of this rule is related to the parallelogram rule of vector addition,
whose source is the experimental fact of the addition of forces (vector magnitudes) according to
this rule. The construction of the sum of several vectors is clear from figure. The product a a of
vector a and the number a is a vector that is collinear with vector a and has a length |a| -|a| and a
direction that coincides with the direction of a when a > 0 and is opposite to that of a when a < o.
Vector -1 - a is the inverse vector of a and is denoted by -a.
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e« a+b=b+a

« (a+b)+c=a+(b+0c)
e a+o0=a

e a+(-a)=o0

+ la=a

« a(Ba) = (aP)a

e« a(a+b)=aa+ab

e (a+pl)a=aa+pa

The concept of linearly dependent and linearly independent vectors is often encountered in vector
algebra. Vectors a, a,,..., a_are called linearly dependent if there exist such numbers a, a,,,..., a_, of
which at least one of them differs from zero, that the linear combination aa + - - - +a a_of these
vectors is equal to zero. Vectors a, a , ..., a_that are not linearly dependent are called linearly inde-
pendent. Let us note that any three nonzero vectors not lying in one plane are linearly independent.
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The vectors of Euclidean space have the following property: there exist three linearly indepen-
dent vectors, and any arbitrary four vectors are linearly dependent. This property characterizes
the three-dimensionality of the set of vectors under consideration. In conjunction with the prop-
erties listed above, the indicated property implies that the set of all vectors of Euclidean space
forms a so-called vector space. The linearly independent vectors e, e,, and e, form a basis. Any

vector a can be uniquely resolved in terms of basis vectors: a = X e + Ye, + Z e, the coefficients
X, Y, and Z are called the coordinates (components) of vector a in the given basis. If vector a has
coordinates X, Y, and Z, this can be written as a = {X, Y, Z }. Three mutually orthogonal (per-
pendicular) vectors, whose lengths are equal to one and which are usually denoted by i, j, and
k, form a so-called orthonormalized basis. If these vectors are located with their initial points at
one point O, they form a rectangular Cartesian coordinate system in space. The coordinates X,
Y, Z of any point M in this system are defined as the coordinates of the vector O M. The linear
operations on vectors, indicated previously, correspond to analogous operations on their co-
ordinates: if the coordinates of vectors a and b are {X,, Y, Z } and X, Y, Z } respectively, then
the coordinates of the sum a + b of these vectors are {X, + X, Y, + Y, Z + Z } the coordinates of
vector Aa are {A\X ,\Y , AZ }.

LY §
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The development and application of vector algebra is closely connected with various types of prod-
ucts of vectors: scalar, vector, and mixed. The concept of the scalar product of vectors arises, for
example, in examining the work performed by a force F along a given path S: the work is equal to
|F| |S| cos @, where ¢ is the angle between vectors F and S. Mathematically, the scalar product of
vectors a and b is defined as the number denoted by (a, b) and equal to the product of the magni-
tudes of these vectors and of the cosine of the angle between them:

(a, b) = |a] |bx]| cos @

The quantity |b| cos @ is called the projection of vector b on the axis determined by vector a and is
denoted by proj b. Therefore, (a, b) = | a | proj,b. In particular, if a is a unit vector ( |a| = 1), then
(a, b) = proj,b. The following properties of the scalar product are obvious:

(a,b) = (b, a)
(Aa,b) = @(a,b)
(a+b,c) = (a,c) + (b,c)

(a,a) = 0)
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where equality with zero occurs only for a = 0. If vectors a and b have the coordinates {X , Y, Z }
and {X, Y, Z } respectively, in an orthonormalized basis i, j, k, then,

(a,b)=X X, +Y,Y,+Z Z,
|a| = \lez‘l'le"'Zl2
X1X2+YIY2+2122

cosp =
JXE+Y2 422 X272+ 22

The definition of a vector product requires use of the concept of a left- and right-handed ordering
of three vectors. The ordered triplet of vectors a, b, ¢ (a is the first vector, b, the second, and c, the
third), starting at the same point and not lying in one plane, is called right-handed (left-handed) if
the vectors are situated in the same way as the thumb, index, and middle fingers, respectively, of
the right (left) hand. Figure shows right-handed (on the right) and left-handed (on the left) triplets
of vectors.

The vector product of vectors a and b is the vector denoted by [a, b] and satisfying the following
requirements: (1) the length of vector [a, b] is equal to the product of the lengths of vectors a and
and of the sine of the angle ¢ between them (thus, if a and b are collinear, then [a, b] = 0); and
(2) if a and b are noncollinear, then [a, b] is perpendicular to both vectors a and b and is direct-
ed so that the triplet of vectors a, b, [a, b] is right-handed. The vector product has the following
properties:

[a, b] = [b, a]

[(Aa), b] = [a, b]

[c, (a+ b)] = [c, a] + [c, b]

[a, [b, c]] =D (a, ¢) - c(a, b)

([a, b], [c, dD) = (a, ¢ )(b, d) - (a, d)(b, ¢)

If, in an orthonormalized basis i, j, k forming a right-handed triplet, vectors a and b have the co-
ordinates {X Y Z } and {X)Y Z }, respectively, then [a,b] ={YZ -YZ,ZX -ZX,XY, - XY}
The concept of vector product is connected with various problems in mechanics and physics. For
example, the velocity v of a point M of an object rotating around an axis / with an angular velocity

of wis [w,r], where r = OM.
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The mixed product of vectors a, b, and c is the scalar product of vector [a, b] and vector c: ([a, b],
c). It is denoted by abc. The mixed product of vectors a, b, and c that are not parallel to the same
plane is numerically equal to the volume of the parallelepiped formed by bringing the vectors a,
b, and c to a common initial point; its sign is positive if the triplet a, b, ¢ is right-handed and neg-
ative if the triplet is left-handed. If vectors a, b, and c are parallel to the same plane, then abc = o.
The property that abc = bca = cab also holds true. If the coordinates of vectors a, b, and c in an
orthonormalized basis i, j, k, which forms a right-handed triplet, are respectively equal to {X Y Z },
{X,Y,Z },and {XSYSZS}, then:

Xl Yl Zl
abc=|X, Y, Z,
X3 Y3 Z3

Vector Functions of Scalar Arguments

In mechanics, physics, and differential geometry frequent use is made of the concept of a vector
function of one or several scalar arguments. If a definite vector r is in correspondence to every val-
ue of a variable t of a certain set {t } according to a known law, then one says that a vector function
r = r(t) is specified by the set {t }. Since vector r is defined by coordinates {x, y, z}, the specification
of the vector function r = r(t) is equivalent to the specification of three scalar functions: x = x(t) , y
=y(t), and z = z(t) . The concept of vector function becomes particularly obvious if it is converted
to a so-called hodograph of this function, that is, to the locus of the ends of all vectors r(t) joined
to the coordinate origin O. If, in this case, one considers the argument t to be time, then the vector
function r(t) represents the law of motion of point M moving along curve L —the hodograph of r(t).

The concept of derivative plays an important role in the study of vector functions. This concept is
introduced in the following way: to the argument ¢ is added the increment At # 0 and the vector Ar
=r(t + At) - r(t) (the increment Ar is vector MP in figure) is multiplied by 1/At . The limit of the
expression Ar/At as At — 0 is called the derivative of the vector function and is denoted by r’(t) or
dr/dt . The derivative is the vector that is tangent to the hodograph L at the given point M . If the
vector function is regarded as the law of motion of a point along the curve L, then the derivative
r’(t) is equal to the velocity of this point’s motion. The rules for computing the derivatives of vari-
ous products of vector functions are similar to the rules of finding the derivatives of the products
of ordinary functions.
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For example,
(r,r) =(@/r)+(,r,)
[r,r,]’=[r/,r,]+[r,r,]

In differential geometry the vector functions of one argument are used for the definition of curves.
Vector functions of two arguments are used for the specification of surfaces.

Vector analysis In mechanics, physics, and geometry the concepts of scalar and vector fields are fre-
quently used. The temperature of a nonuniformly heated plate and the density of a nonhomogeneous
body are physical examples of plane and three-dimensional scalar fields, respectively. A vector field
is a set of all the velocity vectors of particles of a steady flow of fluid. Other examples of vector fields
are the gravitational force field and the electrical and magnetic potentials of an electromagnetic field.

For the mathematical specification of scalar and vector fields, scalar and vector functions are used,
respectively. It is clear that the density of an object is a scalar point-function and that the velocity
field of the particles of steady liquid flow is a vector point-function. The mathematical apparatus of
field theory is usually called vector analysis. For the geometric characterization of a scalar field one
uses the concepts of contour lines and equipotential surfaces. The contour line of a plane scalar
field is a line on which the function that defines the field has a constant value. The equipotential
surface of a spatial field is defined in an analogous way. An example of a contour line is an iso-
therm—the contour line of the scalar temperature field of a nonuniformly heated plate.

We now consider equipotential surfaces (lines) of a scalar field which pass through a given point
M. The maximum change of the function fwhich defines the field at this point, occurs along a nor-
mal to this surface (line) at the point M. This change is characterized by the gradient of the scalar
field. The gradient is a vector that is directed along the normal to the equipotential surface (line) at
point M in the direction of the increasing f at this point. The magnitude of the gradient is equal to
the derivative of f in the indicated direction. The gradient is denoted by the symbol grad f. If the
basis is i, j, k, then grad f has the coordinates (&f /dx,0f /0y, df /0z); for a plane field the gradient
coordinates are (8f [ox,0f | ay) . The gradient of a scalar field is a vector field.

A number of concepts are introduced to characterize vector fields: vector lines, vector tubes,
circulations of a vector field, and divergence and curl (rotor) of a vector field. In some region
Q, let a vector field be denoted by the vector function a(M) of a variable point M of Q. A line
L in the region Q is called a vector line if the vector tangent at each of its points M is directed
along vector a(M).
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If the field a(M) is a velocity field of the particles of a steady flow of a fluid, then the vector lines
of this field are the trajectories of the fluid particles. The part of space in Q that consists of vector
lines is called a vector tube. If one is dealing with the vector field of velocities of the particles of a
steady flow of a fluid, then the vector tube is the part of space that a certain fixed volume of fluid
“sweeps out” in its motion.

+
--.h.ul—'l—
—i
S —

Let AB be a smooth curve in Q, [ the length of arc AB measured from point A to the variable point
M of this line, and t the unit vector tangent to AB at M . The circulation of the field a(M) along the
curve AB is the expression,

[PRCRY

If a(M) is a force field, then the circulation of a along AB is the work performed by this field along
the path AB.

The divergence of vector field a(M) , which has the coordinates P, Q, R in the basis i, j, k, is de-
fined as the sum OP/dx+0Q/dy+0R/0z and is denoted by the symbol div a. For example, the
divergence of the gravitational field created by a certain mass distribution is equal to the density
(volumetric) p(x, y, z) of this field multiplied by 4.

The curl (or rot) of vector field a(M) is a vector characterizing the “rotational component” of this
field. The curl of field a is denoted by rot a or curl a . If P, Q, R are the coordinates of a in the basis
1, ], k, then:

Let field a be the velocity field of a fluid flow. We place a small wheel with vanes at a given point
of the flow and orient its axis in the direction of rot a at this point. Then the flowrate will be a
maximum, and its value will be ¥2[rot a]. The gradient of a scalar field and the divergence and curl
of a vector field are usually called the fundamental differential operations of vector analysis. The
following equations, relating these operations, hold true:

grad (fh) = fgrad h + h grad f
div (fa) = (a, grad f) + fdiva
rot (fa) = frota + [grad f, a]
div [a, b] = (b, rot a) - (a, rot b)

Vector field a(M) is called potential if it is the gradient of some scalar field f(M) . In this case, the
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field f(M) is called the potential of vector field a. In order that the field a, whose coordinates P, Q, R
have continuous partial derivatives, be a potential field, it is necessary and sufficient that the curl
of this field vanish. If a potential field is given in a simply connected region (, then the potential
SM) of this field can be found from the formula,

f=Jw@tdl

Where AM is any smooth curve connecting a fixed point A of Q with point M, t is the unit vector
tangent to the curve AM, and [ is the length of arc AM measured from point A.

Vector field a(M) is called solenoidal or tubular if it is the curl of some field b(M). Field b(M)
is called the vector potential of field a. In order that a be solenoidal, it is necessary and suffi-
cient that the divergence of this field vanish. An important role in vector analysis is played by
integral relations: Ostrogradskii’s formula, also designated the fundamental formula of vector
analysis, and Stokes’ formula. Let V be a region whose boundary T consists of a finite number
of pieces of smooth surfaces and n be the unit vector of the exterior normal to T. Let vector
field a(M) be given in the region V such that div a is a continuous function. Then the following
holds true:

JJJ, divadv = [[r (a,n) do
This is known as Ostrogradskii’s formula.

If a is the velocity field of a steady flow of incompressible fluid, then (a, n) do is the volume of fluid
that passes through an area do on the boundary r in a unit of time. Therefore, the right-hand side
of equation ([, divadv = [[r (a,n) do) is the flow of fluid through the boundary r of body V per
unit time. Because, in the case being considered, div a characterizes the intensity of the fluid sourc-
es, Ostrogradskii’s formula expresses the following obvious fact: the flow of fluid through a closed
surface r is equal to the amount of fluid generated by all the sources inside r. Let a continuous and
differentiable vector field a which has a continuous curl rot a be assigned in a region Q. Let r be an
orientable surface consisting of a finite number of pieces of smooth surface, n the unit normal to r,
t the unit vector tangent to the edge y of the surface r, and [ the length of the arc y. The following
relation, called Stokes’ formula, holds true:

Ifr(n,rota)da = (ﬁ (a,t)dl

Equation (Hr(n,rot a)do = <j> .(a,t)dl') expresses the following physical fact: the intensity of the curl of

a vector field a through the surface r is equal to the circulation of this field along the curve y. Ostro-
gradskii’s formula is the source of the invariant (independent of the coordinate system) definition
of the fundamental operations of vector analysis. For example, from this formula, it follows that:

diva= lim—I I (a.n)do
V—0 V

Because the expression,

I],(an)do
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is the flow of fluid through r and
1
; J. J. (a, n) do

is the magnitude of this flow per unit volume, the definition of div a by means of equation

,n)do . .. . . . .
diva= !/irré”r(a# indicates that div a characterizes the flux of the source at a given point.

DEL

Del, or nabla, is an operator used in mathematics, in particular in vector calculus, as a vector dif-
ferential operator, usually represented by the nabla symbol V. When applied to a function defined
on a one-dimensional domain, it denotes its standard derivative as defined in calculus. When ap-
plied to a field (a function defined on a multi-dimensional domain), it may denote the gradient
(locally steepest slope) of a scalar field (or sometimes of a vector field, as in the Navier—Stokes
equations), the divergence of a vector field, or the curl (rotation) of a vector field, depending on the
way it is applied.

Strictly speaking, del is not a specific operator, but rather a convenient mathematical nota-
tion for those three operators, that makes many equations easier to write and remember. The
del symbol can be interpreted as a vector of partial derivative operators, and its three possible
meanings—gradient, divergence, and curl—can be formally viewed as the product with a scalar,
a dot product, and a cross product, respectively, of the del “operator” with the field. These formal
products do not necessarily commute with other operators or products. These three uses, are
summarized as:

+ Gradient: grad /' =Vf
« Divergence: divv =V
e Curl: curlv =Vxv

In the Cartesian coordinate system R" with coordinates (x,,...,x,) and standard basis {¢,...,€,},
del is defined in terms of partial derivative operators as,

v-yel_ [0 2
i=1 a.xi a.xl axn

In three-dimensional Cartesian coordinate system R3 with coordinates (x, y, z) and standard basis
or unit vectors of axes {é_,e ,é_}, del is written as,

X2y

.0 . 0 .0 0 0 0
V=¢ —+e —+e, —=| —,—,—
ox "oy "0z \ox oy oz

Del can also be expressed in other coordinate systems.
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Notational Uses

Del is used as a shorthand form to simplify many long mathematical expressions. It is most com-
monly used to simplify expressions for the gradient, divergence, curl, directional derivative, and
Laplacian.

Gradient

The vector derivative of a scalar field f is called the gradient, and it can be represented as:

grad f =zéx +@Ey +1é'z

Ox oy 0z

=Vf

It always points in the direction of greatest increase of f°, and it has a magnitude equal to the max-
imum rate of increase at the point—just like a standard derivative. In particular, if a hill is defined
as a height function over a plane /(x, ), the gradient at a given location will be a vector in the
xy-plane (visualizable as an arrow on a map) pointing along the steepest direction. The magnitude
of the gradient is the value of this steepest slope.

In particular, this notation is powerful because the gradient product rule looks very similar to the
1d-derivative case:

V(fg)=fVg+gVs
However, the rules for dot products do not turn out to be simple, as illustrated by:

V(iv) = @V + @V)ii +ii x (VX ¥)+ % (V x i)

Divergence

The divergence of a vector field v(x,y,z) =v.e, +v € +v_e. is ascalar function that can be repre-
sented as:

ov
v, +—Y+%:v~v

ox oy oz

divv =
The divergence is roughly a measure of a vector field’s increase in the direction it points; but more

accurately, it is a measure of that field’s tendency to converge toward or repel from a point.

The power of the del notation is shown by the following product rule:
V()= f(VV)+v(Vf)

The formula for the vector product is slightly less intuitive, because this product is not commuta-
tive:

V(i X V) = 7(V x i) — ii-(V x V)
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Curl

The curl of a vector field v(x, y,z) =v,€, +v,€ +v.€, is avector function that can be represented as:
ov. Ov, ov, Ov, ov, v, . -
curlv=| —=—-——=1e +| —+——=|é + X e, =Vxvy
oy Oz oz ox )’ ox oy

The curl at a point is proportional to the on-axis torque that a tiny pinwheel would be subjected to
if it were centred at that point.

The vector product operation can be visualized as a pseudo-determinant:

e, ¢, e
Vi = o Jd 0

ox 6y oz

Ve v,V

Again the power of the notation is shown by the product rule:
Vx(fv)=(V)xv+ f(VxV)
Unfortunately the rule for the vector product does not turn out to be simple:

V x (i x %) = i (VF) — 5 (Vi) + (5V)ii — (i@V)v

Directional Derivative

The directional derivative of a scalar field f(x, y,z) in the direction d(x,y,z)=a.é +a e, +a.e,
is defined as:

a-grad f = aa—];+ 8f 6J; a(Vf)

This gives the rate of change of a field  in the direction of & . In operator notation, the element in
parentheses can be considered a single coherent unit; fluid dynamics uses this convention exten-
sively, terming it the convective derivative—the “moving” derivative of the fluid.

Note that (a'V) is an operator that takes scalar to a scalar. It can be extended to operate on a vec-
tor, by separately operating on each of its components.

Laplacian

The Laplace operator is a scalar operator that can be applied to either vector or scalar fields; for
cartesian coordinate systems it is defined as:
o0 o 0
A=—5+—+—5=VV=V’
ox~ oy~ 0Oz
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and the definition for more general coordinate systems is given in vector Laplacian.

The Laplacian is ubiquitous throughout modern mathematical physics, appearing for example in
Laplace’s equation, Poisson’s equation, the heat equation, the wave equation, and the Schrodinger
equation.

Hessian Matrix

While V? usually represents the Laplacian, sometimes V> also represents the Hessian matrix. The
former refers to the inner product of V, while the latter refers to the dyadic product of V :

Vi=vvVv’
So whether V’refers to a Laplacian or a Hessian matrix depends on the context.

Tensor Derivative

Del can also be applied to a vector field with the result being a tensor. The tensor derivative of a
vector field v (in three dimensions) is a 9-term second-rank tensor — that is, a 3x3 matrix — but
can be denoted simply as V ® v , where ® represents the dyadic product. This quantity is equiv-
alent to the transpose of the Jacobian matrix of the vector field with respect to space. The diver-
gence of the vector field can then be expressed as the trace of this matrix.

For a small displacement o7 , the change in the vector field is given by:
5V = (Vv -6F

Product Rules

For vector calculus:

V(fg)=fVg+gVf
V(@idv) =i x (Vx¥)+ 3 x (V xii) + (@V)y + (V)i

V()= f(Vv)+v-(Vf)
V-(uxv)=v-(Vxu)—u(VxV)

Vx(f)=(V)xv+ f(VxV)
Vx@xv)=u(Vy)—v(Vu)+©V)i—uV)V

For matrix calculus (for which #+ can be written %' v ):
AV i =V (A" i) (V" A" )i
Another relation of interest is the following, where # ® v is the outer product tensor:

V-(ii ® %) = Vi)V + (ii-V)¥
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Second Derivatives

Lscalar

CC + Lvect

DCG chart

In figure, a simple chart depicting all rules pertaining to second derivatives. D, C, G, L. and CC
stand for divergence, curl, gradient, Laplacian and curl of curl, respectively. Arrows indicate exis-
tence of second derivatives. Blue circle in the middle represents curl of curl, whereas the other two
red circles (dashed) mean that DD and GG do not exist.

When del operates on a scalar or vector, either a scalar or vector is returned. Because of the diver-
sity of vector products (scalar, dot, cross) one application of del already gives rise to three major
derivatives: the gradient (scalar product), divergence (dot product), and curl (cross product). Ap-
plying these three sorts of derivatives again to each other gives five possible second derivatives,
for a scalar field f or a vector field v; the use of the scalar Laplacian and vector Laplacian gives two
more:

div(grad ) = V-(Vf)
curl(grad ) =V x(Vf)
Af =V*f
grad(divv) =V (V)
div(curlv) =V-(V xV)
curl(curlv) =V x(V xv)
AV =V?y

These are of interest principally because they are not always unique or independent of each other.
As long as the functions are well-behaved, two of them are always zero:

curl(grad /) =V x(Vf)=0
div(curlv)=V-Vxv =0

Two of them are always equal:
div(grad /) =V-(Vf)=V*f = Af

The 3 remaining vector derivatives are related by the equation:

Vx(Vxv)=V(V¥)-V*
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And one of them can even be expressed with the tensor product, if the functions are well-be-
haved:

V(Vi)=V-(V®7)

Precautions

Most of the above vector properties (except for those that rely explicitly on del’s differential prop-
erties—for example, the product rule) rely only on symbol rearrangement, and must necessarily
hold if the del symbol is replaced by any other vector. This is part of the value to be gained in no-
tationally representing this operator as a vector.

Though one can often replace del with a vector and obtain a vector identity, making those
identities mnemonic, the reverse is not necessarily reliable, because del does not commute in
general.

A counterexample that relies on del’s failure to commute:
@v)f=wu)f
ov. Ov, v ov ov ov
V=] —=4 24z =X fy_ YTz
a2 (8)6 oy 8zjf 8xf 6yf 82f

ORI DS S
vV)f = (V x+vyay+ aij—vxax+vyay+vzaZ
= VW) f=OGV)f

A counterexample that relies on del’s differential properties:
(Vx)x(Vy)=| e @+éy@+éza—x X 8y+ey 6y+éza—y
" ox oy 0z ox oy 0z
=(e,1+e,0+e 0)x(e,0+e 1+¢é.0)

Il
Q

<3
€

X

I
!

N

(i) x (i) = xy(ii < i)
0

I
(e]]
=

Central to these distinctions is the fact that del is not simply a vector; it is a vector operator. Where-
as a vector is an object with both a magnitude and direction, del has neither a magnitude nor a
direction until it operates on a function.

For that reason, identities involving del must be derived with care, using both vector identities and
differentiation identities such as the product rule.
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GRADIENT

In vector calculus, the gradient is a multi-variable generalization of the derivative. Whereas the
ordinary derivative of a function of a single variable is a scalar-valued function, the gradient of a
function of several variables is a vector-valued function. Specifically, the gradient of a differentia-
ble function f of several variables, at a point P, is the vector whose components are the partial
derivatives of f at P.

Much as the derivative of a function of a single variable represents the slope of the tangent to the
graph of the function, if at a point P, the gradient of a function of several variables is not the zero
vector, it has the direction of greatest increase of the function at P, and its magnitude is the rate
of increase in that direction.

The magnitude and direction of the gradient vector are independent of the particular coordinate
representation.

The Jacobian is the generalization of the gradient for vector-valued functions of several variables
and differentiable maps between Euclidean spaces or, more generally, manifolds. A further gener-
alization for a function between Banach spaces is the Fréchet derivative.

Gradient of the 2D function f{x, y) = xe**+¥" is plotted as blue arrows over the pseudocolor plot of the function.

Consider a room where the temperature is given by a scalar field, 7, so at each point (x, y, z) the tem-
perature is T(x, y, z). (Assume that the temperature does not change over time.) At each point in the
room, the gradient of T at that point will show the direction in which the temperature rises most quick-
ly. The magnitude of the gradient will determine how fast the temperature rises in that direction.

Consider a surface whose height above sea level at point (x, y) is H(x, y). The gradient of H at a
point is a vector pointing in the direction of the steepest slope or grade at that point. The steepness
of the slope at that point is given by the magnitude of the gradient vector.

The gradient can also be used to measure how a scalar field changes in other directions, rather than
just the direction of greatest change, by taking a dot product. Suppose that the steepest slope on a
hill is 40%. If a road goes directly up the hill, then the steepest slope on the road will also be 40%.
If, instead, the road goes around the hill at an angle, then it will have a shallower slope. For exam-
ple, if the angle between the road and the uphill direction, projected onto the horizontal plane, is
60°, then the steepest slope along the road will be 20%, which is 40% times the cosine of 60°.
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This observation can be mathematically stated as follows. If the hill height function H is dif-
ferentiable, then the gradient of H dotted with a unit vector gives the slope of the hill in the
direction of the vector. More precisely, when H is differentiable, the dot product of the gradi-
ent of H with a given unit vector is equal to the directional derivative of H in the direction of
that unit vector.
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The gradient of the function f{x,y) = —(cos?x + cos®y)? depicted as a projected
vector field on the bottom plane.

The gradient (or gradient vector field) of a scalar function fx,, x,, x,, ..., x,) is denoted Vf or vf
where V (nabla) denotes the vector differential operator, del. The notation grad fis also commonly
used to represent the gradient. The gradient of fis defined as the unique vector field whose dot
product with any unit vector v at each point x is the directional derivative of f along v. That is,

(V/(0)v=D,f(x).

When a function also depends on a parameter such as time, the gradient often refers simply to the
vector of its spatial derivatives only.

Cartesian Coordinates

In the three-dimensional Cartesian coordinate system with a Euclidean metric, the gradient, if it
exists, is given by:

Vf =ii+1j+zlk,
4

ox Oy

where i, j, k are the standard unit vectors in the directions of the x, y and z coordinates, respective-
ly. For example, the gradient of the function,

f(x,,2)=2x+3y" —sin(z)
is,
Vf =2i+6yj—cos(z)k.

In some applications it is customary to represent the gradient as a row vector or column vector of
its components in a rectangular coordinate system.
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Cylindrical and Spherical Coordinates

In cylindrical coordinates with a Euclidean metric, the gradient is given by:

o L
0z

where p is the axial distance, ¢ is the azimuthal or azimuth angle, z is the axial coordinate, and e,
e, and e, are unit vectors pointing along the coordinate directions.

In spherical coordinates, the gradient is given by:

o 1of 1o
VI(r,0,p)=2e +———e,+ ————
0.0 = et g% ing 00

where r is the radial distance, ¢ is the azimuthal angle and 6 is the polar angle, and e , e,and e  are
again local unit vectors pointing in the coordinate directions (i.e. the normalized covariant basis).

General Coordinates

We consider general coordinates, which we write as x, ..., x, ..., X, where n is the number of
dimensions of the domain. Here, the upper index refers to the position in the list of the coor-
dinate or component, so x? refers to the second component—not the quantity x squared. The
index variable i refers to an arbitrary element x'. Using Einstein notation, the gradient can
then be written as:

f o

Vf = g”e ( Note that its dual is df =——¢'),
X

where €, =0x/ Ox' and e’ = dx’ refer to the unnormalized local covariant and contravariant bases

respectively, g” is the inverse metric tensor, and the Einstein summation convention implies sum-
mation over i and j.

If the coordinates are orthogonal we can easily express the gradient (and the differential) in terms
of the normalized bases, which we refer to as é and é', using the scale factors (also known as
Lamé coefficients) 4 =| e, [|=1/]¢'l[:

v/ - Zafl and df = Zalhi ,

where we cannot use Einstein notation, since it is impossible to avoid the repetition of more than
two indices. Despite the use of upper and lower indices, ¢,, €', and %, are neither contravariant
nor covariant.

The latter expression evaluates to the expressions given above for cylindrical and spherical coor-
dinates.
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Gradient and the Derivative or Differential
Linear Approximation to a Function

The gradient of a function f from the Euclidean space R" to R at any particular point x_in R" char-
acterizes the best linear approximation to f at x,. The approximation is as follows:

J )= %)+ V), (x=x)

for x close to x , where (Vf)_ is the gradient of f computed at x , and the dot denotes the dot prod-
uct on R". This equation is equivalent to the first two terms in the multivariable Taylor series ex-
pansion of fat x,.

Differential or (Exterior) Derivative
The best linear approximation to a differentiable function,
f:R">R
at a point x in R is a linear map from R” to R which is often denoted by df, or Df(x) and called the

differential or (total) derivative of f at x. The gradient is therefore related to the differential by the
formula,

(V) v=df.(v)

for any v € R™. The function df, which maps x to df, is called the differential or exterior derivative
of fand is an example of a differential 1-form.

If R"is viewed as the space of (dimension n) column vectors (of real numbers), then one can regard
df as the row vector with components,

o9 a
ox, "”’6xn ’

so that df (v) is given by matrix multiplication. Assuming the standard Euclidean metric on R, the
gradient is then the corresponding column vector, i.e.,

V), =df".

Gradient as a Derivative

Let U be an open set in R". If the function f: U — R is differentiable, then the differential of fis the
(Fréchet) derivative of f. Thus Vfis a function from U to the space R" such that,

gnglf(X+h)—{}(:|C|)—Vf(X)'hI=0

>
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where - is the dot product.

As a consequence, the usual properties of the derivative hold for the gradient:

Linearity

The gradient is linear in the sense that if fand g are two real-valued functions differentiable at the
point a € R, and a and [ are two constants, then af + g is differentiable at a, and moreover,

V(af+pg)(a)=avf(a)+pVg(a).

Product Rule

If f and g are real-valued functions differentiable at a point a € R", then the product rule asserts
that the product fg is differentiable at a, and

V(fg)a) = f(a)Vg(a)+g(a)Vf (a).

Chain Rule

Suppose that f: A —» R is a real-valued function defined on a subset A of R", and that fis differen-
tiable at a point a. There are two forms of the chain rule applying to the gradient. First, suppose
that the function g is a parametric curve; that is, a function g : I > R" maps a subset I c R into R™.
If g is differentiable at a point ¢ € I such that g(¢) = a, then:

(f°g)(c)=V[(a)g'(c),
where o is the composition operator: (fe g)(x) = (g(x)).

More generally, if instead I ¢ R, then the following holds:
V(/ > 8)()=(Dg(0))"(V/ (@),

where (Dg)" denotes the transpose Jacobian matrix.

For the second form of the chain rule, suppose that h : I - R is a real valued function on a subset I
of R, and that h is differentiable at the point f{a) € I. Then:

V(ho f)(a)=h(f(@)Vf(a).

Further Properties and Applications
Level Sets
A level surface, or isosurface, is the set of all points where some function has a given value.

If f is differentiable, then the dot product (Vf) - v of the gradient at a point x with a vector
v gives the directional derivative of f at x in the direction v. It follows that in this case the
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gradient of fis orthogonal to the level sets of f. For example, a level surface in three-dimen-
sional space is defined by an equation of the form F(x, y, z) = c. The gradient of F is then nor-
mal to the surface.

More generally, any embedded hypersurface in a Riemannian manifold can be cut out by an equa-
tion of the form F(P) = o0 such that dF is nowhere zero. The gradient of F is then normal to the
hypersurface.

Similarly, an affine algebraic hypersurface may be defined by an equation F(x,, ..., x ) = 0, where F
is a polynomial. The gradient of F'is zero at a singular point of the hypersurface (this is the defini-
tion of a singular point). At a non-singular point, it is a nonzero normal vector.

Conservative Vector Fields and the Gradient Theorem

The gradient of a function is called a gradient field. A (continuous) gradient field is always a
conservative vector field: its line integral along any path depends only on the endpoints of the
path, and can be evaluated by the gradient theorem (the fundamental theorem of calculus for
line integrals). Conversely, a (continuous) conservative vector field is always the gradient of a
function.

Generalizations
Gradient of a Vector

Since the total derivative of a vector field is a linear mapping from vectors to vectors, it is a tensor
quantity.

In rectangular coordinates, the gradient of a vector field f = (£, /%, f2) is defined by:

i

Vf:gjk%el@ek,

(where the Einstein summation notation is used and the tensor product of the vectors e, and e, is a
dyadic tensor of type (2,0)). Overall, this expression equals the transpose of the Jacobian matrix:

o oS

ox' o(x', x%,x%)

In curvilinear coordinates, or more generally on a curved manifold, the gradient involves Christ-
offel symbols:

Vf:gf"[gf_ +F"ﬂf’jei®ek,

xj

where g* are the components of the inverse metric tensor and the e, are the coordinate basis vec-
tors.
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Expressed more invariantly, the gradient of a vector field f can be defined by the Levi-Civita con-
nection and metric tensor:

vafb — gacvcfb’
where V_is the connection.

Riemannian Manifolds

For any smooth function f on a Riemannian manifold (M, g), the gradient of fis the vector field Vf
such that for any vector field X,

g(Vf,X)=0471,
ie.,

g (V). X,) =@, ),

where g (, ) denotes the inner product of tangent vectors at x defined by the metric g and 9, fis the
function that takes any point x € M to the directional derivative of fin the direction X, evaluated at
x. In other words, in a coordinate chart ¢ from an open subset of M to an open subset of R", (9 .f)
(x) is given by:

P(x)°

ng(co(m)a%(fw*)

where X’ denotes the jth component of X in this coordinate chart.

So, the local form of the gradient takes the form:

o

Vf=giky

€.

Generalizing the case M = R", the gradient of a function is related to its exterior derivative,
since

(0, S)(x) = (df),(X,).

More precisely, the gradient Vfis the vector field associated to the differential 1-form df using the
musical isomorphism

B=4:T"M >TM

(called “sharp”) defined by the metric g. The relation between the exterior derivative and the gra-
dient of a function on R" is a special case of this in which the metric is the flat metric given by the
dot product.
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DIVERGENCE

NN
¥, 1\\\ 7/T\\\

a/ox(V,) > 0 a/ox(V,) <0 alox(V,) = 0

a/3y(Vy) > 0 o/ay(V,) < 0 a/dy(V,) = 0
Ve(V) >0 Ve(V) <0 Ve(V) =0

In figure, the divergence of different vector fields. The divergence of vectors from point (x,y) equals
the sum of the partial derivative-with-respect-to-x of the x-component and the partial deriva-
tive-with-respect-to-y of the y-component at that point:

_ aVX(x,y) +8Vy(x9y)

V-(V(x, ) o P

In vector calculus, divergence is a vector operator that produces a scalar field, giving the quan-
tity of a vector field’s source at each point. More technically, the divergence represents the
volume density of the outward flux of a vector field from an infinitesimal volume around a
given point.

As an example, consider air as it is heated or cooled. The velocity of the air at each point defines a
vector field. While air is heated in a region, it expands in all directions, and thus the velocity field
points outward from that region. The divergence of the velocity field in that region would thus have
a positive value. While the air is cooled and thus contracting, the divergence of the velocity has a
negative value.

Physical Interpretation of Divergence

In physical terms, the divergence of a three-dimensional vector field is the extent to which the
vector field flux behaves like a source at a given point. It is a local measure of its “outgoingness”
— the extent to which there is more of some quantity exiting an infinitesimal region of space than
entering it. If the divergence is nonzero at some point then there is compression or expansion at
that point.

More rigorously, the divergence of a vector field F at a point p can be defined as the limit of the net
flux of F across the smooth boundary of a three-dimensional region V divided by the volume of V'
as V shrinks to p. Formally,

. . F-n
div F|p = Vlirg} S.[l)mdS ,
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where | V| is the volume of V, S(V) is the boundary of V, and the integral is a surface integral with

n being the outward unit normal to that surface. The result, div F, is a function of p. From this
definition it also becomes obvious that div F can be seen as the source density of the flux of F.

In light of the physical interpretation, a vector field with zero divergence everywhere is called in-
compressible or solenoidal — in which case any closed surface has no net flux across it.

The intuition that the sum of all sources minus the sum of all sinks should give the net flux out-
wards of a region is made precise by the divergence theorem.

Cartesian Coordinates

In three-dimensional Cartesian coordinates, the divergence of a continuously differentiable vector
field F = F i+ F, j+ F ks defined as the scalar-valued function:

OF
divE=vF=( =0 SN ) = S e
Ox ay 0z g ox ay oz

Although expressed in terms of coordinates, the result is invariant under rotations, as the physical
interpretation suggests. This is because the trace of the Jacobian matrix of an N-dimensional vec-
tor field F in N-dimensional space is invariant under any invertible linear transformation.

The common notation for the divergence V - F is a convenient mnemonic, where the dot denotes
an operation reminiscent of the dot product: take the components of the V operator, apply them to
the corresponding components of F, and sum the results. Because applying an operator is different
from multiplying the components, this is considered an abuse of notation.

The divergence of a continuously differentiable second-order tensor field ¢ is a first-order tensor field:

agxx ag}’x agzx
+ +
ox oy oz
— 0 0 0
div(a) = 88” ¥ ;W ¥ ;zy
X Y z
agxz agyz 8gzz
| Ox Oy Oz |

Cylindrical Coordinates
For a vector expressed in local unit cylindrical coordinates as,

F=e¢ F +e,F,+e F,,

where e, is the unit vector in direction a, the divergence is,

diVF=V-F=l£(rFr)+l%+ai.
r or r ol oz
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The use of local coordinates is vital for the validity of the expression. If we consider x the position
vector and the functions r(x), 8(x), and z(x), which assign the corresponding global cylindrical

coordinate to a vector, in general r(F(x)) # F.(x), 8(F(x)) # F,(x), and z(F(x)) # F,(x) . In partic-
ular, if we consider the identity function F(x) = x, we find that:

O(F(x)) =0 # F,(x) =0.

Spherical Coordinates

In spherical coordinates, with 6 the angle with the z axis and ¢ the rotation around the z axis, and
F again written in local unit coordinates, the divergence is,

OF
divF = VF—ii(rF)+ 1 i(sinng)+ 1 —2.
r-or rsind 06 rsin@ O@

General Coordinates

Using Einstein notation we can consider the divergence in general coordinates, which we write as
XY ..., X, ...,x", where n is the number of dimensions of the domain. Here, the upper index refers
to the number of the coordinate or component, so x2 refers to the second component, and not the
quantity x squared. The index variable i is used to refer to an arbitrary element, such as x'. The
divergence can then be written via the Voss- Weyl formula, as:

div(F) = iM
p ox

where p is the local coefficient of the volume element and F! are the components of F with respect
to the local unnormalized covariant basis (sometimes written as e, = 0x/ 0x"). The Einstein nota-
tion implies summation over i, since it appears as both an upper and lower index.

The volume coefficient p is a function of position which depends on the coordinate system. In Car-
tesian, cylindrical and spherical coordinates, using the same conventions as before, we have p =1,
p=r and p=r’sin@, respectively. It can also be expressed as p = /det g, , where g, is the metric
tensor. Since the determinant is a scalar quantity which doesn’t depend on the indices, we can suppress

them and simply write p = /det g. Another expression comes from computing the determinant of the
Jacobian for transforming from Cartesian coordinates, which for n = 3 gives,

9(x, ,2)
a(x', x*,x*)|

o-|

Some conventions expect all local basis elements to be normalized to unit length. If we write ¢, for
the normalized basis, and F* for the components of F with respect to it, we have that,

F= Fe—F’HeH —F\/g,,el F'é
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using one of the properties of the metric tensor. By dotting both sides of the last equality with the con-
travariant element ¢, , we can conclude that F* = F"' / /g .. After substituting, the formula becomes:

(7] o)
divE) =~ V& J_ 1 S :
Yol

ox' - \/@ ox'
Decomposition Theorem

It can be shown that any stationary flux v(r) that is at least twice continuously differentiable in R3
and vanishes sufficiently fast for |r| - « can be decomposed into an irrotational part E(r) and a
source-free part B(r). Moreover, these parts are explicitly determined by the respective source
densities and circulation densities:

For the irrotational part one has,

E=-VO(r),

with,

div v(r")

*0= IR3 ar Azle-r|

The source-free part, B, can be similarly written: one only has to replace the scalar potential ®(r)
by a vector potential A(r) and the terms —V® by +V x A, and the source density div v by the circu-
lation density V x v.

This “decomposition theorem” is a by-product of the stationary case of electrodynamics. It is a
special case of the more general Helmholtz decomposition which works in dimensions greater
than three as well.

Properties

The following properties can all be derived from the ordinary differentiation rules of calculus.
Most importantly, the divergence is a linear operator, i.e.,

div(aF+bG) =adivF+bdivG

for all vector fields F and G and all real numbers a and b.

There is a product rule of the following type: if ¢ is a scalar-valued function and F is a vector field,
then,

div(pF) =grad o' F+ ¢ divF,

or in more suggestive notation,

V(@F)=(Vp)F+o(VF).
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Another product rule for the cross product of two vector fields F and G in three dimensions in-
volves the curl and reads as follows:

div(FxG) = curl F-G-F-curl G,
or
V-(FxG)=(VxF)-G-F-(VxQG).
The Laplacian of a scalar field is the divergence of the field’s gradient:
div(Ve) = Agp.
The divergence of the curl of any vector field (in three dimensions) is equal to zero:
V-(VxF)=0.
If a vector field F with zero divergence is defined on a ball in R3, then there exists some vector field
G on the ball with F = curl G. For regions in R3 more topologically complicated than this, the lat-

ter statement might be false. The degree of failure of the truth of the statement, measured by the
homology of the chain complex,

grad curl div
{scalar fields on U} — {vector fields on U} — {vector fields on U} — {scalar fields on U}

serves as a nice quantification of the complicatedness of the underlying region U. These are the
beginnings and main motivations of de Rham ecohomology.

Relation with the Exterior Derivative

One can express the divergence as a particular case of the exterior derivative, which takes a 2-form
to a 3-form in R3. Define the current two-form as,

j=Fdyndz+ F,dz ndx+ F,dx Ady.

It measures the amount of “stuff” flowing through a surface per unit time in a “stuff fluid” of
density p = 1 dx A dy A dz moving with local velocity F. Its exterior derivative dj is then given

by,

dj = %+ai+% dx ndy ndz =(V-F)p.
ox oy Oz

Thus, the divergence of the vector field F can be expressed as:
V-F=xd % (Fb)

Here the superscript b is one of the two musical isomorphisms, and * is the Hodge star operator.
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Working with the current two-form and the exterior derivative is usually easier than working with
the vector field and divergence, because unlike the divergence, the exterior derivative commutes
with a change of (curvilinear) coordinate system.

Generalizations
The divergence of a vector field can be defined in any number of dimensions. If,

FZ(FI,FVZJ"'F;[),

in a Euclidean coordinate system with coordinates x , x,, ..., x , define,

divF=vr=2f, 00 9
axl axZ ox

n

The appropriate expression is more complicated in curvilinear coordinates.

In the case of one dimension, F reduces to a regular function, and the divergence reduces to the
derivative.

For any n, the divergence is a linear operator, and it satisfies the “product rule”,

V(¢F)=(Vp) F+o(V'F)

for any scalar-valued function ¢.

The divergence of a vector field extends naturally to any differentiable manifold of dimension
n that has a volume form (or density) u, e.g. a Riemannian or Lorentzian manifold. General-
ising the construction of a two-form for a vector field on R3, on such a manifold a vector field
X defines an (n — 1)-form j = i u obtained by contracting X with u. The divergence is then the
function defined by,

dj = (div X) .

Standard formulas for the Lie derivative allow us to reformulate this as,

L, u=(divX)u.

This means that the divergence measures the rate of expansion of a volume element as we let it
flow with the vector field.

On a pseudo-Riemannian manifold, the divergence with respect to the metric volume form can be
computed in terms of the Levi-Civita connection V:

divX =V-X =X,

where the second expression is the contraction of the vector field valued 1-form VX with itself and
the last expression is the traditional coordinate expression from Ricci calculus.
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An equivalent expression without using connection is,

1

JJdetg

where g is the metric and 0, denotes the partial derivative with respect to coordinate x*.

div(X) = 9, (\Jdetg x*),

Divergence can also be generalised to tensors. In Einstein notation, the divergence of a contravar-
iant vector F* is given by,

V-E=V F*,

where Vy denotes the covariant derivative.

Equivalently, some authors define the divergence of a mixed tensor by using the musical isomor-
phism #: if T'is a (p, g)-tensor (p for the contravariant vector and q for the covariant one), then we
define the divergence of T to be the (p, ¢ — 1)-tensor,

(divT)(Y,,....¥, ) = trace( X 5 #(V )X, e 5 Y, 0));

that is, we take the trace over the first two covariant indices of the covariant derivative.

CURL

In vector calculus, the curl is a vector operator that describes the infinitesimal rotation of a vector
field in three-dimensional Euclidean space. At every point in the field, the curl of that point is rep-
resented by a vector. The attributes of this vector (length and direction) characterize the rotation
at that point.

The direction of the curl is the axis of rotation, as determined by the right-hand rule, and the
magnitude of the curl is the magnitude of rotation. If the vector field represents the flow veloc-
ity of a moving fluid, then the curl is the circulation density of the fluid. A vector field whose
curl is zero is called irrotational. The curl is a form of differentiation for vector fields. The
corresponding form of the fundamental theorem of calculus is Stokes’ theorem, which relates
the surface integral of the curl of a vector field to the line integral of the vector field around
the boundary curve.

The alternative terminology rotation or rotational and alternative notations rot F and V x F are
often used (the former especially in many European countries, the latter, using the del (or nabla)
operator and the cross product, is more used in other countries) for curl F.

Unlike the gradient and divergence, curl does not generalize as simply to other dimensions; some
generalizations are possible, but only in three dimensions is the geometrically defined curl of a
vector field again a vector field. This is a phenomenon similar to the 3-dimensional cross product,
and the connection is reflected in the notation V x for the curl.
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The name “curl” was first suggested by James Clerk Maxwell in 1871 but the concept was apparent-
ly first used in the construction of an optical field theory by James MacCullagh in 1839.

The curl of a vector field F, denoted by curl F, or V x F, or rot F, at a point is defined in terms of its
projection onto various lines through the point. If N is any unit vector, the projection of the curl

of F onto 1 is defined to be the limiting value of a closed line integral in a plane orthogonal to n
divided by the area enclosed, as the path of integration is contracted around the point.

The curl operator maps continuously differentiable functions f: R3 = R3 to continuous functions
g: R3 - R3, and more generally, it maps C* functions in R3 to C** functions in R3.

A

A

n

A

Convention for vector orientation of the line integral.

>

Implicitly, curl is defined:

L def 1
(VxF)(p)f _%(mcﬁcF drj
where ¢ F- dr is a line integral along the boundary of the area in question, and |A| is the magni-

tude of the area. This equation defines the projection of the curl of F onto n, where 1 is the normal
vector to the surface bounded by C; and C is defined via the right-hand rule.

Right hand rule for curve orientation. The thumb points in the direction of 1,
and the fingers curl along the orientation of C.

The above formula means that the curl of a vector field is defined as the infinitesimal area density
of the circulation of that field. To this definition fit naturally:

« The Kelvin—Stokes theorem, as a global formula corresponding to the definition, and



124 Calculus: An Introduction

» The following “easy to memorize” definition of the curl in curvilinear orthogonal coordi-
nates, e.g. in Cartesian coordinates, spherical, cylindrical, or even elliptical or parabolic
coordinates:

curl By =L [OUF) a(thz)}

hh \  Ou, ou,

(curlF), = L [0(hF) _ 8(}5173)}

L\ Ou, Ou,

(curl ), =L [00nF) _ MFI)}

hh,\  Ou, ou,

The equation for each component (curl F), can be obtained by exchanging each occurrence of a
subscript 1, 2, 3 in cyclic permutation: 1 - 2, 2 - 3, and 3 — 1 (where the subscripts represent the
relevant indices).

If (x, x,, xs) are the Cartesian coordinates and (u, u,, ug) are the orthogonal coordinates then,

2 2 2
h = % + % + %
’ Ou, Ou, Ou,
is the length of the coordinate vector corresponding to u,. The remaining two components of curl
result from cyclic permutation of indices: 3,1,2 = 1,2,3 - 2,3,1.

Intuitive Interpretation

Suppose the vector field describes the velocity field of a fluid flow (such as a large tank of liquid
or gas) and a small ball is located within the fluid or gas (the centre of the ball being fixed at a
certain point). If the ball has a rough surface, the fluid flowing past it will make it rotate. The
rotation axis (oriented according to the right hand rule) points in the direction of the curl of the
field at the centre of the ball, and the angular speed of the rotation is half the magnitude of the
curl at this point.

The curl of the vector at any point is given by the rotation of an infinitesimal area in the
xy-plane (for z-axis component of the curl), zx-plane (for y-axis component of the curl) and
yz-plane (for x-axis component of the curl vector). This can be clearly seen in the examples
below.

Inverse

The inverse curl of a three-dimensional vector field can be obtained up to an integration constant
and an unknown irrotational field with the Biot—Savart law.

Usage

In practice, the above definition is rarely used because in virtually all cases, the curl operator can
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be applied using some set of curvilinear coordinates, for which simpler representations have been
derived.

The notation V x F has its origins in the similarities to the 3-dimensional cross product, and it is
useful as a mnemonic in Cartesian coordinates if V is taken as a vector differential operator del.
Such notation involving operators is common in physics and algebra.

Expanded in 3-dimensional Cartesian coordinates, V x F is, for F composed of [F, F, F].

\:"lj \S:)|Q) >
T R =

7
0
ox
F.

where i, j, and k are the unit vectors for the x-, y-, and z-axes, respectively. This expands as follows:

oy oz

OF OF, ), (6F aFjA OF, OF )\~ |OF. OF
z _ y+ X Zz J‘l‘ _ T x k= x "z
oy 0z 0z Ox ox Oy 0z 0Ox
o, ok,
| Ox Oy |

Although expressed in terms of coordinates, the result is invariant under proper rotations of the
coordinate axes but the result inverts under reflection.

In a general coordinate system, the curl is given by,

(VxF) =&""V,F,
where e denotes the Levi-Civita tensor and V the covariant derivative, the metric tensor is used to
lower the index on F, and the Einstein summation convention implies that repeated indices are
summed over. Equivalently,

(VxF)=¢, &""V,F,

where e, are the coordinate vector fields. Equivalently, using the exterior derivative, the curl can
be expressed as:

VxF= (*(de))11

Here b and # are the musical isomorphisms, and « is the Hodge star operator. This formula shows
how to calculate the curl of F in any coordinate system, and how to extend the curl to any oriented
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three-dimensional Riemannian manifold. Since this depends on a choice of orientation, curl is a
chiral operation. In other words, if the orientation is reversed, then the direction of the curl is also
reversed.

Example: Take the vector field:
F(xayaz) :yl’\_*x}
For clarity, this can be decomposed as follows:

E =»,F =-xF =0.

z

Its corresponding plot:
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Upon visual inspection, the field can be described as “rotating”. If a stationary object were to
be placed in the field with the vectors representing a linear force, the object would rotate clock-
wise.

Calculating the curl:
VxF=0{ +0j+ i(—x)—ﬁy k=-2k
ox oy

The resulting vector field describing the curl would be uniformly going in the negative z direction.
The results of this equation align with what could have been predicted using the right-hand rule
using a right-handed coordinate system. Being a uniform vector field, the object described before
would have the same rotational intensity regardless of where it was placed.
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The plot describing the curl of F:

Example: Take the vector field:
F(x:yaz) = _x2j'

Its corresponding plot:

- - - - - o - - - - - -— -

- - - - - - - - -

Upon initial inspection, curl existing in this graph would not be obvious. However, taking the
object in the previous example, and placing it anywhere on the line x = 3, the force exerted on the
right side would be slightly greater than the force exerted on the left, causing it to rotate clockwise.
Using the right-hand rule, it can be predicted that the resulting curl would be straight in the neg-
ative z direction. Inversely, if placed on x = —3, the object would rotate counterclockwise and the
right-hand rule would result in a positive z direction.

Calculating the curl:

VxF= 05+0j+§(—x2)1€ = —2xk.
X
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As predicted, the curl points in the negative z direction when x is positive and vice versa. In this
field, the intensity of rotation would be greater as the object moves away from the plane x = 0.

The plot describing the curl of F:

Identities

In general curvilinear coordinates (not only in Cartesian coordinates), the curl of a cross product
of vector fields v and F can be shown to be,

Vx(vxF)=((V-F)+FV)v-((V-v)+vV)F.
Interchanging the vector field v and V operator, we arrive at the cross product of a vector field with
curl of a vector field:

vx(VxF)=V,(vF)=(vV)F,
where V_ is the Feynman subscript notation, which considers only the variation due to the vector
field F (i.e., in this case, v is treated as being constant in space).

Another example is the curl of a curl of a vector field. It can be shown that in general coordinates,

Vx(VxF)=V(V-F)-V’F,

and this identity defines the vector Laplacian of F, symbolized as VF.
The curl of the gradient of any scalar field ¢ is always the zero vector field,

Vx(Vp)=0

which follows from the antisymmetry in the definition of the curl, and the symmetry of second
derivatives.

If ¢ is a scalar valued function and F is a vector field then,

Vx(@pF)=VoxF+¢V xF
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Descriptive Examples:

» Inavector field describing the linear velocities of each part of a rotating disk, the curl has
the same value at all points.

« Of the four Maxwell’s equations, two—Faraday’s law and Ampere’s law—can be compactly
expressed using curl. Faraday’s law states that the curl of an electric field is equal to the
opposite of the time rate of change of the magnetic field, while Ampere’s law relates the curl
of the magnetic field to the current and rate of change of the electric field.

Generalizations

The vector calculus operations of grad, curl, and div are most easily generalized and understood in
the context of differential forms, which involves a number of steps. In a nutshell, they correspond
to the derivatives of o-forms, 1-forms, and 2-forms, respectively. The geometric interpretation of
curl as rotation corresponds to identifying bivectors (2-vectors) in 3 dimensions with the special
orthogonal Lie algebra so (3) of infinitesimal rotations (in coordinates, skew-symmetric 3 x 3 ma-
trices), while representing rotations by vectors corresponds to identifying 1-vectors (equivalently,
2-vectors) and so (3), these all being 3-dimensional spaces.

Differential Forms

In 3 dimensions, a differential o-form is simply a function f(x, y, z); a differential 1-form is the
following expression:

a,dx +a,dy + a,dz;

a differential 2-form is the formal sum:
a,dx ndy+a,dx Andz+a,,dy Adz,

and a differential 3-form is defined by a single term:
a,dx Ady ndz.

(Here the a-coefficients are real functions; the “wedge products”, e.g. dx A dy, can be interpreted
as some kind of oriented area elements, dx A dy = —dy A dx, etc.)

The exterior derivative of a k-form in R3 is defined as the (k + 1)-form from above—and in R" if,
e.g.,

k
o™ = E a. . dx, A--ndyx,
1otk 1 k
iy <ty <-+-<iy

Vi, €l,...n

then the exterior derivative d leads to,

n
(k) _ aai1 A
dw" = — e dx o Adx. Ao dx; .
— ax J h I
J=1 j
iy <-++<iy
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The exterior derivative of a 1-form is therefore a 2-form, and that of a 2-form is a 3-form. On the
other hand, because of the interchangeability of mixed derivatives, e.g. because of,

0’ o’
Ox0y - dyox’

the two fold application of the exterior derivative leads to o.

Thus, denoting the space of k-forms by Q*(R3) and the exterior derivative by d one gets a sequence:
d d d d d
0->Q’R)->Q'R)->Q*(RY)—>Q’(R)—0.

Here QK(R™) is the space of sections of the exterior algebra AX(R") vector bundle over R", whose
dimension is the binomial coefficient (*); note that Q*(R3) = o for k > 3 or k < 0. Writing only di-
mensions, one obtains a row of Pascal’s triangle:

0-153-53->1-0;

the 1-dimensional fibers correspond to scalar fields, and the 3-dimensional fibers to vector fields,
as described below. Modulo suitable identifications, the three nontrivial occurrences of the exteri-
or derivative correspond to grad, curl, and div.

Differential forms and the differential can be defined on any Euclidean space, or indeed any
manifold, without any notion of a Riemannian metric. On a Riemannian manifold, or more gen-
erally pseudo-Riemannian manifold, k-forms can be identified with k-vector fields (k-forms
are k-covector fields, and a pseudo-Riemannian metric gives an isomorphism between vectors
and covectors), and on an oriented vector space with a nondegenerate form (an isomorphism
between vectors and covectors), there is an isomorphism between k-vectors and (n — k)-vec-
tors; in particular on (the tangent space of) an oriented pseudo-Riemannian manifold. Thus
on an oriented pseudo-Riemannian manifold, one can interchange k-forms, k-vector fields,
(n - k)-forms, and (n — k)-vector fields; this is known as Hodge duality. Concretely, on R3 this
is given by:

+ 1-forms and 1-vector fields: the 1-form a_dx + a, dy + a, dz corresponds to the vector field
(a,a,a).
x> Ty Tz

« 1-forms and 2-forms: one replaces dx by the dual quantity dy A dz (i.e., omit dx), and like-
wise, taking care of orientation: dy corresponds to dz A dx = —dx A dz, and dz corresponds
to dx A dy. Thus the form a_dx + a, dy + a, dz corresponds to the “dual form” a, dx A dy +
aydzAdx+ a dy Adz.

Thus, identifying o-forms and 3-forms with scalar fields, and 1-forms and 2-forms with vector
fields:

» Grad takes a scalar field (0-form) to a vector field (1-form);
« Curl takes a vector field (1-form) to a pseudovector field (2-form);

« Div takes a pseudovector field (2-form) to a pseudoscalar field (3-form).
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On the other hand, the fact that d* = 0 corresponds to the identities,

Vx(Vf) =0

for any scalar field f, and
V:(Vxv)=0

for any vector field v.

Grad and div generalize to all oriented pseudo-Riemannian manifolds, with the same geometric
interpretation, because the spaces of 0-forms and n-forms is always (fiberwise) 1-dimensional and
can be identified with scalar fields, while the spaces of 1-forms and (n — 1)-forms are always fiber-
wise n-dimensional and can be identified with vector fields.

Curl does not generalize in this way to 4 or more dimensions (or down to 2 or fewer dimensions);
in 4 dimensions the dimensions are:

0-0194-56->4-1-0;

so the curl of a 1-vector field (fiberwise 4-dimensional) is a 2-vector field, which is fiberwise 6-di-
mensional one has,

@ _
" = Z a;  dx; ndx,

i<k=1,2,3,4

which yields a sum of six independent terms, and cannot be identified with a 1-vector field. Nor
can one meaningfully go from a 1-vector field to a 2-vector field to a 3-vector field (4 - 6 - 4), as
taking the differential twice yields zero (d? = 0). Thus there is no curl function from vector fields to
vector fields in other dimensions arising in this way.

However, one can define a curl of a vector field as a 2-vector field in general.

Curl Geometrically

2-vectors correspond to the exterior power A2V; in the presence of an inner product, in coordinates
these are the skew-symmetric matrices, which are geometrically considered as the special orthogo-
nal Lie algebra so (V) of infinitesimal rotations. This has (, ) = %n (n - 1) dimensions, and allows
one to interpret the differential of a 1-vector field as its infinitesimal rotations. Only in 3 dimensions
(or trivially in 0 dimensions) does n = %n (n - 1), which is the most elegant and common case. In

2 dimensions the curl of a vector field is not a vector field but a function, as 2-dimensional rotations
are given by an angle (a scalar — an orientation is required to choose whether one counts clockwise
or counterclockwise rotations as positive); this is not the div, but is rather perpendicular to it. In 3
dimensions the curl of a vector field is a vector field as is familiar (in 1 and 0 dimensions the curl of a
vector field is 0, because there are no non-trivial 2-vectors), while in 4 dimensions the curl of a vector
field is, geometrically, at each point an element of the 6-dimensional Lie algebra so (4).
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Note also that the curl of a 3-dimensional vector field which only depends on 2 coordinates (say x
and y) is simply a vertical vector field (in the z direction) whose magnitude is the curl of the 2-di-
mensional vector field.

Considering curl as a 2-vector field (an antisymmetric 2-tensor) has been used to generalize vector
calculus and associated physics to higher dimensions.

VECTOR FIELDS IN CYLINDRICAL
AND SPHERICAL COORDINATES

Cylindrical Coordinate System

Vector Fields

Vectors are defined in cylindrical coordinates by (p, @, z), where
« pisthe length of the vector projected onto the xy-plane,

« isthe angle between the projection of the vector onto the xy-plane (i.e. p) and the positive
x-axis (0 < ¢ < 2m),

» zis the regular z-coordinate.

it

K8Y

(p, @, z) is given in cartesian coordinates by:

p VXY
¢ |=|arctan(y/x) |, 0<¢<2rm,

z z

or inversely by:
X P COoS P
y|=| psing |.
z z
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Any vector field can be written in terms of the unit vectors as:
A=AXx+A4,y+A.2=Ap+ A9+ Az

The cylindrical unit vectors are related to the cartesian unit vectors by:

p cosg sing O] x
é|=|-sing cosg 0] %
Z 0 0 1|z

Time Derivative of a Vector Field

To find out how the vector field A changes in time we calculate the time derivatives. For this pur-
pose we use Newton’s notation for the time derivative ( A ). In cartesian coordinates this is simply:

A=A X+A y+A.Z
However, in cylindrical coordinates this becomes:
A=A p+A ptA,p+A, ¢t A 2tA 2

We need the time derivatives of the unit vectors. They are given by:

p=d¢
b=—¢p
7=0

So the time derivative simplifies to:
A=pA,~A, ) +dA,+A, §)+2A,

Second Time Derivative of a Vector Field

The second time derivative is of interest in physics, as it is found in equations of motion for clas-
sical mechanical systems. The second time derivative of a vector field in cylindrical coordinates is
given by:

A=pA ~A,¢-2A4-A §)+dA,+A J+2A §-A P )+2A,
To understand this expression, we substitute A = P, where p is the vector (\rho, 0, z).

This means that A =P = pp + zZ.

After substituting we get:

P=p(p—pd’)+P(pd+2p)+2%
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In mechanics, the terms of this expression are called:
pp = Central outward acceleration
—pg’p = Centripetal acceleration
p¢¢? = Angular acceleration
2 p¢¢3 = Coriolis effect

77 = Z-acceleration

Spherical Coordinate System
Vector Fields
Vectors are defined in spherical coordinates by (r, 6, ¢), where
e ris the length of the vector,
e 0Ois the angle between the positive Z-axis and the vector in question (0 < 0 < ), and

e (@ is the angle between the projection of the vector onto the X-Y-plane and the positive
X-axis (0 < ¢ < 27m).

(r, 6, @) is given in Cartesian coordinates by:
rl |JxP+y +zt
0 |=| arccos(z/r) |, 0<O0<x, 0<¢<2rx,

@ arctan(y/ x)

or inversely by:

X rsin @ cos ¢
y|=| rsinfsing |.
z rcos @
Any vector field can be written in terms of the unit vectors as:
A=AX+A J+A2=AT+A,0+A, ¢

The spherical unit vectors are related to the cartesian unit vectors by:

>

sinfcos¢ sinfsing cosl

>
<>

=|cosfcos¢ cosfsing —sind
—sing cos @ 0

N>

<
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The matrix is an orthogonal matrix, that is, its inverse is simply its transpose.

So the cartesian unit vectors are related to the spherical unit vectors by:

>

sindcos¢ cosfcos¢g —sing r
=|sinfsing cosfsing cos¢ 0

cos @ —sin@ 0 ¢f

N> <>

Time Derivative of a Vector Field

To find out how the vector field A changes in time we calculate the time derivatives. In cartesian
coordinates this is simply:

A=A R+A §+A 2
However, in spherical coordinates this becomes:
A=A+ AT+A, é+Agé+A¢¢f+A¢(/§
We need the time derivatives of the unit vectors. They are given by:
t =00+ $sin ¢9¢?
é =—01+ ¢ cos O
(/2 =—$sinOt—dcos6f
So the time derivative becomes:

A=A - 4,0 A,psin0)+0(4, + 46— A,pcos0)+ (4, + A psin 0+ 4, cos )

VECTOR SPHERICAL HARMONICS

In mathematics, vector spherical harmonics (VSH) are an extension of the scalar spherical har-
monics for use with vector fields. The components of the VSH are complex-valued functions ex-
pressed in the spherical coordinate basis vectors.

Several conventions have been used to define the VSH. Given a scalar spherical harmonic Y, (6,
@), we define three VSH:
Y =Y 7

Im — Tim

* ¥, =rVy,

Im>

« O, =rxVY,

Im>
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with # being the unit vector along the radial direction in spherical coordinates and r the vector
along the radial direction with the same norm as the radius, i.e., r = »t. The radial factors are in-
cluded to guarantee that the dimensions of the VSH are the same as those of the ordinary spherical
harmonics and that the VSH do not depend on the radial spherical coordinate.

The interest of these new vector fields is to separate the radial dependence from the angular one
when using spherical coordinates, so that a vector field admits a multipole expansion:

®© 1
E=> > (E.(0Y,+E) (Y, +EX (NP, ).
1=0 m=-1
The labels on the components reflect that £, is the radial component of the vector field, while £ ,(,,11)
and E'” are transverse components (with respect to the radius vector r).

Main Properties
Symmetry
Like the scalar spherical harmonics, the VSH satisfy,

Y, =(=D"Y,

m °

*

LIjl,fm = (_l)m\ljlm’
®,_, =(-1)"D,

Im?>

which cuts the number of independent functions roughly in half. The star indicates complex con-
jugation.

Orthogonality

The VSH are orthogonal in the usual three-dimensional way at each point:

Y, 0¥,0=0,
Y, (0@, (r) =0,
Y, @D, (r)=0.

They are also orthogonal in Hilbert space:
Y, Y;,d2=35,5,,,
[w,¥,,dQ=10+15,3,,,
[, @), d0=11+1)5,3,,,

[Y, ¥}, da=0,

[Y, @,d0=0,

[w, @), d0=0.
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An additional result at a single point r is, for all /,m,[",m’,
Y]m (r) ‘lP['m' (r) = 0’
Y, (1)®, (r)=0.

Vector Multipole Moments

The orthogonality relations allow one to compute the spherical multipole moments of a vector field
as:

= [EY;,d0,

l(nl'l) = 1 J. E‘\P;‘m dQ’
[(1+1)

o__ L E® dQ.

Im l(l 1) Im

The Gradient of a Scalar Field

Given the multipole expansion of a scalar field,

5= 4, (T (60.9).

=0 m=—1

we can express its gradient in terms of the VSH as,

vg=3 i (d@'" Y, + ¢;m ‘P,mj.

1=0 m=—1

Divergence

For any multipole field we have,

CUCYAE CEvS

I+
r

V{/("NY,)
V{/("n®,,)=0

lem’

By superposition we obtain the divergence of any vector field:

V-E = Z Z (dEl;z 2 E’ l(l+1) E(I)JY

1=0 m=-1

We see that the component on @, is always solenoidal.
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Curl

For any multipole field we have,
1
Vx(f("Y,,)= ——fd),m,

V()= (”’f fj

V(£ )= g, - (—f fj

By superposition we obtain the curl of any vector field:

LI+ de? 1 1., dEY 1
E IZZI[ El(rj)Y d;" E(Z) lI]lm—"_ Elm+ d}l” El(nll) q)lm y

Laplacian

The action of the Laplace operator A =V-V separates as follows:

10,0
8(012) (2 Lz, 4 1082,

where 7, =Y,,¥,,.®,, and

m> ~ Im> = Im

AY,, (2+1(1+1)) o+ 2\1/

Im>

AY, = 21141, 10+ )P
r r

Im>

AD,, =11+ 1)D,,.
r

Im

Also note that this action becomes symmetric, i.e. the off-diagonal coefficients are equal to

2
= \1({ +1), for properly normalized VSH.

Examples:

First Vector Spherical Harmonics

e [=0.
1 .
Y, :,/— T,
0 4r
Yy =0,

®,, =0.
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[=1
Y, = 3 cos O,
4r
Y, =- 3 €' sin 6,
8z
Y,=— 3 sin 66,
4r
Y, =~ i cos@z9+zq0
Y4
3
D,=- E sin @,
3
D, = g (149 cosH(p)
[=2.
Y,, = l\/g@cos 6 -1,
4\«
15 . ion
Y, =- —5s1n6?cost9€"”r,
8
Y22=l 1—5 sin’ 0e*’ 1.
4\ 2rx
¥, =-— z\/? in fcos 66,
2\«
Y, =- E (cos290+zcos6’gp)
kY4
¥, = 15 1n0e2[‘”(c0593’+ig5).
8
@20:—2\/§sin9c059&),
2\rx
D, = 15 "”(zcos@ﬁ cosZH(p)
&
D, = 15 1n962”"( igH—cosH(ﬁ).
8
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Expressions for negative values of m are obtained by applying the symmetry relations.

Applications
Electrodynamics

The VSH are especially useful in the study of multipole radiation fields. For instance, a magnetic
multipole is due to an oscillating current with angular frequency @ and complex amplitude:

I=J(r)®,,
and the corresponding electric and magnetic fields, can be written as:

E=Er,,
B=B"(r)Y, +B"("¥, .

Substituting into Maxwell equations, Gauss’ law is automatically satisfied:
VE=0,

while Faraday’s law decouples as,

5D g B
VxE=-ioB = d; p

= —iwBY,

dr r

Gauss’ law for the magnetic field implies,

vB=0 =» B 2p MWDo _g
dr r r

and Ampere-Maxwell’s equation gives,

B’ B(l) B(l)
+ d + T = IUOJ + ia)ﬂOSOE.

Vx]AB:,quH,uogoa)]:Z = -
r dr

In this way, the partial differential equations have been transformed into a set of ordinary differ-
ential equations.

Fluid Dynamics

In the calculation of the Stokes’ law for the drag that a viscous fluid exerts on a small spherical
particle, the velocity distribution obeys Navier-Stokes equations neglecting inertia, i.e.
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Vv=0,
0=-Vp+nV’v,
with the boundary conditions,

v=0 (r=a),
v=-U, (r— ).

where U is the relative velocity of the particle to the fluid far from the particle. In spherical coordi-
nates this velocity at infinity can be written as,

U, =U, (cos Or —sin 9@) =U, (Yyo+¥))-

The last expression suggests an expansion in spherical harmonics for the liquid velocity and the
pressure,

p=pr)Y,,
v=V"(r) Y, + v (1Y,

Substitution in the Navier—Stokes equations produces a set of ordinary differential equations for
the coefficients.

VECTOR-VALUED FUNCTION

A vector valued function is a function which takes a real number, t, as an input and returns a vector
as an output, (h(t),g(t), /(1))

Vector valued functions can measure many things such as position, velocity, acceleration, force,
etc.

The Position vector:
F(t)=(/(1),8(0), h(1))
The vector formula for a line is an example of a vector valued function.

As with lines, vector valued functions can also be written as parametric equations.

Position Vectors
As with lines, the position vector points from the origin to a location in 2-D or 3-D space.

A position vector function is then a function that takes a real number tt (thought of as time and
called the parameter) and outputs a position vector:

F(0)=(f(0), (), h(2))
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Plotting the points at the tip of the position vector for various values of the parameter tt gives a
curve in 2-D or 3-D space:

EIN

/ﬂ P (fft)/’g (t) » h (t)
/ A\/
///&

r@®) = (ftv, (9, hw)

X

The arrows on the curve show the direction the point moves along the curve as tt increases.

Parametric Equations

Parametric equations are an alternate way to write the position function that describes a curve.
The curve is written as three separate functions called the parametric equations of the curve.

x=f(2)
y=g(@)
z=h(r)

As with lines, there are multiple parameterizations for a curve (different position vector functions
that describe the same curve).

Examples:

Lines

The Line that starts at the point P(1,3,-2) and moves towards the point Q(2,-1,3).

Za

Q (27 '19 3)

\

X y

P(la 39 '2)




CHAPTER 4

Vector Calculus

143

The line has a direction vector PQ = <2 -1,-1-3,3- (—2)> = <1, —4, 5>

So the vector form of the line is,
F(t)=7,+tv
=(1,3,-2)+1(1,-4,5)
=(1+1,3—4t,-2+5¢)

And the parametric equations for this line are:

x=1+t¢

y=3-4

z=-2+45¢
Parabola

Graph the vector valued function 7(¢) = <t2 —t,t+ 1>

Some position values at different values of t are

!

(2,0)
(0,1)
(0,2)
(2,3)
(6,4)

The graph of this curve is

T
I

I
5

6

The location at different times t are labeled on the graph and the arrow show the direction of move-

ment as t increases.

Circles in 2-D

Circles can be described using Polar Coordinates.
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,y)
1
— ]
T, 1y
1
]
o=t | )
T

Where the parameter is the angle, t=6, and the point on circle, P(x,y), is found using polar coordi-
nates,

x=Rcos(?)
y=Rsin(¢)
Where R=| 7 | is the radius of the circle.

For example a circle with a radius of 5 is,

7(1) = (5cos(1),5sin (1))

Circles in 3-D

In 3-D, circles contained in a coordinate plane can be described in a similar fashion as example #3.
A circle of radius 3 in the x z-plane (y=0) can be written as:

<3 cos(?),0,3sin (t)>

Additionally the center point can be moved. If this circle has a center point (2,6,8) and is parallel
to the xz-plane.
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Then the vector form can be found using vector addition:

7(1)=(2,6,8)+(3cos(1),0,3sin (1))
= <2 +3cos(?),6,8+3 sin(t)>

And the parametric equations for this circle are:
x=2+3cos(t)
y=06
z =8+ 3sin(¢)

Spiral Helix

A spiral helix with a radius of 1, circles in the xy-plane while it moves with a constant speed up the z-axis.

(1,0, 0

A parameterization of this path is,

7 (1) = (cos(t),sin(t), )

Ellipses

Ellipses are similar to circles, with the small change that the radius in the xx and yy direction may
not be the same,

F(1) ={Acos(t), Bsin(r))

Where A and B are the semi-major and semi-minor axes.

A parameterization of an ellipse in the yz-plane with a semi-major axes of 6 along the z-axis and a
semi-minor axis of 4 along the y-axis center at the point (-5,0,7) is:

F(1)=(-5,0,7)+(0,4cos (1), 6sin (1))
=(=5,4cos(1), 7+ 65in(r))
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Coordinate Plane Projections

Projections of a 3-D curve onto one of the coordinate planes, xy-pane, xz-plane or yz-plane, is one
way to visualize what the graph looks like by looking at different 2-D graphs.

For example the helix:

r(t)= <sin(t), cos(?), t>

‘‘‘‘‘‘ © i’rojection
~ onto yz-plane

(A) Projection \‘\7
onto xz-plane |

(B) Projection onto xy-plane

« The projection on the x y-plane (z = 0) is a circle,

<— sin(t),cos(t), O>

« The projection on the x z-plane (y = 0) is a sine wave,

(—sin(r),0,7)

» The projection on the y z-plane (x = 0) is a cosine wave,

<0, cos(?), t>_



Fundamental Theorems

of Calculus

Some of the basic theorems in calculus are mean value theorem, Rolle’s Theorem, extreme val-
ue theorem, Taylor’s theorem and divergence theorem. Mean value theorem is used for proving
statements regarding a function on an interval starting from local hypotheses about derivatives at
points of the interval. This chapter has been carefully written to provide an easy understanding of
the varied facets of these theories.

The Fundamental theorem of calculus links two branches; differential calculus (concerning rates
of change and slopes of curves) and integral calculus (concerning the accumulation of quantities
and the areas under and between curves).

First Fundamental Theorem of Calculus

If ‘f is a continuous function on the closed interval [a, b] and A (x) is the area function. Then
A’(x) =f (x), for all x € [a, b].

Second Fundamental Theorem of Calculus

If /' is a continuous function defined on the closed interval [a, b] and F is an anti-derivative of ‘f’. Then,
S () dx = [Fx)]4, = F(b) — F(a)

Important Points to Remember:

+ Inwords, the Theorem 2 tells us that [ " f(x) dx = (value of the anti-derivative ‘F’ of ‘f’ at the
upper limit b) — (value of the same anti-derivative at the lower limit a).

» This theorem is useful because we can calculate the definite integral without calculating the
limit of a sum.

« The most important step in evaluating a definite integral is finding a function whose deriv-
ative is equal to the integrand. It strengthens the relationship between differentiation and
integration.

+ In [’ f(x) dx, the function ‘f’ should be well defined and continuous in [a, b].

Calculation Steps
Two simple steps can help you calculate [ " f(x) dx as shown below:

1. Find the indefinite integral [ f(x) dx. Let this be F(x). There is no need to keep the integra-
tion constant C because it disappears while evaluating the value of the definite integral.
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2. Evaluate F(b) — F(a) = [F (x )] ". This is the value of [ " f(x) dx.
Let’s look at some examples now.
Example:
Evaluate [ x* dx
Solution: Let, I = [ 3 x* dx.
Now, the indefinite integral, [ x> dx = x3/3 = F(x)
Using the second fundamental theorem of calculus, we get:
I=F(a) - F(b) = (3°/3) — (2*/3) = 27/3 - 8/3 =19/3
Therefore, [ 3 x*dx =19/3.
Example:
Evaluate [° [Vx / (30 — x3/2)*] dx
Solution: Let I = [ [Vx/ (30 — x¥/?)?] dx
First, we find the anti-derivative of the integrand.
Let’s substitute (30 — x32) = t, so that — 3/2 Vx dx = dt or Vx dx = — 2/3 dt.
Therefore, the indefinite integral,
J[Vx /(30 - x3) ] dx = — 2/3 [ dt/t* = 2/3 (1/1)
=2/3[1/ (30 —x**)] = F(x).
Hence, using the second fundamental theorem of calculus, we get:
I=F(9)-F(4)=2/3[1/(30-27) -1/ (30 - 8)] = 2/3 [1/3 — 1/22] = 19/99
Therefore,
J2[Vx /(30 = x32)2] dx = 19/99
Example:
Evaluate [*xdx / (x + 1)(x + 2)
Solution: Let I = [2xdx / (x + 1)(x + 2)
Using the rules of partial fractions, we get:
x/x+D)ExE+2)=—1/x+1)+2/(x+2)
Therefore, the indefinite integral,

[xdx/(x+1)x+2)=-log |x+ 1| + 2log |x + 2| = F(x)
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Hence, using the second fundamental theorem of calculus, we get
I=F(2) - F(1) =[-log 3 + 2log 4] — [- log 2 + 2log 3]
= — 3log 3 + log 2 + 2log 4 = log (32/27)

Therefore,
J2xdx / (x+ 1)(x + 2) =log (32/27)

Example:

Evaluate [ "4 sin32t cos2t dt

Solution: Let I = [ "4 sin32t cos2t dt

To solve the indefinite integral, let’s substitute sin2t = u, so that 2 cos2t dt = du or cos2t dt = 12
du. Therefore,

J sin32t cos2t dt = V2 [ u2 du = (1/8) u* = (1/8) sin*2t = F(x).
Hence, using the second fundamental theorem of calculus, we get:
I =F(nt/4) — F(0) = 1/8 [sin* (;t/2) — sin* 0] =1/8(1 — 0) =1/8

Therefore, [ "/+sin32t cos2t dt = 1/8.

MEAN VALUE THEOREM

Ay

Tangent at ¢

a c b x

For any function that is continuous on [@,b] and differentiable on (@, b) there exists some ¢ in the interval
(a, b) such that the secant joining the endpoints of the interval [a, b] is parallel to the tangent at C .

In mathematics, the mean value theorem states, roughly, that for a given planar arc between two
endpoints, there is at least one point at which the tangent to the arc is parallel to the secant through
its endpoints.

This theorem is used to prove statements about a function on an interval starting from local hy-
potheses about derivatives at points of the interval.
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More precisely, if f is a continuous function on the closed interval [a,b], and differentiable on the
open interval (a,b), then there exists a point ¢ in (a,b) such that:

fB)=f(@)

fie ==

It is one of the most important results in real analysis.

Formal Statement

f(a)

The function f attains the slope of the secant between @ and b as the derivative at the point ¢ € (a,b).

It is also possible that there are multiple tangents parallel to the secant.

Let f :[a,b] > Rbe a continuous function on the closed interval [a,b], and differentiable on the
open interval (a,b), where a < b . Then there exists some cin (a,b)such that,

rio-L0-1@
—a

The mean value theorem is a generalization of Rolle’s theorem, which assumes f(a)= f(b), so

that the right-hand side above is zero.

The mean value theorem is still valid in a slightly more general setting. One only needs to assume
that f :[a,b] > Ris continuous on [a,b], and that for every x in (a,b)the limit,

llmf(x+h)_f(x)

h—0 h
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exists as a finite number or equals ooor —oo. If finite, that limit equals f"(x). An example where
1

this version of the theorem applies is given by the real-valued cube root function mapping x — x?,
whose derivative tends to infinity at the origin.

Note that the theorem, as stated, is false if a differentiable function is complex-valued instead of
real-valued. For example, define f(x)=e" for all real x. Then,

fQr)- f(0)=0=027-0)
while f’(x)# Ofor any real x.

These formal statements are also known as Lagrange’s Mean Value Theorem.

Proof

The expression w gives the slope of the line joining the points (a, f(a)) and (b, (b)),
—a

which is a chord of the graph of f, while f'(x) gives the slope of the tangent to the curve at the point

(x, f(x)). Thus the mean value theorem says that given any chord of a smooth curve, we can find a

point lying between the end-points of the chord such that the tangent at that point is parallel to the

chord. The following proof illustrates this idea.

Define g(x)= f(x)—rx,where r is a constant. Since f is continuous on [a,b] and differentiable
on (a,b), the same is true for 'g. We now want to choose rso that g satisfies the conditions of
Rolle’s theorem. Namely,

gla)=g(b) = f(a)=ra=f(b)~rb
< rb-a)= f(b)-f(a)
_S)-f(a)

oSr=
b—a

By Rolle’s theorem, since g is differentiable and g(a) = g(b), there is some ¢ in (a,b) for which
g'(c) =0, and it follows from the equality g(x)= f(x)—rx that,

gx)=f'(x)-r

g'(c)=0

g')=f"(c)-r=0

= o) =y = f(b)- f(a)
b—a

A Simple Application

Assume that fis a continuous, real-valued function, defined on an arbitrary interval I of the real
line. If the derivative of f at every interior point of the interval I exists and is zero, then fis constant
in the interior.
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Proof: Assume the derivative of f at every interior point of the interval I exists and is zero. Let (a,
b) be an arbitrary open interval in I. By the mean value theorem, there exists a point c in (a,b) such
that,

S(b)-f(a)

A

This implies that fla) = f(b). Thus, fis constant on the interior of I and thus is constant on I by
continuity.

Remarks:

« Only continuity of f, not differentiability, is needed at the endpoints of the interval I. No
hypothesis of continuity needs to be stated if I is an open interval, since the existence of a
derivative at a point implies the continuity at this point.

» The differentiability of f can be relaxed to one-sided differentiability, Cauchy’s mean value
theorem.

Cauchy’s mean value theorem, also known as the extended mean value theorem, is a generalization of
the mean value theorem. It states: If functions f and g are both continuous on the closed interval [a, b],
and differentiable on the open interval (a, b), then there exists some ¢ € (a, b) such that,

J

(ftb), g(b)

(f(c), g(c)) (fta), g(a))

Geometrical meaning of Cauchy’s theorem.
(f(b)— f(a)g'(c)=(g(b)—g(a)) [ (c).
Of course, if g(a) # g(b) and if g’(c) + 0, this is equivalent to:

[ _Sb)-f(a)
g'(c) gb)-g(a)

Geometrically, this means that there is some tangent to the graph of the curve,

{[a,b] —~R?
1 (f(0),g()
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which is parallel to the line defined by the points (f{a), g(a)) and (f(b), g(b)). However Cauchy’s
theorem does not claim the existence of such a tangent in all cases where (f(a), g(a)) and (f(b),
g(b)) are distinct points, since it might be satisfied only for some value ¢ with f’(c) = g’(c) = 0, in
other words a value for which the mentioned curve is stationary; in such points no tangent to the
curve is likely to be defined at all. An example of this situation is the curve given by,

t(2,1-1),

which on the interval [-1, 1] goes from the point (-1, 0) to (1, 0), yet never has a horizontal tangent;
however it has a stationary point (in fact a cusp) at t = o.

Cauchy’s mean value theorem can be used to prove 'Hopital’s rule. The mean value theorem is the
special case of Cauchy’s mean value theorem when g(t) = t.

Proof of Cauchy’s Mean Value Theorem

The proof of Cauchy’s mean value theorem is based on the same idea as the proof of the mean value
theorem.

e Suppose g(a) # g(b). Define h(x) = f{x) — rg(x), where ris fixed in such a way that h(a) =
h(b), namely

h(a) = h(b) & f(@)-rg(@)= /(b)~rg(b)
& r(gb)-g(a) = £(b)- f(a)
)= f(a)
g(b)-g(a)’

o
Since fand g are continuous on [a, b] and differentiable on (a, b), the same is true for h. All
in all, h satisfies the conditions of Rolle’s theorem: consequently, there is some c in (a, b)
for which h’(c) = 0. Now using the definition of h we have:

0=H(e)= ['(e)-rg'(@) = 1'(e) —(—f ©)-f (“)jg'(cy

g(b)—-g(a)
Therefore:
' — f(b)_f(a) '
1@ =2 = €

which implies the result.

o Ifg(a) = g(b), then, applying Rolle’s theorem to g, it follows that there exists c in (a, b) for
which g’(c) = 0. Using this choice of ¢, Cauchy’s mean value theorem (trivially) holds.

Generalization for Determinants

Assume that f, g, and # are differentiable functions on (a,b) that are continuous on [a,b].
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Define:

S glx) hx)
D(x)=|f(a) g(a) h(a)
f(b) gb) hbd)

There exists ¢ € (a,b) such that D'(c)=0.

that,

[ g'x) hx)
D'(x)=|f(a) g(a) h(a)
f(b) gb) hb)

and if we place A(x) =1, we get Cauchy’s mean value theorem. If we place #(x) =1land g(x) xwe
get Lagrange’s mean value theorem.

The proof of the generalization is quite simple: each of D(a)and D(b)are determinants with two
identical rows, hence D(a) = D(b) = 0. The Rolle’s theorem implies that there exists ¢ € (a,b) such
that D'(¢)=0.

Mean Value Theorem in Several Variables

The mean value theorem generalizes to real functions of multiple variables. The trick is to use
parametrization to create a real function of one variable, and then apply the one-variable theorem.

Let G be an open convex subset of R”, and let / : G — R be a differentiable function. Fix points
x,y € G,and define g(¢) = f ((1 —t)x+ ly) .Since g is a differentiable function in one variable, the
mean value theorem gives:

g()-g(0)=g'(c)
for some ¢ between 0 and 1. But since g(1) = f(y)and g(0) = f(x), computing g'(c) explicitly we have:
SO =@ = (1-e)x+ey) (v =x)

where V denotes a gradient and - a dot product. Note that this is an exact analog of the theorem
in one variable (in the case n =1 this is the theorem in one variable). By the Cauchy—Schwarz in-
equality, the equation gives the estimate:

| r) =@ vr(a-ox+ey) || y-x|.

In particular, when the partial derivatives of f are bounded, f is Lipschitz continuous (and
therefore uniformly continuous). Note that f is not assumed to be continuously differentiable or
continuous on the closure of G . However, in order to use the chain rule to compute g', we really
do need to know that f is differentiable on G ; the existence of the x and y partial derivatives by
itself is not sufficient for the theorem to be true.
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As an application of the above, we prove that f is constant if G is open and connected and every
partial derivative of f is 0. Pick some point x, € G, and let g(x) = f(x)— f(x,) . We want to show
g(x)=0for every x € G. For that, let £ ={xe€ G:g(x)=0}. Then E is closed and nonempty. It is
open too: for every x e E ,

|2 |[H g -g®) | ()| y-x|=0

for every y in some neighborhood of x . (Here, it is crucial that x and y are sufficiently close to
each other.) Since G is connected, we conclude £ =G.

The above arguments are made in a coordinate-free manner; hence, they generalize to the case
when G is a subset of a Banach space.

Mean Value Theorem for Vector-valued Functions
There is no exact analog of the mean value theorem for vector-valued functions.

In Principles of Mathematical Analysis, Rudin gives an inequality which can be applied to many
of the same situations to which the mean value theorem is applicable in the one dimensional case:

Theorem: For a continuous vector-valued function f :[a,b] — R* differentiable on (a,b), there
exists x € (a,b) such that |f(x)[> % | f(b)—1(a)].,
—a

Jean Dieudonné in his classic treatise Foundations of Modern Analysis discards the mean value theorem
and replaces it by mean inequality as the proofis not constructive and one cannot find the mean value and
in applications one only needs mean inequality. Serge Lang in Analysis I uses the mean value theorem,
in integral form, as an instant reflex but this use requires the continuity of the derivative. If one uses the
Henstock—Kurzweil integral one can have the mean value theorem in integral form without the addition-
al assumption that derivative should be continuous as every derivative is Henstock—Kurzweil integrable.
The problem is roughly speaking the following: If f: U — R™ is a differentiable function (where U c R" is
open) and if x + th, x, h € R", t € [0, 1] is the line segment in question (lying inside U), then one can apply
the above parametrization procedure to each of the component functions f; (i = 1, ..., m) of f (in the above
notation set y = x + h). In doing so one finds points x + th on the line segment satisfying,

fi(x+h)—= f.(x)=Vf(x+th)h.

But generally there will not be a single point x + t*h on the line segment satisfying,
fi(x+h)— f.(x)=Vf.(x+t h)h.

for all i simultaneously. For example, define:

£:[0,27] > R®
S (x) = (cos(x),sin(x))

Then f(27)- f(0)=0€R?,but £ (x)=—sin(x) and f,(x)=cos(x) are never simultaneously zero
as x ranges over [0,27].
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However a certain type of generalization of the mean value theorem to vector-valued functions is
obtained as follows: Let fbe a continuously differentiable real-valued function defined on an open
interval I, and let x as well as x + h be points of I. The mean value theorem in one variable tells us
that there exists some t* between 0 and 1 such that,

fx+h)—f(x)=f'(x+t h)h.

On the other hand, we have, by the fundamental theorem of calculus followed by a change of vari-
ables,

x+h 1
Sermy— =" r'wdn =( [ 1 th)dt)-h.
Thus, the value f’(x + t*h) at the particular point t* has been replaced by the mean value,
jol f(x+th)dt.

This last version can be generalized to vector valued functions:

Lemma: Let U c R"be open, f: U - R™ continuously differentiable, and x € U, h € R" vectors such
that the line segment x + th, 0 < t < 1 remains in U. Then we have:

e h) - fx) = ( [[Dre+ th)dt)-h,

where Df denotes the Jacobian matrix of fand the integral of a matrix is to be understood compo-
nentwise.

Proof: Let f,, ..., f, denote the components of f and define:

{gi :[0,1] > R
g.(6)= f,(x-+1h)

Then we have,

S+ - £ =g,1)-g,(0) = [ g, ()ar

s _y| (9L
- LL; o (x+rh)hjjdz = Z[L o (x+th)dt}rj.

J
The claim follows since Df is the matrix consisting of the components %
J
Lemma: Let v : [a, b] » R™ be a continuous function defined on the interval [a, b] ¢ R. Then we
have:

Hjb VU)‘”HQ vl
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Proof: Let u in R™ denote the value of the integral,
b
U= j w(t)dt.
Now we have (using the Cauchy—Schwarz inequality):

= sy = [ vt = [ o < [ 1) |l e[

Now cancelling the norm of u from both ends gives us the desired inequality.

Mean Value Inequality. If the norm of Df{x + th) is bounded by some constant M for t in [0, 1], then:
lfGe+my=froll<m | all

Proof: From Lemma 1 and 2 it follows that,

|71 £ = [} Doy iy < [1) D s ) | i < .

Mean Value Theorems for Definite Integrals

First Mean Value Theorem for Definite Integrals

¥
A

0

Geometrically: interpreting f(c) as the height of a rectangle and b—a as the width, this rectangle
has the same area as the region below the curve from a to b

Let f: [a, b] - R be a continuous function. Then there exists c in (a, b) such that,
b
[ r(ryde=fexb-a).

Since the mean value of fon [a, b] is defined as,

1
b—a

[ reoax,

we can interpret the conclusion as f achieves its mean value at some c in (a, b).
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In general, if f: [a, b] — R is continuous and g is an integrable function that does not change sign
on [a, b], then there exists ¢ in (a, b) such that,

.[: f(x)g(x)dx=f (C)Jj g(x)dkx.

Proof of the First Mean Value Theorem for Definite Integrals

Suppose f: [a, b] - R is continuous and g is a nonnegative integrable function on [a, b]. By the
extreme value theorem, there exists m and M such that for each x in [a, b], m< f(x)< M and
fla,b]=[m,M]. Since g is nonnegative,

m[ e@dr< [ fgxds <M [ g
Now let,

1= jj g(x)dx.
If I =0 , we’re done since,

0< [ f(@g@dr<0
means,

[[ rgar =0,
so for any cin (a, b),

J, fgxde= ferr =o.
If I # o, then:

m< } [ rmgde< .

By the intermediate value theorem, f attains every value of the interval [m, M], so for some c in

[a, b],
f@ == rege,

that is,

' rgods = (@) gy
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Finally, if g is negative on [a, b], then,

b b b
M L g(x)dx < L f()gx)dx<m J.a g(x)dx
and we still get the same result as above.

Second mean Value Theorem for Definite Integrals

There are various slightly different theorems called the second mean value theorem for definite
integrals. A commonly found version is as follows:

If G: [a, b] - R is a positive monotonically decreasing function and ¢ : [a, b] — R is an integrable
function, then there exists a number x in [a, b] such that,

[ 60t = Ga [ pleya.

Here G(a") stands for lim G(x), the existence of which follows from the conditions. Note that it is

essential that the interval (a, b] contains b. A variant not having this requirement is:

If G: [a, b] - R is a monotonic (not necessarily decreasing and positive) function and ¢ : [a, b] -
R is an integrable function, then there exists a number x in (a, b) such that,

jb Gp(t)dt = G(a') [ ptydr +G(b) j” o(1)dt.

Mean Value Theorem for Integration Fails for Vector-valued Functions

If the function G returns a multi-dimensional vector, then the MVT for integration is not true,
even if the domain of G is also multi-dimensional.

For example, consider the following 2-dimensional function defined on an 7 -dimensional cube:

G:[0.27] — R?
G(x,,-++,x,) =(sin(x, +---+x,),c08(x, +---+x,))

Then, by symmetry it is easy to see that the mean value of G over its domain is (0,0):
flo 0oy G, ), ---dx, = (0,0)
However, there is no point in which G =(0,0), because | G |=1 everywhere.

A Probabilistic Analogue of the Mean Value Theorem

Let X and Y'be non-negative random variables such that E[X] < E[Y] < and X<_,Y (i.e. Xis small-
er than Yin the usual stochastic order). Then there exists an absolutely continuous non-negative
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random variable Z having probability density function:

Pr(Y > x) —Pr(X > x)

x> 0.
E[Y]-E[X]

J2(x)=

2

Let g be a measurable and differentiable function such that E[g(X)], E[g(Y)] < «, and let its deriva-
tive g’ be measurable and Riemann-integrable on the interval [x, y] for all y > x > 0. Then, E[g’(Z)]
is finite and,

E[g(Y)]-E[g(X)]=E[g"(Z)IE(Y)-E(X)].

Generalization in Complex Analysis

As noted above, the theorem does not hold for differentiable complex-valued functions. Instead, a
generalization of the theorem is stated such:

Let f: QO — Cbe a holomorphic function on the open convex set Q, and let a and b be distinct points
in Q. Then there exist points u, v on L , (the line segment from a to b) such that:

Re(f"()) = Re(MJ,
b—a

Im(f"(v)) = Im(—f (0)-f (“)j.
b—a

Where Re() is the Real part and Im() is the Imaginary part of a complex-valued function.

ROLLE’S THEOREM

In calculus, Rolle’s theorem or Rolle’s lemma essentially states that any real-valued differentiable
function that attains equal values at two distinct points must have at least one stationary point
somewhere between them—that is, a point where the first derivative (the slope of the tangent line
to the graph of the function) is zero.

Ay

......
"""""

[ ‘e

. .

’ X
: f(a)=f(b) b

If a real-valued function fis continuous on a closed interval [a, b], differentiable on the open interval
(a, b), and f(a) = f(b), then there exists a ¢ in the open interval (a, b) such that f’(c) = o.
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Standard Version of the Theorem

If a real-valued function f is continuous on a proper closed interval [a, b], differentiable on the
open interval (a, b), and f(a) = f(b), then there exists at least one c in the open interval (a, b) such
that,

f'(c)=0.

This version of Rolle’s theorem is used to prove the mean value theorem, of which Rolle’s theorem
is indeed a special case. It is also the basis for the proof of Taylor’s theorem.

Example:

A semicircle of radius r.

For a radius r > 0, consider the function,
f(xX)=~r"=x*, xe[-rr]

Its graph is the upper semicircle centered at the origin. This function is continuous on the closed
interval [-r, r] and differentiable in the open interval (-r, r), but not differentiable at the end-
points —r and r. Since f(-r) = f(r), Rolle’s theorem applies, and indeed, there is a point where the
derivative of fis zero. Note that the theorem applies even when the function cannot be differenti-
ated at the endpoints because it only requires the function to be differentiable in the open interval.

Example:

y=1Ix

-3 =2 -1 0 1 2 3

The graph of the absolute value function.

If differentiability fails at an interior point of the interval, the conclusion of Rolle’s theorem may
not hold. Consider the absolute value function:

f)=[x|, xe[-L1].



162 Calculus: An Introduction

Then f(—1) = f(1), but there is no ¢ between —1 and 1 for which the f”(c) is zero. This is because that
function, although continuous, is not differentiable at x = 0. Note that the derivative of f changes
its sign at x = 0, but without attaining the value 0. The theorem cannot be applied to this function
because it does not satisfy the condition that the function must be differentiable for every x in the
open interval. However, when the differentiability requirement is dropped from Rolle’s theorem, f
will still have a critical number in the open interval (a, b), but it may not yield a horizontal tangent
(as in the case of the absolute value represented in the graph).

Generalization
The second example illustrates the following generalization of Rolle’s theorem:

Consider a real-valued, continuous function f on a closed interval [a, b] with f(a) = _f(b). If for ev-
ery x in the open interval (a, b) the right-hand limit,

fx+h) - f(x)
h

f'(x7)=lim
h—0"

and the left-hand limit,
iyt L=/
h—0"

exist in the extended real line [, ], then there is some number ¢ in the open interval (a, b) such
that one of the two limits,

f'(c¢")and f'(c7)

is > 0 and the other one is < 0 (in the extended real line). If the right- and left-hand limits agree
for every x, then they agree in particular for ¢, hence the derivative of f exists at ¢ and is equal to
zero.

Remarks:

« If fis convex or concave, then the right- and left-hand derivatives exist at every inner point,
hence the above limits exist and are real numbers.

» This generalized version of the theorem is sufficient to prove convexity when the one-sided
derivatives are monotonically increasing:

SO ), x<y

Proof of the Generalized Version

Since the proof for the standard version of Rolle’s theorem and the generalization are very similar,
we prove the generalization.

The idea of the proof is to argue that if f(a) = f(b), then f must attain either a maximum or a
minimum somewhere between a and b, say at ¢, and the function must change from increasing
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to decreasing (or the other way around) at c. In particular, if the derivative exists, it must be
zero at c.

By assumption, fis continuous on [a, b], and by the extreme value theorem attains both its maxi-
mum and its minimum in [a, b]. If these are both attained at the endpoints of [a, b], then fis con-
stant on [a, b] and so the derivative of fis zero at every point in (a, b).

Suppose then that the maximum is obtained at an interior point c of (a, b) (the argument for the
minimum is very similar, just consider —f). We shall examine the above right- and left-hand limits
separately.

For a real h such that ¢ + his in [a, b], the value f(c + h) is smaller or equal to f(c) because f attains
its maximum at c. Therefore, for every h > 0,

fleth=f@©) _,
h - b

hence,

f'(c"):=lim

h—0"

fle+ -1
; ,

where the limit exists by assumption, it may be minus infinity.

Similarly, for every h < 0, the inequality turns around because the denominator is now negative
and we get,

flerh=1©)
; ,

hence,

lim L= 5

f (C ) = h—0" h
where the limit might be plus infinity.

Finally, when the above right- and left-hand limits agree (in particular when f is differentiable),
then the derivative of f at ¢ must be zero.

(Alternatively, we can apply Fermat’s stationary point theorem directly.)

Generalization to Higher Derivatives

We can also generalize Rolle’s theorem by requiring that f has more points with equal values and
greater regularity. Specifically, suppose that:

» The function fis n — 1 times continuously differentiable on the closed interval [a, b] and the
nth derivative exists on the open interval (a, b), and
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+ There are n intervals givenbya < b <a,<b,<.. <a, <b in[a, b]suchthatf(a,) =f(b)
for every k from 1 to n. Then there is a number c in (a, b) such that the nth derivative of f
at c is zero.

The red curve is the graph of function with 3 roots in the interval [-3, 2]. Thus its second derivative
(graphed in green) also has a root in the same interval.

The requirements concerning the nth derivative of f can be weakened as in the generalization
above, giving the corresponding (possibly weaker) assertions for the right- and left-hand limits
defined above with f@-? in place of f.

Particularly, this version of the theorem asserts that if a function differentiable enough times has n
roots (so they have the same value, that is 0), then there is an internal point where f® - vanishes.

Proof

The proof uses mathematical induction. The case n = 1 is simply the standard version of Rolle’s
theorem. As the induction hypothesis, assume the generalization is true for n — 1. We want to prove
it for n > 1. By the standard version of Rolle’s theorem, for every integer k from 1 to n, there exists
a ¢, in the open interval (a,, b,) such that f’(c,) = 0. Hence, the first derivative satisfies the assump-
tions on the n - 1 closed intervals [c, ¢ ], ..., [c, _, c ]. By the induction hypothesis, there is a ¢ such
that the (n — 1)st derivative of f’ at ¢ is zero.

Generalizations to other Fields

Rolle’s theorem is a property of differentiable functions over the real numbers, which are an or-
dered field. As such, it does not generalize to other fields, but the following corollary does: if a real
polynomial factors (has all of its roots) over the real numbers, then its derivative does as well. One
may call this property of a field Rolle’s property. More general fields do not always have differen-
tiable functions, but they do always have polynomials, which can be symbolically differentiated.
Similarly, more general fields may not have an order, but one has a notion of a root of a polynomial
lying in a field.

Thus Rolle’s theorem shows that the real numbers have Rolle’s property. Any algebraically closed
field such as the complex numbers has Rolle’s property. However, the rational numbers do not —
for example, x3 — x = x(x — 1)(x + 1) factors over the rationals, but its derivative,

set=3(e (s
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does not. The question of which fields satisfy Rolle’s property. For finite fields, the answer is that
only F? and F4 have Rolle’s property.

L’HOPITAL’S RULE

el
O S S A
KX 7S XX

NN

Example application of ’'Ho6pital’s rule to f{x) = sin(x) and g(x) = —0.5x: the function h(x) = f{x)/g(x) is undefined
at x = 0, but can be completed to a continuous function on whole R by defining h(0) = f’(0)/g’(0) = —2.

In mathematics, and more specifically in calculus, L’'Hopital’s rule or L’'Hospital’s rule (French:
[lopital]) uses derivatives to help evaluate limits involving indeterminate forms. Application (or
repeated application) of the rule often converts an indeterminate form to an expression that can
be evaluated by substitution, allowing easier evaluation of the limit. The rule is named after the
17th-century French mathematician Guillaume de 'Hopital. Although the contribution of the rule
is often attributed to L’Hopital, the theorem was first introduced to L'H6pital in 1694 by the Swiss
mathematician Johann Bernoulli.

L’Hépital’s rule states that for functions f and g which are differentiable on an open interval I ex-
cept possibly at a point ¢ contained in I, if lim f(x) =limg(x) =0 or o, g'(x)# 0for all xin I
with x # ¢, and limM exists then,
xoc g (X)
limM = lim&.
e g(x) o gl(x)

The differentiation of the numerator and denominator often simplifies the quotient or converts it
to a limit that can be evaluated directly.

General Form

The general form of L’Hopital’s rule covers many cases. Let ¢ and L be extended real numbers (i.e.,
real numbers, positive infinity, or negative infinity). Let I be an open interval containing ¢ (for a
two-sided limit) or an open interval with endpoint ¢ (for a one-sided limit, or a limit at infinity if ¢
is infinite). The real valued functions f and g are assumed to be differentiable on I except possibly

at ¢, and additionally g'(x) # 0 on I except possibly at c. It is also assumed that lim / ,Ex; =L Thus
X—>C g x
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the rule applies to situations in which the ratio of the derivatives has a finite or infinite limit, but
not to situations in which that ratio fluctuates permanently as x gets closer and closer to c.

If either,

lim f(x)=limg(x)=0

or
lim | £ (x) = lim| g(x) =0,
then,
limM =L.
e g(x)

Although we have written x — ¢ throughout, the limits may also be one-sided limits (x — ¢* or
x - ¢7), when c is a finite endpoint of I.

In the second case, the hypothesis that f diverges to infinity is not used in the proof; thus, while the
conditions of the rule are normally stated as above, the second sufficient condition for the rule’s
procedure to be valid can be more briefly stated as:

lim | g(x) =0

The hypothesis that g'(x)# 0 appears most commonly in the literature, but some authors side-
step this hypothesis by adding other hypotheses elsewhere. One method is to define the limit of a
function with the additional requirement that the limiting function is defined everywhere on the
relevant interval I except possibly at c. Another method is to require that both fand g be differen-
tiable everywhere on an interval containing c.

Requirement that the Limit Exist
The requirement that the limit,

AC)
e g'(x)

must exist is essential. Without this condition, f’ or g’ may exhibit undampened oscillations as
x approaches c¢, in which case L’Hépital’s rule does not apply. For example, if f(x)=x+sin(x),
g(x)=x and ¢ ==, then,

f'(x) _ 1+ cos(x)
g'(x) 1

this expression does not approach a limit as x goes to ¢, since the cosine function oscillates be-

tween 1 and —1. But working with the original functions, lim f Ex; .
X—>00 g X
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Can be shown to exist:

hmf( )—1 (1+Mj=l.

X—>00 g(x) X—>0 X
In a case such as this, all that can be concluded is that,

imint 2 it 2 < imsup 7 i £,
e g (x) o g(x) x—e g(x) > (x)

so that if the limit of f/g exists, then it must lie between the inferior and superior limits of f//g’. (In
the example above, this is true, since 1 indeed lies between 0 and 2.)

Examples:

» Here is a basic example involving the exponential function, which involves the indetermi-
nate form 0/0 at x = 0:

f 1 5(6’“—1)
lim — = lim-4*
x—)Ox +Xx x—0 i(xz-}—x)
dx
— lim =<
=0 2x+1
=1.

« This is a more elaborate example involving 0/0. Applying L’Hopital’s rule a single time still

results in an indeterminate form. In this case, the limit may be evaluated by applying the
rule three times:

lim 2 sin(x) —sin(2x) Mim 2cos(x)—2cos(2x)

=0 x—sin(x) x>0 1—cos(x)

Mim —2sin(x) + 4sin(2x)
x>0 sin(x)

Mim —2cos(x)+8cos(2x)
x>0 cos(x)

_ —2+8

o

=6.

« Here is an example involving o/ c:

n n—1 n—1
. _ . X . nx ;
limx"e”* =lim— =lim =nlim—.

X—>0 X—>0 e X—>0 e X—>0 ex

Repeatedly apply L’Hopital’s rule until the exponent is zero (if n is an integer) or negative (if n is
fractional) to conclude that the limit is zero.
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e Hereis an example involving the indeterminate form 0 - oo, which is rewritten as the form c/co:

1

) . Inx . ;
lim xIn x = lim = lim —2X— = lim—x=0.
x—0" x—0" 1 x—0" 1 x—0"

X X

e Here is an example involving the mortgage repayment formula and o/0. Let P be the prin-
cipal (loan amount), r the interest rate per period and n the number of periods. When r is

zero, the repayment amount per period is — (since only principal is being repaid); this is
n

consistent with the formula for non-zero interest rates:

n n n-1
lim Pr(1+r) _ Plim (1+7) +rn(1_41r r)
=0 (I+7)" -1 r—0 n(l+r)"

e One can also use L'Hopital’s rule to prove the following theorem. If fis twice-differentiable
in a neighborhood of x then,

po LG+ G- =2f() o @0~ (= h)

h=0 W h—0 2h
_ limf (x+h)+ f"(x—h)
h—0 2
= f"(x).

e Sometimes L’Hopital’s rule is invoked in a tricky way: suppose f{x) + f'(x) converges as x —
o and that e* f(x) converges to positive or negative infinity. Then:

e (f()+ /()
ex

lim

X—>0

w _ —1lim(f(x)+ /'(x))
e X—>0

lim £(x) = lim

X—>0

and so, lim f(x) exists and lim f'(x) =0.

The result remains true without the added hypothesis that ¢*- f(x) converges to positive or
negative infinity, but the justification is then incomplete.

Complications

Sometimes L’Hopital’s rule does not lead to an answer in a finite number of steps unless some
additional steps are applied. Examples include the following:

« Two applications can lead to a return to the original expression that was to be evaluated:

L oeter . et—et . e +e”
lim =1lim =1lim =
X0 €x _ e_x X—>0 e" + e_x X—® ex _ e_x
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This situation can be dealt with by substituting y =" and noting that y goes to infinity as x goes
to infinity; with this substitution, this problem can be solved with a single application of the rule:

x —Xx -1 -2

. + . + . 1= 1
lim < e_ = lim 2 y_ = y_2 =
x>0 g% — o7F yoo y—y yawl_l_y 1

Alternatively, the numerator and denominator can both be multiplied by e* at which point L’Hopi-
tal’s rule can immediately be applied successfully:

x -x 2x

. e +e S P
lim =lim 5 =lim 5
X0 ex _e_x x—® o x -1 X—>0 2e X

« An arbitrarily large number of applications may never lead to an answer even without re-

peating;:
1 3 3

Lo 121 15,33

2 2 ~ - 7
1 X — lim 2 2 _ 4 _
X—>0 l _l X—>0 1 _l _é X—0 1 _3 _é

x2—x2 —x24+—x?2 ——x ? x 2
2 2 4 4

This situation too can be dealt with by a transformation of variables, in this case y = Jx

1 1

2

. ox%+x .
hmﬁ = lim
X—0  — — y—>0 Y- y_

x2_x2

ery_1 e l—y_2 1

1

Again, an alternative approach is to multiply numerator and denominator by x"* before applying
L’Hépital’s rule:

x2+x? x+1 1

lim = —im 2 = fim - =1
x—0 - x>0 x — ] x— ]

x2—x

A common pitfall is using L’Hopital’s rule with some circular reasoning to compute a derivative via
a difference quotient. For example, consider the task of proving the derivative formula for powers
of x:

. (x+h)"=Xx" _
%m(}L:nx” '
-

Applying L’Hopital’s rule and finding the derivatives with respect to h of the numerator and the
denominator yields n x** as expected. However, differentiating the numerator required the use of
the very fact that is being proven. This is an example of begging the question, since one may not
assume the fact to be proven during the course of the proof.



170 Calculus: An Introduction

Counter Examples when the Derivative of the Denominator is Zero

The necessity of the condition that g'(x) # 0 near ¢ can be seen by the following counterexam-
ple due to Otto Stolz. Let f(x)=x+sinxcosx and g(x)= f(x)e™" Then there is no limit for
f(x)/ g(x) as x — oo However,

S(x) 2cos’ x
2'(x)  (2cos> x)e™ + (x +sin xcos x)e”™ cos x
_ 2cosx oo
2cosx+x+sinxcosx ’

which tends to 0 as x — oo.

Other Indeterminate Forms

Other indeterminate forms, such as 1%, 0°, ©°, 0- ®, and © — «, can sometimes be evaluated using
L’Hopital’s rule. For example, to evaluate a limit involving « — «, convert the difference of two
functions to a quotient:

) X 1 . xlnx—x+1
lim - =lim
w=I\x=1 Inx) =~ (x=1)Ilnx

) Inx
=lim
x—1 x—l
—+Inx
X
. xInx
=lm——
=y —1+x1nx
1+Inx

m—
> l+1+1Inx
l+Inx

=lim
=12 +Inx

=lim-—-—- ol x—1
x—1 (x_l).lnx to lX—Jrlnx

where L’Hopital’s rule is applied when going from lim o1 Inx

(x 1) . xlnx—x+1 lim 10X
x—1

and again when going from lim xInx o lim l+Inx .

otx—l+xlnxy w14+ l+nx

L’Hopital’s rule can be used on indeterminate forms involving exponents by using logarithms to
“move the exponent down”. Here is an example involving the indeterminate form 0°:

lim (x-Inx)

In(x xInx — exﬁoaf

lim x* = lim €™ = lim e

x—=0" x—=0" x—=0"

It is valid to move the limit inside the exponential function because the exponential function is
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continuous. Now the exponent x has been “moved down”. The limit lim x'In x is of the indeter-
x—0"

minate form 0- o, but as shown in an example above, 'Hopital’s rule may be used to determine

that

lim x'Inx=0.

x—0"

Thus,

lim x* =€’ =1.

x—0*

Geometric Interpretation

Consider the curve in the plane whose x-coordinate is given by g(t) and whose y-coordinate
is given by f(t), with both functions continuous, i.e., the locus of points of the form [g(t), f(1)].
Suppose f(c) = g(c) = 0. The limit of the ratio f(t)/g(t) as t — c is the slope of the tangent to the
curve at the point [g(c), f(c)] = [0,0]. The tangent to the curve at the point [g(t), f(1)] is given
by [g’(D), f'(t)]. L’Hopital’s rule then states that the slope of the curve when t = c is the limit of
the slope of the tangent to the curve as the curve approaches the origin, provided that this is
defined.

Proof of L’Hopital’s Rule
Special Case

The proof of L’Hopital’s rule is simple in the case where f and g are continuously differentia-
ble at the point ¢ and where a finite limit is found after the first round of differentiation. It is
not a proof of the general L’Hopital’s rule because it is stricter in its definition, requiring both
differentiability and that c be a real number. Since many common functions have continuous
derivatives (e.g. polynomials, sine and cosine, exponential functions), it is a special case wor-
thy of attention.

Suppose that fand g are continuously differentiable at a real number c, that f(c)=g(c)=0, and
that g'(c) #0. Then,

tim £ _ jiy D=0, S =S 1€)
e g(x) e g(x)=0 e g(x)—-g(e)
[f(x)—f(c)j hm(f(x)—f(o)j
=lim>—2X"¢ Z- xoc ) _JO /&)
HC(g(X)—g(C)j (g(X)—g(C)j g'c) e g'(x)

X—C X—C

X—C

lim
X—>C

This follows from the difference-quotient definition of the derivative. The last equality follows
from the continuity of the derivatives at c. The limit in the conclusion is not indeterminate because

g'(c)#0.
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Proof:

The following proof is due to Taylor, where a unified proof for the 0/0 and +o/+~ indetermi-
nate forms is given. Taylor notes that different proofs may be found in Lettenmeyer and Waze-
wski.

Let f and g be functions satisfying the hypotheses in the General form section. Let Z be the open
interval in the hypothesis with endpoint c. Considering that g'(x) # 0 on this interval and g is con-
tinuous, Z can be chosen smaller so that g is nonzeroon 7 .

IAG)
g'(©)

ues between x and c. (The symbols inf and sup denote the infimum and supremum.)

For each x in the interval, define m(x) =inf % and M (x)=sup as & ranges over all val-
g

From the differentiability of fand g on Z , Cauchy’s mean value theorem ensures that for any two

S -/ _ &)
gx)—-g(y) £'©)

distinct points x and y in Z there exists a £ between x and y such that

S)-f)

g(x)—g(»)
value g(x)-g(y) is always nonzero for distinct x and y in the interval, for if it was not, the mean
value theorem would imply the existence of a p between x and y such that g’ (p)=o0.

Consequently, m(x) < < M (x) for all choices of distinct x and y in the interval. The

The definition of m(x) and M(x) will result in an extended real number, and so it is possible for them
to take on the values +. In the following two cases, m(x) and M(x) will establish bounds on the ratio f

Case1: lim f(x) =limg(x)=0
For any x in the interval 7, and point y between x and c,

) f)
S -/ _gx) g < M(x)

m(x) < =
g-g»  _8W)
g(x)
and therefore as y approaches c, J&) and g) become zero, and so
g(x) g(x)

m(x) < /() < M(x).
g(x)

Case 2: lim| g(x)[=o

For every x in the interval 7, define S_ ={y|y is between x and ¢} . For every point y between x
and c,

SO _f(x)
SO _g»y) &)
e e I T R
g(y)
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As y approaches c, both J ) and £ (x) become zero and therefore,
g(») g(y)
S S )

m(x) < liminf —=—= < limsup=——=

< M(x).
veso g(y)  ves. g(1) )

The limit superior and limit inferior are necessary since the existence of the limit of f/g has not yet
been established.

It is also the case that,

hmm(x)—llmM(x)—hmf() L.
e g'(x)

and

hm(hmlnf f(y)J—liminf S (x) and hm(hmsup f(y)j lims pf( *)
el e g()) e g(x) el 8 wee (%)

In case 1, the squeeze theorem establishes that lim f Ex; exists and is equal to L. In the case 2, and
X—>C g x

the squeeze theorem again asserts that liminf —= S = limsup S ) = L, and so the limit lim S )
e g(x) e g(x) e g(x)

exists and is equal to L. This is the result that was to be proven.

In case 2 the assumption that f(x) diverges to infinity was not used within the proof. This means
that if |g(x)| diverges to infinity as x approaches ¢ and both f and g satisfy the hypotheses of
L’Hopital’s rule, then no additional assumption is needed about the limit of f{x): It could even be
the case that the limit of f{x) does not exist. In this case, L’Hopital’s theorem is actually a conse-
quence of Cesaro—Stolz.

In the case when |g(x)| diverges to infinity as x approaches c and f{x) converges to a finite limit at
¢, then L’Hopital’s rule would be applicable, but not absolutely necessary, since basic limit calculus
will show that the limit of f{x)/g(x) as x approaches ¢ must be zero.

Corollary

A simple but very useful consequence of L’Hopital’s rule is a well-known criterion for differen-
tiability. It states the following: suppose that f is continuous at a, and that f'(x) exists for all x
in some open interval containing a, except perhaps for x = a. Suppose, moreover, that hm f'(x)
exists. Then f'(a) also exists and,

f'(@)=lim f'(x).

In particular, f is also continuous at a.
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Proof:

Consider the functions A(x) = f(x)— f(a) and g(x)=x—a. The continuity of f at a tells us that

lim 4(x) = 0. Moreover, hm g(x) =0 since a polynomial function is always continuous everywhere.
Applying L’Hopital’s rule shows that f'(a):= hmM = lim h(( )) =lim f'(x).
xX—a x a X—a g x x—a

EXTREME VALUE THEOREM
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A continuous function £(x) on the closed interval [a,b] showing the absolute max
(red) and the absolute min (blue).
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In calculus, the extreme value theorem states that if a real-valued function fis continuous on the
closed interval [a,b], then f must attain a maximum and a minimum, each at least once. That is,
there exist numbers ¢ and d in [a,b] such that:

£(0)> f(x)> f(d) forallxe[a,b]

A related theorem is the boundedness theorem which states that a continuous function fin the closed
interval [a,b] is bounded on that interval. That is, there exist real numbers m and M such that:

m< f(x)<M forallxe[a,b]

The extreme value theorem enriches the boundedness theorem by saying that not only is the func-
tion bounded, but it also attains its least upper bound as its maximum and its greatest lower bound
as its minimum.

The extreme value theorem is used to prove Rolle’s theorem. In a formulation due to Karl Weier-
strass, this theorem states that a continuous function from a non-empty compact space to a subset
of the real numbers attains a maximum and a minimum.

Functions to which the Theorem does not Apply

The following examples show why the function domain must be closed and bounded in order for
the theorem to apply. Each fails to attain a maximum on the given interval.
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=

F(x) = x defined over [0, «) is not bounded from above.

N

. f(x) =x/(1 + x) defined over [0, ) is bounded but does not attain its least upper bound 1.
3. f(x) =1/xdefined over (0, 1] is not bounded from above.
4. f(x) =1-xdefined over (0, 1] is bounded but never attains its least upper bound 1.

Defining f(0) = o in the last two examples shows that both theorems require continuity on [a, b].

Generalization to Metric and Topological Spaces

When moving from the real line R to metric spaces and general topological spaces, the appropri-
ate generalization of a closed bounded interval is a compact set. A set K is said to be compact if
it has the following property: from every collection of open sets U, such that UUa D K, a finite

can be chosen such that U; U, o K . This is called the Heine—Borel

property, and it is usually stated in short as “every open cover of K has a finite subcover”. The
Heine—Borel theorem asserts that a subset of the real line is compact if and only if it is both closed

and bounded.

subcollection U oo U

a’l

The concept of a continuous function can likewise be generalized. Given topological spaces V', W,
a function f:¥ — W is said to be continuous if for every open set U c W, ' (U)cV is also
open. Given these definitions, continuous functions can be shown to preserve compactness:

Theorem: If V,W are topological spaces, f:V — W is a continuous function, and K cV is
compact, then f(K)c W is also compact.

In particular, if W =R, then this theorem implies that f(K) is closed and bounded for any com-
pact set K, which in turn implies that f attains its supremum and infimum on any (nonempty)
compact set K. Thus, we have the following generalization of the extreme value theorem:

Theorem: If K is a compact set and f: K — R is a continuous function, then f is bounded and
there exist p,q € K such that f(p)=sup__, f(x) and f(q)=inf__, f(x).

Slightly more generally, this is also true for an upper semicontinuous function.

Proving the Theorems

We look at the proof for the upper bound and the maximum of f. By applying these results to the
function —f, the existence of the lower bound and the result for the minimum of f follows. Also note
that everything in the proof is done within the context of the real numbers.

We first prove the boundedness theorem, which is a step in the proof of the extreme value theorem.
The basic steps involved in the proof of the extreme value theorem are:

1. Prove the boundedness theorem.

2. Find a sequence so that its image converges to the supremum of f.
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3. Show that there exists a subsequence that converges to a point in the domain.

4. Use continuity to show that the image of the subsequence converges to the supremum.

Proof of the Boundedness Theorem
Statement: If f(x) is continuous on [a,b] then it is bounded on [a,b].

Suppose the function fis not bounded above on the interval [a,b]. Then, for every natural num-
ber n, there exists an x_in [a,b] such that f{x ) > n. This defines a sequence {x }. Because [a,b] is
bounded, the Bolzano—Weierstrass theorem implies that there exists a convergent subsequence {
X, } of {x }. Denote its limit by x. As [a,b] is closed, it contains x. Because f is continuous at x,
we know that {f(x, )} converges to the real number f(x) (as fis sequentially continuous at x.) But
Sflx,) > n, = k for every k, which implies that {f(x )} diverges to +, a contradiction. Therefore, f
is bounded above on [a,b].

Alternative Proof
Statement: If f(x) is continuous on [a@,b] then it is bounded on [a,b].

Proof Consider the set B of points x in [a,b] such that f(x) is bounded on [a, x]. We note that
a is one such point, for f(x) is bounded on [a,a] by the value f(a). If e > a is another point,
then all points between a and e also belong to B. In other words B is an interval closed at its left
end by a.

Now f is continuous on the right at a, hence there exists & >0 suchthat | f(x)— f(a)|<1forall x
in [a,a+0].Thus fisbounded by f(a)—land f(a)+1on the interval [a,a + O] so that all these
points belong to B.

So far, we know that B is an interval of non-zero length, closed at its left end by a.

Next, B is bounded above by b. Hence the set B has a supremum in [a,b] ; let us call it 5. From
the non-zero length of B we can deduce that s > a.

Suppose s <b. Now f is continuous at s, hence there exists & >0 such that | f(x)— f(s)|<1 for
all x in [s—0,5+ d]so that f is bounded on this interval. But it follows from the supremacy of s
that there exists a point belonging to B, e say, which is greater than s —¢& /2. Thus f is bounded
on [a,e] which overlaps [s — 9,5+ 0] sothat f is bounded on [a,s + J]. This however contradicts
the supremacy of s.

We must therefore have s =b. Now f is continuous on the left at s, hence there exists § > 0 such
that | f(x)— f(s)|<1 for all x in [s—0,s]so that fis bounded on this interval. But it follows
from the supremacy of s that that there exists a point belonging to B, e say, which is greater than
s—06/2.Thus f is bounded on [a,e] which overlaps [s—0,s] so that f is bounded on [a,s].

Proof of the Extreme Value Theorem

By the boundedness theorem, fis bounded from above, hence, by the Dedekind-completeness of
the real numbers, the least upper bound (supremum) M of f exists. It is necessary to find a point d
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in [a,b] such that M = f(d). Let n be a natural number. As M is the least upper bound, M — 1/n is
not an upper bound for f. Therefore, there exists d_in [a,b] so that M — 1/n < f{d ). This defines a
sequence {d }. Since M is an upper bound for f, we have M — 1/n < fld ) < M + 1/n for all n. There-
fore, the sequence {f(d )} converges to M.

The Bolzano—Weierstrass theorem tells us that there exists a subsequence {dnk }, which converges
to some d and, as [a,b] is closed, d is in [a,b]. Since fis continuous at d, the sequence {f{ dnk )} con-
verges to f{d). But {f(d ,)} is a subsequence of {f(d )} that converges to M, so M = f(d). Therefore,
f attains its supremum M at d.

Alternative Proof of the Extreme Value Theorem

The set {y € R : y = f(x) for some x € [a,b]} is a bounded set. Hence, its least upper bound exists
by least upper bound property of the real numbers. Let M = sup(f(x)) on [a, b]. If there is no
point x on [a, b] so that f{x) = M then f(x) < M on [a, b]. Therefore, 1/(M — f(x)) is continuous
on [a, b].

However, to every positive number &, there is always some x in [a, b] such that M — f(x) < € be-
cause M is the least upper bound. Hence, 1/(M — f(x)) > 1/&, which means that 1/(M - f(x)) is not
bounded. Since every continuous function on a [a, b] is bounded, this contradicts the conclusion
that 1/(M - f(x)) was continuous on [a, b]. Therefore, there must be a point x in [a, b] such that

fix) =M.

Proof using the Hyperreals

In the setting of non-standard calculus, let N be an infinite hyperinteger. The interval [0, 1] has a
natural hyperreal extension. Consider its partition into N subintervals of equal infinitesimal length
1/N, with partition points x, =1 /N as i “runs” from 0 to N. The function f is also naturally extended
to a function £* defined on the hyperreals between 0 and 1. Note that in the standard setting (when
N is finite), a point with the maximal value of f can always be chosen among the N+1 points x,
by induction. Hence, by the transfer principle, there is a hyperinteger i, such that 0 <i, < N and
S (x,)2 f"(x,) foralli=o,.., N. Consider the real point,

¢ =st(x, )

where st is the standard part function. An arbitrary real point x lies in a suitable sub-interval of the
partition, namely x €[x,,x;,,], so that st(x,) = x. Applying st to the inequality f *(xl.o) > f (x,),we
obtain st( f *(xl.o )) > st(f"(x,)) . By continuity of £ we have,

st(f7(x,)) = f(st(x, ) = f(c) .
Hence f(c) = f(x), for all real x, proving c to be a maximum of f.

Proof from First Principles

Statement: If f(x) is continuous on [a,b] then it attains its supremum on [a,b].
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Proof By the Boundedness Theorem, f(x) is bounded above on [a,b] and by the completeness
property of the real numbers has a supremum in [a,b]. Let us call it M, or M[a,b]. It is clear
that the restriction of f to the subinterval [a,x] where x <b has a supremum M|a,x] which
is less than or equal to M, and that M[a,x] increases from f(a) to M as x increases from
a to b.

If f(a)= M then we are done. Suppose therefore that f(a) <M andlet d =M — f(a). Consider
the set L of points x in [a,b] such that M[a,x]< M.

Clearly a € L; moreover if e > a is another pointin L then all points between a and e also belong
to L because M[a,x] is monotonic increasing. Hence [, is a non-empty interval, closed at its left
end by a.

Now f is continuous on the right at a, hence there exists § >0 such that | f(x)— f(a)|<d /2 for
all x in [a,a+6]. Thus f islessthan M —d /2 on the interval [a,a+ ] so that all these points
belong to L.

Next, L is bounded above by b and has therefore a supremum in [a,b] : let us call it s. We see
from the above that § . We will show that s is the point we are seeking i.e. the point where f
attains its supremum, or in other words f(s)= M.

Suppose the contrary viz. f(s) <M. Let d = M — f(s) and consider the following two cases:

(1) s<b. As [ is continuous at s, there exists § >0 such that | f(x)— f(s)|<d /2 for all x in
[s—0,s5+0]. This means that f is less than M —d /2 on the interval [s—0,s+¢]. But it fol-
lows from the supremacy of s that there exists a point, e say, belonging to L which is greater
than s—¢. By the definition of L, M[a,e]<M. Let d, =M —M][a,e] then for all x in [a,e],
f(x)<M —d,. Taking d, to be the minimum of d /2 and d,, we have f(x)<M —d, forall x in
[a,s+0].

Hence M[a,s+0]<M so that s+ & € L. This however contradicts the supremacy of s and com-
pletes the proof.

(2) s=b.As f iscontinuous on the left at s, there exists § >0 such that | f(x)— f(s)|<d /2 forall
X in [s—J,s]. This means that f islessthan M —d /2 on the interval [s — 9, s]. But it follows from
the supremacy of s that there exists a point, e say, belonging to L which is greater than s —¢&. By the
definition of L, M[a,e]<M.Let d, =M —M|a,e] thenforall x in [a,e], f(x) <M —d,. Taking d,
to be the minimum of d /2 and d,, we have f(x)<M —d, for all x in [a,b]. This contradicts the
supremacy of M and completes the proof.

Extension to Semi-continuous Functions

If the continuity of the function fis weakened to semi-continuity, then the corresponding half
of the boundedness theorem and the extreme value theorem hold and the values — or +,
respectively, from the extended real number line can be allowed as possible values. More pre-
cisely.
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Theorem: If a function f: [a,b] — [—®,®) is upper semi-continuous, meaning that,

limsup f(y) < f(x)

for all x in [a,b], then fis bounded above and attains its supremum.

Proof: If f(x) = —x for all x in [a,b], then the supremum is also —« and the theorem is true. In
all other cases, the proof is a slight modification of the proofs given above. In the proof of the
boundedness theorem, the upper semi-continuity of f at x only implies that the limit superior of
the subsequence {f(x )} is bounded above by f(x) < , but that is enough to obtain the contradic-
tion. In the proof of the extreme value theorem, upper semi-continuity of f at d implies that the
limit superior of the subsequence {f(d )} is bounded above by f(d), but this suffices to conclude
that f{d) = M.

Applying this result to —f proves:

Theorem: If a function f: [a,b] — (—x,%] is lower semi-continuous, meaning that,
liminf f(y) > f(x)
yox

for all x in [a,b], then fis bounded below and attains its infimum.

A real-valued function is upper as well as lower semi-continuous, if and only if it is continuous in
the usual sense. Hence these two theorems imply the boundedness theorem and the extreme value
theorem.

IMPLICIT FUNCTION THEOREM

In mathematics, more specifically in multivariable calculus, the implicit function theorem is a tool
that allows relations to be converted to functions of several real variables. It does so by represent-
ing the relation as the graph of a function. There may not be a single function whose graph can
represent the entire relation, but there may be such a function on a restriction of the domain of
the relation. The implicit function theorem gives a sufficient condition to ensure that there is such
a function.

More precisely, given a system of m equations f,x,, ..., X, Y, -+, Y,,) = 0, 1 = 1, ..., m (often
abbreviated into F(x, y) = 0), the theorem states that, under a mild condition on the partial
derivatives (with respect to the y s) at a point, the m variables y, are differentiable functions of
the x; in some neighborhood of the point. As these functions can generally not be expressed in
closed form, they are implicitly defined by the equations, and this motivated the name of the
theorem.

In other words, under a mild condition on the partial derivatives, the set of zeros of a system of
equations is locally the graph of a function.
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Example:

The unit circle can be specified as the level curve f(x, y) = 1 of the function f(x,y) = x>+ »* Around
point A, y can be expressed as a function y(x). In this example this function can be written explic-

itly as g (x) =+1-x* in many cases no such explicit expression exists, but one can still refer to the
implicit function y(x). No such function exists around point B.

If we define the function f(x,y)= X+ yz, then the equation f(x, y) = 1 cuts out the unit circle
as the level set {(x, y)| flx, y) = 1}. There is no way to represent the unit circle as the graph of a
function of one variable y = g(x) because for each choice of x € (-1, 1), there are two choices of y,

namely ++/1—x2.

However, it is possible to represent part of the circle as the graph of a function of one variable.
If we let g,(x)=+/1-x’ for -1 < x < 1, then the graph of y = g,(x) provides the upper half of the
circle. Similarly, if g,(x) =—+/1-x’, then the graph of y = g,(x) gives the lower half of the circle.

The purpose of the implicit function theorem is to tell us the existence of functions like g,(x)
and g,(x), even in situations where we cannot write down explicit formulas. It guarantees that
g,(x)and g,(x) are differentiable, and it even works in situations where we do not have a for-
mula for f(x, y).

Let f: R*™ — R™be a continuously differentiable function. We think of R** as the Cartesian prod-
uct R* x R™, and we write a point of this product as (x,y) = (x, ..., X, Y , ..., y ). Starting from the
given function f; our goal is to construct a function g: R” - R™ whose graph (x, g(x)) is precisely the
set of all (x, y) such that f{x, y) = o.

As noted above, this may not always be possible. We will therefore fix a point (a, b) = (a,, ...,a , b,
..., b ) which satisfies f(a, b) = 0, and we will ask for a g that works near the point (a, b). In other
words, we want an open set U of R" containing a, an open set V of R™ containing b, and a function
g : U — V such that the graph of g satisfies the relation f = 0 on U x V, and that no other points
within U x V do so. In symbols,

{(x,gx)IxeUt={(x,y) eUxV| f(x,y)=0}.

To state the implicit function theorem, we need the Jacobian matrix of f, which is the matrix of the
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partial derivatives of f. Abbreviating (a, ...,a, b, ..., b, ) to (a, b), the Jacobian matrix is,

Of [N Of )
ox, (a,b) ox. (a,b) 2y, (a,b) ) (a,b)
(Df')(a,b) = : : : : =[X Y]
2t of. 2t Ot
_ ox (a,b) ox. (a,b) 2y (a,b) ) (a,b)_

where X is the matrix of partial derivatives in the variables x, and Y is the matrix of partial deriv-
atives in the variables y.. The implicit function theorem says that if Y is an invertible matrix, then
there are U, V, and g as desired. Writing all the hypotheses together gives the following statement.

Statement of the Theorem

Let f: R**™ — R™ be a continuously differentiable function, and let R**™ have coordinates (X, y). Fix
apoint (a,b) =(a,...,a,b, ..., b ) with f(a,b) = 0, where 0 € R™is the zero vector. If the Jacobian
matrix J E y(a, b) = [(9f,/ ayj)(a, b)] is invertible, then there exists an open set U of R" containing a
such that there exists a unique continuously differentiable function g: U - R™ such that,

g(@)=b

and

f(x,g(x))=0 forall xeU.

Moreover, the partial derivatives of g in U are given by the matrix product,

%(X) =-[J,, (X,g(X))]:m {%(x, g(x))}

mx1

Higher Derivatives

If, moreover, f is analytic or continuously differentiable k times in a neighborhood of (a, b), then
one may choose U in order that the same holds true for g inside U. In the analytic case, this is
called the analytic implicit function theorem.

Proof for 2D Case

Let us assume that F: R? - R is a continuously differentiable function defining a curve F(x, y) = o.
Let (x,, y ) be a point on the curve, that is, F(x , y ) = 0. The statement of the theorem above can

be rewritten for this simple case as follows:
1 oF
y

Proof: Since F is differentiable we write the differential of F through partial derivatives:

dF = gradF -dx = a—Fdx+a—de. Since we are restricted to movement on the curve dF =0 and

ox oy

(oo 0 then for the curve around (x,, y ) we can write y = f(x),where f isareal function.
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oF
by assumption P # 0 around the point (x , y ). Therefore we have a first-order ordinary differ-
v
ential equation:

0 Fdx+0 Fdy=0, y(x)=y,

Now we are looking for a solution to this ODE in an open interval around the point (x, y ) for which,
at every point in it, 0 F # 0. Since F is continuously differentiable and from the assumption we
have |0 F |<,|0, F[<,0 F #0.From this we know that X_F is continuous and bounded on

F
both ends. From here we know that ——— is Lipschitz continuous in both x and y. Therefore, by

o.F
y
Cauchy-Lipschitz theorem, there exists unique y(x) that is the solution to the given ODE with the

initial conditions.

The Circle Example

Let us go back to the example of the unit circle. In this casen=m =1and f(x,y)=x"+)" —1.The
matrix of partial derivatives is just a 1 x 2 matrix given by:

U (a.p) g(a,b)}:[Za 2b]

(Df Xa,b) = [5 o

Thus, here, the Yin the statement of the theorem is just the number 2b; the linear map defined by
it is invertible iff b # 0. By the implicit function theorem we see that we can locally write the circle
in the form y = g(x) for all points where y + 0. For (+1, 0) we run into trouble, as noted before. The
implicit function theorem may still be applied to these two points, by writing x as a function of y,
that is, x = () ; now the graph of the function will be (h( ), y) , since where b = owe havea =1,
and the conditions to locally express the function in this form are satisfied.

The implicit derivative of y with respect to x, and that of x with respect to y, can be found by totally
differentiating the implicit function x> + y* —1 and equating to 0:

2xdx+2ydy =0
giving,

dyldx=-x/y,
and

dx/dy=-y/x.

Application: Change of Coordinates

Suppose we have an m-dimensional space, parametrised by a set of coordinates (x,,...,x, ). We can
introduce a new coordinate system (x;,...,x, ) by supplying m functions 4, ...A, each being continu-
ously differentiable. These functions allow us to calculate the new coordinates (x;,...,x/ ) of a point,
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given the point’s old coordinates (x,,...,X,) using X, =n(x,...,x,),....,x, =h, (x,...,x,). One
might want to verify if the opposite is possible: given coordinates (x;,...,x/ ), can we ‘go back’ and cal-
culate the same point’s original coordinates (x,,..., x,, ) ? The implicit function theorem will provide an
answer to this question. The (new and old) coordinates (x,...,x ,x,,...,x, ) are related by f = 0, with

S x X x,) = (B (X, X)) =X, B (XX, ) — X)),

Now the Jacobian matrix of f at a certain point (a, b) [ where a =(x|,...,x],),b=(x,,...,x,) 1 is
given by:

O o OB ]

-1 0|ox, ©) ox, ©)
(Df)a,b)=| ¢+ . i b b | =[-,|J].
0 - -1|on, .. Oh
_ ) G0

where I denotes the m x m identity matrix, and J is the m x m matrix of partial derivatives, evaluated at
(a, b). (In the above, these blocks were denoted by X and Y. As it happens, in this particular application
of the theorem, neither matrix depends on a.) The implicit function theorem now states that we can lo-
cally express (x,,...,x, ) asafunctionof (x/,...,x/,) ifJisinvertible. Demanding Jis invertible is equiv-
alent to det J # 0, thus we see that we can go back from the primed to the unprimed coordinates if the
determinant of the Jacobian J is non-zero. This statement is also known as the inverse function theorem.

Example: Polar Coordinates

As a simple application of the above, consider the plane, parametrised by polar coordinates (R, 0).
We can go to a new coordinate system (cartesian coordinates) by defining functions x(R, 6) = R
cos(0) and y(R, 6) = R sin(0). This makes it possible given any point (R, 0) to find corresponding
cartesian coordinates (x, y). When can we go back and convert cartesian into polar coordinates?
By the previous example, it is sufficient to have det J # 0, with

ox(R,0) 0Ox(R,0)

J= OR 06 _|cos6 —Rsinb
| v(R,0) Ov(R,0)| |sin® RcosO |
OR 00

Since det J = R, conversion back to polar coordinates is possible if R # 0. So it remains to check the
case R = 0. It is easy to see that in case R = 0, our coordinate transformation is not invertible: at
the origin, the value of 0 is not well-defined.

Generalizations
Banach Space Version

Based on the inverse function theorem in Banach spaces, it is possible to extend the implicit func-
tion theorem to Banach space valued mappings.



184 Calculus: An Introduction

Let X, Y, Z be Banach spaces. Let the mapping f: X x Y = Z be continuously Fréchet differentiable.
If (x,,y,) € XxY, f(x,,5,)=0,and y+ Df(x,,»,)(0,y) is a Banach space isomorphism from Y
onto Z, then there exist neighbourhoods U of x_  and V of y_ and a Fréchet differentiable function g :
U - Vsuch that f{x, g(x)) = 0 and flx, y) = o if and only if y = g(x), for all (x,y)eUxV".

Implicit Functions from Non-differentiable Functions

Various forms of the implicit function theorem exist for the case when the function fis not differ-
entiable. It is standard that local strict monotonicity suffices in one dimension. The following more
general form was proven by Kumagai based on an observation by Jittorntrum.

Consider a continuous function f: R"xR"™ — R" such that f(x,,,)=0. There exist open neigh-
bourhoods 4 < R" and B < R" ofx_ and y, respectively, such that, forallyin B, f(-,y): 4 > R"
is locally one-to-one if and only if there exist open neighbourhoods 4, — R" and B, < R" of x_
and y , such that, for all y € B, the equation f(x, y) = 0 has a unique solution:

x=g(y) € 4,,

where g is a continuous function from B_ into A .

TAYLOR’S THEOREM

20 | | T T
exp(x) == 1
4th-order Taylor =—:=-+= 1

The exponential function y = e* (red) and the corresponding Taylor polynomial of degree
four (dashed green) around the origin.

In calculus, Taylor’s theorem gives an approximation of a k-times differentiable function
around a given point by a k-th order Taylor polynomial. For analytic functions the Taylor
polynomials at a given point are finite-order truncations of its Taylor series, which completely
determines the function in some neighborhood of the point. It can be thought of as the exten-
sion of linear approximation to higher order polynomials, and in the case of k equals 2 is often
referred to as a quadratic approximation. The exact content of “Taylor’s theorem” is not uni-
versally agreed upon. Indeed, there are several versions of it applicable in different situations,
and some of them contain explicit estimates on the approximation error of the function by its
Taylor polynomial.
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Taylor’s theorem is named after the mathematician Brook Taylor, who stated a version of it in
1712. Yet an explicit expression of the error was not provided until much later on by Joseph-Louis
Lagrange. An earlier version of the result was already mentioned in 1671 by James Gregory.

Taylor’s theorem is taught in introductory-level calculus courses and is one of the central elementary
tools in mathematical analysis. Within pure mathematics it is the starting point of more advanced as-
ymptotic analysis and is commonly used in more applied fields of numerics, as well as in mathematical
physics. Taylor’s theorem also generalizes to multivariate and vector valued functions f:R" — R"

on any dimensions n and m. This generalization of Taylor’s theorem is the basis for the definition of
so-called jets, which appear in differential geometry and partial differential equations.

20k
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Graph of f{x) = e* (blue) with its linear approximation P (x) = 1 + x (red) at a = o.

If a real-valued function fis differentiable at the point a then it has a linear approximation at the
point a. This means that there exists a function h, such that,

f@)=f(@)+ f'@)(x=a)+h(x)x=a), limh(x)=0.
Here,
R(x)=f(a)+ f'(a)(x-a)

is the linear approximation of f at the point a. The graph of y = P (x) is the tangent line to the
graph of fat x = a. The error in the approximation is:

R (x)=f(x) = B(x) = i (x)(x~a).

This goes to zero a little bit faster than x — a as x tends to q, given the limiting behavior of h .

25

0

1 L 1 1 L L 1
04 -02 02 0.4 06 08 Lo

05—

Graph of f(x) = e* (blue) with its quadratic approximation P,(x) = 1 + x + x2/2 (red) at a = 0.
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If we wanted a better approximation to f, we might instead try a quadratic polynomial instead of a
linear function. Instead of just matching one derivative of fat a, we can match two derivatives, thus
producing a polynomial that has the same slope and concavity as f at a. The quadratic polynomial
in question is:

J"(a)
2

K (x)= f(a)+ f(a)(x—a)+ (x—a)’.

Taylor’s theorem: Ensures that the quadratic approximation is, in a sufficiently small neighbor-
hood of the point a, a better approximation than the linear approximation. Specifically,

() =PB(x)+h(x)(x-a)’, limh,(x)=0.

Here the error in the approximation is,
R(x) = f(x) = B(x) = hy(x)(x—a)’,

which, given the limiting behavior of 4, , goes to zero faster than (x —a)’ as x tends to a.

1.5 T I

-0.5
-1 -0y 0 0.5 1 1.5 2 2.5 3

Approximation of f{x) = 1/(1 + x*) (blue) by its Taylor polynomials P, of order k =1, ..., 16 centered at x = 0 (red) and x
= 1 (green). The approximations do not improve at all outside (-1, 1) and (1 - V2, 1 + V2) respectively.

Similarly, we might get still better approximations to f if we use polynomials of higher degree,
since then we can match even more derivatives with f at the selected base point.

In general, the error in approximating a function by a polynomial of degree k will go to zero a little
bit faster than (x — a)* as x tends to a. But this might not always be the case: it is also possible that
increasing the degree of the approximating polynomial does not increase the quality of approxi-
mation at all even if the function fto be approximated is infinitely many times differentiable. An
example of this behavior is given below, and it is related to the fact that unlike analytic functions,
more general functions are not (locally) determined by the values of their derivatives at a single
point.

Taylor’s theorem is of asymptotic nature: it only tells us that the error R, in an approximation by
a k-th order Taylor polynomial P, tends to zero faster than any nonzero k-th degree polynomial as
x — a. It does not tell us how large the error is in any concrete neighborhood of the center of expan-
sion, but for this purpose there are explicit formulae for the remainder term (given below) which
are valid under some additional regularity assumptions on f. These enhanced versions of Taylor’s
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theorem typically lead to uniform estimates for the approximation error in a small neighborhood
of the center of expansion, but the estimates do not necessarily hold for neighborhoods which are
too large, even if the function fis analytic. In that situation one may have to select several Tay-
lor polynomials with different centers of expansion to have reliable Taylor-approximations of the
original function.

There are several things we might do with the remainder term:

1. [Estimate the error in using a polynomial P (x) of degree k to estimate f{x) on a given inter-
val (a — r, a + r). (The interval and the degree k are fixed; we want to find the error.)

2. Find the smallest degree k for which the polynomial P, (x) approximates f{x) to within a
given error (or tolerance) on a given interval (a — r, a + ) . (The interval and the error are
fixed; we want to find the degree).

3. Find the largest interval (a - r, a + r) on which P,(x) approximates f{x) to within a given
error (“tolerance”). (The degree and the error are fixed; we want to find the interval).

Taylor’s Theorem in one Real Variable
Statement of the Theorem
The precise statement of the most basic version of Taylor’s theorem is as follows:

Taylor’s theorem. Let k > 1 be an integer and let the function f: R — R be k times differentiable at
the point a € R. Then there exists a function h,_: R — R such that,

109= 1@+ F@=a+ LD ey e LD oy oe-a,

and lim#, (x) =0. This is called the Peano form of the remainder.

The polynomial appearing in Taylor’s theorem is the k-th order Taylor polynomial:

P.(x)= f(a)+ f'(a)(x— a)+f ”( ) f(k)( )

(x—a)’ +--++——2

(x—a)'

of the function f at the point a. The Taylor polynomial is the unique “asymptotic best fit” polyno-
mial in the sense that if there exists a function i, : R —» R and a k-th order polynomial p such that:

f(x)=px)+h(x)(x=a), limh,(x)=0,

then p = P,. Taylor’s theorem describes the asymptotic behavior of the remainder term,
R (x) = f(x)- B(x),

which is the approximation error when approximating f with its Taylor polynomial. Using the lit-
tle-o notation, the statement in Taylor’s theorem reads as:

R (x)=0o(x—-al), x—a.
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Explicit Formulas for the Remainder

Under stronger regularity assumptions on f there are several precise formulae for the remainder
term R, of the Taylor polynomial, the most common ones being the following.

Mean-value forms of the remainder: Let f, R —» R be k + 1 times differentiable on the open interval
with f® continuous on the closed interval between a and x. Then,

~SEED -
R, (x)= W(X—a)

for some real number &, between a and x. This is the Lagrange form of the remainder. Similarly,

(k+1)
R =L gy -0

for some real number £, between a and x. This is the Cauchy form of the remainder.

These refinements of Taylor’s theorem are usually proved using the mean value theorem, whence the
name. Also other similar expressions can be found. For example, if G(t) is continuous on the closed
interval and differentiable with a non-vanishing derivative on the open interval between a and x
then,

« G(x)~G(a)

R =L@
k! G'(¢)

(x—¢)

for some number & between a and x. This version covers the Lagrange and Cauchy forms of the
remainder as special cases, and is proved below using Cauchy’s mean value theorem.

The statement for the integral form of the remainder is more advanced than the previous ones, and
requires understanding of Lebesgue integration theory for the full generality. However, it holds
also in the sense of Riemann integral provided the (k + 1)th derivative of fis continuous on the
closed interval [a,x].

Integral form of the remainder: Let f©' be absolutely continuous on the closed interval between a
and x. Then,

N (k+1)
R, (x)= j %(x —0)dt.

Due to absolute continuity of f® on the closed interval between a and x, its derivative f**V exists as
an L-function, and the result can be proven by a formal calculation using fundamental theorem of
calculus and integration by parts.

Estimates for the Remainder

It is often useful in practice to be able to estimate the remainder term appearing in the Tay-
lor approximation, rather than having an exact formula for it. Suppose that fis (k + 1)-times
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continuously differentiable in an interval I containing a. Suppose that there are real constants g
and Q such that,

g< M (x<0

throughout I. Then the remainder term satisfies the inequality,

b

(x_a)k+l (X a)k+1
Iy SR =07 e

if x > a, and a similar estimate if x < a. This is a simple consequence of the Lagrange form of the
remainder. In particular if,

S M

on an interval I = (a - r,a + r) with some 7 >0, then

IR.(0)|<M <
(k+1)! (k+1)!

for all x € (a - r,a + r). The second inequality is called a uniform estimate, because it holds uni-
formly for all x on the interval (a — r,a + r).

Example:

Suppose that we wish to approximate the function f(x) = e* on the interval [-1,1] while ensuring
that the error in the approximation is no more than 1075. In this example we pretend that we only
know the following properties of the exponential function:

(*) e’ =1, ie =e e >0, xeR.
dx
From these properties it follows that f®(x) = e for all k, and in particular, f®(0) = 1. Hence the

k-th order Taylor polynomial of f at 0 and its remainder term in the Lagrange form are given by,

2 k cf

P(x)=l+x+ gt = X,
=g RS

where £ is some number between 0 and x. Since e* is increasing by (*), we can simply use e* < 1 for
x € [-1, 0] to estimate the remainder on the subinterval [-1, 0]. To obtain an upper bound for the
remainder on [0,1], we use the property e*<e* for 0<&<x to estimate:

& X
e e
ex=1+x+7x2<1+x+7x2, 0<x<l1

using the second order Taylor expansion. Then we solve for e* to deduce that,

L I PR
X 2—x
-
2
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simply by maximizing the numerator and minimizing the denominator. Combining these esti-
mates for e* we see that:

4|x|k+1< 4

< R -1<x<1
(k+1)!  (k+1)!

—_

| R, (X)[<

so the required precision is certainly reached when,

<10° o 410°<(k+])! < k=9.

(k+1)!

(Factorial or compute by hand the values 9!=362 880 and 10!=3 628 800.) As a conclusion, Tay-
lor’s theorem leads to the approximation:

2 9

e :1+x+%+---+%+R9(x), |R,(x)|<10°, —l<x<I.

For instance, this approximation provides a decimal expression e = 2.71828, correct up to five
decimal places.

Relationship to Analyticity
Taylor Expansions of Real Analytic Functions

Let I c R be an open interval. By definition, a function f: I — R is real analytic if it is locally de-
fined by a convergent power series. This means that for every a € I there exists some r > 0 and a
sequence of coefficients c, € R such that (a -, a + r) c I and

f(x)=ick(x—a)k =c,+c(x—a)+c,(x—a)’ +--, |x—al<r.

In general, the radius of convergence of a power series can be computed from the Cauchy—Had-
amard formula,
1

1 2
—=limsup]|c, |*.
R k—)oopl kl

This result is based on comparison with a geometric series, and the same method shows that if the
power series based on a converges for some b € R, it must converge uniformly on the closed inter-
val [a - r,, a + ], wherer, = |b - a|. Here only the convergence of the power series is considered,
and it might well be that (a — R,a + R) extends beyond the domain I of f.

The Taylor polynomials of the real analytic function f at a are simply the finite truncations:

Pk(x):jkzocj(x_a)ja cj:¥

of its locally defining power series, and the corresponding remainder terms are locally given by the
analytic functions.
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0

R(x)= ) c(x—a) =(x-a)'h(x), |x—al|<r.

J=k+1
Here the functions,
h :(a—r,a+r)—>R

h(x)=(x=a) Y, e (x=a)

are also analytic, since their defining power series have the same radius of convergence as the orig-
inal series. Assuming that [a — r, a + r] c I and r < R, all these series converge uniformly on (a - r,
a + r). Naturally, in the case of analytic functions one can estimate the remainder term R, (x) by
the tail of the sequence of the derivatives f”(a) at the center of the expansion, but using complex
analysis also another possibility arises.

Taylor’s Theorem and Convergence of Taylor Series

The Taylor series of fwill converge in some interval, given that all its derivatives are bounded over it
and do not grow too fast as k goes to infinity. (However, it is not always the case that the Taylor series
of f, if it converges, will in fact converge to f, as explained below; fis then said to be non-analytic.)

One might think of the Taylor series,

f(x)zick(x—a)k =¢y+c(x—a)+c,(x—a)’ +--

k=0

of an infinitely many times differentiable function f : R — R as its “infinite order Taylor polynomi-
al” at a. Now the estimates for the remainder imply that if, for any r, the derivatives of f are known
to be bounded over (a — r,a + r), then for any order k and for any r > 0 there exists a constant M, o

> 0 such that,
|x_a |k+1

(*) IRk(x)|<Mk,rW

for every x € (a — r,a + r). Sometimes the constants M, can be chosen in such way that M,  is
bounded above, for fixed r and all k. Then the Taylor serles of f converges uniformly to some ana—
lytic function,

T,:(a=r,a+r)—>R

(k)
Tf(x) - Zk of (a)(x a)

(One also gets convergence even if M, is not bounded above as long as it grows slowly enough.)

However, even though T is always analytic, the case may be that fis not. That is to say, it may
well be that an infinitely many times differentiable function f has a Taylor series at a which
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converges on some open neighborhood of a, but the limit function 7 is different from f. An im-
portant example of this phenomenon is provided by the non-analytic smooth function known
as a flat function:

f:R—>R

1
f(x)= e x>0
0 x<0

Using the chain rule one can show by mathematical induction that for any order k,

P (x)
FO@ =10
0 x<0

x>0

for some polynomial p, of degree 2(k — 1). The function .+ tends to zero faster than any polyno-
mial as x - 0, so fis infinitely many times differentiable and f®(0) = o for every positive integer
k. Now the estimates for the remainder for the Taylor polynomials show that the Taylor series of f
converges uniformly to the zero function on the whole real axis. Nothing is wrong in here:

« The Taylor series of f converges uniformly to the zero function Tf(x) = 0.

« The zero function is analytic and every coefficient in its Taylor series is zero.

« The function fis infinitely many times differentiable, but not analytic.

« Foranyk € Nand r > o there exists M, . > 0 such that the remainder term for the k-th order

Taylor polynomial of f satisfies (*), and is bounded above, for all k and fixed r.

Taylor’s Theorem in Complex Analysis

Taylor’s theorem generalizes to functions f: C — C which are complex differentiable in an open
subset U c C of the complex plane. However, its usefulness is dwarfed by other general theorems
in complex analysis. Namely, stronger versions of related results can be deduced for complex dif-
ferentiable functions f: U — C using Cauchy’s integral formula as follows.

Let r > 0 such that the closed disk B(z, ) U S(z, r) is contained in U. Then Cauchy’s integral formu-
la with a positive parametrization y(t)=z + ret of the circle S(z, r) with t € [0, 2] gives:

_ LS ' f(W) S(w)
) 27ri~y[w—zdw’ f@= J.

(k)
W, LR f (Z) 27Z'lJ.(W Z)k+1

27l

Here all the integrands are continuous on the circle S(z, r), which justifies differentiation under
the integral sign. In particular, if fis once complex differentiable on the open set U, then it is ac-
tually infinitely many times complex differentiable on U. One also obtains the Cauchy’s estimates,

k'M
|f<"’<z)|<—j = M, = max| f(0)

r
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for any z € U and r > o such that B(z, r) U S(c, r) c U. These estimates imply that the complex
Taylor series,

(k)
T,(z)= Zf ”(z o

of f converges uniformly on any open disk B(c, r) ¢ U with S(c, r) c U into some function 7. Fur-
thermore, using the contour integral formulae for the derivatives f*(c),

Tf(z):i(z“‘) [ Lo

= 2 r(w- c)"+1

f(W)Z(Z C)

27r1 rw—cio\w—c

If(W) 1 dw
27[1 Tw=c|q_ z—cC
w—c
- [ I 1),
i

so any complex differentiable function fin an open set U c C is in fact complex analytic. All that is
said for real analytic functions here holds also for complex analytic functions with the open inter-
val I replaced by an open subset U € C and a-centered intervals (a - r, a + r) replaced by c-centered
disks B(c, r). In particular, the Taylor expansion holds in the form

f(/)(c)

f@)=FR@)+R(2), F(2)= Z ——(z-¢),

where the remainder term R, is complex analytic. Methods of complex analysis provide some pow-
erful results regarding Taylor expansions. For example, using Cauchy’s integral formula for any
positively oriented Jordan curve y which parametrizes the boundary 0W c U of a region W c U,
one obtains expressions for the derivatives f’(c) as above, and modifying slightly the computation
for Tf(z) = f(z), one arrives at the exact formula

R.(2)= i (z—c) J‘ S(w) _(=- c)k”J‘ f(w)dw ew

S 27 (w- c)’+1 mioo(w- )M (w-z)

The important feature here is that the quality of the approximation by a Taylor polynomial on the region
W c Uis dominated by the values of the function fitself on the boundary 9W c U. Similarly, applying
Cauchy’s estimates to the series expression for the remainder, one obtains the uniform estimates,

M J gkt M k+1
R(o)|< 3 Melzmel M. |zoel” MJZ - |z=c|
]k+1 Vj r 1_|Z_C| l_ﬂ r

r

<p<l.



194 Calculus: An Introduction

Example:

3y

Complex plot of f{z) = 1/(1 + z%). Modulus is shown by elevation and argument by coloring:
cyan=0, blue = 71/3, violet = 21/3, red = m, yellow=4m/3, green=57/3.

The function
f:R—>R

F)=—1

1+x

is real analytic, that is, locally determined by its Taylor series. This function was plotted above to
illustrate the fact that some elementary functions cannot be approximated by Taylor polynomials
in neighborhoods of the center of expansion which are too large. This kind of behavior is easily
understood in the framework of complex analysis. Namely, the function f extends into a meromor-
phic function

f:CU{o} — Cu{oo}

f(z)=—

1+z*

on the compactified complex plane. It has simple poles at z = 7 and z = —i, and it is analytic else-
where. Now its Taylor series centered at z  converges on any disc B(z,, r) with r < |z - z |, where
the same Taylor series converges at z € C. Therefore, Taylor series of f centered at 0 converges on
B(0, 1) and it does not converge for any z € C with |z| > 1 due to the poles at i and —i. For the same
reason the Taylor series of f centered at 1 converges on B(1, vV2) and does not converge for any z €
Cwith |z - 1] > V2.

Generalizations of Taylor’s Theorem
Higher-order Differentiability

A function f: R" — R is differentiable at a € R" if and only if there exists a linear functional L : R* —»
R and a function h : R* -» R such that,

fX)=f(@)+L(x—a)+h(x)|x—al, liglh(x)zo.
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If this is the case, then L = df{a) is the (uniquely defined) differential of f at the point a. Further-
more, then the partial derivatives of f exist at a and the differential of fat a is given by,

df (@)(v) = g{(a)vl + +i(a)v

Introduce the multi-index notation

lal=0,++a, al=al-al, x“=x"--x"
for a € N® and x € R~ If all the k-th order partial derivatives of f: R* - R are continuous at a
€ R", then by Clairaut’s theorem, one can change the order of mixed derivatives at a, so the
notation,

||
Daf:a—fa’ la|< k
ox;*---ox;"

for the higher order partial derivatives is justified in this situation. The same is true if all the (k -
1)-th order partial derivatives of f exist in some neighborhood of @ and are differentiable at a. Then
we say that fis k times differentiable at the point a.

Taylor’s Theorem for Multivariate Functions

Multivariate version of Taylor’s theorem. Let f : R" — R be a k times differentiable function at the
point a€R". Then there exists h_: R"-R such that

£(0= ZDf( Jxa)” + Y h, (x)(x=2)",

lal<k o=k

and lim#A, (x)=0.

If the function f: R" - Ris k + 1 times continuously differentiable in the closed ball B, then one can
derive an exact formula for the remainder in terms of (k+1)-th order partial derivatives of fin this
neighborhood. Namely,

£ = Z%@—a)w S R0,
la<k : |Bl=k+1

R,(x)= % jol (1-0)"'D” f(a+1(x—a))d.

In this case, due to the continuity of (k+1)-th order partial derivatives in the compact set B, one
immediately obtains the uniform estimates

|R (x)|<—maxmax|D fl X € B.
'\ a|=|p| yeB
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Example in Two Dimensions

For example, the third-order Taylor polynomial of a smooth function f: R? - R is, denoting x — a = v,

P(x)= f(a)+§i(a)v1 +1(a)v2 +82/: a ;—i+%(a)vlvz +(§T§(a);—%
f W, of v Vs L o'f vlvz of v
() Yavan P72 Tanae W Tar @

Proofs
Proof for Taylor’s Theorem in one Real Variable
Let,

/()= P(x)
h(@)=1 (—a)

0 x=a

X+a

where, as in the statement of Taylor’s theorem,

f"( )

P(x)= f(a)+ f(a)(x—-a)+—— (x=a)".

(x— a)+ e

S (a)
k!

It is sufficient to show that,

£1£1:11 h,(x)=0.

The proof here is based on repeated application of L'Hépital’s rule. Note that, for eachj = 0,1,...,k-1,
fY(a)=P" (a). Hence each of the first k—1 derivatives of the numerator in 4, (x) vanishes at
X =a, and the same is true of the denominator. Also, since the condition that the function fbe k
times differentiable at a point requires differentiability up to order k-1 in a neighborhood of said
point (this is true, because differentiability requires a function to be defined in a whole neighbor-
hood of a point), the numerator and its k — 2 derivatives are differentiable in a neighborhood of a.
Clearly, the denominator also satisfies said condition, and additionally, doesn’t vanish unless x=a,
therefore all conditions necessary for L’Hopital’s rule are fulfilled, and its use is justified. So,

d J!
lim L =P _ i dr (j W Jim @x*” 1k({(X) "
e o *(x— a)* - j —(x—a)*

1P
k'x—)a x—a

(V@ - V@) =0,
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where the second to last equality follows by the definition of the derivative at x = a.

Derivation for the Mean Value Forms of the Remainder

Let G be any real-valued function, continuous on the closed interval between a and x and differen-
tiable with a non-vanishing derivative on the open interval between a and x and define,

Fit)y=fO+ f'()(x- t)+f”( ) f(k)( )

(x— t)+ e

(x=1)".

For ¢ €[a, x]. Then, by Cauchy’s mean value theorem,

F'() F(x) F(a)
G'() G G(a)

*)

for some € on the open interval between a and x. Note that here the numerator F(x) - F(a) = R,(x)
is exactly the remainder of the Taylor polynomial for f{x). Compute,

F() = 10+ (-0~ f(n)+(fﬂ“”( »2—1%¥9<x_g]+

IOV GO P ()
+[ i (x—1) (k—l)!(x t) j— x (x—1)",
plug it into (*) and rearrange terms to find that,
_ M) G(0)-G(a)
R (x) == (x ¢) ao

This is the form of the remainder term mentioned after the actual statement of Taylor’s theorem
with remainder in the mean value form. The Lagrange form of the remainder is found by choosing
G(t) = (t—x)**" and the Cauchy form by choosing G(t)=t—a.

Remark. Using this method one can also recover the integral form of the remainder by choosing,
(k+1)
G(t) = j S ( )(x s)" ds,

but the requirements for f needed for the use of mean value theorem are too strong, if one aims to
prove the claim in the case that f% is only absolutely continuous. However, if one uses Riemann
integral instead of Lebesgue integral, the assumptions cannot be weakened.

Derivation for the Integral form of the Remainder

Due to absolute continuity of f% on the closed interval between a and x its derivative f&V exists
as an L'-function, and we can use fundamental theorem of calculus and integration by parts. This
same proof applies for the Riemann integral assuming that f©' is continuous on the closed interval
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and differentiable on the open interval between a and x, and this leads to the same result than
using the mean value theorem.

The fundamental theorem of calculus states that,
S@)=f@+] @)

Now we can integrate by parts and use the fundamental theorem of calculus again to see that,

f@) = f@+(f "0 -af'@)- [ tf ()t
= fla)+ x(f'(a) + I:f”(t)dt) —af'(a)= [ tf"(t)dt
= f(@)+(x=a)f @)+ x=0f"()dt,

which is exactly Taylor’s theorem with remainder in the integral form in the case k=1. The general
statement is proved using induction. Suppose that,

f( ) (x—a)* +

O 0= @+ L oL@y L Oy

Integrating the remainder term by parts we arrive at,
(k+1) (k+1) . L £Uk2)
J‘ S ()(x t) dt = f ()( t)k+1 +J‘ S (t)(x_t)kﬂd[
a (k+Dk! . e (k+Dk!

_f(k+])(a) N "f(k+2)(t) Nk
“ ey Y . G T

Substituting this into the formula in (*) shows that if it holds for the value k, it must also hold for
the value k + 1. Therefore, since it holds for k = 1, it must hold for every positive integer k.

Derivation for the Cauchy form of the Remainder

To the integral form of the remainder, we can apply the mean value theorem for integral.

M) (k+1) .
R ACIRRACIC TN

(k+1)
Lo -a)

where £ e {a+60(x—a):0<O0<1}

So, The Cauchy form of the remainder is hold.
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Derivation for the Remainder of Multivariate Taylor Polynomials

We prove the special case, where f: R" - R has continuous partial derivatives up to the order k+1
in some closed ball B with center a. The strategy of the proof is to apply the one-variable case of
Taylor’s theorem to the restriction of f to the line segment adjoining x and a. Parametrize the line
segment between a and x by u(t) = a + t(x — a). We apply the one-variable version of Taylor’s the-
orem to the function g(t) = flu(t)):

700 =g() = g(0)+ Z 200+ [ g a
Applying the chain rule for several variables gives:
- d’ d’
g (0 =Wf(u(t)) = —jf(a+f(X—a))

Z[ )(D”f)(aﬂ(X a))(x—a)*

la|=

/ 1(J 1
where / is the multinomial coefficient. Since — e , we get
a Na) a!

F@=f@+ Y o n@ea-ayr + Y laae om0 o0 pasix-ad

1<]al<k a! lar|=k+1

STOKES’ THEOREM

In vector calculus, and more generally differential geometry, Stokes’ theorem (sometimes spelled
Stokes’s theorem, and also called the generalized Stokes theorem or the Stokes—Cartan theorem)
is a statement about the integration of differential forms on manifolds, which both simplifies and
generalizes several theorems from vector calculus. Stokes’ theorem says that the integral of a dif-
ferential form w over the boundary of some orientable manifold Q is equal to the integral of its
exterior derivative dw over the whole of Q, i.e.,

Jagw - jQ do.

Stokes’ theorem was formulated in its modern form by Elie Cartan in 1945, following earlier work
on the generalization of the theorems of vector calculus by Vito Volterra, Edouard Goursat, and
Henri Poincaré.

This modern form of Stokes’ theorem is a vast generalization of a classical result that Lord Kelvin
communicated to George Stokes in a letter dated July 2, 1850. Stokes set the theorem as a question
on the 1854 Smith’s Prize exam, which led to the result bearing his name. It was first published
by Hermann Hankel in 1861. This classical Kelvin—Stokes theorem relates the surface integral of



200 Calculus: An Introduction

the curl of a vector field F over a surface in Euclidean three-space to the line integral of the vector
field over its boundary: Let y: [a, b] —» R? be a piecewise smooth Jordan plane curve. The Jordan
curve theorem implies that y divides R? into two components, a compact one and another that
is non-compact. Let D denote the compact part that is bounded by y and suppose p: D — R3 is
smooth, with S := (D). If T is the space curve defined by I'(t) = w(y(t)) and F is a smooth vector
field on R3, then:

§>FF~dr=jjSv x F-dS

This classical statement, along with the classical divergence theorem, the fundamental theorem
of calculus, and Green’s theorem are simply special cases of the general formulation stated above.

The fundamental theorem of calculus states that the integral of a function f over the interval [a, b]
can be calculated by finding an antiderivative F of f:

b
L f(x)dx=F(b)-F(a).
Stokes’ theorem is a vast generalization of this theorem in the following sense.

« By the choice of F, dF/dx = f(x). In the parlance of differential forms, this is saying that
f(x) dx is the exterior derivative of the 0-form, i.e. function, F: in other words, that dF = fdx.
The general Stokes theorem applies to higher differential forms w instead of just o-forms
such as F.

« Aclosed interval [a, b] is a simple example of a one-dimensional manifold with boundary.
Its boundary is the set consisting of the two points a and b. Integrating f over the interval
may be generalized to integrating forms on a higher-dimensional manifold. Two technical
conditions are needed: the manifold has to be orientable, and the form has to be compactly
supported in order to give a well-defined integral.

« The two points a and b form the boundary of the closed interval. More generally, Stokes’
theorem applies to oriented manifolds M with boundary. The boundary oM of M is itself a
manifold and inherits a natural orientation from that of M. For example, the natural orien-
tation of the interval gives an orientation of the two boundary points. Intuitively, a inherits
the opposite orientation as b, as they are at opposite ends of the interval. So, “integrating”
F over two boundary points a, b is taking the difference F(b) — F(a).

In even simpler terms, one can consider the points as boundaries of curves, that is as 0-dimen-
sional boundaries of 1-dimensional manifolds. So, just as one can find the value of an integral
(fdx = dF) over a 1-dimensional manifold ([a, b]) by considering the anti-derivative (F) at the
o-dimensional boundaries ({a, b}), one can generalize the fundamental theorem of calculus,
with a few additional caveats, to deal with the value of integrals (dw) over n-dimensional man-
ifolds () by considering the antiderivative (w) at the (n — 1)-dimensional boundaries (0Q) of
the manifold.

So the fundamental theorem reads:

[, /=] dF=[  F=F@)-F()

a}”u{b}”
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Formulation for Smooth Manifolds with Boundary

Let Q be an oriented smooth manifold with boundary of dimension n and let a be a smooth n-dif-
ferential form that is compactly supported on Q. First, suppose that a is compactly supported in
the domain of a single, oriented coordinate chart {U, ¢}. In this case, we define the integral of a
over () as,

Ja= [ e

i.e., via the pullback of a to R™.

More generally, the integral of a over ( is defined as follows: Let {y } be a partition of unity asso-
ciated with a locally finite cover {U, ¢} of (consistently oriented) coordinate charts, then define
the integral,

J.Qa = ZJ‘U,- vid,

where each term in the sum is evaluated by pulling back to R” as described above. This quantity is
well-defined; that is, it does not depend on the choice of the coordinate charts, nor the partition
of unity.

The generalized Stokes theorem reads:

Theorem: (Stokes—Cartan) If @ is a smooth (n—1)-form with compact support on smooth n
-dimensional manifold-with-boundary Q, 6Q denotes the boundary of Q given the induced ori-
entation, and i:0Q > Q is the inclusion map, then

%

Igdw - .[agi @.

Conventionally, LQ i"w is abbreviated as Lga) , since the pullback of a differential form by the
inclusion map is simply its restriction to its domain: i'®@ = |, . Here d is the exterior derivative,
which is defined using the manifold structure only. The right-hand side is sometimes written as
q;m o. to stress the fact that the (n—1)-manifold 0C2has no boundary. (This fact is also an impli-
cation of Stokes’ theorem, since for a given smooth 7 -dimensional manifold €, application of the
theorem twice gives L(m) o= IQ d(dw) =0 forany (n—2)-form @, which implies that 0(0Q)=86".)

The right-hand side of the equation is often used to formulate integral laws; the left-hand side then
leads to equivalent differential formulations .

The theorem is often used in situations where Q is an embedded oriented submanifold of some
bigger manifold, often R¥, on which the form o is defined.

Topological Preliminaries; Integration Over Chains

Let M be a smooth manifold. A (smooth) singular k-simplex in M is defined as a smooth map



202 Calculus: An Introduction

from the standard simplex in R* to M. The group C (M, Z) of singular k-chains on M is defined to
be the free abelian group on the set of singular k-simplices in M. These groups, together with the
boundary map, 9, define a chain complex. The corresponding homology (resp. cohomology) group
is isomorphic to the usual singular homology group H,(M, Z) (resp. the singular cohomology group
H*(M, 7)), defined using continuous rather than smooth simplices in M.

On the other hand, the differential forms, with exterior derivative, d, as the connecting map, form
a cochain complex, which defines the de Rham cohomology groups H* , (M, R).

Differential k-forms can be integrated over a k-simplex in a natural way, by pulling back to R*. Ex-
tending by linearity allows one to integrate over chains. This gives a linear map from the space of
k-forms to the kth group of singular cochains, C*(M, Z), the linear functionals on C, (M, Z). In other
words, a k-form w defines a functional,

I()(c) = gﬁ ®

on the k-chains. Stokes’ theorem says that this is a chain map from de Rham cohomology to sin-
gular cohomology with real coefficients; the exterior derivative, d, behaves like the dual of 9 on
forms. This gives a homomorphism from de Rham cohomology to singular cohomology. On the
level of forms, this means:

1. Closed forms, i.e., dw = 0, have zero integral over boundaries, i.e. over manifolds that can
be written as 0Y,, M, and

2. Exact forms, i.e., @ = do, have zero integral over cycles, i.e. if the boundaries sum up to the
empty set: ¥ M_= Q.

De Rham’s theorem shows that this homomorphism is in fact an isomorphism. So the converse to
1 and 2 above hold true. In other words, if {c} are cycles generating the kth homology group, then
for any corresponding real numbers, {a }, there exist a closed form, , such that

§ w=a,
G

and this form is unique up to exact forms.

Stokes’ theorem on smooth manifolds can be derived from Stokes’ theorem for chains in smooth
manifolds, and vice versa. Formally stated, the latter reads:

Theorem: (Stokes’ theorem for chains) If ¢ is a smooth & -chain in a smooth manifold M , and @
is a smooth (k—1) -form on M , then

ﬁca)=Lda).

Underlying Principle

To simplify these topological arguments, it is worthwhile to examine the underlying principle by
considering an example for d = 2 dimensions. The essential idea can be understood by the diagram
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on the left, which shows that, in an oriented tiling of a manifold, the interior paths are traversed
in opposite directions; their contributions to the path integral thus cancel each other pairwise. As
a consequence, only the contribution from the boundary remains. It thus suffices to prove Stokes’
theorem for sufficiently fine tilings (or, equivalently, simplices), which usually is not difficult.
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Generalization to Rough Sets
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a b x
A region (here called D instead of Q) with piecewise smooth boundary. This is a manifold
with corners, so its boundary is not a smooth manifold.

The formulation above, in which Q is a smooth manifold with boundary, does not suffice in many
applications. For example, if the domain of integration is defined as the plane region between two
x-coordinates and the graphs of two functions, it will often happen that the domain has corners.
In such a case, the corner points mean that Q is not a smooth manifold with boundary, and so the
statement of Stokes’ theorem given above does not apply. Nevertheless, it is possible to check that
the conclusion of Stokes’ theorem is still true. This is because Q and its boundary are well-behaved
away from a small set of points (a measure zero set).

A version of Stokes’ theorem that extends to rough domains was proved by Whitney. Assume that
D is a connected bounded open subset of R™. Call D a standard domain if it satisfies the following
property: There exists a subset P of 8D, open in 0D, whose complement in 8D has Hausdorff (n -
1)-measure zero; and such that every point of P has a generalized normal vector. This is a vector
v(x) such that, if a coordinate system is chosen so that v(x) is the first basis vector, then, in an open
neighborhood around x, there exists a smooth function f(x,, ..., x,) such that P is the graph { x, =
fx,, ..., x ) } and D is the region { x, < f(x,, ..., x) }. Whitney remarks that the boundary of a stan-
dard domain is the union of a set of zero Hausdorff (n — 1)-measure and a finite or countable union
of smooth (n — 1)-manifolds, each of which has the domain on only one side. He then proves that
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if D is a standard domain in R", @ is an (n — 1)-form which is defined, continuous, and bounded
on D U P, smooth on D, integrable on P, and such that dw is integrable on D, then Stokes’ theorem
holds, that is,

o o

The study of measure-theoretic properties of rough sets leads to geometric measure theory. Even
more general versions of Stokes’ theorem have been proved by Federer and by Harrison.

Special Cases

The general form of the Stokes theorem using differential forms is more powerful and easier to
use than the special cases. The traditional versions can be formulated using Cartesian coordinates
without the machinery of differential geometry, and thus are more accessible. Further, they are
older and their names are more familiar as a result. The traditional forms are often considered
more convenient by practicing scientists and engineers but the non-naturalness of the tradition-
al formulation becomes apparent when using other coordinate systems, even familiar ones like
spherical or cylindrical coordinates. There is potential for confusion in the way names are applied,
and the use of dual formulations.

Kelvin—Stokes Theorem

02

v

An illustration of the Kelvin—Stokes theorem, with surface X, its boundary 8% and the “normal” vector n.

This is a (dualized) (1 + 1)-dimensional case, for a 1-form (dualized because it is a statement about
vector fields). This special case is often just referred to as Stokes’ theorem in many introductory
university vector calculus courses and is used in physics and engineering. It is also sometimes
known as the curl theorem.

The classical Kelvin—Stokes theorem relates the surface integral of the curl of a vector field over a
surface X in Euclidean three-space to the line integral of the vector field over its boundary. It is a
special case of the general Stokes theorem (with n = 2) once we identify a vector field with a 1-form
using the metric on Euclidean 3-space. The curve of the line integral, 9%, must have positive ori-
entation, meaning that 0% points counterclockwise when the surface normal, n, points toward the
viewer.
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One consequence of the Kelvin—Stokes theorem is that the field lines of a vector field with zero curl
cannot be closed contours. The formula can be rewritten as:

Suppose F=(P(x,y,z),Q(x,y,2),R(x,y,z)) is defined in region with smooth surface ¥ and has first-or-
der continuous partial derivatives. Then,

] 9R _2Q dydz+[a—P—a—Rjdzdx+ 90 _OP | ivay
oy oz 0z Ox ox Oy
=§_(Pdx+Qdy+ Rdz),

where P, Q and R are the components of F, and 9% is boundary of region with smooth surface X.

Green’s Theorem

Green’s theorem is immediately recognizable as the third integrand of both sides in the integral in
terms of P, Q, and R cited above.

In Electromagnetism

Two of the four Maxwell equations involve curls of 3-D vector fields, and their differential and
integral forms are related by the Kelvin—Stokes theorem. Caution must be taken to avoid cases
with moving boundaries: the partial time derivatives are intended to exclude such cases. If moving
boundaries are included, interchange of integration and differentiation introduces terms related
to boundary motion not included in the results below:

Integral form (using Kelvin—Stokes theorem plus relativistic invari-

Name Differential form ance, [ 8/0t... > d/dt [ ..)
Maxwell-Faraday B 0B
equation Faraday’s VxE=-22 Cj} E-dl = J.J. VxE-dA = —ﬂ —+dA (with C and S not neces-
; L ot c s S ot
law of induction:

sarily stationary)

Amperes law (it | gy _y, OD ¢ H-al =”SV><H-dA='USJ-dA+”S%—It)'dA (with € and

Maxwell’s extension): ot

S not necessarily stationary)

The above listed subset of Maxwell’s equations are valid for electromagnetic fields expressed in SI
units. In other systems of units, such as CGS or Gaussian units, the scaling factors for the terms
differ. For example, in Gaussian units, Faraday’s law of induction and Ampére’s law take the forms:

VXE:—la—B,
c ot
VxH=1D 47y
cot ¢

respectively, where c is the speed of light in vacuum.
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DIVERGENCE THEOREM

In vector calculus, the divergence theorem, also known as Gauss’s theorem or Ostrogradsky’s theo-
rem, is a result that relates the flow (that is, flux) of a vector field through a surface to the behavior
of the tensor field inside the surface.

More precisely, the divergence theorem states that the outward flux of a tensor field through a
closed surface is equal to the volume integral of the divergence over the region inside the surface.
Intuitively, it states that the sum of all sources (with sinks regarded as negative sources) gives the
net flux out of a region.

The divergence theorem is an important result for the mathematics of physics and engineering, in
particular in electrostatics and fluid dynamics.

In physics and engineering, the divergence theorem is usually applied in three dimensions. How-
ever, it generalizes to any number of dimensions. In one dimension, it is equivalent to the funda-
mental theorem of calculus. In two dimensions, it is equivalent to Green’s theorem.

If a fluid is flowing in some area, then the rate at which fluid flows out of a certain region within
that area can be calculated by adding up the sources inside the region and subtracting the sinks.
The fluid flow is represented by a first order tensor (or vector) field, and the vector field’s diver-
gence at a given point describes the strength of the source or sink there. So, integrating the field’s
divergence over the interior of the region should equal the integral of the vector field over the re-
gion’s boundary. The divergence theorem says that this is true.

The divergence theorem is employed in any conservation law which states that the volume total of
all sinks and sources, that is the volume integral of the divergence, is equal to the net flow across
the volume’s boundary.

Mathematical Statement

A region Vbounded by the surface S = 9V with the surface normal n
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The divergence theorem can be used to calculate a flux through a closed surface that fully encloses a volume,
like any of the surfaces on the left. It can not directly be used to calculate the flux through surfaces
with boundaries, like those on the right. (Surfaces are blue, boundaries are red.)

Suppose V is a subset of R" (in the case of n = 3, V represents a volume in three-dimensional
space) which is compact and has a piecewise smooth boundary S (also indicated with 9V = S). If F
is a continuously differentiable vector field defined on a neighborhood of V, then we have:

[[] (v-F)av =g, (F-nyds.

The left side is a volume integral over the volume V, the right side is the surface integral over the
boundary of the volume V. The closed manifold 9V is quite generally the boundary of V oriented
by outward-pointing normals, and n is the outward pointing unit normal field of the boundary oV.
(dS may be used as a shorthand for ndS.) The symbol within the two integrals stresses once more
that oV is a closed surface. In terms of the intuitive description above, the left-hand side of the
equation represents the total of the sources in the volume V, and the right-hand side represents
the total flow across the boundary S.

Corollaries

By replacing F in the divergence theorem with specific forms, other useful identities can be de-
rived.

« With F - Fg for a scalar function g and a vector field F,
[[] [F(Ve)+g(VF)]av=qp gFnas.

A special case of this is F = V f, in which case the theorem is the basis for Green’s identities.

o With F - Fx G for two vector fields F and G,

JILG(vxB)=~F-(vxG)]ar = (FxG)nas.
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With F — fcfor a scalar function f and vector field c:
ch VY = @S (cf)-ndS—me(v-c)dV.

The last term on the right vanishes for constant ¢ or any divergence free (solenoidal) vector field,
e.g. Incompressible flows without sources or sinks such as phase change or chemical reactions etc.
In particular, taking ¢ to be constant:

[ wrav =, s

With F— cxF for vector field F and constant vector c:

Iijc-(VxF)dV = #S(Fxc)-nds.

By reordering the triple product on the right hand side and taking out the constant vector of the
integral,

mV (VxF)dVic= @S (dSxF)e

Hence,

jij(vXF)dV=@SandS.

Example:

The vector field corresponding to the example shown. Vectors may point into or out of the sphere.

Suppose we wish to evaluate,

CJE_“)SFndS,

where S is the unit sphere defined by,

S:{(x,y,z)e]R3 :szry2+z2 :1},
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and F is the vector field,
F =2xi+ y*j+ z°k.

The direct computation of this integral is quite difficult, but we can simplify the derivation of the re-
sult using the divergence theorem, because the divergence theorem says that the integral is equal to:

11, v-Bsav =2([[, @y 2xav =2ff, av +2(f], yav +2ff], zav.

where W is the unit ball:

W:{(x,y,z)e]R3 X +y + 7 Sl}.

Since the function y is positive in one hemisphere of W and negative in the other, in an equal and
opposite way, its total integral over W is zero. The same is true for z:

([, sav = ], 47 =o.

Therefore,

8
¢, Fonds =2([[ av = ?”

because the unit ball W has volume 4s/3.

Applications
Differential form and Integral form of Physical Laws

As a result of the divergence theorem, a host of physical laws can be written in both a differential
form (where one quantity is the divergence of another) and an integral form (where the flux of one
quantity through a closed surface is equal to another quantity). Three examples are Gauss’s law (in
electrostatics), Gauss’s law for magnetism, and Gauss’s law for gravity.

Continuity Equations

Continuity equations offer more examples of laws with both differential and integral forms, related
to each other by the divergence theorem. In fluid dynamics, electromagnetism, quantum mechanics,
relativity theory, and a number of other fields, there are continuity equations that describe the con-
servation of mass, momentum, energy, probability, or other quantities. Generically, these equations
state that the divergence of the flow of the conserved quantity is equal to the distribution of sources
or sinks of that quantity. The divergence theorem states that any such continuity equation can be
written in a differential form (in terms of a divergence) and an integral form (in terms of a flux).

Inverse-square Laws

Any inverse-square law can instead be written in a Gauss’s law-type form (with a differential
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and integral form, as described above). Two examples are Gauss’s law (in electrostatics), which
follows from the inverse-square Coulomb’s law, and Gauss’s law for gravity, which follows from
the inverse-square Newton’s law of universal gravitation. The derivation of the Gauss’s law-type
equation from the inverse-square formulation or vice versa is exactly the same in both cases.

Examples:

To verify the planar variant of the divergence theorem for a region R:
:{(x,y)eIR2 xXT+y° Sl},
and the vector field:
F(x,y)=2yi+5xj.
The boundary of R is the unit circle, C, that can be represented parametrically by:

x =cos(s), y=sin(s)

such that 0 < s < 27 where s units is the length arc from the point s = 0 to the point P on C. Then
a vector equation of Cis

C(s) = cos(s)i+sin(s)j.
At a point P on C:
P = (cos(s),sin(s))=F = 2sin(s )i+ 5 cos(s)j.
Therefore,
gSC F nds = j:” (2sin(s)i+ 5 cos(s)j)- (cos(s)i+ sin(s)j)ds
- j:” (25in(s) cos(s) + 5sin(s) cos(s))ds
=7[ " sin(s) cos(s)ds
~0.

Because M = 2y, 0M/9x = 0, and because N = 5x, dN/dy = 0. Thus

[[ VFda= ﬂ(aM N La=o.

Applied Example

Let’s say we wanted to evaluate the flux of the following vector field defined by F = 2x* +2y° +22°
bounded by the following inequalities:

{OSxS3}{—2£ySZ}{OSzS27r}
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We know from the Divergence Theorem that: I_UV (V 'F)d V= q‘:ﬁs (F-n)ds.

We need to determine V-F

OF
The divergence of a three dimensional vector field, F, is defined as 3 X4 p L4 aaFZ
X )y z

Thus, we can set up the following integrals:

=mV4x+4y+4de

= J‘OSJ._ZZJOM4x+4y+4ZdV

Now that we have set up the integral, we can evaluate it.
3p2 P27
[].] 4x+ay+dzar
2 27
= j_z jo 12y +12z +18dyd:z

= ["242z+3)dz

=487 (27 +3)
~1399.87134

Generalizations
Multiple Dimensions

One can use the general Stokes’ Theorem to equate the n-dimensional volume integral of the di-
vergence of a vector field F over a region U to the (n — 1)-dimensional surface integral of F over the
boundary of U:

[.] VFar=¢.§ Fnds
U ou
n n-1
This equation is also known as the divergence theorem.

When n = 2, this is equivalent to Green’s theorem.

When n = 1, it reduces to the Fundamental theorem of calculus.
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Tensor Fields

Writing the theorem in Einstein notation:

.U.'.V%dV - CJ:—JSSF’ n,dS

suggestively, replacing the vector field F with a rank-n tensor field T, this can be generalized to:

where on each side, tensor contraction occurs for at least one index. This form of the theorem is
still in 3d, each index takes values 1, 2, and 3. It can be generalized further still to higher (or lower)
dimensions (for example to 4d spacetime in general relativity).

GRADIENT THEOREM

The gradient theorem, also known as the fundamental theorem of calculus for line integrals, says
that a line integral through a gradient field can be evaluated by evaluating the original scalar field
at the endpoints of the curve.

Let @ : U< R*— R and y is any curve from p to q. Then

o(a)-0(p)=] _Volydr.

It is a generalization of the fundamental theorem of calculus to any curve in a plane or space (gen-
erally n-dimensional) rather than just the real line.

The gradient theorem implies that line integrals through gradient fields are path independent. In
physics this theorem is one of the ways of defining a conservative force. By placing ¢ as potential,
V @ is a conservative field. Work done by conservative forces does not depend on the path followed
by the object, but only the end points, as the above equation shows.

The gradient theorem also has an interesting converse: any path-independent vector field can be
expressed as the gradient of a scalar field. Just like the gradient theorem itself, this converse has
many striking consequences and applications in both pure and applied mathematics.

Proof:

If ¢ is a differentiable function from some open subset U (of R?) to R, and if r is a differentiable
function from some closed interval [a, b] to U, then by the multivariate chain rule, the composite
function @er is differentiable on (a, b) and

%(co °1)(t) = V(r(1)) T'(t)
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for all t in (a, b). Here the - denotes the usual inner product.

Now suppose the domain U of ¢ contains the differentiable curve y with endpoints p and q,
(oriented in the direction from p to q). If r parametrizes y for t in [a, b], then the above shows
that

[ Vo du= j” Vo(r(t)) r'()dt

bd
= _f E{/’(r(t))dt = p(1(0)) - p(x(a)) = ¢(q) - 2(p).
where the definition of the line integral is used in the first equality, and the fundamental theorem
of calculus is used in the third equality.

Example: Suppose y c R?is the circular arc oriented counterclockwise from (5, 0) to (-4, 3). Using
the definition of a line integral,

L ydx + xdy = ‘[:_[anl(ij ((5sint)(—5sint)+(5cost)(Scost))dt

3

- j:_tanl(“j 25 (— sin’ ¢ + cos’ t) dt

= J.Oﬂm(?‘) 25 cos(2¢)dt

—tan —
4

0

= Esin 27 —2tan™ [2
2 4
=—£sin 2tan” 3
2 4
25 @
=— - =—12.
3
(j +1
4
Notice all of the painstaking computations involved in directly calculating the integral. Instead,

since the function f(x, y) = xy is differentiable on all of R?, we can simply use the gradient theorem
to say,

25 .
=—sin(2¢
> (2t)

[ ydx+xdy = [ V(xp)(dx, dy) = xp |5 = —43-50=-12.
v 4 5

Notice that either way gives the same answer, but using the latter method, most of the work is al-
ready done in the proof of the gradient theorem.
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Example: For a more abstract example, suppose y c R" has endpoints p, q, with orientation from p
to q. For uin R, let |u| denote the Euclidean norm of u. If a > 1 is a real number, then

'[ x [« x-dx=Lj (a+1)|x[“"? x-dx
4 4

‘a+1 ’a+1

-|p

J‘V‘szﬂdx |q a+1

S a+l
Here the final equality follows by the gradient theorem, since the function f{(x) = |x|** is differen-
tiable on R"if a > 1.

If a < 1 then this equality will still hold in most cases, but caution must be taken if y passes through
or encloses the origin, because the integrand vector field |x|*~'x will fail to be defined there. How-
ever, the case a = —1 is somewhat different; in this case, the integrand becomes |x|2x = V(log |x|),
so that the final equality becomes log |q| — log |p].

Note that if n = 1, then this example is simply a slight variant of the familiar power rule from sin-
gle-variable calculus.

Example: Suppose there are n point charges arranged in three-dimensional space, and the i-th
point charge has charge Q, and is located at position p, in R3. We would like to calculate the work
done on a particle of charge g as it travels from a point a to a point b in R3. Using Coulomb’s law,
we can easily determine that the force on the particle at position r will be,

F(r) = qu Q|r(rpl|) ;)

Here |u| denotes the Euclidean norm of the vector uin R?, and k = 1/(4se ), where ¢ is the vacuum
permittivity.

Lety cR3 - {p,, ..., p,} be an arbitrary differentiable curve from a to b. Then the work done on the
particle is,

ijF(r)drI{quQ( T)J (ler pl ]

)

Now for each 1, direct computation shows that,

—p, 1
===V .
L e

Thus, continuing from above and using the gradient theorem,
W=—kqi(g,-jv 1 J quQ[ 1 J
ZI e ) = [o-p)

We are finished. Of course, we could have easily completed this calculation using the powerful
language of electrostatic potential or electrostatic potential energy (with the familiar formulas
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W = -AU = —-qAV). However, we have not yet defined potential or potential energy, because the
converse of the gradient theorem is required to prove that these are well-defined, differentiable
functions and that these formulas hold. Thus, we have solved this problem using only Coulomb’s
Law, the definition of work, and the gradient theorem.

Converse of the Gradient Theorem

The gradient theorem states that if the vector field F is the gradient of some scalar-valued function
(i.e., if F is conservative), then F is a path-independent vector field (i.e., the integral of F over some
piecewise-differentiable curve is dependent only on end points). This theorem has a powerful con-
verse:

If F is a path-independent vector field, then F is the gradient of some scalar-valued function.

It is straightforward to show that a vector field is path-independent if and only if the integral of
the vector field over every closed loop in its domain is zero. Thus the converse can alternatively be
stated as follows: If the integral of F over every closed loop in the domain of F is zero, then F is the
gradient of some scalar-valued function.

Proof of the Converse

Suppose U is an open, path-connected subset of R”, and F : U — R"is a continuous and path-inde-
pendent vector field. Fix some element a of U, and define f: U — R by,

f(x)= L[a,x] F(u)-du

Here y[a, x] is any (differentiable) curve in U originating at a and terminating at x. We know that f
is well-defined because F is path-independent.

Let v be any nonzero vector in R™. By the definition of the directional derivative,

z(x)zhm f(X+tV)—f(X)
ov

t—0 t

jmm] F(u)-du— jM F(u)-du

=lim
t—0 t
!
=lim- F(u)-du

=0 ¢ y[x,x+tV]

To calculate the integral within the final limit, we must parametrize y[x, x + tv]. Since F is
path-independent, U is open, and t is approaching zero, we may assume that this path is a
straight line, and parametrize it as u(s) = x + sv for 0 < s < t. Now, since u’(s) = v, the limit be-
comes:

d

113()1%]5 F(u(s))-u'(s)ds = EJ.; F(x+sv)-vds |t:0= F(x) v
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Thus we have a formula for 0_f, where v is arbitrary. Let x = (x, x,, ..., X ) and let e, denote the i-th
standard basis vector so that,

Vi) = (aj;ix) : a’;)(cx) @;")) = (F(x)-¢,,F(x) e,,...,F(x)¢,) = F(x)

Thus we have found a scalar-valued function f whose gradient is the path-independent vector field
F, as desired.

Example of the Converse Principle

To illustrate the power of this converse principle, we cite an example that has significant physical
consequences. In classical electromagnetism, the electric force is a path-independent force; i.e.
the work done on a particle that has returned to its original position within an electric field is zero
(assuming that no changing magnetic fields are present).

Therefore, the above theorem implies that the electric force field F, : S - R? is conservative (here
S is some open, path-connected subset of R3 that contains a charge distribution). Following the
ideas of the above proof, we can set some reference point a in S, and define a function U: S —» R by

U,(r)=- L[m F (u):du

Using the above proof, we know U, is well-defined and differentiable, and F, = —~VU_ (from this for-
mula we can use the gradient theorem to easily derive the well-known formula for calculating work
done by conservative forces: W = —~AU). This function U, is often referred to as the electrostatic
potential energy of the system of charges in S (with reference to the zero-of-potential a). In many
cases, the domain S is assumed to be unbounded and the reference point a is taken to be “infinity”,
which can be made rigorous using limiting techniques. This function U, is an indispensable tool
used in the analysis of many physical systems.

Generalizations

Many of the critical theorems of vector calculus generalize elegantly to statements about the inte-
gration of differential forms on manifolds. In the language of differential forms and exterior deriv-
atives, the gradient theorem states that

J,9=1 %

for any o-form, ¢, defined on some differentiable curve y ¢ R” (here the integral of ¢ over the
boundary of the y is understood to be the evaluation of ¢ at the endpoints of y).

Notice the striking similarity between this statement and the generalized version of Stokes’ theo-
rem, which says that the integral of any compactly supported differential form w over the bound-
ary of some orientable manifold Q is equal to the integral of its exterior derivative dw over the
whole of Q, i.e.,

Jro =], 4o
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This powerful statement is a generalization of the gradient theorem from 1-forms defined on
one-dimensional manifolds to differential forms defined on manifolds of arbitrary dimension.

The converse statement of the gradient theorem also has a powerful generalization in terms of dif-
ferential forms on manifolds. In particular, suppose w is a form defined on a contractible domain,
and the integral of @ over any closed manifold is zero. Then there exists a form y such that w =
dy. Thus, on a contractible domain, every closed form is exact. This result is summarized by the
Poincaré lemma.

SQUEEZE THEOREM
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Hlustration of the squeeze theorem
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When a sequence lies between two other converging sequences with the same limit,
it also converges to this limit.

In calculus, the squeeze theorem, also known as the pinching theorem, the sandwich theorem, the
sandwich rule, and sometimes the squeeze lemma, is a theorem regarding the limit of a function.
In Italy, the theorem is also known as theorem of Carabinieri.

The squeeze theorem is used in calculus and mathematical analysis. It is typically used to confirm
the limit of a function via comparison with two other functions whose limits are known or easily
computed. It was first used geometrically by the mathematicians Archimedes and Eudoxus in an
effort to compute 71, and was formulated in modern terms by Carl Friedrich Gauss.
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In many languages (e.g. French, German, Italian and Russian), the squeeze theorem is also known
as the two policemen (and a drunk) theorem, or some variation thereof. The story is that if two
policemen are escorting a drunk prisoner between them, and both officers go to a cell, then (re-
gardless of the path taken, and the fact that the prisoner may be wobbling about between the po-
licemen) the prisoner must also end up in the cell.

Statement
The squeeze theorem is formally stated as follows.

Let I be an interval having the point a as a limit point. Let g, f, and h be functions defined on I,
except possibly at a itself. Suppose that for every x in I not equal to a we have,

g(x) < f(x) < h(x)
and also suppose that,

lim g(x) = lim h(x) = L.

Then lim f(x) = L.
+ The functions g and # are said to be lower and upper bounds (respectively) of f .

« Here, ais not required to lie in the interior of /. Indeed, if @ is an endpoint of 7, then the
above limits are left- or right-hand limits.

» A similar statement holds for infinite intervals: for example, if 7 = (0,), then the conclu-
sion holds, taking the limits as x — 0.

This theorem is also valid for sequences. Let (a,),(c,) be two sequences converging to ¢, and (b,)

asequence. If Va> N,NeN wehave 4 < <c,,then (b,) also converges to /.
Proof:
From the above hypotheses we have, taking the limit inferior and superior:

L =1limg(x)<liminf f(x) <limsup f(x) <limh(x)=L,

xX—a

so all the inequalities are indeed equalities, and the thesis immediately follows.

A direct proof, using the (€,0) -definition of limit, would be to prove that for all real € >0 there
exists a real ¢ >0 such that for all xwith |x—a|<J, we have | f(x)— L |< e . Symbolically,

Ve>0,30>0:Vx,(|x—al<d=| f(x)—L|<e)

As,
limg(x)=L

X—a
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means that,
Ve>0,36,>0:Vx(|x—alkd, = |g(x)-Le¢).
and

limh(x) = L

X—a

means that,

Ve>0,36,>0:Vx(|x—al<o,=|h(x)-LI<¢),

then we have,

g(x) < f(x) < h(x)

gx)-LL f(x)-L<h(x)-L
We can choose ¢ = min{5l,52} - Then, if | x—a|< 0, combining Vg >0,38, >0:Vx (|x—al<J,
=|g(x)—Ll<¢&)and V€ >0,36,>0:Vx (| x—al<d, = |h(x)—LI< £), we have

—e<g(x)-L2 f(x)-LLh(x)-L<e,

-e< f(x)-L<g,
which completes the proof.

The proof for sequences is very similar, using the € -definition of a limit of a sequence.

Statement for Series

There is also the squeeze theorem for series, which can be stated as follows:

Let Zan, ch be two convergent series. If 3N € N such that va> N,a, <b, <c, then an also
convenrges. ' '

Proof:

n o0 n oo}
Let z a,, Z ¢, be two convergent series. Hence, the sequences [Z anj ,[ an are Cauchy.
1

n n

That is, for fixed € >0

n m n n
N, e N such that Vn>m > N,, Zan—Zan <e= z a,|<e=-€< Z a,<e
k=1 k=1 k=m+1 k=m+1
n m n n
and similarly 3N, € N such that Vin>m > N,, ch —ch <e= Z c,|<e=>-€< Z c, <€.
k=1 k=1 k=m+1 k=m+1

We know that 3N, € N such that Vn > N,,a,<b,<c, . Hence, Vn>m >max{N,,N,,N,}, we have
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combining the above two equations:

n

anébnécnjzn: an\Zc: €<Zb <e=

k=m+1 k=m+1 k=m+1 k=m+1

Zb

k=m+1

k=1

Therefore (z bnj is a Cauchy sequence. So an converges.

k=1 n=1 n

Example:

x2 sin(1/x) being squeezed in the limit as x goes to 0
The limit,

lim x sin(1)
x—0

cannot be determined through the limit law,
lim( f(x)- g(x)) =lim £ (x) - lim g (x),

because,

hm sin(L)

does not exist.

However, by the definition of the sine function,
—1<sin(1)<1.

It follows that,

—x? < x?sin(L) < x?

—an <e

k=1
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Since lim—x* =limx” =0, by the squeeze theorem, lim x* sin(1) must also be 0.

x—0 x—0 x—0

Example:

0.7
0.6
0.5
0.4

tan(x)

*? sin(x)
0.2

0.1

cos(x)
-0.1 A 0 01 02 03 04 05 06 07 08 09 L 11 1.2
o E D

Comparing areas:

A(aADF) > A(sector ADB) > A(a ADB)
1 X 1

=>—-tan(x) 12— >—sin(x) 1
5 (x) 87> (x)

:>M > x > sin(x)
cos(x)
cos 1 1
sin(x) x sin(x)

= cos(x) < sin(x) <1

X

Probably the best-known examples of finding a limit by squeezing are the proofs of the equalities,

lim S0 _

x—0 X

lim 1205 _
x—0 X

The first limit follows by means of the squeeze theorem from the fact that,

sin(x)

cosx < <1

X

for x close enough to 0. The correctness of which for positive x can be seen by simple geometric
reasoning that can be extended to negative x as well. The second limit follows from the squeeze
theorem and the fact that,

o< lzcost)
X
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for x close enough to 0. This can be derived by replacing sin(x) in the earlier fact by /1—cos(x)’
and squaring the resulting inequality.

These two limits are used in proofs of the fact that the derivative of the sine function is the cosine
function. That fact is relied on in other proofs of derivatives of trigonometric functions.

Example:

It is possible to show that,

itan@ =sec’ @
do

by squeezing, as follows.

sec (84

\

A ¥

In the illustration at right, the area of the smaller of the two shaded sectors of the circle is,

sec’ OAO
2

since the radius is sec 0 and the arc on the unit circle has length A6. Similarly, the area of the larger
of the two shaded sectors is,

sec’(B+AO)AQ
> :

What is squeezed between them is the triangle whose base is the vertical segment whose endpoints
are the two dots. The length of the base of the triangle is tan(6 + A6) — tan(0), and the height is 1.
The area of the triangle is therefore,
tan(6 + A6) — tan(6)
5 :

From the inequalities,

sec’ OAO < tan(d + Af)—tan(6) < sec’(0+AO)AO
2 B 2 B 2
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we deduce that,

sec’ @< tan(6 + AAGG) —tan(0) <sec’(6+A0),

provided A6 > 0, and the inequalities are reversed if Af < 0. Since the first and third expressions ap-
proach sec?f as AG — 0, and the middle expression approaches (d/df) tan 6, the desired result follows.

Example: The squeeze theorem can still be used in multivariable calculus but the lower (and upper
functions) must be below (and above) the target function not just along a path but around the en-
tire neighborhood of the point of interest and it only works if the function really does have a limit
there. It can, therefore, be used to prove that a function has a limit at a point, but it can never be
used to prove that a function does not have a limit at a point.

)Czy
(x)(0.0) x* 4 3

cannot be found by taking any number of limits along paths that pass through the point, but since

lim —[y=0

(x.5)->(0,0)
lim =0
(x,)->(0.0) |y |

2

) X
0< lim > Y =<0
x)=(0.0) x* + y

therefore, by the squeeze theorem,

2

Xy 0

(r)-(0.0) x* 4 3

INVERSE FUNCTION THEOREM

The Inverse Function Theorem. Let f:R" — R" be continuously differentiable on some open set
containing a, and suppose det Jf (a) # 0. Then there is some open set V containing a and an open
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W containing f(a) such that f:7 — W has a continuous inverse f ' : W — V which is differentia-
ble for ally € W.

As matrices, J(f_l)(y) = [(Jf)(f_1 (y))]

Lemma: Let 4 — R " be an open rectangle, and suppose f : 4 - R "is continuously differentiable.
If there is some M > o such that,

-1

o,
g(x)

J

< M,Vx e A,then ||f(y)—f(z)|| <n-M- ||y—z

,Vy,ze A

Proof: We write,

fi(y)—fi(z):fi(yl, ...,yn)—fi(zl, ...,zn)

:Z[f(ylv cees Vi Zigs oo Zn)_f(ylv ceen Vi Zis Zigs - ek Zn)]

J=1

n a
= =16%j (ij)(yj ¥ Zj)

J

for some X, :(yl, B WA e ,Zn) where, for each j =1, ..., n, we have ¢; is in the

interval (y;, z, ), by the single-variable Mean Value Theorem.

Then,

|7 )=r ) <)1)

J
< Z Z;M.”y—Z”
=l j=

=M |y - 2]

Proof of the Inverse Function Theorem
Let L=Jf(a).Then det (L)#0, and so L' exists. Consider the composite function L of
f:R" —> R"Then:
(L’l of)(a) = J(L’1 )(f(a))o]f(a)
=L"0J f(a)
=L'oL
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which is the identity. Since L is invertible, the theorem is equally true or false for both L™ o f and
f simultaneously, and hence we prove it in the case when L = I.

Supposef(a+h): f(a).Then |f(a+h)_|j1;|(a)_L(h)| :%:

On the other hand, we have have HPHH% S (a il h) _||1{| |(a) —L (h)

=0,

which is a contradiction, and hence there must be some open neighborhood/rectangle U around a
inwhich f(a+h)# f(a), Va+theU, h#0.

Furthermore, we may choose this neighborhood U small enough so that:

det(Jf(X)) #0, VxeU

% (-2 )

< 12,‘v’i,j, VxeU
|8x. ij 2n

J

since these are conditions on n2 + 1 continuous functions.

Claim: ||x1 -x2|| < 2-||f(x1)—f(x2)

Proof of Claim: First, we let g (x) = f (x) — x. By construction and

, VX,,x,elU

of, _%
gj(x) o (a)

J

< 1

the second fact above, we have < 2—2,
n

g, _
> <x>‘ -

and so we apply the Lemma with M =

||x1-x2||—||f(xl)—f(x2 )”

2n2;
Jr(x)-x) = ((x2)-x.)
=Je(x) - g(x.)]

S%.”x,—xzn

IA

and so, combining these inequalities we have,
1
E'”XI_XZ” < || f(xl)—f(xz)”

Now consider the set 0U , which is compact since U is bounded. We know by the reasoning in
the second paragraph of the proof that if xeoU then f (X) = f (a) . Hence 3d >0 such that

|| f(x)-f (a)” >d, Vx e0U. (Since both f and the taking of norms are continuous functions, the

expression || f(x)-f (a)” attains its non-zero minimum on the compact set 9U.)
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We construct the set W — R" thinking of it as a subset of the range of f, as follows:

y= @<} =B (7(a)

W:{yeR”

By its construction and the use of the positive real number d, we see that if y € W and x € 9U, then
=1 @< =7 Gl

Claim: Given y € W, there is a unique x € U such that f(x) =y.
Proof of Claim:
Existence:

Consider /:U — R defined byh(x) = || y —f (x)”2 A straightforward simplification of this ex-
pression givesh(x) = i(yi -/ (x))2,

i=1

That h is continuous and hence attains its minimum on the compact set U. This minimum does
not occur on the boundary, dU, by the inequality and hence it must occur on the interior. Since h
is also differentiable, we must have Vh(x) = o at the minimum, and hence:

0:%(x):i2.(yi—ﬁ(x)). %(x), v

J

In other words, collecting this information over the various i and j we have,
0=Jf (x)-(y-/(x)),
but since we have assumed that det Jf (X) # 0 for any x € U, it follows that Jf(x) is invertible, and
hencey - f(x) = 0.
Uniqueness:
We use Claim 1. Suppose y = f(Xl) = f(x2 )
Then ||x - x,|| <2 |[f(x) - f(x)|| = 0, and hence x = x,.

By Claim 2, if we define V=U n f -1 (W), then f: V - U has an inverse. It remains to show that
is continuous and differentiable. Even though continuity would follow from differentiability, we do
this in two steps because we will use the continuity to help prove the differentiability.

Claim: f ' is continuous.
Proof of Claim:

Fory,y, € W,find x, x, € Usuch that f (x ) =y, and f(x,) = y,. Claim 1 implies that ||x - x || <2-
||f(x) — f(x,)|[, or in other words, that |[f (y) - (y )|l <2 [|ly, - y.II-
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It is now easy to see that given € > 0, we need only choose 6 = £/2 to guarantee that if ||y - y,|| <
8, then ||f (y) - £ (|| <e.

Claim: f * is differentiable.

Proof of Claim:
LetxeV,letA=Jf(x),andlety =f(x) e W.
We claim that J f * (y) = A*.

Define ¢ (x) = f(x + h) — f (x) — A (h).

Then HH\I—I}O ” ||h|| | =0, by the differentiability of f.

Since det (A) =det J f (x) # 0 by hypothesis, we know that A~ exists, and it is linear since A is.
Then:

(7R ()= b o )
=[(xh)= x ]+ 4% (o(h))
Letting y = £ (x) and y, = f (x + h) on both sides yields:
A7 (=) =[S )= )]+ A7 (e(F (v)-17(9))
Re-arranging sides:
A (1 )= M)=Lr )= ()]-4" (%-y)
To show differentiability, we need:

7 )= )4 (vi-y)

im =0
Islo Iy, -]

but by equation 4~ ((p(f"1 (yl)—f_l (y))) = [f ] A7 - above this is
the same as showing:
|47 (o™ ()= ()

Hyll yHeO ||y1 y” =0.

Since A is linear, it suffices to use the Chain Rule and show that:

S ARG RE AR
[y1-y[>0 ||y1 y||
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so we factor the expression inside the limit as follows:

los (vi)- 1 (y)||: lesr )= )] 77 5)-1" W)
[y, =] I (v)- 17" ()] Iyl

The first term on the right tends to 0 because of how we defined ¢ and the fact that the continuity
of f *means thatf (y) - (y).

Observing that the second term on the right is less than or equal to 2 (by Claim 1) enables us to
use the Squeeze Theorem and conclude that the product on the right tends to o, which establishes
equation

) los (v)-r" ()
im
J1-3]-0 ||y1 - y||

=0.
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