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Preface

This book has been written, keeping in view that students want more practical information. Thus, my
aim has been to make it as comprehensive as possible for the readers. I would like to extend my thanks
to my family and co-workers for their knowledge, support and encouragement all along.

A signal is a function that gives information about a phenomenon. The field of electrical engineering that
studies output and input signals, and mathematical representations between systems is known as signals
and systems. The four main domains of signals and systems are frequency, time, s and z. It is a subset
of mathematical modeling. Signal processing involves analyzing, synthesizing and modifying signals. Its
techniques are used to improve efficiency and subjective quality, and transmission. It receives signals as well
as produces them. System is a physical set of components. It has one or more input and output signals. In
signals and systems, signals are classified according to many criteria. Different types of signals include analog,
digital, deterministic, random, energy, power, etc. The book aims to shed light on some of the unexplored
aspects of signals and systems. Such selected concepts that redefine the subject have been presented in it.
For all those who are interested in signals and systems, this book can prove to be an essential guide.

A brief description of the chapters is provided below for further understanding:
Chapter - Introduction

A signal is defined as an electronic pulse or wave which is transmitted and received. A few of its aspects
are analog to digital conversion, discrete-time signal, signal processing, time shifting, time reversal, time
scaling, etc. This is an introductory chapter which will briefly introduce all these aspects related to signals.

Chapter - Signal Processing and Quantization

Quantization refers to the process of mapping infinite input values from a large set to a finite set of
output values. Digital signal processing, analog signal processing, Nyquist-Shannon sampling theorem,
aliasing, etc. fall under the domain of signal processing. This chapter has been carefully written to
provide an easy understanding of signal processing and quantization.

Chapter - Systems used in Signal Processing

A field of electric engineering which aims at analyzing, synthesizing and modifying electromagnetic
signals such as of sound, images, videos, etc. is called signal processing. It includes significant systems
such as lumped parameter and distributed parameter systems, casual and non-casual systems, linear
and non-linear systems and discrete time system. This chapter closely examines these systems used in
signal processing to provide an extensive understanding of the subject.

Chapter - Fourier Series and Fourier Transform

Fourier series represents an expansion of periodic operation in terms of an infinite sum sines and cosines.
Fourier transform converts a general and non-periodic operation into its constituent frequencies. The
topics elaborated in this chapter will help in gaining a better perspective about the fourier series and
fourier transform.

WORLD TECHNOLOGIES




Preface

Chapter - Laplace Transform

A transformation which is used to convert an operation of a real variable (t) into complex variable (s) is
termed as laplace transform. It is used for analysing and developing circuits such as filters. This chapter
delves into various concepts such as laplace transform properties, region of convergence, the laplace
transform of a function, existence of laplace transform, etc. which will provide in-depth knowledge of
the subject.

Chapter - Z-Transform

In signal processing, Z-transformation is used to transform a series of real or complex values into a
complex frequency domain representation. Region of convergence, properties of Z transform, pole zero
plot, inverse Z transform, etc. are some of the principles associated with it. This chapter discusses these
principles related to Z Transform in detail.

Andrew Burton
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Introduction

A signal is defined as an electronic pulse or wave which is transmitted and received. A few of its
aspects are analog to digital conversion, discrete-time signal, signal processing, time shifting,
time reversal, time scaling, etc. This is an introductory chapter which will briefly introduce all
these aspects related to signals.

Signals

A signal is defined as any physical or virtual quantity that varies with time or space or any other
independent variable or variables.

Graphically, the independent variable is represented by horizontal axis or x-axis. And the depen-
dent variable is represented by vertical axis or y-axis.

Y - AXIS

X - AXIS \/

Mathematically, a signal is a function of one or more than one independent variables.

Introduction to Signals, Types,
Properties, Operation & Application
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Single Variable Signal

It depends on a single independent variable. It either varies linearly or non-linearly depending on
the expression of the signal. Examples of single variable signal are:

S(x)=x+5
S(x) =x*>+5 Where x is the variable,

S(t) = cos(wt+6) Where t is the variable.

Two Variables Signal

A two-variable signal varies with the change in the two independent variables. Example of a
two-variable signal is:

S(x,y) =2x+5y

Characteristics of Signal

A signal is defined by its characteristics. It shows the nature of the signal. These characteristics are
given below:

Amplitude

Amplitude is the strength or height of the signal waveform. Visually, it is the height of the wave-
form from its centerline or x-axis. The y-axis of a signal’s waveform shows the amplitude of a sig-
nal. The amplitude of a signal varies with time.

For example, the amplitude of a sine wave is the maximum height of the waveform on Y-axis.

Y - AXIS
Amplitude

X - AXIS

The signal’s strength is usually measured in decibels db.

Frequency

Frequency is the rate of repetitions of a signal’s waveform in a second.
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Periodic signals repeat its cycle after some time. The number of cycles in a second is known as
Frequency. The unit of Frequency is hertz (Hz) and one hertz is equal to one cycle per second. It is
measured along the x-axis of the waveform.

For example, a sine wave of 5 hertz will complete its 5 cycles in a one second.

Air Pressure over Time

S air Prsssure

in

-15 f=(5 cycles) /(1 second)=5 Hz

Time (in seconds)

Time Period

The time period of a signal is the time in which it completes its one full cycle. The unit of the time
period is Second. The time period is denoted by “T” and it is the inverse of frequency. i.e.

T=1/F

For example, a sine wave of time period 10 sec will complete its one full cycle in 10 seconds.

Time period 10 seconds

One complete cycle

10 Seconds

Phase

The phase of a sinusoidal signal is the shift or offset in its origin or starting point. The phase shift
can be lagging or leading. Usually, the original sinusoidal signals have 0° degree phase and start at
0 amplitude but an offset in phase will shift its starting amplitude to other than o.

An example of 45° phase shift is given below. The signal remains the same but its origin is shifted
to 45°.
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180 360

The phase shift can be from 0° to 360° in degrees or 0 to 27 in radians. 360° degree or 2 radians
is one complete period.

Signal Size

The size of a signal is a number that shows the strength or largeness of that signal. As we know,
a signal’s amplitude varies with respect to time. Because of this variation, we cannot say that its
amplitude can be its size. To measure the signal size, we have to take into account the area covered
by the amplitude of the signal within the time duration.

According to the size of the signal, there are two parameters.

Signal Energy

The energy of the signal is the area of the signal under its curve. But the signal can be in both posi-
tive and negative region. Due to which, it will cancel each other’s effect resulting in a smaller signal.
To eradicate this problem, we take the square of the signal’s amplitude which is always positive.

Finite signal

Energy of signal shaded

For a signal g(t), the area under the g2(t) is known as the Energy of the signal.
%:Lymm

Unit of Energy of Signal

This energy is not taken as in its conventional sense, but it shows the signal size. Therefore, its unit
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is not joule. The unit of energy depends on the signal. If it is a voltage signal then its unit will be
volts2/second.

Limitation

The energy of a signal can be measured only if the signal is finite. The infinite signal will have in-
finite energy, which is absurd. A finite signal’s amplitude goes to 0 as the time (t) approaches to
infinity ().

So it is necessary that the signal is a finite signal if you want to measure its energy.

Signal Power

If the signal is an infinite signal i.e. its amplitude does not go to 0 as time t approaches to o, we
cannot measure its energy. In such a case, we take the time average (Time period) of the energy of
the signal as the power of the signal.

ANATNAAS
YRYAYRYATAY

_;E}OTJ. g (D)t

Unit of Power

Similar to Energy of the signal, this power is also not taken in the conventional sense. It will also
depend on the signal to be measured. If the signal is a voltage signal, then the power will be in
volts2.

Limitation

Just like the energy of the signal, the measurement of the power of a signal also has some limita-
tion that the signal must be of a periodic nature. An infinite and non-periodic signal neither have
energy nor power.

Operation of Signal

Some basic operation of signals are given below.

Time Shifting

Time-shifting means movement of the signal across the time axis (horizontal axis). A time shift
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in a signal does not change the signal itself but only shifts the origin of the signal from its original
point along time-axis.

Basically, addition in time is time shifting. To time-shift a signal g(t), t should be replaced with (t-
T), where T is the seconds of time-shift. Therefore, g(t-T) is the time-shifted signal by T seconds.

Time shift can be right-shift (delay) or left-shift (advance).

If the time-shift T is positive than the signal will shift to the right (delay). For example, the signal
g(t-4) is the shifted version of g(t) with 4 seconds delay.

x(2t)

x(-2t)

x(-2t+5) 1

1

If the time-shift T is negative than the signal will shift to the left (advance). The signal g(t+4) is the
shifted version of g(t) with 4 seconds to the left.

Time Scaling

Time scaling of a signal means to compress or expand the signal. It is achieved by multiplying the
time variable of the signal by a factor. The signal expands or compresses depending on the factor.
Suppose a signal g(t) than its scaled version is g(at).

If the factor a>1 then the signal will compress. And the operation is called signal compression.
Compressing a signal will make the signal fast as it becomes smaller and its time duration become
less.
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If a<1 then the signal will expand. And the operation is called signal dilation.

After scaling, the origin of the signal remains unchanged. Expanding the signal will make the sig-
nal slow as it becomes wider and covers more time duration.

Time Inversion

In time inversion, the signal is flipped about the y-axis (vertical axis). The resultant signal is the
mirror image of the original signal.

Time Inversion

() (1)

(mirrorimage abouty)

Time inversion is a special case of time-scaling in which the factor a=-1. Therefore to invert a sig-
nal, we replace it’s (t) with (-t).

Mathematically, the time-invert of signal g(t) is g(-t).

Analog Signal

Analog is best explained by the transmission of signal such as sound or human speech, over an
electrified copper wire. In its native form, human speech is an oscillatory disturbance in the air.
Which varies in terms of its volume or power (amplitude) and its pitch or tone (frequency)? Analo-
gous variations in electrical or radio waves are created in order to transmit the analog information
signal for video or audio or both over a network from a transmitter to a receiver (TV set, computer
connected with antenna). At the receiving end an approximation (analog) of the original informa-
tion is presented.

Information which is analog in its native form can vary continuously in terms of intensity (volume
or brightness) and frequency (tone or color). Those variations in the native information stream are
translated in an analog electrical network into variations in -the amplitude and frequency of the
carrier signal. In other words, the carrier signal is modulated (varied) in order to create an analog
of the original information stream.

The electromagnetic sinusoidal (waveform) or sine wave can be varied in amplitude at a fixed fre-
quency, using Amplitude Modulation (AM). Alternatively, the frequency of the sine wave can be
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varied at constant amplitude using Frequency Modulation (FM). Additionally, both frequency and
amplitude can be modulated simultaneously.

« Analog signal can have infinite number of values and varies continuously with time.
« Analog signal is usually represented by sine wave.

» Asshownin figure each cycle consists of a single arc above the time axis followed by a single
arc below the time axis.

« Example of analog signal is human voice. When we speak, we use air to transmit an analog
signal. Electrical signal from an audio tape, can also be in analog form.

Value
|_/ = o= % ~ = Time
‘ . 5 o N N/

Y

Sine Wave

Characteristics of Analog Signal
Amplitude
« Amplitude of a signal refers to the height of the signal.
« Itisequal to the vertical distance from a given point on the waveform to the horizontal axis.

« The maximum amplitude of a sine wave is equal to the highest value it reaches on the ver-
tical axis as shown in figure.

« Amplitude is measured in volts, amperes or watts depending on the type of signal. A volt is
used for voltage, ampere for current and watts for power.

Period
« Period refers to the amount of time in which a signal completes one cycle.
« Itis measured in seconds.

« Other units used to measure period are millisecond (10-3 sec.) microsecond (10-° sec),
nanosecond (10-° sec) and picoseconds (10-** sec).

Frequency
« It refers to the number of wave patterns completed in a given period of time.

« To be more precise, frequency refers to number of periods in one second or number of
cycles per second.
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Frequency is measured in Hertz (Hz)

Other units used to express frequency are kilohertz (103 Hz) Megahertz (10° Hz), gigahertz
(10° Hz) and terahertz (10*2 Hz).

Frequency and period are the inverse of each other. Period is the inverse of frequency and
frequency is the inverse of period.

Phase

Phase describes the position of the waveform relative to time zero.

Phase describes the amount by which the waveform shifts forward or backward along the
time axis.

It indicates the status of first cycle.
Phase is measured in degrees or radians.

A phase shift of 3600 indicates a shift of a complete period, a phase shift of 180° indicates
a shift of half period and a phase shift of 90° indicates a shift of a quarter of a period as
shown in fig. below.

Amplitude

p Time

Y4

Zero phase shift

Armpditica

N/
907 phasa shift

A shift of a quarter of a period or ¥4 cycle.

Amplitude

' -
N_/

180* phase shilt
A shift of half period or Y2 cycle.
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270" phase shift

A shift of 34 cycle.

Advantages of Analog Signals
« Best suited for the transmission of audio and video.
« Consumes less bandwidth than digital signals to carry the same information.
« Analog systems are readily in place around the world.

« Analog signal is less susceptible to noise.

Digital Signal

Computers are digital in nature. Computers process, store, and communicate information in
binary form, i.e. in the combination of 1s and 0s which has specific meaning in computer lan-
guage. A binary digit (bit) is an individual 1 or O. Multiple bit streams are used in a computer
network.

Contemporary computer systems communicate in binary mode through variations in electrical
voltage. Digital signaling, in an electrical network, ‘involves a signal which varies in voltage
to represent one of two discrete and well-defined states as depicted in figure such as either a
positive (+) voltage and a null or zero (0) voltage (unipolar) or a positive (+) or a negative (-)
voltage (bipolar).

10 0 0 1 1 0O 10 1000

+5V

Binary represention forming digital signal

Although analog voice and video can be converted into digital, and digital data can be converted to
analog, each format has its own advantages.

« It can have only a limited number of defined values such as 1 and O.
» The transition of a digital signal from one value to other value is instantaneous.

« Digital signals are represented by square wave.
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In digital signals 1 is represented by having a positive voltage and o is represented by hav-
ing no voltage or zero voltage as shown in figure.

All the signals generated by computers and other digital devices are digital in nature.

Characteristics of Digital Signals

Bit Interval

It is the time required to send one single bit.

Bit Rate

It refers to the number of bit intervals in one second.
Therefore bit rate is the number of bits sent in one second.

Bit rate is expressed in bits per second (bps).

Other units used to express bit rate are Kbps, Mbps and Gbps.
o 1 kilobit per second (Kbps) = 1,000 bits per second.

o 1 Megabit per second (Mbps) = 1,000,000 bits per second.

o 1 Gigabit per second (Gbps) = 1,000,000,000 bits per second.

Advantages of Digital Signals

Digital Data: Digital transmission certainly has the advantage where binary computer data
is being transmitted. The equipment required to convert digital data to analog format and
transmitting the digital bit streams over an analog network can be expensive, susceptible
to failure, and can create errors in the information.

Compression: Digital data can be compressed relatively easily, thereby increasing the
efficiency of transmission. As a result, substantial volumes of voice, data, video and image
information can be transmitted using relatively little raw bandwidth.

Security: Digital systems offer better security. While analog systems offer some measure
of security through the scrambling of several frequencies. Scrambling is fairly simple to
defeat. Digital information, on the other hand, can be encrypted to create the appearance
of a single, pseudorandom bit stream. Thereby, the true meaning of individual bits, sets
of bits, or the total bit stream cannot be determined without having the key to unlock the
encryption algorithm employed.

Quality: Digital transmission offers improved error performance (quality) as compared
to analog. This is due to the devices that boost the signal at periodic intervals in the
transmission system in order to overcome the effects of attenuation. Additionally, dig-
ital networks deal more effectively with noise, which always is present in transmission
networks.
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» Cost: The cost of the computer components required in digital conversion and transmis-
sion has dropped considerably, while the ruggedness and reliability of those components
has increased over the years.

« Upgradeability: Since digital networks are comprised of computer (digital) compo-
nents, they are relatively easy to upgrade. Such upgrading can increase bandwidth,
reduces the incidence of error and enhance functional value. Some upgrading can be
effected remotely over a network, eliminating the need to dispatch expensive techni-
cians for that purpose.

« Management: Generally speaking, digital networks can be managed much more easily and
effectively due to the fact that such networks consist of computerized components. Such
components can sense their own level of performance, isolate and diagnose failures, initi-
ate alarms, respond to queries, and respond to commands to correct any failure. Further,
the cost of these components continues to drop.

Analog to Digital Conversion

The following techniques can be used for Analog to Digital Conversion:

Pulse Code Modulation

The most common technique to change an analog signal to digital data is called pulse code modu-
lation (PCM). A PCM encoder has the following three processes:

« Sampling.
e Quantization.

« Encoding.

Low Pass Filter

The low pass filter eliminates the high frequency components present in the input analog signal to
ensure that the input signal to sampler is free from the unwanted frequency components.This is
done to avoid aliasing of the message signal.

Sampling: The first step in PCM is sampling. Sampling is a process of measuring the amplitude of a
continuous-time signal at discrete instants, converting the continuous signal into a discrete signal.
There are three sampling methods:

» Ideal Sampling: In ideal Sampling also known as Instantaneous sampling pulses from the an-
alog signal are sampled. This is an ideal sampling method and cannot be easily implemented.

« Natural Sampling: Natural Sampling is a practical method of sampling in which pulse have
finite width equal to T.The result is a sequence of samples that retain the shape of the an-
alog signal.
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4 Amplitude

NP

 Flat top sampling: In comparison to natural sampling flat top sampling can be easily ob-
tained. In this sampling technique, the top of the samples remains constant by using a
circuit. This is the most common sampling method used.

Amplitude

I

Nyquist Theorem

One important consideration is the sampling rate or frequency. According to the Nyquist theorem,
the sampling rate must be at least 2 times the highest frequency contained in the signal. It is also
known as the minimum sampling rate and given by:

Fs =2*fth

Quantization

The result of sampling is a series of pulses with amplitude values between the maximum and
minimum amplitudes of the signal. The set of amplitudes can be infinite with non-integral values
between two limits.

The following are the steps in Quantization:

« We assume that the signal has amplitudes between Vmax and Vmin.
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« Wedivide it into L zones each of height d where:
d= (Vmax- Vmin)/ L

4
; - 16.2 19.7
38
& 11.0
2 O

7.5
5 a

4 1]

;s | 1

5.5 6.0
, 9.4

-

-3

4

Normalised PAM value : 1.50 324 394 2.20 -1.10 2.26 -1.88 -1.20
Quantized Value : 1,50 350 350 250 -1.50 -250 -1.50 -1.50
Normalized Error : 0 0.26 -0.44 0.30 -0.40 -0.24 0.38 -0.30
Quantization Code : 5 7 7 6 2 1 2 2

Encoded Words : 11 i 110 010 01 010 010

« The value at the top of each sample in the graph shows the actual amplitude.

+ The normalized pulse amplitude modulation(PAM) value is calculated using the formula
amplitude/d.

« After this we calculate the quantized value which the process selects from the middle of
each zone.

« The Quantized error is given by the difference between quantised value and normalised
PAM value.

« The Quantization code for each sample based on quantization levels at the left of the graph.

Encoding

The digitization of the analog signal is done by the encoder. After each sample is quantized and the
number of bits per sample is decided, each sample can be changed to an n bit code. Encoding also
minimizes the bandwidth used.

Delta Modulation

Since PCM is a very complex technique, other techniques have been developed to reduce the com-
plexity of PCM. The simplest is delta Modulation. Delta Modulation finds the change from the
previous value.

Modulator — The modulator is used at the sender site to create a stream of bits from an analog
signal. The process records a small positive change called delta. If the delta is positive, the process
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records a 1 else the process records a 0. The modulator builds a second signal that resembles a
staircase. The input signal is then compared with this gradually made staircase signal.

-ﬁl COMPARATOR

=~

Analog

Signal DELAY UNIT |H SE;EERASE

We have the following rules for output:

« Ifthe input analog signal is higher than the last value of the staircase signal, increase delta
by 1, and the bit in the digital data is 1.

« If the input analog signal is lower than the last value of the staircase signal, decrease delta
by 1, and the bit in the digital data is o.

Amplitude

r Y

Time

Adaptive Delta Modulation

The performance of a delta modulator can be improved significantly by making the step size of the
modulator assume a time-varying form. A larger step-size is needed where the message has a steep
slope of modulating signal and a smaller step-size is needed where the message has a small slope.
The size is adapted according to the level of the input signal. This method is known as adaptive
delta modulation (ADM).
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Amplitude

v

Time

Discrete-time Signal

A discrete-time signal is represented as a sequence of numbers:

x =[n]={x[n]},

—0<n <.

Here 7 is an integer, and x[n]is the n th sample in the sequence.

Discrete-time signals are often obtained by sampling continuous-time signals. In this case the nth

sample of the sequence is equal to the value of the analogue signal x,(¢) at time? =nT :

x[n]=x,(nT), —oco<n<oo.

The sampling period is then equal to 7", and the sampling frequencyis f, =1/T.

-7 1 /Xa(lT)

N
N
AN

r

-~

/X
x[1] N4

For this reason, although x[#n] is strictly the nth number in the sequence, we often refer to it as the
n th sample. We also often refer to “the sequence x[n]” when we mean the entire sequence.
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Discrete-time signals are often depicted graphically as follow:

The value x[n]is undefined for noninteger values of rz .

Sequences can be manipulated in several ways. The sum and product of two sequences x[n]and
y[n]are defined as the sample-by-sample sum and product respectively. Multiplication of x[n] by
a is defined as the multiplication of each sample value by a .

A sequence y[n]is a delayed or shifted version of x[#] if:
yln]=x[n—n],
with ) an integer.

The unit sample sequence:

is defined as:

0 n=0
o[n]=
1 n=0.

This sequence is often referred to as a discrete-time impulse, or just impulse. It plays the same role
for discrete-time signals as the Dirac delta function does for continuous-time signals. However,
there are no mathematical complications in its definition.

An important aspect of the impulse sequence is that an arbitrary sequence can be represented as a
sum of scaled, delayed impulses. For example, the sequence.
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can be represented as:

x[n]=a_0[n+4]+a ,0[n+3]+a ,0[n+2]+a O[n+1]+a,0[n]
+a,0[n—1]+a,0[n—-2]+a,0[n—3]+a,0[n—4].

In general, any sequence can be expressed as:

o0

xn]= "> x[ko[n—k].

k=—0

The unit step sequence:

n

LT

Is defined as:

1 n=20
uln]=
0 n<O.

The unit step is related to the impulse by:

uln]= Zn: olk].

k=—0

Alternatively, this can be expressed as:

uln]=0o[n]+o[n—1]+0[n—-2]+---= Zn: oln—k]

k=—w0

Conversely, the unit sample sequence can be expressed as the first backward difference of the unit
step sequence:

oln]=u[n]—u[n—-1].
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Exponential sequences are important for analysing and representing discrete-time systems. The
general form is:

x[n]=Aa".

If A and « are real numbers then the sequence is real. If 0 < o < 1 and A is positive, then the se-
quence values are positive and decrease with increasing n:

n

H)HH

For -1 < a < 0 the sequence alternates in sign, but decreases in magnitude. For |a| > 1 the se-
quence grows in magnitude as n increase:

has the form:

x[n]= Acos(w,n+¢)  foralln,

with A and ¢ real constants. The exponential sequence A" with complex o = |a| e’ and 4= |A| e’
can be expressed as:

" n L i(ogn+g)

xn]=Ada" =|4|e” | e

e’ =|dl|a

=|4||a|" cos(an+p)+ j| 4| sin(wyn+ @),

so the real and imaginary parts are exponentially weighted sinusoids. When |a| = 1the sequence is
called the complex exponential sequence:

x[n]=|d|e’ " =|4|cos (w,n+ )+ j|A|sin (wyn + @).
The frequency of this complex sinusoid is @, , and is measured in radians per sample. The phase of

the signal is @ .

The index n is always an integer. This leads to some important differences between the properties
of discrete-time and continuous-time complex exponentials:

Consider the complex exponential with frequency (o, +27) .

x[n]:Aej(a)0+27z'):Aeja)onejZHn:Aejwon.
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Thus the sequence for the complex exponential with frequency @, is exactly the same as that for
the complex exponential with frequency (@, +27) . More generally, complex exponential sequenc-
es with frequencies (@, + 277) , where r is an integer, are indistinguishable from one another. Sim-
ilarly, for sinusoidal sequences:

x[n]= Acos[(w, +27nr)n+¢]= Acos(w,n+@).

In the continuous-time case, sinusoidal and complex exponential sequences are always periodic.
Discrete-time sequences are periodic (with period N) if:

x[n]=x[n+N] for alln.

Thus the discrete-time sinusoid is only periodic if:

Acos(wyn+¢)= Acos(wn+ w,N + @),

which requires that:
o,N =2rk forkaninteger.

Jaon

The same condition is required for the complex exponential sequence Ce’™" to be periodic.

The two factors just described can be combined to reach the conclusion that there are only N dis-
tinguishable frequencies for which the corresponding sequences are periodic with period N. One
such set is:

o, =2, k=0,1,.,N-1.

Additionally, for discrete-time sequences the interpretation of high and low frequencies has to be
modified: the discrete-time sinusoidal sequence x[n]= A4cos(w,n+ @) oscillates more rapidly as
w, increases from 0 to 7z, but the oscillations become slower as it increases further from 7 to 2z .
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The sequence corresponding to @, = 01is indistinguishable from that with &, = 27 . In general, any
frequencies in the vicinity of @, = 27k for integer k are typically referred to as low frequencies, and
those in the vicinity @, = (7 + 27k) are high frequencies.

Elementary Signals

The elementary signals are used for analysis of systems. Such signals are,

Step,
Impulse,
Ramp,
Exponential,

Sinusoidal.

Unit Step Signal

Unit Step Sequence: The unit step signal has amplitude of 1 for positive value and ampli-
tude of o for negative value of independent variable.

It have two different parameter such as CT unit step signal u(t) and DT unit step signal
u(n).

The mathematical representation of CT unit step signal u(t).

Ramp Signal

The amplitude of every sample is linearly increased with the positive value of independent
variable.

Mathematical representation of CT unit ramp signal is given by:

r(t) = t-u(t)

r(r)

0 {
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Unit Impulse Function

Amplitude of unit impulse approaches 1 as the width approaches zero and it has zero value at all

other values.

The mathematical representation of unit impulse signal for CT is given by:

0(0)=o0
5(0)=0,t#0
! 1, >0
j S(t)dt =
o 0, t<0
S10)
0 i

It is used to determine the impulse response of system.

Sinusoidal Signal

A continuous time sinusoidal signal is given by:

x(t)=Acos (Qt+a)

Where, A —amplitute « —phaseanglein radians

Exponential Signal

« Itis exponentially growing or decaying signal.

« Mathematical representation for CT exponential signal is:

x(t)=Ce", whereC,aell
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Basic Operations on Signals

A signal, comprises of a set of information expressed as a function of any number of independent vari-
ables, that can be given as an input to a system, or derived as output from the system, to realize its true
practical utility. The signal we derive out of a complex system might not always be in the form we want,
being well acquainted with some basic signal operations may come really handy to enhance the
understandability and applicability of signals.

The mathematical transformation from one signal to another can be expressed as:
Y()=TX (1)
Where, Y(¢)represents the modified signal derived from the original signal X (¢), having only one
independent variable t.
Time Shifting

Time shifting is, the shifting of a signal in time. This is done by adding or subtracting a quantity
of the shift to the time variable in the function. Subtracting a fixed positive quantity from the time
variable will shift the signal to the right (delay) by the subtracted quantity, while adding a fixed
positive amount to the time variable will shift the signal to the left (advance) by the added quantity.

f(t) fr-T)
¥ N

. N\

M

f(t-T) moves (delays) f to the right by T.

3

Time Reversal

Whenever signal’s time is multiplied by -1, it is known as time reversal of the signal. In this case,
the signal produces its mirror image about Y-axis. Mathematically, this can be written as:

x(t) = y(t) = x(~1)

This can be best understood by the following example.

In the above example, we can clearly see that the signal has been reversed about its Y-axis. So, it is
one kind of time scaling also, but here the scaling quantity is —1 always.

For any complex signal x(n),n € (—0,©), we have:

Flip(x) <> Flip(X)
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where Flip, (x)=x(-n).

x(t) v(t)

0 1 -1 L]
Time Reversal

Proof:

DTFT, (Flip(x)) 2 i x(—n)e /" = _Zw: x(m)e ' " X (~w)

n=-o m=oo

2 Flip, (X)

Arguably, Flip(x) should include complex conjugation. Let:

Flip' (x) £ FLIP, (x) = x(~n)

denote such a definition. Then in this case we have:
Flip'(x) & X

Proof:

o0 —00

DTFT, (Flip (x)) = > x(-n)e ™" = > x(m)e”’™" = X(w)

n=—00 m=o0

In the typical special case of real signals (x() € R), we have Flip(x) = Flip (x) so that:
Flip(x) < X.

Amplitude Scaling

Amplitude scaling means changing an amplitude of given continuous time signal. We will
denote continuous time signal by x(¢) . If it is multiplied by some constant ‘B’ then resulting
signal is:

y(t)= B x(t)

Example: Sketch y(t)=>5u(t)
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Solution: we know that u(t) is unit step function. So if we multiply it with 5, its amplitude will
become 5 and it shown as follows:

0
Amplitude scaling.

Time Scaling

Time scaling compresses or dilates a signal by multiplying the time variable by some quantity. If
that quantity is greater than one, the signal becomes narrower and the operation is called com-
pression, while if the quantity is less than one, the signal becomes wider and is called dilation.

fit) flat) flat)
| g | . |
ax1 a<l
compression dilation
f(at) compresses f bya.

Example:

Given f'(t)we would like to plot f'(at —b) . The figure below describes a method to accomplish this.

Tat-n)
N
f(t) fav
/
| SV W
| bx'a
i ) ) b
(a) Begin with (1) (b) Thif;;ft'}ctii}w'th at (c) Finally, replice twitht — - to get
f(a(t - -)) — flat —b)

Basic Operations in Signal Processing

Addition and Subtraction of Signals

The first and foremost operation which we will consider will be addition. The addition of signals
is very similar to traditional mathematics. That is, if x,(¢#) and x, (¢) are the two continuous time
signals, then the addition of these two signals is expressed as x, (¢) +x, () .

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

The resultant signal can be represented as y(¢) from which we can write:
y(1) =x,(1) +x,(1)

Similarly for discrete time signals, x,(¢) and x, (¢) , we can write:
yin] =x[n] +x,[n]

Figure shows an example of addition operation performed over the continuous time signals x, (¢)
and x, () .

Addition operation performed on two continuous time signals.

By following the green-coloured dotted line in figure, you can note the value of y(¢)at. f=-1.5to
be 0 which is nothing but the summation of x,(¢) at t=—1.5 which is 1 and that of x,(¢) at # =-1.5
which is -1. Similarly, by moving along the purple-coloured dotted line, the value of y(—O.S) is
seen to be 0 which is equal to x, (=0.5) +x, (—0.5) =—1+1.

Hence it can be concluded that all the values of the resultant signal y(¢) can be obtained by adding
the corresponding values of the signals x,(¢) and x, (¢) . Although we have depicted the example of
continuous time signals, the conclusion stated holds good even for discrete time signals.

Practical Scenario

A practical aspect in which signal addition plays its role is in the case of transmission of a signal
through a communication channel. This is because, here, we see that the undesired noise gets add-
ed up with the desired signal.
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Another example which can be quoted is of dithering where the noise is added to the signal inten-
tionally. This is because, when done so, one can effectively reduce undesired artifacts created as an
aftermath of quantization errors.

Subtraction

Similar to the case of addition, subtraction deals with the subtraction of two or more signals in
order to obtain a new signal. Mathematically it can be represented as:

y(t) =x,(¢t)—x,(t),for continuous time signals, x, (¢) and x, (¢)

and

y[n]=x,[n]—x,[n] ,for discrete time signals,x,[n] and x,[n]

Subtraction operation performed over two discrete time signals x,[n] and x,[#n].

HH[ -

(B)

- HHM[,

Subtraction operation performed on two discrete time signals.

Even in the case of subtraction operation, all the values of the resultant signal y[n] can be obtained
by subtracting the corresponding values of the signals x1[n] and x2[n].

This is evident from the figure as the discontinuous green-colored dotted line shows y[—l] =3
which is equal to x, [-1]-x,[-1] =2—(~1). Another example of a similar kind is shown by the
discontinuous purple-colored dotted line, wherein y[1.5] =x, [1.5]-x,[1.5] = 0.4-1.5=-1.1.

It can be stated that the conclusion we arrive at in the case of subtraction operation is very similar
to that of the addition operation and applies to both continuous and discrete time signals.
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Practical Scenario

One practical aspect which connects with that of subtracting the signals is that of a Moving Target
Indicator (MTI) used in radar communications. Here the most recent signal is subtracted from its
previous version so as to obtain the signal which indicates just the moving targets by eliminating
the stationary ones. This is very much necessary so as to facilitate PPI (Plan Position Indicator)
display of radar systems.

Yet another example which extensively makes use of signal subtraction is the design of closed-loop
control systems. Such systems employ negative feedback in order to accurately control an output
variable, and this negative-feedback structure relies upon subtraction (the feedback signal is sub-
tracted from the setpoint signal).

Multiplication, Differentiation and Integration of Signals

The next basic signal operation performed over the dependent variable is multiplication. In this case, as
you might have already guessed, two or more signals will be multiplied so as to obtain the new signal.

Mathematically, this can be given as:

y(t) =x,(¢t) xx,(t) , for continuous — time signals x, (¢) and x,(t)

and

y[n]=x,[n]xx,[n],for discrete — time signals x,[#] and x,[n]

The resultant discrete-time signal y[n]obtained by multiplying the two discrete-time signals x,[7]
and x,[n] shown in figures (a) and 1(b), respectively.

gl

ORLS o 2 o

o |

Multiplication operation performed over two discrete-time signals.
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Here the value of y[n]at n=-0.8is seen to be 0.17, which is found to be equal to the product of
the values of x,[n]and x,[n]at n=-0.8, which are 0.75 and 0.23, respectively. In other words, by
tracing along the green dotted-dashed line, one gets 0.75 x 0.23 = 0.17.

Similarly, if we move along the purple dotted-dashed line (atn=0.2) to collect the values of
x,[n],x,[n], and y[n], we find that they are -0.94, 0.94, and -0.88, respectively. Here also we find
that -0.94 x 0.94 = -0.88, which in turn implies x, [0.2]xx,[0.2] = »[0.2].

Thus, we can conclude that the multiplication operation results in the generation of a signal whose
values can be obtained by multiplying the corresponding values of the original signals. This is true
irrespective of whether we are dealing with a continuous-time or discrete-time signal.

Practical Scenario

Multiplication of signals is exploited in the field of analog communication when performing am-
plitude modulation (AM). In AM, the message signal is multiplied with the carrier signal so as to
obtain a modulated signal.

Another example in which signal multiplication plays an important role is frequency shifting in RF
(radio frequency) systems. Frequency shifting is a fundamental aspect of RF communication, and
it is accomplished using a mixer, which is similar to an analog multiplier.

Differentiation

The next signal operation which is important in signal processing is differentiation. A signal is dif-
ferentiated to determine the rate at which it changes. That is, if x(t) is the continuous-time signal,

then its differentiation yields the output signal y(¢), given by y(t) = %{x(t)}

Figure shows an example of a signal along with its differentiation. The figure shows the first deriv-
ative of a parabola—in figure (a)—spanning from t = 0 to 2 to be a ramp—in figure (b)—which has
its values ranging from o to 4. The first derivative of the ramp in figure (a) spanning from #=2to
6 is shown to be a constant amplitude of 1 in figure (b).

0 1 1 1 1
0 [ 2 3 ] 5 5
t

An original signal and its differentiation.
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Next, you should note that the differentiation operation is not restricted to continuous-time sig-
nals; it is also applicable to discrete-time signals.

Also, keep in mind that a signal can be differentiated more than once. For example, differentiating
an original signal leads to a “first derivative” and differentiating this first derivative produces the
“second derivative”.

Practical Scenario

Differentiation of a signal takes the form of the gradient operator in the field of image or video
processing. In the case of image processing, the gradient technique is a popular method which is
used to detect the edges in the given image. With video processing, this operator is used for motion
detection. This kind of processing is important in the field of robotics.

In addition, many control and tracking applications, such as in aeronautical systems, make use of
real-time differentiators. This is because these applications require highly accurate data pertaining
to velocity and acceleration. By using differentiators, this data can be obtained directly from posi-
tion sensors, reducing the need for other sensors.

Integration

Integration is the counterpart of differentiation. If we integrate a signal x(¢), the result y(¢)is
represented as J. x(¢) . Graphically, the act of integration computes the area under the curve of the
original signal.

In figure, a composite signal composed of a ramp extending from #=0to 2 and a constant value
ranging from #=2 to 5 is being integrated. The output obtained is shown in figure (b); the integra-
tion of the ramp has resulted in a parabola (extending from #=0to 2), and the integration of the
constant value has created a ramp (ranging from =2 to 5).

As with differentiation, we can integrate a signal multiple times.

" w .
T T T 1 T
T O T T

| | 1 | 1 1
05 1 5 2 28 3 a5 4

The integration operation.
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Practical Scenario

Integration is fundamental in signal-processing operations such as the Fourier transform, correla-
tion, and convolution. These are, in turn, used to analyze different properties of a signal.

Other applications that employ integration are those in which small input currents are converted,
via integration, into larger output voltages. Charge amplifiers are used with piezoelectric sensors,
photodiodes, and CCD imagers. Also, charge amplifiers can be used to convert an accelerometer
output into velocity and displacement signals, because integrating acceleration yields velocity, and
integrating velocity yields displacement.
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Signal Processing and
Quantization

Quantization refers to the process of mapping infinite input values from a large set to a finite
set of output values. Digital signal processing, analog signal processing, Nyquist—Shannon
sampling theorem, aliasing, etc. fall under the domain of signal processing. This chapter has
been carefully written to provide an easy understanding of signal processing and quantization.

Signal Processing

The processing of signals by means of hardwired or programmable devices, the signals being re-
garded as continuous or discrete and being approximated by analog or digital devices accordingly.
Filtering and image processing are examples of signal processing.

Digital Signal Processing

Digital signal processing (DSP) is the use of digital processing, such as by computers or more spe-
cialized digital signal processors, to perform a wide variety of signal processing operations. The
signals processed in this manner are a sequence of numbers that represent samples of a continu-
ous variable in a domain such as time, space, or frequency.

Digital signal processing and analog signal processing are subfields of signal processing. DSP ap-
plications include audio and speech processing, sonar, radar and other sensor array processing,
spectral density estimation, statistical signal processing, digital image processing, signal pro-
cessing for telecommunications, control systems, biomedical engineering, seismology, among
others.

DSP can involve linear or nonlinear operations. Nonlinear signal processing is closely related to
nonlinear system identification and can be implemented in the time, frequency, and spatio-tem-
poral domains.

The application of digital computation to signal processing allows for many advantages over analog

WORLD TECHNOLOGIES




Signal Processing and Quantization

processing in many applications, such as error detection and correction in transmission as well as
data compression. DSP is applicable to both streaming data and static (stored) data.

Domains

In DSP, engineers usually study digital signals in one of the following domains: time domain
(one-dimensional signals), spatial domain (multidimensional signals), frequency domain, and
wavelet domains. They choose the domain in which to process a signal by making an informed
assumption (or by trying different possibilities) as to which domain best represents the essential
characteristics of the signal and the processing to be applied to it. A sequence of samples from a
measuring device produces a temporal or spatial domain representation, whereas a discrete Fou-
rier transform produces the frequency domain representation.

Time and Space Domains

The most common processing approach in the time or space domain is enhancement of the input
signal through a method called filtering. Digital filtering generally consists of some linear trans-
formation of a number of surrounding samples around the current sample of the input or output
signal. There are various ways to characterize filters; for example:

« Alinear filter is a linear transformation of input samples; other filters are nonlinear. Linear
filters satisfy the superposition principle, i.e. if an input is a weighted linear combination of
different signals, the output is a similarly weighted linear combination of the correspond-
ing output signals.

» A causal filter uses only previous samples of the input or output signals; while a non-causal
filter uses future input samples. A non-causal filter can usually be changed into a causal
filter by adding a delay to it.

« A time-invariant filter has constant properties over time; other filters such as adaptive fil-
ters change in time.

« A stable filter produces an output that converges to a constant value with time, or remains
bounded within a finite interval. An unstable filter can produce an output that grows with-
out bounds, with bounded or even zero input.

« A finite impulse response (FIR) filter uses only the input signals, while an infinite impulse
response (IIR) filter uses both the input signal and previous samples of the output signal.
FIR filters are always stable, while IIR filters may be unstable.

A filter can be represented by a block diagram, which can then be used to derive a sample process-
ing algorithm to implement the filter with hardware instructions. A filter may also be described
as a difference equation, a collection of zeros and poles or an impulse response or step response.

The output of a linear digital filter to any given input may be calculated by convolving the input
signal with the impulse response.

Frequency Domain

Signals are converted from time or space domain to the frequency domain usually through use of
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the Fourier transform. The Fourier transform converts the time or space information to a magni-
tude and phase component of each frequency. With some applications, how the phase varies with
frequency can be a significant consideration. Where phase is unimportant, often the Fourier trans-
form is converted to the power spectrum, which is the magnitude of each frequency component
squared.

The most common purpose for analysis of signals in the frequency domain is analysis of signal
properties. The engineer can study the spectrum to determine which frequencies are present in the
input signal and which are missing. Frequency domain analysis is also called spectrum- or spectral
analysis.

Filtering, particularly in non-realtime work can also be achieved in the frequency domain, apply-
ing the filter and then converting back to the time domain. This can be an efficient implementation
and can give essentially any filter response including excellent approximations to brickwall filters.

There are some commonly-used frequency domain transformations. For example, the cepstrum
converts a signal to the frequency domain through Fourier transform, takes the logarithm, then
applies another Fourier transform. This emphasizes the harmonic structure of the original spec-
trum.

Z-plane Analysis

Digital filters come in both IIR and FIR types. Whereas FIR filters are always stable, IIR filters
have feedback loops that may become unstable and oscillate. The Z-transform provides a tool for
analyzing stability issues of digital IIR filters. It is analogous to the Laplace transform, which is
used to design and analyze analog IIR filters.

Wavelet

An example of the 2D discrete wavelet transform that is used in JPEG2000. The original image is
high-pass filtered, yielding the three large images, each describing local changes in brightness (de-
tails) in the original image. It is then low-pass filtered and downscaled, yielding an approximation
image; this image is high-pass filtered to produce the three smaller detail images, and low-pass
filtered to produce the final approximation image in the upper-left.
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In numerical analysis and functional analysis, a discrete wavelet transform (DWT) is any wavelet
transform for which the wavelets are discretely sampled. As with other wavelet transforms, a key
advantage it has over Fourier transforms is temporal resolution: it captures both frequency and
location information.The accuracy of the joint time-frequency resolution is limited by the uncer-
tainty principle of time-frequency.

Applications

Applications of DSP include audio signal processing, audio compression, digital image processing,
video compression, speech processing, speech recognition, digital communications, digital syn-
thesizers, radar, sonar, financial signal processing, seismology and biomedicine. Specific examples
include speech coding and transmission in digital mobile phones, room correction of sound in hi-
fi and sound reinforcement applications, weather forecasting, economic forecasting, seismic data
processing, analysis and control of industrial processes, medical imaging such as CAT scans and
MRI, MP3 compression, computer graphics, image manipulation, audio crossovers and equaliza-
tion, and audio effects units.

Implementation

DSP algorithms may be run on general-purpose computers and digital signal processors. DSP
algorithms are also implemented on purpose-built hardware such as application-specific in-
tegrated circuit (ASICs). Additional technologies for digital signal processing include more
powerful general purpose microprocessors, field-programmable gate arrays (FPGAs), digital
signal controllers (mostly for industrial applications such as motor control), and stream pro-
Cessors.

For systems that do not have a real-time computing requirement and the signal data (either input
or output) exists in data files, processing may be done economically with a general-purpose com-
puter. This is essentially no different from any other data processing, except DSP mathematical
techniques (such as the FFT) are used, and the sampled data is usually assumed to be uniformly
sampled in time or space. An example of such an application is processing digital photographs
with software such as photoshop.

When the application requirement is real-time, DSP is often implemented using specialized or
dedicated processors or microprocessors, sometimes using multiple processors or multiple pro-
cessing cores. These may process data using fixed-point arithmetic or floating point. For more de-
manding applications FPGAs may be used. For the most demanding applications or high-volume
products, ASICs might be designed specifically for the application.

Downsampling

In digital signal processing, downsampling and decimation are terms associated with the pro-
cess of resampling in a multi-rate digital signal processing system. Both terms are used by var-
ious authors to describe the entire process, which includes lowpass filtering, or just the part of
the process that does not include filtering. When downsampling (decimation) is performed on
a sequence of samples of a signal or other continuous function, it produces an approximation of
the sequence that would have been obtained by sampling the signal at a lower rate (or density,
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as in the case of a photograph). The decimation factor is usually an integer or a rational frac-
tion greater than one. This factor multiplies the sampling interval or, equivalently, divides the
sampling rate. For example, if compact disc audio at 44,100 samples/second is decimated by a
factor of 5/4, the resulting sample rate is 35,280. A system component that performs decimation
is called a decimator.

Downsampling by an Integer Factor

Rate reduction by an integer factor M can be explained as a two-step process, with an equivalent
implementation that is more efficient:

« Reduce high-frequency signal components with a digital lowpass filter.

« Decimate the filtered signal by M; that is, keep only every M™ sample. A notation for this
operation is: x[Mn]=x[n],,, .

Step 2 alone allows high-frequency signal components to be misinterpreted by subsequent users of
the data, which is a form of distortion called aliasing. Step 1, when necessary, suppresses aliasing
to an acceptable level. In this application, the filter is called an anti-aliasing filter,

When the anti-aliasing filter is an IIR design, it relies on feedback from output to input, prior to the
second step. With FIR filtering, it is an easy matter to compute only every M™ output. The calcula-
tion performed by a decimating FIR filter for the n' output sample is a dot product:

Wnl =Y x[nM —k]- hk],

k=0

where the h[+] sequence is the impulse response, and K is its length. x[e] represents the input
sequence being downsampled. In a general purpose processor, after computing y[n], the easiest
way to compute y[n+1] is to advance the starting index in the x[+] array by M, and recompute the
dot product. In the case M=2, h[+] can be designed as a half-band filter, where almost half of the
coefficients are zero and need not be included in the dot products.

Impulse response coefficients taken at intervals of M form a subsequence, and there are M such
subsequences (phases) multiplexed together. The dot product is the sum of the dot products of
each subsequence with the corresponding samples of the x[+] sequence. Furthermore, because of
downsampling by M, the stream of x[ ] samples involved in any one of the M dot products is never
involved in the other dot products. Thus M low-order FIR filters are each filtering one of M multi-
plexed phases of the input stream, and the M outputs are being summed. This viewpoint offers a
different implementation that might be advantageous in a multi-processor architecture. In other
words, the input stream is demultiplexed and sent through a bank of M filters whose outputs are
summed. When implemented that wayi, it is called a polyphase filter.

For completeness, we now mention that a possible, but unlikely, implementation of each
phase is to replace the coefficients of the other phases with zeros in a copy of the h[+] array,
process the original x[+] sequence at the input rate, and decimate the output by a factor of M.
The equivalence of this inefficient method and the implementation is known as the first Noble
identity.
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Spectral effects of decimation compared on 3 popular frequency scale conventions.

The requirements of the anti-aliasing filter can be deduced from any of the three pairs of graphs in
figure. Note that all three pairs are identical, except for the units of the abscissa variables. The up-
per graph of each pair is an example of the periodic frequency distribution of a sampled function,
x(t), with Fourier transform, X(f). The lower graph is the new distribution that results when x(t) is
sampled three times slower, or (equivalently) when the original sample sequence is decimated by
a factor of M=3. In all three cases, the condition that ensures the copies of X(f) do not overlap each

1
other is the same: B < ﬁﬁ’ where T is the interval between samples, 1/T is the sample-rate,
and 1/(27) is the Nyquist frequency. The anti-aliasing filter that can ensure the condition is met

has a cutoff frequency less than " times the Nyquist frequency.

The abscissa of the top pair of graphs represents the discrete-time Fourier transform (DTFT),
which is a Fourier series representation of a periodic summation of X(f):

x[n]

i X(nT) e > =% i x( f—?).
n=-0 k=-o0
DTFT

When T has units of seconds, f has units of hertz. Replacing T with MT in the formulas above
gives the DTFT of the decimated sequence, x[nM]:

o0 1 0

> x(n-MT) e 2D = > X(f-4).

n=—wo k=—o0

The periodic summation has been reduced in amplitude and periodicity by a factor of M, as
depicted in the second graph of figure. Aliasing occurs when adjacent copies of X(f) overlap.
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The purpose of the anti-aliasing filter is to ensure that the reduced periodicity does not create
overlap.

In the middle pair of graphs, the frequency variable, f hasbeen replaced by normalized frequency,
which creates a periodicity of 1 and a Nyquist frequency of %/2. A common practice in filter design
programs is to assume those values and request only the corresponding cutoff frequency in the same

. . . 1 1 05
units. In other words, the cutoff frequency B, =+ -5-,isnormalizedto 7B, =—-—=——. The

M 2T M2 M
units of this quantity are (seconds/sample)x(cycles/second) = cycles/sample.
The bottom pair of graphs represent the Z-transforms of the original sequence and the decimated
sequence, constrained to values of complex-variable, z, of the form z =¢'“. Then the transform of
the x[n] sequence has the form of a Fourier series. By comparison with Eq.1, we deduce:

Y An]z" =) x(nT)e ™™ =— i x(52—1),

1
n=-0m n=-0w T e
X(a)—Zﬂk)
22T

which is depicted by the fifth graph in figure. Similarly, the sixth graph depicts:

o0 0

: 1 &
Z xX[nM]z™" = Z x(nMT) e " Y Z X(zﬁ“A’lT —%)

n=—0o n=-—o k=—
v a)fzﬁk)
2xMT

By a Rational Factor
Let M/L denote the decimation factor, where: M, Le Z; M > L.

« Increase (resample) the sequence by a factor of L. This is called Upsampling, or interpola-
tion.

« Decimate by a factor of M.

Step 1 requires a lowpass filter after increasing (expanding) the data rate, and step 2 requires a
lowpass filter before decimation. Therefore, both operations can be accomplished by a single filter

with the lower of the two cutoff frequencies. For the M > L case, the anti-aliasing filter cutoff, —
cycles per intermediate sample, is the lower frequency. M

By an Irrational Factor

Techniques for decimation (and sample-rate conversion in general) by factor R € R* include poly-
nomial interpolation and the farrow structure.

Combined Methods of Decimation

An important factor in the development of digital antenna arrays for radars and Massive MIMO
is the need to reduce the cost per channel. Combining the decimation process not only with an
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anti-aliasing filter, but also with the digital frequency shifting and I/Q-demodulation as well can
help to bring down this cost.

In the simpler case of decimation of OFDM signals by an integer factor M, the algorithm may be
used:

S

ynl=> AnM +kle > n=01,., N

0

e
Il

b

where T is interval between samples of signal and f is the central carrier frequency of the OFDM
signal.

This algorithm is only one filter of the full discrete Fourier transform and can be useful to decimate
samples in an ADC before digital beamforming in digital antenna arrays.

If more effective anti-aliasing filtering is required then this method may be modified to produce:
M-1

Vnl=> x[nM +klh[k]e ™™ n=0,1,.N

k=0

Upsampling

In digital signal processing, upsampling, expansion, and interpolation are terms associated with the
process of resampling in a multi-rate digital signal processing system. Upsampling can be synony-
mous with expansion, or it can describe an entire process of expansion and filtering (interpolation).
When upsampling is performed on a sequence of samples of a signal or other continuous function,
it produces an approximation of the sequence that would have been obtained by sampling the signal
at a higher rate (or density, as in the case of a photograph). For example, if compact disc audio at
44,100 samples/second is upsampled by a factor of 5/4, the resulting sample-rate is 55,125.

Upsampling by an Integer Factor

Rate increase by an integer factor L can be explained as a 2-step process, with an equivalent imple-
mentation that is more efficient:

« Expansion: Create a sequence, x,[n], comprising the original samples, x[n], separated by
L - 1zeros. A notation for this operation is: x,[n]=x(n),,.

« Interpolation: Smooth out the discontinuities with a lowpass filter, which replaces the ze-
ros.

In this application, the filter is called an interpolation filter, When the interpolation filter is an FIR
type, its efficiency can be improved, because the zeros contribute nothing to its dot product calcu-
lations. It is an easy matter to omit them from both the data stream and the calculations. The cal-
culation performed by an efficient interpolating FIR filter for each output sample is a dot product:

K
yj+nL]=> x[n—kl-h[j+kL], j=0,1,..,L-1,

k=0
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where the h[+] sequence is the impulse response, and K is the largest value of k for which h[j + kL]
is non-zero. In the case L = 2, h[+] can be designed as a half-band filter, where almost half of the
coefficients are zero and need not be included in the dot products. Impulse response coefficients
taken at intervals of L form a subsequence, and there are L such subsequences (called phases)
multiplexed together. Each of L phases of the impulse response is filtering the same sequential
values of the x[+] data stream and producing one of L sequential output values. In some multi-pro-
cessor architectures, these dot products are performed simultaneously, in which case it is called a
polyphase filter.

For completeness, we now mention that a possible, but unlikely, implementation of each phase is
to replace the coefficients of the other phases with zeros in a copy of the h[+] array, and process the
x,[n] sequence at L times faster than the original input rate. Then L-1 of every L outputs are zero.
The desired y[+] sequence is the sum of the phases, where L-1 terms of the each sum are identically
zero. Computing L-1 zeros between the useful outputs of a phase and adding them to a sum is ef-
fectively decimation. It’s the same result as not computing them at all. That equivalence is known
as the second Noble identity.

Rt T K-k DTFT for sample-rate 4§
% % % 4
LX( /) SN DTFT for sample-rate %
¥ ) L=3
*
% r
_____ ooy, digital lowpass fiter  _________ inserted zeros, e memmeans
. ' (periodic) al ' normalized frequency ! .
i 1, 3/ wr
05 /{ 3 1 3
L
Z-transform (z=¢'), for rate }{
cos — : — B e - =
2 4n 6 w=2zlf
lllll - - -y Z-tranSform’ - -
. ' : ' inserted zeros H '
' = e n ' R i ' i
1 1] ¥ L] - - - ' s []
= | jl\ =+ ! o -1 T . _l.
0 2n 4 B, _ =T,
5 A X X =2 pol ¥

Spectral depictions of zero-fill and interpolation by lowpass filtering.

Interpolation Filter Design

Let X(f) be the Fourier transform of any function, x(t), whose samples at some interval, T, equal
the x[n] sequence. Then the discrete-time Fourier transform (DTFT) of the x[n] sequence is the
Fourier series representation of a periodic summation of X(f):

Ll

> x(nT) e =% > X(f-kIT).
n=—0 k=—o0

DTFT
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When T has units of seconds, f has units of hertz. Sampling L times faster (at interval T/L) in-
creases the periodicity by a factor of L:

L L
T ZX(f—k'?),

k=—00

which is also the desired result of interpolation. An example of both these distributions is depicted
in the top two graphs of Fiure.

When the additional samples are inserted zeros, they increase the data rate, but they have no
effect on the frequency distribution until the zeros are replaced by the interpolation filter. Many
filter design programs use frequency units of cycles/sample, which is achieved by normalizing the
frequency axis, based on the new data rate (L/T). The result is shown in the third graph of figure.
Also shown is the passband of the interpolation filter needed to make the third graph resemble the

0.5 0.5
second one. Its cutoff frequency is 7 In terms of actual frequency, the cutoff is - Hz, which

is the Nyquist frequency of the original x[n] sequence.

The same result can be obtained from Z-transforms, constrained to values of complex-variable, z,
of the form z =¢". Then the transform is the same Fourier series with different frequency nor-
malization. By comparison with Eq.1, we deduce:

o0 o0

- o LSyl @ K
Zx[n]z = Zx[n]e _TZX(ZﬂT T)

n=—oo n=—oo k=—c0

which is depicted by the fourth graph in figure. When the zeros are inserted, the transform be-
comes:

0 0 1 0
-nL __ —ioln __ L k
2. xm =" = D anle ™ = DL X (35— 1),
n=—w n=—o0 T k=g ————————
X(a)—2/rk/L
2xT/L

depicted by the bottom graph. In these normalizations, the effective data-rate is always represent-
ed by the constant 27t (radians/sample) instead of 1. In those units, the interpolation filter band-

0.5
width is 7t/ L, as show on the bottom graph. The corresponding physical frequency is AR =—

Hz, the original Nyquist frequency. r r

Upsampling by a Rational Fraction
Let L/M denote the upsampling factor, where L > M.
« Upsample by a factor of L.

« Downsample by a factor of M.
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« Upsampling requires a lowpass filter after increasing the data rate, and downsampling re-
quires a lowpass filter before decimation. Therefore, both operations can be accomplished
by a single filter with the lower of the two cutoff frequencies. For the L > M case, the inter-

) 0.5 . . .
polation filter cutoff, A cycles per intermediate sample, is the lower frequency.

Analog Signal Processing

Analog signal processing is a type of signal processing conducted on continuous analog signals
by some analog means (as opposed to the discrete digital signal processing where the signal pro-
cessing is carried out by a digital process). “Analog” indicates something that is mathematically
represented as a set of continuous values. This differs from “digital” which uses a series of discrete
quantities to represent signal. Analog values are typically represented as a voltage, electric current,
or electric charge around components in the electronic devices. An error or noise affecting such
physical quantities will result in a corresponding error in the signals represented by such physical
quantities.

Examples of analog signal processing include crossover filters in loudspeakers, “bass”, “treble”
and “volume” controls on stereos, and “tint” controls on TVs. Common analog processing elements
include capacitors, resistors and inductors (as the passive elements) and transistors or opamps (as
the active elements).

Tools used in Analog Signal Processing

A system’s behavior can be mathematically modeled and is represented in the time domain as
h(t) and in the frequency domain as H(s), where s is a complex number in the form of s=a+ib, or
s=a+jb in electrical engineering terms (electrical engineers use “j” instead of “i” because current is
represented by the variable i). Input signals are usually called x(t) or X(s) and output signals are

usually called y(t) or Y(s).

({3424
1

Convolution

Convolution is the basic concept in signal processing that states an input signal can be combined
with the system’s function to find the output signal. It is the integral of the product of two wave-
forms after one has reversed and shifted; the symbol for convolution is *.

WO =@* )0 = [ x(@)h(t—1)dr
That is the convolution integral and is used to find the convolution of a signal and a system; typi-
callya=-coandb = +c.

Consider two waveforms f and g. By calculating the convolution, we determine how much a re-
versed function g must be shifted along the x-axis to become identical to function f. The convolu-
tion function essentially reverses and slides function g along the axis, and calculates the integral
of their (f and the reversed and shifted g) product for each possible amount of sliding. When the
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functions match, the value of (f*g) is maximized. This occurs because when positive areas (peaks)
or negative areas (troughs) are multiplied, they contribute to the integral.

Fourier Transform

The Fourier transform is a function that transforms a signal or system in the time domain into
the frequency domain, but it only works for certain functions. The constraint on which systems or
signals can be transformed by the Fourier Transform is that:

[ 1x(0) |t < o0

This is the Fourier transform integral:
X(jo)= j” x(t)e ' dt

Usually the Fourier transform integral isn’t used to determine the transform; instead, a table of
transform pairs is used to find the Fourier transform of a signal or system. The inverse Fourier
transform is used to go from frequency domain to time domain:

x(t) = i [* X(e)do

Each signal or system that can be transformed has a unique Fourier transform. There is only one
time signal for any frequency signal, and vice versa.

Laplace Transform

The Laplace transform is a generalized Fourier transform. It allows a transform of any system or
signal because it is a transform into the complex plane instead of just the jw line like the Fourier
transform. The major difference is that the Laplace transform has a region of convergence for
which the transform is valid. This implies that a signal in frequency may have more than one signal
in time; the correct time signal for the transform is determined by the region of convergence. If the
region of convergence includes the jo axis, jw can be substituted into the Laplace transform for s
and it’s the same as the Fourier transform. The Laplace transform is:

X(s)= J:j x(t)e ™ dt

and the inverse Laplace transform, if all the singularities of X(s) are in the left half of the complex
plane, is:

x(t) = i j“; X (s)e" ds

Bode Plots

Bode plots are plots of magnitude vs. frequency and phase vs. frequency for a system. The
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magnitude axis is in [Decibel] (dB). The phase axis is in either degrees or radians. The frequency
axes are in a [logarithmic scale]. These are useful because for sinusoidal inputs, the output is the
input multiplied by the value of the magnitude plot at the frequency and shifted by the value of the
phase plot at the frequency.

Domains
Time Domain

This is the domain that most people are familiar with. A plot in the time domain shows the ampli-
tude of the signal with respect to time.

Frequency Domain

A plot in the frequency domain shows either the phase shift or magnitude of a signal at each fre-
quency that it exists at. These can be found by taking the Fourier transform of a time signal and are
plotted similarly to a bode plot.

Signals

While any signal can be used in analog signal processing, there are many types of signals that are
used very frequently.

Sinusoids

Sinusoids are the building block of analog signal processing. All real world signals can be repre-
sented as an infinite sum of sinusoidal functions via a Fourier series. A sinusoidal function can be
represented in terms of an exponential by the application of Euler’s Formula.

Impulse

An impulse (Dirac delta function) is defined as a signal that has an infinite magnitude and an
infinitesimally narrow width with an area under it of one, centered at zero. An impulse can be rep-
resented as an infinite sum of sinusoids that includes all possible frequencies. It is not, in reality,
possible to generate such a signal, but it can be sufficiently approximated with a large amplitude,
narrow pulse, to produce the theoretical impulse response in a network to a high degree of accu-
racy. The symbol for an impulse is 6(t). If an impulse is used as an input to a system, the output
is known as the impulse response. The impulse response defines the system because all possible
frequencies are represented in the input

Step

A unit step function, also called the Heaviside step function, is a signal that has a magnitude of zero
before zero and a magnitude of one after zero. The symbol for a unit step is u(t). If a step is used as
the input to a system, the output is called the step response. The step response shows how a system
responds to a sudden input, similar to turning on a switch. The period before the output stabilizes
is called the transient part of a signal. The step response can be multiplied with other signals to
show how the system responds when an input is suddenly turned on.
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The unit step function is related to the Dirac delta function by:

u)=|" S(s)ds

Systems
Linear Time-invariant (LTI)

Linearity means that if you have two inputs and two corresponding outputs, if you take a linear
combination of those two inputs you will get a linear combination of the outputs. An example of
a linear system is a first order low-pass or high-pass filter. Linear systems are made out of analog
devices that demonstrate linear properties. These devices don’t have to be entirely linear, but must
have a region of operation that is linear. An operational amplifier is a non-linear device, but has
a region of operation that is linear, so it can be modeled as linear within that region of operation.
Time-invariance means it doesn’t matter when you start a system, the same output will result.
For example, if you have a system and put an input into it today, you would get the same output
if you started the system tomorrow instead. There aren’t any real systems that are LTI, but many
systems can be modeled as LTI for simplicity in determining what their output will be. All systems
have some dependence on things like temperature, signal level or other factors that cause them
to be non-linear or non-time-invariant, but most are stable enough to model as LTI. Linearity
and time-invariance are important because they are the only types of systems that can be easily
solved using conventional analog signal processing methods. Once a system becomes non-linear
or non-time-invariant, it becomes a non-linear differential equations problem, and there are very
few of those that can actually be solved.

Signal Sampling

9 10 11 12 13

Signal sampling representation. The continuous signal is represented with a green
colored line while the discrete samples are indicated by the blue vertical lines.

In signal processing, sampling is the reduction of a continuous-time signal to a discrete-time sig-
nal. A common example is the conversion of a sound wave (a continuous signal) to a sequence of
samples (a discrete-time signal).
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A sample is a value or set of values at a point in time and/or space.
A sampler is a subsystem or operation that extracts samples from a continuous signal.

A theoretical ideal sampler produces samples equivalent to the instantaneous value of the contin-
uous signal at the desired points.

The original signal is retrievable from a sequence of samples, up to the Nyquist limit, by passing
the sequence of samples through a type of low pass filter called a reconstruction filter.

Theory

Sampling can be done for functions varying in space, time, or any other dimension, and similar
results are obtained in two or more dimensions.

For functions that vary with time, let s(¢) be a continuous function (or “signal”) to be sampled, and
let sampling be performed by measuring the value of the continuous function every T seconds,
which is called the sampling interval or the sampling period. Then the sampled function is given
by the sequence:

s(nT), forinteger values of n.

The sampling frequency or sampling rate, f, is the average number of samples obtained in one
second (samples per second), thus f = 1/T.

Reconstructing a continuous function from samples is done by interpolation algorithms. The Whittak-
er—Shannon interpolation formula is mathematically equivalent to an ideal lowpass filter whose input
is a sequence of Dirac delta functions that are modulated (multiplied) by the sample values. When
the time interval between adjacent samples is a constant (7)), the sequence of delta functions is called
a Dirac comb. Mathematically, the modulated Dirac comb is equivalent to the product of the comb
function with s(#). That purely mathematical abstraction is sometimes referred to as impulse sampling.

Most sampled signals are not simply stored and reconstructed. But the fidelity of a theoretical re-
construction is a customary measure of the effectiveness of sampling. That fidelity is reduced when
s(t) contains frequency components whose periodicity is smaller than two samples; or equivalently
the ratio of cycles to samples exceeds %2 . The quantity %2 cycles/sample x £ samples/sec = f /2
cycles/sec (hertz) is known as the Nyquist frequency of the sampler. Therefore, s(t) is usually the
output of a lowpass filter, functionally known as an anti-aliasing filter. Without an anti-aliasing
filter, frequencies higher than the Nyquist frequency will influence the samples in a way that is
misinterpreted by the interpolation process.

Practical Considerations

In practice, the continuous signal is sampled using an analog-to-digital converter (ADC), a device
with various physical limitations. This results in deviations from the theoretically perfect recon-
struction, collectively referred to as distortion.

Various types of distortion can occur, including;:

» Aliasing: Some amount of aliasing is inevitable because only theoretical, infinitely long,
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functions can have no frequency content above the Nyquist frequency. Aliasing can be
made arbitrarily small by using a sufficiently large order of the anti-aliasing filter.

« Aperture error results from the fact that the sample is obtained as a time average within a
sampling region, rather than just being equal to the signal value at the sampling instant.
In a capacitor-based sample and hold circuit, aperture errors are introduced by multiple
mechanisms. For example, the capacitor cannot instantly track the input signal and the
capacitor can not instantly be isolated from the input signal.

 Jitter or deviation from the precise sample timing intervals.
« Noise, including thermal sensor noise, analog circuit noise, etc.

« Slew rate limit error, caused by the inability of the ADC input value to change sufficiently
rapidly.

« Quantization as a consequence of the finite precision of words that represent the converted
values.

« Error due to other non-linear effects of the mapping of input voltage to converted output
value (in addition to the effects of quantization).

Although the use of oversampling can completely eliminate aperture error and aliasing by shifting
them out of the pass band, this technique cannot be practically used above a few GHz, and may be
prohibitively expensive at much lower frequencies. Furthermore, while oversampling can reduce
quantization error and non-linearity, it cannot eliminate these entirely. Consequently, practical
ADCs at audio frequencies typically do not exhibit aliasing, aperture error, and are not limited
by quantization error. Instead, analog noise dominates. At RF and microwave frequencies where
oversampling is impractical and filters are expensive, aperture error, quantization error and alias-
ing can be significant limitations.

Jitter, noise, and quantization are often analyzed by modeling them as random errors added to the
sample values. Integration and zero-order hold effects can be analyzed as a form of low-pass filter-
ing. The non-linearities of either ADC or DAC are analyzed by replacing the ideal linear function
mapping with a proposed nonlinear function.

Applications
Audio Sampling

Digital audio uses pulse-code modulation and digital signals for sound reproduction. This includes
analog-to-digital conversion (ADC), digital-to-analog conversion (DAC), storage, and transmis-
sion. In effect, the system commonly referred to as digital is in fact a discrete-time, discrete-level
analog of a previous electrical analog. While modern systems can be quite subtle in their methods,
the primary usefulness of a digital system is the ability to store, retrieve and transmit signals with-
out any loss of quality.

Sampling Rate

A commonly seen unit of sampling rate is Hz, which stands for Hertz and means “samples per
second”. As an example, 48 kHz is 48,000 samples per second.
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When it is necessary to capture audio covering the entire 20—20,000 Hz range of human
hearing, such as when recording music or many types of acoustic events, audio waveforms
are typically sampled at 44.1 kHz (CD), 48 kHz, 88.2 kHz, or 96 kHz. The approximately dou-
ble-rate requirement is a consequence of the Nyquist theorem. Sampling rates higher than
about 50 kHz to 60 kHz cannot supply more usable information for human listeners. Early
professional audio equipment manufacturers chose sampling rates in the region of 40 to 50
kHz for this reason.

There has been an industry trend towards sampling rates well beyond the basic requirements:
such as 96 kHz and even 192 kHz Even though ultrasonic frequencies are inaudible to humans,
recording and mixing at higher sampling rates is effective in eliminating the distortion that can
be caused by foldback aliasing. Conversely, ultrasonic sounds may interact with and modulate the
audible part of the frequency spectrum (intermodulation distortion), degrading the fidelity. One
advantage of higher sampling rates is that they can relax the low-pass filter design requirements
for ADCs and DACs, but with modern oversampling sigma-delta converters this advantage is less
important.

The Audio Engineering Society recommends 48 kHz sampling rate for most applications but gives
recognition to 44.1 kHz for Compact Disc (CD) and other consumer uses, 32 kHz for transmis-
sion-related applications, and 96 kHz for higher bandwidth or relaxed anti-aliasing filtering. Both
Lavry Engineering and J. Robert Stuart state that the ideal sampling rate would be about 60 kHz,
but since this is not a standard frequency, recommend 88.2 or 96 kHz for recording purposes.

A more complete list of common audio sample rates is:

Sampling rate Use
3.000 Hz Telephone and encrypted walkie-talkie, wireless intercom and wireless microphone transmis-
’ sion; adequate for human speech but without sibilance (ess sounds like eff (/s/, /f/)).
One quarter the sampling rate of audio CDs; used for lower-quality PCM, MPEG audio and for
11,025 Hz . .
audio analysis of subwoofer bandpasses.
16.000 Hz Wideband frequency extension over standard telephone narrowband 8,000 Hz. Used in most
’ modern VoIP and VVoIP communication products.
One half the sampling rate of audio CDs; used for lower-quality PCM and MPEG audio and for
22,050 Hz audio analysis of low frequency energy. Suitable for digitizing early 20th century audio formats
such as 78s.
miniDV digital video camcorder, video tapes with extra channels of audio (e.g. DVCAM with
32,000 Hz four channels of audio), DAT (LP mode), Germany’s Digitales Satellitenradio, NICAM digital

audio, used alongside analogue television sound in some countries. High-quality digital wireless
microphones. Suitable for digitizing FM radio.

37,800 Hz CD-XA audio.

Used by digital audio locked to NTSC color video signals (3 samples per line, 245 lines per field,
59.94 fields per second = 29.97 frames per second).

Audio CD, also most commonly used with MPEG-1 audio (VCD, SVCD, MP3). Originally chosen
by Sony because it could be recorded on modified video equipment running at either 25 frames
per second (PAL) or 30 frame/s (using an NTSC monochrome video recorder) and cover the

20 kHz bandwidth thought necessary to match professional analog recording equipment of the
time. A PCM adaptor would fit digital audio samples into the analog video channel of, for exam-
ple, PAL video tapes using 3 samples per line, 588 lines per frame, 25 frames per second.

44,056 Hz

44,100 Hz

47,250 Hz world’s first commercial PCM sound recorder by Nippon Columbia (Denon).
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The standard audio sampling rate used by professional digital video equipment such as tape
recorders, video servers, vision mixers and so on. This rate was chosen because it could recon-
struct frequencies up to 22 kHz and work with 29.97 frames per second NTSC video — as well as
25 frame/s, 30 frame/s and 24 frame/s systems. With 29.97 frame/s systems it is necessary to
handle 1601.6 audio samples per frame delivering an integer number of audio samples only every

48,000 Hz fifth video frame. Also used for sound with consumer video formats like DV, digital TV, DVD, and
films. The professional Serial Digital Interface (SDI) and High-definition Serial Digital Interface
(HD-SDI) used to connect broadcast television equipment together uses this audio sampling
frequency. Most professional audio gear uses 48 kHz sampling, including mixing consoles, and
digital recording devices.

50,000 Hz First commercial digital audio recorders from the late 70s from 3M and Soundstream.

50,400 Hz Sampling rate used by the Mitsubishi X-80 digital audio recorder.

64,000 Hz Uncommonly used, but supported by some hardware and software.

Sampling rate used by some professional recording equipment when the destination is CD
88,200 Hz (multiples of 44,100 Hz). Some pro audio gear uses (or is able to select) 88.2 kHz sampling,
including mixers, EQs, compressors, reverb, crossovers and recording devices.

DVD-Audio, some LPCM DVD tracks, BD-ROM (Blu-ray Disc) audio tracks, HD DVD
(High-Definition DVD) audio tracks. Some professional recording and production equipment is
able to select 96 kHz sampling. This sampling frequency is twice the 48 kHz standard common-
ly used with audio on professional equipment.

96,000 Hz

Sampling rate used by HDCD recorders and other professional applications for CD production.
Four times the frequency of 44.1 kHz.

DVD-Audio, some LPCM DVD tracks, BD-ROM (Blu-ray Disc) audio tracks, and HD DVD
(High-Definition DVD) audio tracks, High-Definition audio recording devices and audio editing
software. This sampling frequency is four times the 48 kHz standard commonly used with audio
on professional video equipment.

176,400 Hz

192,000 Hz

Digital eXtreme Definition, used for recording and editing Super Audio CDs, as 1-bit Direct

352,800 Hz Stream Digital (DSD) is not suited for editing. Eight times the frequency of 44.1 kHz.

SACD, 1-bit delta-sigma modulation process known as Direct Stream Digital, co-developed by
Sony and Philips.

Double-Rate DSD, 1-bit Direct Stream Digital at 2x the rate of the SACD. Used in some profes-
sional DSD recorders.

2,822,400 Hz

5,644,800 Hz

Quad-Rate DSD, 1-bit Direct Stream Digital at 4x the rate of the SACD. Used in some uncom-

11,289,600 Hz mon professional DSD recorders.

Octuple-Rate DSD, 1-bit Direct Stream Digital at 8x the rate of the SACD. Used in rare experi-

22,579,200 Hz mental DSD recorders. Also known as DSD512.

Bit Depth

Audio is typically recorded at 8-, 16-, and 24-bit depth, which yield a theoretical maximum sig-
nal-to-quantization-noise ratio (SQNR) for a pure sine wave of, approximately, 49.93 dB, 98.09
dB and 122.17 dB. CD quality audio uses 16-bit samples. Thermal noise limits the true number of
bits that can be used in quantization. Few analog systems have signal to noise ratios (SNR) ex-
ceeding 120 dB. However, digital signal processing operations can have very high dynamic range,
consequently it is common to perform mixing and mastering operations at 32-bit precision and
then convert to 16- or 24-bit for distribution.
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Speech Sampling

Speech signals, i.e., signals intended to carry only human speech, can usually be sampled at a
much lower rate. For most phonemes, almost all of the energy is contained in the 100 Hz—4 kHz
range, allowing a sampling rate of 8 kHz. This is the sampling rate used by nearly all telephony
systems, which use the G.711 sampling and quantization specifications.

Video Sampling

Standard-definition television (SDTV) uses either 720 by 480 pixels (US NTSC 525-line) or 720 by
576 pixels (UK PAL 625-line) for the visible picture area.

High-definition television (HDTV) uses 720p (progressive), 1080i (interlaced), and 1080p (pro-
gressive, also known as Full-HD).

In digital video, the temporal sampling rate is defined the frame rate — or rather the field rate
— rather than the notional pixel clock. The image sampling frequency is the repetition rate of
the sensor integration period. Since the integration period may be significantly shorter than the
time between repetitions, the sampling frequency can be different from the inverse of the sample
time:

« 50 Hz — PAL video.
« 60 /1.001 Hz ~= 59.94 Hz — NTSC video.

Video digital-to-analog converters operate in the megahertz range (from ~3 MHz for low quality
composite video scalers in early games consoles, to 250 MHz or more for the highest-resolution
VGA output).

When analog video is converted to digital video, a different sampling process occurs, this time at
the pixel frequency, corresponding to a spatial sampling rate along scan lines. A common pixel
sampling rate is:

« 13.5 MHz — CCIR 601, D1 video.

Spatial sampling in the other direction is determined by the spacing of scan lines in the raster.
The sampling rates and resolutions in both spatial directions can be measured in units of lines per
picture height.

Spatial aliasing of high-frequency luma or chroma video components shows up as a moiré pat-
tern.

3D Sampling

The process of volume rendering samples a 3D grid of voxels to produce 3D renderings of sliced
(tomographic) data. The 3D grid is assumed to represent a continuous region of 3D space. Volume
rendering is common in medial imaging, X-ray computed tomography (CT/CAT), magnetic reso-
nance imaging (MRI), positron emission tomography (PET) are some examples. It is also used for
seismic tomography and other applications.
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Complex Sampling

Complex sampling (I/Q sampling) is the simultaneous sampling of two different, but related,
waveforms, resulting in pairs of samples that are subsequently treated as complex numbers. When
one waveform, §(¢), is the Hilbert transform of the other waveform,s(¢), the complex-valued
function, s,(¢#)0 s(t)+i-5(¢), is called an analytic signal, whose Fourier transform is zero for all
negative values of frequency. In that case, the Nyquist rate for a waveform with no frequencies >

B can be reduced to just B (complex samples/sec), instead of 2B (real samples/sec). More appar-

—i2r—
ently, the equivalent baseband waveform, s, (¢)-e 2t, also has a Nyquist rate of B, because all

of its non-zero frequency content is shifted into the interval [-B/2, B/2).

Although complex-valued samples can be obtained as described above, they are also created by ma-
nipulating samples of a real-valued waveform. For instance, the equivalent baseband waveform can

—i 27r§Tn
be created without explicitly computing $(¢), by processing the product sequence,| s(nT)-e % |,

through a digital lowpass filter whose cutoff frequency is B/2. Computing only every other sample of
the output sequence reduces the sample-rate commensurate with the reduced Nyquist rate. The re-
sult is half as many complex-valued samples as the original number of real samples. No information
is lost, and the original s(t) waveform can be recovered, if necessary.

Undersampling

In signal processing, undersampling or bandpass sampling is a technique where one samples a
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bandpass-filtered signal at a sample rate below its Nyquist rate (twice the upper cutoff frequency),
but is still able to reconstruct the signal.

When one undersamples a bandpass signal, the samples are indistinguishable from the samples
of a low-frequency alias of the high-frequency signal. Such sampling is also known as bandpass
sampling, harmonic sampling, IF sampling, and direct IF-to-digital conversion.

Fourier transform of a amplitude
baseband function, x(t)
frequency ——m=
B B
Fourier transform of &
bandpass function, y(t)
A A
Discrete-time Fourier transform Spectral aliases are outlined in red
ofx(f) sampled atrate fg =5 A
A A A A
Discrete-time Fourier transform Spectral aliases are outlined in red
of y(t) sampled at rate fg = 14 A
A 0 A LA A

The top 2 graphs depict Fourier transforms of 2 different functions that produce the same re-
sults when sampled at a particular rate. The baseband function is sampled faster than its Nyquist
rate, and the bandpass function is undersampled, effectively converting it to baseband. The lower
graphs indicate how identical spectral results are created by the aliases of the sampling process.

4.5

4

3.5

3

2.5 /

2

1.5

1

0.5

Plot of sample rates (y axis) versus the upper edge frequency (x axis) for a band of width 1; grays
areas are combinations that are “allowed” in the sense that no two frequencies in the band alias to
same frequency. The darker gray areas correspond to undersampling with the maximum value of
n in the equations.
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The Fourier transforms of real-valued functions are symmetrical around the 0 Hz axis. After sam-
pling, only a periodic summation of the Fourier transform (called discrete-time Fourier trans-
form) is still available. The individual frequency-shifted copies of the original transform are called
aliases. The frequency offset between adjacent aliases is the sampling-rate, denoted by f,. When
the aliases are mutually exclusive (spectrally), the original transform and the original continuous
function, or a frequency-shifted version of it (if desired), can be recovered from the samples. The
first and third graphs of figure depict a baseband spectrum before and after being sampled at a rate
that completely separates the aliases.

The second graph of figure depicts the frequency profile of a bandpass function occupying the band
(A, A+B) (shaded blue) and its mirror image (shaded beige). The condition for a non-destructive
sample rate is that the aliases of both bands do not overlap when shifted by all integer multiples of
/.- The fourth graph depicts the spectral result of sampling at the same rate as the baseband func-
tion. The rate was chosen by finding the lowest rate that is an integer sub-multiple of A and also
satisfies the baseband Nyquist criterion: f, > 2B. Consequently, the bandpass function has effec-
tively been converted to baseband. All the other rates that avoid overlap are given by these more
general criteria, where A and A+B are replaced by f, and f,, respectively:

2 2
ﬁé [, < Ju , for any integer n satisfying: 1<n < _Ju .
n n-1 fH_fL

The highest n for which the condition is satisfied leads to the lowest possible sampling rates.

Important signals of this sort include a radio’s intermediate-frequency (IF), radio-frequency (RF)
signal, and the individual channels of a filter bank.

If n > 1, then the conditions result in what is sometimes referred to as undersampling, band-
pass sampling, or using a sampling rate less than the Nyquist rate (2f,). For the case of a given
sampling frequency, simpler formulae for the constraints on the signal’s spectral band are given
below.

Baseband alias FM radio band |

0 44 MHz 88
. — f S )
Spectrum of the FM radio band (88—108 MHz) and its baseband alias under 44 MHz (n = 5) sampling.

An anti-alias filter quite tight to the FM radio band is required, and there’s not room
for stations at nearby expansion channels such as 87.9 without aliasing.

[
[
o
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Baseband alias FM radio band
bandpass i
anti-alias

filter :

d

0 56 MHz 84 112
=fs
Spectrum of the FM radio band (88—108 MHz) and its baseband alias under 56 MHz (n = 4)

sampling, showing plenty of room for bandpass anti-aliasing filter transition bands.
The baseband image is frequency-reversed in this case (even n).

Example: Consider FM radio to illustrate the idea of undersampling.

In the US, FM radio operates on the frequency band from f, = 88 MHz to f,, = 108 MHz. The band-
width is given by

W= f,— f, =108 MHz — 88 MHz = 20 MHz

The sampling conditions are satisfied for:

lSnSL5.4J={

108 MHz
20 MHz

Therefore, n can be 1, 2, 3, 4, or 5.

The value n = 5 gives the lowest sampling frequencies interval 43.2 MHz < f, <44 MHz and this
is a scenario of undersampling. In this case, the signal spectrum fits between 2 and 2.5 times the
sampling rate (higher than 86.4—88 MHz but lower than 108—110 MHz).

A lower value of n will also lead to a useful sampling rate. For example, using n = 4, the FM band
spectrum fits easily between 1.5 and 2.0 times the sampling rate, for a sampling rate near 56 MHz
(multiples of the Nyquist frequency being 28, 56, 84, 112, etc.).

When undersampling a real-world signal, the sampling circuit must be fast enough to capture
the highest signal frequency of interest. Theoretically, each sample should be taken during an in-
finitesimally short interval, but this is not practically feasible. Instead, the sampling of the signal
should be made in a short enough interval that it can represent the instantaneous value of the
signal with the highest frequency. This means that in the FM radio example above, the sampling
circuit must be able to capture a signal with a frequency of 108 MHz, not 43.2 MHz. Thus, the
sampling frequency may be only a little bit greater than 43.2 MHz, but the input bandwidth of
the system must be at least 108 MHz. Similarly, the accuracy of the sampling timing, or aperture
uncertainty of the sampler, frequently the analog-to-digital converter, must be appropriate for the
frequencies being sampled 108 MHz, not the lower sample rate.

If the sampling theorem is interpreted as requiring twice the highest frequency, then the required
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sampling rate would be assumed to be greater than the Nyquist rate 216 MHz. While this does
satisfy the last condition on the sampling rate, it is grossly oversampled.

Note that if a band is sampled with n > 1, then a band-pass filter is required for the anti-aliasing
filter, instead of a lowpass filter.

As we have seen, the normal baseband condition for reversible sampling is that X(f) = 0 outside

1 1
the interval: | —— f£,— f. |,
( 2 % 2 fs]
and the reconstructive interpolation function, or lowpass filter impulse response, is sinc(t/T).

To accommodate undersampling, the bandpass condition is that X(f) = 0 outside the union of open
positive and negative frequency bands:
n n—1 n—-1_n
——f.,———f. |Y| — f..— /. |for some positive integer n.
(2 o[ 2 Jrorsomer :
which includes the normal baseband condition as case n = 1 (except that where the intervals come
together at 0 frequency, they can be closed).

The corresponding interpolation function is the bandpass filter given by this difference of lowpass
impulse responses:

nsinc (n_tj —(n-1) sinc((n — l)tj .
T T

On the other hand, reconstruction is not usually the goal with sampled IF or RF signals. Rather,
the sample sequence can be treated as ordinary samples of the signal frequency-shifted to near
baseband, and digital demodulation can proceed on that basis, recognizing the spectrum mirror-
ing when n is even.

Further generalizations of undersampling for the case of signals with multiple bands are possible,
and signals over multidimensional domains (space or space-time) and have been worked out in
detail by Igor Kluvanek.

Oversampling

In signal processing, oversampling is the process of sampling a signal at a sampling frequency sig-
nificantly higher than the Nyquist rate. Theoretically, a bandwidth-limited signal can be perfectly
reconstructed if sampled at the Nyquist rate or above it. The Nyquist rate is defined as twice the
highest frequency component in the signal. Oversampling is capable of improving resolution and
signal-to-noise ratio, and can be helpful in avoiding aliasing and phase distortion by relaxing an-
ti-aliasing filter performance requirements.

A signal is said to be oversampled by a factor of N if it is sampled at N times the Nyquist rate.

Motivation

There are three main reasons for performing oversampling,
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Anti-aliasing

Oversampling can make it easier to realize analog anti-aliasing filters. Without oversampling, it is
very difficult to implement filters with the sharp cutoff necessary to maximize use of the available
bandwidth without exceeding the Nyquist limit. By increasing the bandwidth of the sampling sys-
tem, design constraints for the anti-aliasing filter may be relaxed. Once sampled, the signal can be
digitally filtered and downsampled to the desired sampling frequency. In modern integrated cir-
cuit technology, the digital filter associated with this downsampling are easier to implement than
a comparable analog filter required by a non-oversampled system.

Resolution

In practice, oversampling is implemented in order to reduce cost and improve performance of an
analog-to-digital converter (ADC) or digital-to-analog converter (DAC). When oversampling by
a factor of N, the dynamic range also increases a factor of N because there are N times as many
possible values for the sum. However, the signal-to-noise ratio (SNR) increases by JN , because
summing up uncorrelated noise increases its amplitude by v /N , while summing up a coherent
signal increases its average by N. As a result, the SNR increases by v N .

For instance, to implement a 24-bit converter, it is sufficient to use a 20-bit converter that can run
at 256 times the target sampling rate. Combining 256 consecutive 20-bit samples can increase the
SNR by a factor of 16, effectively adding 4 bits to the resolution and producing a single sample with
24-bit resolution. While with N=256 there is an increase in dynamic range by 8 bits, and the level
of coherent signal increases by a factor of N, the noise changes by a factor of JN =16, so the net
SNR improves by a factor of 16, 4 bits or 24 dB.

The number of samples required to get » bits of additional data precision is:

number of samples = (2")* = 2*".

To get the mean sample scaled up to an integer with » additional bits, the sum of 2°” samples is
divided by 2" :

22| 22"
Z 2"data, Z data,
i=0 _ _i=0 )

scaled mean = 5 =
2% 2"

This averaging is only effective if the signal contains sufficient uncorrelated noise to be recorded by
the ADC. If not, in the case of a stationary input signal, all 2" samples would have the same value
and the resulting average would be identical to this value; so in this case, oversampling would have
made no improvement. In similar cases where the ADC records no noise and the input signal is
changing over time, oversampling improves the result, but to an inconsistent and unpredictable
extent.

Adding some dithering noise to the input signal can actually improve the final result because the
dither noise allows oversampling to work to improve resolution. In many practical applications, a
small increase in noise is well worth a substantial increase in measurement resolution. In practice,
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the dithering noise can often be placed outside the frequency range of interest to the measure-
ment, so that this noise can be subsequently filtered out in the digital domain—resulting in a final
measurement, in the frequency range of interest, with both higher resolution and lower noise.

Noise

If multiple samples are taken of the same quantity with uncorrelated noise added to each sample,
then because, uncorrelated signals combine more weakly than correlated ones, averaging N sam-
ples reduces the noise power by a factor of N. If, for example, we oversample by a factor of 4, the
signal-to-noise ratio in terms of power improves by factor of 4 which corresponds to a factor of 2
improvement in terms of voltage.

Certain kinds of ADCs known as delta-sigma converters produce disproportionately more quan-
tization noise at higher frequencies. By running these converters at some multiple of the target
sampling rate, and low-pass filtering the oversampled signal down to half the target sampling rate,
a final result with less noise (over the entire band of the converter) can be obtained. Delta-sigma
converters use a technique called noise shaping to move the quantization noise to the higher fre-
quencies.

Example:

Consider a signal with a bandwidth or highest frequency of B = 100 Hz. The sampling theorem
states that sampling frequency would have to be greater than 200 Hz. Sampling at four times that
rate requires a sampling frequency of 800 Hz. This gives the anti-aliasing filter a transition band
of 300 Hz ((f,/2) - B = (800 Hz/2) - 100 Hz = 300 Hz) instead of 0 Hz if the sampling frequency
was 200 Hz. Achieving an anti-aliasing filter with 0 Hz transition band is unrealistic whereas an
anti-aliasing filter with a transition band of 300 Hz is not difficult.

Oversampling in Reconstruction

The term oversampling is also used to denote a process used in the reconstruction phase of digi-
tal-to-analog conversion, in which an intermediate high sampling rate is used between the digital
input and the analogue output. Here, samples are interpolated in the digital domain to add addi-
tional samples in between, thereby converting the data to a higher sample rate, which is a form
of upsampling. When the resulting higher-rate samples are converted to analog, a less complex/
expensive analog low pass filter is required to remove the high-frequency content, which will con-
sist of reflected images of the real signal created by the zero-order hold of the digital-to-analog
converter. Essentially, this is a way to shift some of the complexity of the filtering into the digital
domain and achieves the same benefit as oversampling in analog-to-digital conversion.

Sampling Rate

Sampling rate determines the sound frequency range (corresponding to pitch) which can be rep-
resented in the digital waveform. The range of frequencies represented in a waveform is often
called its bandwidth. Waveforms sampled at a high sampling rate can represent a broad range
of frequencies and hence have broad bandwidth. In fact, the maximum bandwidth of a sampled
waveform is determined exactly by its sampling rate; the maximum frequency representable in
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a sampled waveform is termed its Nyquist frequency, and is equal to one half the sampling rate.
Thus, for example, a waveform sampled at 16,000 Hz can represent all frequencies up to its Ny-
quist frequency of 8,000 Hz.

A problem called aliasing occurs when a signal to be sampled contains energy at frequencies above
the sampling Nyquist frequency. The next figure illustrates how aliasing would occur when the
sampling rate is much too low for the frequency of an input signal. The solid curve represents
the analog signal at a comparatively high frequency. Circles show where samples were taken at
a relatively low sampling rate. The dotted line illustrates the apparent frequency of the sampled
waveform, completing about two cycles in the period that the original signal completed 20 cycles.

Aliasing
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Obviously, aliasing has the effect of producing sounds of lower frequency from sounds that are
higher in frequency than the Nyquist frequency. Once aliasing has occurred, it is absolutely impos-
sible to distinguish a component generated by aliasing from one that was actually present in the
input signal. This effect is one of the most common sources of distortion in digitized waveforms.
Fortunately, most modern computer hardware for digitizing sound has builtin filters which are
tuned to remove sound energy at frequencies beyond the Nyquist frequency for whatever sampling
rate is being used.

Nyquist—Shannon Sampling Theorem

In the field of digital signal processing, the sampling theorem is a fundamental bridge between
continuous-time signals and discrete-time signals. It establishes a sufficient condition for a sample
rate that permits a discrete sequence of samples to capture all the information from a continu-
ous-time signal of finite bandwidth.

Strictly speaking, the theorem only applies to a class of mathematical functions having a Fourier
transform that is zero outside of a finite region of frequencies. Intuitively we expect that when one
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reduces a continuous function to a discrete sequence and interpolates back to a continuous func-
tion, the fidelity of the result depends on the density (or sample rate) of the original samples. The
sampling theorem introduces the concept of a sample rate that is sufficient for perfect fidelity for
the class of functions that are bandlimited to a given bandwidth, such that no actual information is
lost in the sampling process. It expresses the sufficient sample rate in terms of the bandwidth for
the class of functions. The theorem also leads to a formula for perfectly reconstructing the original
continuous-time function from the samples.

AX(H)

>
-B B f

Example of magnitude of the Fourier transform of a bandlimited function.

Perfect reconstruction may still be possible when the sample-rate criterion is not satisfied, provid-
ed other constraints on the signal are known. In some cases (when the sample-rate criterion is not
satisfied), utilizing additional constraints allows for approximate reconstructions. The fidelity of
these reconstructions can be verified and quantified utilizing Bochner’s theorem.

The name Nyquist—Shannon sampling theorem honours Harry Nyquist and Claude Shannon al-
beit the fact that it had already been discovered in 1933 by Vladimir Kotelnikov. The theorem
was also discovered independently by E. T. Whittaker and by others. It is thus also known by
the names Nyquist—Shannon—Kotelnikov, Whittaker—Shannon—Kotelnikov, Whittaker—Nyquist—
Kotelnikov—Shannon, and cardinal theorem of interpolation.

Sampling is a process of converting a signal (for example, a function of continuous time and/or
space) into a sequence of values (a function of discrete time and/or space). Shannon’s version of
the theorem states:

If a function x(¢) contains no frequencies higher than B hertz, it is completely determined
by giving its ordinates at a series of points spaced 1/(2B) seconds apart.

A sufficient sample-rate is therefore anything larger than 2B samples per second. Equivalently,
for a given sample rate f, , perfect reconstruction is guaranteed possible for a bandlimit B < f, /2.

When the bandlimit is too high (or there is no bandlimit), the reconstruction exhibits imperfec-
tions known as aliasing. Modern statements of the theorem are sometimes careful to explicitly
state that x(¢#) must contain no sinusoidal component at exactly frequency B, or that B must be
strictly less than V2 the sample rate. The threshold 2B is called the Nyquist rate and is an attribute
of the continuous-time input x(¢)to be sampled. The sample rate must exceed the Nyquist rate
for the samples to suffice to represent x(t). The threshold f,/2 is called the Nyquist frequency and
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is an attribute of the sampling equipment. All meaningful frequency components of the properly
sampled x(t) exist below the Nyquist frequency. The condition described by these inequalities is
called the Nyquist criterion, or sometimes the Raabe condition. The theorem is also applicable to
functions of other domains, such as space, in the case of a digitized image. The only change, in the
case of other domains, is the units of measure applied to ¢, f,, and B.

anm)
T

' -e\;/\.a\/\_,_\/ ‘ \/f\-/\'/s

The normalized sinc function: sin(7tx) / (7ix) showing the central
peak at x = 0, and zero-crossings at the other integer values of x.

The symbol T' = 1/f is customarily used to represent the interval between samples and is called the
sample period or sampling interval. And the samples of function x(t) are commonly denoted by
x[n] = x(nT) (alternatively “x ” in older signal processing literature), for all integer values of n. A
mathematically ideal way to interpolate the sequence involves the use of sinc functions. Each sam-
ple in the sequence is replaced by a sinc function, centered on the time axis at the original location
of the sample, nT, with the amplitude of the sinc function scaled to the sample value, x[n]. Subse-
quently, the sinc functions are summed into a continuous function. A mathematically equivalent
method is to convolve one sinc function with a series of Dirac delta pulses, weighted by the sample
values. Neither method is numerically practical. Instead, some type of approximation of the sinc
functions, finite in length, is used. The imperfections attributable to the approximation are known
as interpolation error.

Practical digital-to-analog converters produce neither scaled and delayed sinc functions, nor ideal
Dirac pulses. Instead they produce a piecewise-constant sequence of scaled and delayed rectan-
gular pulses (the zero-order hold), usually followed by a lowpass filter (called an “anti-imaging
filter”) to remove spurious high-frequency replicas of the original baseband signal.

When x(¢)is a function with a Fourier transform X (f):

X(NH0 [ x@eye™ dr,
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The samples of two sine waves can be identical when at least one of them is at a frequency above half the sample rate.

the Poisson summation formula indicates that the samples, x(nT), of x(¢) are sufficient to create
a periodic summation of X (/). The result is:

X, ()0 i X(f-K.)= i T-x(nT) e ™7,

k=-o0 n=-0

4+ X(1)
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X(f) (top blue) and X, (f) (bottom blue) are continuous Fourier transforms of two different func-
tions, x(¢)and x,(¢) . When the functions are sampled at rate f,, the images (green) are added to
the original transforms (blue) when one examines the discrete-time Fourier transforms (DTFT) of
the sequences. In this hypothetical example, the DTFTs are identical, which means the sampled
sequences are identical, even though the original continuous pre-sampled functions are not. If
these were audio signals, x(#) and x,(f) might not sound the same. But their samples (taken at
rate f) are identical and would lead to identical reproduced sounds; thus x,(t) is an alias of x(t) at
this sample rate.

which is a periodic function and its equivalent representation as a Fourier series, whose coeffi-
cients are T -x(nT).This function is also known as the discrete-time Fourier transform (DTFT) of
the sample sequence.

As depicted, copies of X(f)are shifted by multiples of f and combined by addition. For a
band-limited function (X(f)=0, forall| /> B) and sufficiently large f, it is possible for the
copies to remain distinct from each other. But if the Nyquist criterion is not satisfied, adjacent
copies overlap, and it is not possible in general to discern an unambiguous X ( /) Any frequency
component above f, /2is indistinguishable from a lower-frequency component, called an alias,
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associated with one of the copies. In such cases, the customary interpolation techniques produce
the alias, rather than the original component. When the sample-rate is pre-determined by other
considerations (such as an industry standard), x(¢) is usually filtered to reduce its high frequencies
to acceptable levels before it is sampled. The type of filter required is a lowpass filter, and in this
application it is called an anti-aliasing filter.

H(f)=ret( by)
X(f) /
1B x (B B B f-B I B

X(f)

il

-B

s
Spectrum, X (f), of a properly sampled bandlimited signal (blue) and the adjacent DTFT images (green)
that do not overlap. A brick-wall low-pass filter, H(f), removes the images, leaves the
original spectrum, X(f), and recovers the original signal from its samples.

Derivation as a Special Case of Poisson Summation
When there is no overlap of the copies of X( /), the £ =0 term of can be recovered by the product:

XN =H(f)-X,(f),

where,

H(f)D{l | fI<B
0 |fI>f-B

The sampling theorem is proved since X ( /) uniquely determines x(¢).

All that remains is to derive the formula for reconstruction. H( f)need not be precisely defined
in the region [B, f, — B]because X (f)is zero in that region. However, the worst case is when
B = f, /2, the Nyquist frequency. A function that is sufficient for that and all less severe cases is:

R
H(f):rect[—J:
Yoo el

where rect(e) is the rectangular function. Therefore:

X(f):rect[§j-Xs(f)

N
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= rect(Zf)- i T-x(nT)e ™"

=Y x(nT)-T-rect(Tf)-e > .

n=—0
F{sinc(t_nTj}
T

The inverse transform of both sides produces the Whittaker—Shannon interpolation formula:

x(t)= i x(nT)‘sinc(t_;lT),

n=—0

which shows how the samples, x(n7"),can be combined to reconstruct x(z).

+ Larger-than-necessary values of f, (smaller values of T), called oversampling, have no ef-
fect on the outcome of the reconstruction and have the benefit of leaving room for a tran-
sition band in which H(f) is free to take intermediate values. Undersampling, which causes
aliasing, is not in general a reversible operation.

» Theoretically, the interpolation formula can be implemented as a low pass filter, whose
impulse response is sinc(¢/T) and whose input is Z:O_iwx(nT )-0(t—nT), which is a Dirac
comb function modulated by the signal samples. Practical digital-to-analog converters
(DAC) implement an approximation like the zero-order hold. In that case, oversampling
can reduce the approximation error.

Shannon’s original Proof

Poisson shows that the Fourier series produces the periodic summation of X(f'), regardless of
f and B. Shannon, however, only derives the series coefficients for the case f, =28 . Virtually
quoting Shannon’s original paper:

Let X (w) be the spectrum of x(¢).Then

_ 1 ® it _ 1 278 it
x()=—— [ X(@e do=—— j_ZB”X(a))e do,

because ( )is assumed to be zero outside the band
positive or negative integer, we obtain:

@ n .
‘E < B. If we let t=ﬁ,where nis any

1 (228 il
N )= 2B
x(2) > [ X(@e ™ do.
On the left are values of x(#) at the sampling points. The integral on the right will be recognized
as essentially[a] the nth coefficient in a Fourier-series expansion of the function X (o) taking the
interval —Bto B as a fundamental period. This means that the values of the samples *(7/2B) de-

termine the Fourier coefficients in the series expansion of X (@) Thus they determine X (@) since
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X(w) is zero for frequencies greater than B, and for lower frequencies X (@) is determined if its
Fourier coefficients are determined. But X (@) determines the original function x(#) completely,
since a function is determined if its spectrum is known. Therefore the original samples determine
the function x(¢) completely.

Shannon’s proof of the theorem is complete at that point, but he goes on to discuss reconstruction
via sinc functions, what we now call the Whittaker—Shannon interpolation formula. He does not
derive or prove the properties of the sinc function, but these would have been familiar to engineers
reading his works at the time, since the Fourier pair relationship between rect (the rectangular
function) and sinc was well known.

Let X, be the nth sample. Then the function x(#) is represented by:

R sin 7(2Bt —n)
0= Z@ S QBi-n)

As in the other proof, the existence of the Fourier transform of the original signal is assumed, so
the proof does not say whether the sampling theorem extends to bandlimited stationary random
processes.

Application to Multivariable Signals and Images

The sampling theorem is usually formulated for functions of a single variable. Consequently, the
theorem is directly applicable to time-dependent signals and is normally formulated in that con-
text. However, the sampling theorem can be extended in a straightforward way to functions of
arbitrarily many variables. Grayscale images, for example, are often represented as two-dimen-
sional arrays (or matrices) of real numbers representing the relative intensities of pixels (picture
elements) located at the intersections of row and column sample locations. As a result, images
require two independent variables, or indices, to specify each pixel uniquely—one for the row, and
one for the column.

Color images typically consist of a composite of three separate grayscale images, one to represent
each of the three primary colors—red, green, and blue, or RGB for short. Other colorspaces using
3-vectors for colors include HSV, CIELAB, XYZ, etc. Some colorspaces such as cyan, magenta,
yellow, and black (CMYK) may represent color by four dimensions. All of these are treated as vec-
tor-valued functions over a two-dimensional sampled domain.

Similar to one-dimensional discrete-time signals, images can also suffer from aliasing if the sam-
pling resolution, or pixel density, is inadequate. For example, a digital photograph of a striped
shirt with high frequencies (in other words, the distance between the stripes is small), can cause
aliasing of the shirt when it is sampled by the camera’s image sensor. The aliasing appears as a
moiré pattern. The “solution” to higher sampling in the spatial domain for this case would be to
move closer to the shirt, use a higher resolution sensor, or to optically blur the image before ac-
quiring it with the sensor.

Another example is shown to the right in the brick patterns. The top image shows the effects when
the sampling theorem’s condition is not satisfied. When software rescales an image (the same
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process that creates the thumbnail shown in the lower image) it, in effect, runs the image through
a low-pass filter first and then downsamples the image to result in a smaller image that does not
exhibit the moiré pattern. The top image is what happens when the image is downsampled without
low-pass filtering: aliasing results.

Subsampled image showing a Moiré pattern.

Properly sampled image.

The sampling theorem applies to camera systems, where the scene and lens constitute an analog
spatial signal source, and the image sensor is a spatial sampling device. Each of these components
is characterized by a modulation transfer function (MTF), representing the precise resolution
(spatial bandwidth) available in that component. Effects of aliasing or blurring can occur when
the lens MTF and sensor MTF are mismatched. When the optical image which is sampled by the
sensor device contains higher spatial frequencies than the sensor, the under sampling acts as a
low-pass filter to reduce or eliminate aliasing. When the area of the sampling spot (the size of the
pixel sensor) is not large enough to provide sufficient spatial anti-aliasing, a separate anti-aliasing
filter (optical low-pass filter) may be included in a camera system to reduce the MTF of the optical
image. Instead of requiring an optical filter, the graphics processing unit of smartphone cameras
performs digital signal processing to remove aliasing with a digital filter. Digital filters also apply
sharpening to amplify the contrast from the lens at high spatial frequencies, which otherwise falls
off rapidly at diffraction limits.
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The sampling theorem also applies to post-processing digital images, such as to up or down sam-
pling. Effects of aliasing, blurring, and sharpening may be adjusted with digital filtering imple-
mented in software, which necessarily follows the theoretical principles.

Critical Frequency

To illustrate the necessity of f, > 2B, consider the family of sinusoids generated by different val-
ues of @1in this formula:

x(t) = SO@TBIEO) _ o (27Be) —sin(27Br) an(0), —7/2<0<7)2.
cos(0)

3 T T T
2+ a
1F i
0

—1 4 b

-2 —

_3 I L 1 L
-3 -2 -1 0 1 2 3

A family of sinusoids at the critical frequency, all having the same sample sequences of alternating +1 and —1. That is,
they all are aliases of each other, even though their frequency is not above half the sample rate.

With f, =2B orequivalently 7'=1/2B, the samples are given by:

x(nT) = cos(zn)—sin(zn)tan(d) = (-1)"

0

regardless of the value of €. That sort of ambiguity is the reason for the strict inequality of the
sampling theorem’s condition.

Sampling of Non-baseband Signals
As discussed by Shannon:

A similar result is true if the band does not start at zero frequency but at some higher val-
ue, and can be proved by a linear translation (corresponding physically to single-sideband
modulation) of the zero-frequency case. In this case the elementary pulse is obtained from
sin(x)/x by single-side-band modulation.
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That is, a sufficient no-loss condition for sampling signals that do not have baseband components
exists that involves the width of the non-zero frequency interval as opposed to its highest frequen-
cy component.

For example, in order to sample the FM radio signals in the frequency range of 100—102 MHz, it
is not necessary to sample at 204 MHz (twice the upper frequency), but rather it is sufficient to
sample at 4 MHz (twice the width of the frequency interval).

A bandpass condition is that X(f) = o, for all nonnegative f outside the open band of frequencies:

N . N+l
30750

for some nonnegative integer N. This formulation includes the normal baseband condition as the
case N=o0.

The corresponding interpolation function is the impulse response of an ideal brick-wall bandpass
filter (as opposed to the ideal brick-wall lowpass filter used above) with cutoffs at the upper and low-
er edges of the specified band, which is the difference between a pair of lowpass impulse responses:

(N +1)sinc ((N—H)tj — Nsinc (&j
T T

Other generalizations, for example to signals occupying multiple non-contiguous bands, are possible
as well. Even the most generalized form of the sampling theorem does not have a provably true con-
verse. That is, one cannot conclude that information is necessarily lost just because the conditions
of the sampling theorem are not satisfied; from an engineering perspective, however, it is generally
safe to assume that if the sampling theorem is not satisfied then information will most likely be lost.

Nonuniform Sampling

The sampling theory of Shannon can be generalized for the case of nonuniform sampling, that is,
samples not taken equally spaced in time. The Shannon sampling theory for non-uniform sampling
states that a band-limited signal can be perfectly reconstructed from its samples if the average sam-
pling rate satisfies the Nyquist condition. Therefore, although uniformly spaced samples may result
in easier reconstruction algorithms, it is not a necessary condition for perfect reconstruction.

The general theory for non-baseband and nonuniform samples was developed in 1967 by Henry
Landau. He proved that the average sampling rate (uniform or otherwise) must be twice the occu-
pied bandwidth of the signal, assuming it is a priori known what portion of the spectrum was oc-
cupied. In the late 1990s, this work was partially extended to cover signals of when the amount of
occupied bandwidth was known, but the actual occupied portion of the spectrum was unknown. In
the 2000s, a complete theory was developed using compressed sensing. In particular, the theory,
using signal processing language, They show, among other things, that if the frequency locations
are unknown, then it is necessary to sample at least at twice the Nyquist criteria; in other words,
you must pay at least a factor of 2 for not knowing the location of the spectrum. Note that mini-
mum sampling requirements do not necessarily guarantee stability.
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Sampling below the Nyquist Rate under Additional Restrictions

The Nyquist—Shannon sampling theorem provides a sufficient condition for the sampling and re-
construction of a band-limited signal. When reconstruction is done via the Whittaker—Shannon
interpolation formula, the Nyquist criterion is also a necessary condition to avoid aliasing, in the
sense that if samples are taken at a slower rate than twice the band limit, then there are some sig-
nals that will not be correctly reconstructed. However, if further restrictions are imposed on the
signal, then the Nyquist criterion may no longer be a necessary condition.

A non-trivial example of exploiting extra assumptions about the signal is given by the recent field of
compressed sensing, which allows for full reconstruction with a sub-Nyquist sampling rate. Specifical-
ly, this applies to signals that are sparse (or compressible) in some domain. As an example, compressed
sensing deals with signals that may have a low over-all bandwidth (say, the effective bandwidth EB),
but the frequency locations are unknown, rather than all together in a single band, so that the pass-
band technique does not apply. In other words, the frequency spectrum is sparse. Traditionally, the
necessary sampling rate is thus 2B. Using compressed sensing techniques, the signal could be perfectly
reconstructed if it is sampled at a rate slightly lower than 2EB. With this approach, reconstruction is no
longer given by a formula, but instead by the solution to a linear optimization program.

Another example where sub-Nyquist sampling is optimal arises under the additional constraint
that the samples are quantized in an optimal manner, as in a combined system of sampling and
optimal lossy compression. This setting is relevant in cases where the joint effect of sampling and
quantization is to be considered, and can provide a lower bound for the minimal reconstruction
error that can be attained in sampling and quantizing a random signal. For stationary Gaussian
random signals, this lower bound is usually attained at a sub-Nyquist sampling rate, indicating
that sub-Nyquist sampling is optimal for this signal model under optimal quantization.

Aliasing

In signal processing and related disciplines, aliasing is an effect that causes different signals to
become indistinguishable (or aliases of one another) when sampled. It also often refers to the
distortion or artifact that results when a signal reconstructed from samples is different from the
original continuous signal.

A properly sampled image of a brick wall requires a screen of sufficient resolution to prevent a moiré pattern.
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Spatial aliasing in the form of a moiré pattern.

Aliasing can occur in signals sampled in time, for instance digital audio, and is referred to as tem-
poral aliasing. It can also occur in spatially sampled signals; this type of aliasing is called spatial
aliasing.

Aliasing is generally avoided by applying low pass filters or anti-aliasing filters (AAF) to the input
signal before sampling and when converting a signal from a higher to a lower sampling rate. Suit-
able reconstruction filtering should then be used when restoring the sampled signal to the continu-
ous domain or converting a signal from a lower to a higher sampling rate. For spatial anti-aliasing,
the types of anti-aliasing include fast sample anti-aliasing (FSAA), multisample anti-aliasing, and
supersampling.

Left: An aliased image of the letter A in Times New Roman. Right: An anti-aliased image.

When a digital image is viewed, a reconstruction is performed by a display or printer device, and by
the eyes and the brain. If the image data is processed in some way during sampling or reconstruc-
tion, the reconstructed image will differ from the original image, and an alias is seen.

An example of spatial aliasing is the moiré pattern observed in a poorly pixelized image of a brick
wall. Spatial anti-aliasing techniques avoid such poor pixelizations. Aliasing can be caused either
by the sampling stage or the reconstruction stage; these may be distinguished by calling sampling
aliasing prealiasing and reconstruction aliasing postaliasing.

Temporal aliasing is a major concern in the sampling of video and audio signals. Music, for in-
stance, may contain high-frequency components that are inaudible to humans. If a piece of music
is sampled at 32000 samples per second (Hz), any frequency components at or above 16000 Hz
(the Nyquist frequency for this sampling rate) will cause aliasing when the music is reproduced
by a digital-to-analog converter (DAC). To prevent this, an anti-aliasing filter is used to remove
components above the Nyquist frequency prior to sampling.
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In video or cinematography, temporal aliasing results from the limited frame rate, and causes the
wagon-wheel effect, whereby a spoked wheel appears to rotate too slowly or even backwards. Alias-
ing has changed its apparent frequency of rotation. A reversal of direction can be described as a
negative frequency. Temporal aliasing frequencies in video and cinematography are determined by
the frame rate of the camera, but the relative intensity of the aliased frequencies is determined by
the shutter timing (exposure time) or the use of a temporal aliasing reduction filter during filming.

Like the video camera, most sampling schemes are periodic; that is, they have a characteristic
sampling frequency in time or in space. Digital cameras provide a certain number of samples (pix-
els) per degree or per radian, or samples per mm in the focal plane of the camera. Audio signals
are sampled (digitized) with an analog-to-digital converter, which produces a constant number of
samples per second. Some of the most dramatic and subtle examples of aliasing occur when the
signal being sampled also has periodic content.

Bandlimited Functions

Actual signals have a finite duration and their frequency content, as defined by the Fourier trans-
form, has no upper bound. Some amount of aliasing always occurs when such functions are sam-
pled. Functions whose frequency content is bounded (bandlimited) have an infinite duration in
the time domain. If sampled at a high enough rate, determined by the bandwidth, the original
function can, in theory, be perfectly reconstructed from the infinite set of samples.

Bandpass Signals

Sometimes aliasing is used intentionally on signals with no low-frequency content, called
bandpass signals. Undersampling, which creates low-frequency aliases, can produce the same
result, with less effort, as frequency-shifting the signal to lower frequencies before sampling
at the lower rate. Some digital channelizers exploit aliasing in this way for computational ef-
ficiency.

Sampling Sinusoidal Functions

Sinusoids are an important type of periodic function, because realistic signals are often modeled as
the summation of many sinusoids of different frequencies and different amplitudes (for example,
with a Fourier series or transform). Understanding what aliasing does to the individual sinusoids
is useful in understanding what happens to their sum.

When sampling a function at frequency f, (intervals 1/f)), the following functions yield identical
sets of samples: {sin(2n( f+Nf)) t + @), N = 0, *1, +2, £3,...}. A frequency spectrum of the samples
produces equally strong responses at all those frequencies. Without collateral information, the
frequency of the original function is ambiguous. So the functions and their frequencies are said to
be aliases of each other. Noting the trigonometric identity:

+sinz(f + Nf)t+¢), f+Nf.=20

sin(27(f +Nﬂ)f+¢):{_sin(zn|f+zvﬁ [1=¢). S+Nf, <0

we can write all the alias frequencies as positive values: f (f) A= | f+Nf|.
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0 1 2 3 4 5 6 7 8 9 10
Two different sinusoids that fit the same set of samples.

For example, here a plot depicts a set of samples with parameter f, = 1, and two different sinusoids
that could have produced the samples. Nine cycles of the red sinusoid and one cycle of the blue
sinusoid span an interval of 10 samples. The corresponding number of cycles per sample are f,_, =
0.9f, and f,, =o0.1f. Sothe N= -1 aliasof f , is f,, . (and vice versa).

Aliasing matters when one attempts to reconstruct the original waveform from its samples. The most
common reconstruction technique produces the smallest of the f (f) frequencies. So it is usually
important that f (f) be the unique minimum. A necessary and sufficient condition for thatis f,/2 >
| f1, where f /2 is commonly called the Nyquist frequency of a system that samples at rate f.. In our
example, the Nyquist condition is satisfied if the original signal is the blue sinusoid ( f=f,, ). Butif
f=f.4=0.9f, the usual reconstruction method will produce the blue sinusoid instead of the red one.

Folding

In the example above, f, , and f, = are symmetrical around the frequency f/2. And in general, as
S increases from o to f/2, f (f) decreases from f to f/2. Similarly, as f increases from f /2
to f, f ,(f) continues decreasing from f/2 to 0.

A graph of amplitude vs frequency for a single sinusoid at frequency 0.6 f, and some of its aliases
at 0.4f, 1.4f, and 1.6 f, would look like the 4 black dots in the first figure below. The red lines
depict the paths (loci) of the 4 dots if we were to adjust the frequency and amplitude of the sinusoid
along the solid red segment (between f,/2 and f). No matter what function we choose to change
the amplitude vs frequency, the graph will exhibit symmetry between 0 and f. This symmetry is
commonly referred to as folding, and another name for f/2 (the Nyquist frequency) is folding fre-
quency. Folding is often observed in practice when viewing the frequency spectrum of real-valued
samples, such as the second figure below.

Spectral folding, caused by sampling

B0

Aliases

A
I\

Sinusoid at \

frequency 0.6 f f \
/

Amplitude (dB)

0-5 fS fs 1 -5 fS i 0 EDIDD WDDIDD WSDIDD EDDIDD ZED‘DD BDDIDD SED‘DD 40600
' Frequency (Hz)
The black dots are aliases of each other. The solid The Fourier transform of music sampled at 44100 sam-
red line is an example of amplitude varying with fre- ples/sec exhibits symmetry (called “folding”) around the
quency. The dashed red lines are the corresponding Nyquist frequency (22050 Hz).

paths of the aliases.
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Graph of frequency aliasing, showing folding frequency and periodicity. Frequencies
above fs/2 have an alias below fs/2, whose value is given by this graph.

cos(2Tafd) <= =) . . sin(273£:0)
'

cos(2m(3— VD)
—_—

7
I

sinn(3-DE) - p
N

7
-5l

e
= .
N
w
IS
©
@

.~

Two complex sinusoids, colored gold and cyan, that fit the same sets of real and imaginary sample points when sam-
pled at the rate (f) indicated by the grid lines. The case shown hereis: f, =/ 1(fg o) =Jya =

Complex Sinusoids

Complex sinusoids are waveforms whose samples are complex numbers, and the concept of neg-
ative frequency is necessary to distinguish them. In that case, the frequencies of the aliases are
given by just: f (f) =f+ Nf. Therefore, as f increases from f /2 to f, f (f) goesfrom —f /2
up to 0. Consequently, complex sinusoids do not exhibit folding. Complex samples of real-valued
sinusoids have zero-valued imaginary parts and do exhibit folding.

Sample Frequency

200 rpm Can-Follower 10000 sanples/sec)?

500 1000 1500 2000 2500 8000 9500 4000 4500 5000
sample #

4 waveforms reconstructed from samples taken at six different rates. Two of the waveforms
are sufficiently sampled to avoid aliasing at all six rates. The other two illustrate
increasing distortion (aliasing) at the lower rates.
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When the condition f/2 > f is met for the highest frequency component of the original signal,
then it is met for all the frequency components, a condition called the Nyquist criterion. That is
typically approximated by filtering the original signal to attenuate high frequency components
before it is sampled. These attenuated high frequency components still generate low-frequency
aliases, but typically at low enough amplitudes that they do not cause problems. A filter chosen in
anticipation of a certain sample frequency is called an anti-aliasing filter.

The filtered signal can subsequently be reconstructed, by interpolation algorithms, without sig-
nificant additional distortion. Most sampled signals are not simply stored and reconstructed. But
the fidelity of a theoretical reconstruction (via the Whittaker—Shannon interpolation formula) is a
customary measure of the effectiveness of sampling.

Angular Aliasing

Aliasing occurs whenever the use of discrete elements to capture or produce a continuous signal
causes frequency ambiguity.

Spatial aliasing, particular of angular frequency, can occur when reproducing a light field or sound
field with discrete elements, as in 3D displays or wave field synthesis of sound.

This aliasing is visible in images such as posters with lenticular printing: if they have low angular
resolution, then as one moves past them, say from left-to-right, the 2D image does not initially
change (so it appears to move left), then as one moves to the next angular image, the image sud-
denly changes (so it jumps right) — and the frequency and amplitude of this side-to-side movement
corresponds to the angular resolution of the image (and, for frequency, the speed of the viewer’s
lateral movement), which is the angular aliasing of the 4D light field.

The lack of parallax on viewer movement in 2D images and in 3-D film produced by stereoscopic
glasses (in 3D films the effect is called “yawing”, as the image appears to rotate on its axis) can
similarly be seen as loss of angular resolution, all angular frequencies being aliased to 0 (con-
stant).

Online Audio Example

The qualitative effects of aliasing can be heard in the following audio demonstration. Six sawtooth
waves are played in succession, with the first two sawtooths having a fundamental frequency of
440 Hz (A4), the second two having fundamental frequency of 880 Hz (A5), and the final two at
1760 Hz (A6). The sawtooths alternate between bandlimited (non-aliased) sawtooths and aliased
sawtooths and the sampling rate is 22.05 kHz. The bandlimited sawtooths are synthesized from
the sawtooth waveform’s Fourier series such that no harmonics above the Nyquist frequency are
present.

The aliasing distortion in the lower frequencies is increasingly obvious with higher fundamental
frequencies, and while the bandlimited sawtooth is still clear at 1760 Hz, the aliased sawtooth is
degraded and harsh with a buzzing audible at frequencies lower than the fundamental.

Direction Finding

A form of spatial aliasing can also occur in antenna arrays or microphone arrays used to estimate
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the direction of arrival of a wave signal, as in geophysical exploration by seismic waves. Waves
must be sampled at more than two points per wavelength, or the wave arrival direction becomes
ambiguous.

Anti-Aliasing Filter

An anti-aliasing filter (AAF) is a filter used before a signal sampler to restrict the bandwidth of a
signal to approximately or completely satisfy the Nyquist—Shannon sampling theorem over the
band of interest. Since the theorem states that unambiguous reconstruction of the signal from its
samples is possible when the power of frequencies above the Nyquist frequency is zero, a real an-
ti-aliasing filter trades off between bandwidth and aliasing. A realizable anti-aliasing filter will typ-
ically either permit some aliasing to occur or else attenuate some in-band frequencies close to the
Nyquist limit. For this reason, many practical systems sample higher than would be theoretically
required by a perfect AAF in order to ensure that all frequencies of interest can be reconstructed,
a practice called oversampling.

Optical Applications

Simulated photographs of a brick wall without (left) and with (right) an optical low-pass filter.

In the case of optical image sampling, as by image sensors in digital cameras, the anti-aliasing
filter is also known as an optical low-pass filter (OLPF), blur filter, or AA filter. The mathematics
of sampling in two spatial dimensions is similar to the mathematics of time-domain sampling, but
the filter implementation technologies are different. The typical implementation in digital cameras
is two layers of birefringent material such as lithium niobate, which spreads each optical point into
a cluster of four points.

The choice of spot separation for such a filter involves a tradeoff among sharpness, aliasing, and
fill factor (the ratio of the active refracting area of a microlens array to the total contiguous area
occupied by the array). In a monochrome or three-CCD or Foveon X3 camera, the microlens array
alone, if near 100% effective, can provide a significant anti-aliasing effect, while in color filter array
(CFA, e.g. Bayer filter) cameras, an additional filter is generally needed to reduce aliasing to an
acceptable level.
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The Pentax K-3 from Ricoh introduced a unique sensor-based anti-aliasing filter. The filter works
by micro vibrating the sensor element. The user can turn the vibration on or off, selecting an-
ti-aliasing or no anti-aliasing.

Audio Applications

Anti-aliasing filters are commonly used at the input of digital signal processing system’s analog
to digital converter; similar filters are used as reconstruction filters at the output of such systems,
for example in music players. In the latter case, the filter prevents imaging, the reverse process of
aliasing where in-band frequencies are mirrored out of band.

Oversampling

A technique known as oversampling is commonly used in audio ADCs. The idea is to use a higher
intermediate digital sample rate, so that a nearly ideal digital filter can sharply cut off aliasing near
the original low Nyquist frequency and give better phase response, while a much simpler analog
filter can stop frequencies above the new higher Nyquist frequency. Because analog filters have
relatively high cost and limited performance, relaxing the demands on the analog filter can greatly
reduce both aliasing and cost. Furthermore, because some noise is averaged out, the higher sam-
pling rate can moderately improve SNR.

Alternatively, a signal may be intentionally oversampled without an intermediate frequency to
reduce the requirements on the anti-alias filter. For example, CD audio typically extends up
to 20 kHz, but is sampled with a 22.05 kHz Nyquist rate. By oversampling by 2.05 kHz, both
aliasing and attenuation of higher audio frequencies can be prevented even with less than ideal
filters.

Bandpass Signals

Often, an anti-aliasing filter is a low-pass filter; this is not a requirement, however. Generalizations
of the Nyquist—Shannon sampling theorem allow sampling of other band-limited passband signals
instead of baseband signals.

For signals that are bandwidth limited, but not centered at zero, a band-pass filter can be used
as an anti-aliasing filter. For example, this could be done with a single-sideband modulated
or frequency modulated signal. If one desired to sample an FM radio broadcast centered at
87.9 MHz and bandlimited to a 200 kHz band, then an appropriate anti-alias filter would be
centered on 87.9 MHz with 200 kHz bandwidth (or pass-band of 87.8 MHz to 88.0 MHz), and
the sampling rate would be no less than 400 kHz, but should also satisfy other constraints to
prevent aliasing.

Signal Overload

It is very important to avoid input signal overload when using an anti-aliasing filter. If the signal is
strong enough, it can cause clipping at the analog-to-digital converter, even after filtering. When
distortion due to clipping occurs after the anti-aliasing filter, it can create components outside the
passband of the anti-aliasing filter; these components can then alias, causing the reproduction of
other non-harmonically related frequencies.
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Signal Quantization

The digitization of analog signals involves the rounding off of the values which are approximately
equal to the analog values. The method of sampling chooses a few points on the analog signal and
then these points are joined to round off the value to a near stabilized value. Such a process is
called as Quantization.

Quantizing an Analog Signal

The analog-to-digital converters perform this type of function to create a series of digital values
out of the given analog signal. The following figure represents an analog signal. This signal to get
converted into digital, has to undergo sampling and quantizing.

The quantizing of an analog signal is done by discretizing the signal with a number of quantization
levels. Quantization is representing the sampled values of the amplitude by a finite set of levels,
which means converting a continuous-amplitude sample into a discrete-time signal.

The following figure shows how an analog signal gets quantized. The blue line represents analog
signal while the brown one represents the quantized signal.
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Both sampling and quantization result in the loss of information. The quality of a Quantizer output
depends upon the number of quantization levels used. The discrete amplitudes of the quantized
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output are called as representation levels or reconstruction levels. The spacing between the two
adjacent representation levels is called a quantum or step-size.

The following figure shows the resultant quantized signal which is the digital form for the given
analog signal.

This is also called as Stair-case waveform, in accordance with its shape.

Types of Quantization
There are two types of Quantization - Uniform Quantization and Non-uniform Quantization.

The type of quantization in which the quantization levels are uniformly spaced is termed as a
Uniform Quantization. The type of quantization in which the quantization levels are unequal and
mostly the relation between them is logarithmic, is termed as a Non-uniform Quantization.

There are two types of uniform quantization. They are Mid-Rise type and Mid-Tread type. The
following figures represent the two types of uniform quantization.

Cutput level

Input
level

Output level

Input
level

Mid-Rise type Uniform Quantization. Mid-Tread type Uniform Quantization.

The first figure shown above shows the mid-rise type and second figure shown above shows the
mid-tread type of uniform quantization.

« The Mid-Rise type is so called because the origin lies in the middle of a raising part of the
stair-case like graph. The quantization levels in this type are even in number.

« The Mid-tread type is so called because the origin lies in the middle of a tread of the stair-
case like graph. The quantization levels in this type are odd in number.
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« Both the mid-rise and mid-tread type of uniform quantizers are symmetric about the ori-
gin.

Quantization Error

For any system, during its functioning, there is always a difference in the values of its input and
output. The processing of the system results in an error, which is the difference of those values.

The difference between an input value and its quantized value is called a Quantization Error. A
Quantizer is a logarithmic function that performs Quantization (rounding off the value). An ana-
log-to-digital converter (ADC) works as a quantizer.

The following figure illustrates an example for a quantization error, indicating the difference be-
tween the original signal and the quantized signal.

Original
and
Quantized
Signal

0.5

Quantization
0 Error

-0.5

Quantization Noise

It is a type of quantization error, which usually occurs in analog audio signal, while quantizing it
to digital. For example, in music, the signals keep changing continuously, where a regularity is not
found in errors. Such errors create a wideband noise called as Quantization Noise.

Companding in PCM

The word Companding is a combination of Compressing and Expanding, which means that it does
both. This is a non-linear technique used in PCM which compresses the data at the transmitter and
expands the same data at the receiver. The effects of noise and crosstalk are reduced by using this
technique.

There are two types of Companding techniques.

A-law Companding Technique

« Uniform quantization is achieved at A = 1, where the characteristic curve is linear and no
compression is done.
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A-law has mid-rise at the origin. Hence, it contains a non-zero value.

A-law companding is used for PCM telephone systems.

p-law Companding Technique

Uniform quantization is achieved at u = 0, where the characteristic curve is linear and no
compression is done.

u-law has mid-tread at the origin. Hence, it contains a zero value.

u-law companding is used for speech and music signals.

u-law is used in North America and Japan.
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Systems used in Signal
Processing

A field of electric engineering which aims at analyzing, synthesizing and modifying electromagnet-
ic signals such as of sound, images, videos, etc. is called signal processing. It includes significant
systems such as lumped parameter and distributed parameter systems, casual and non-casual sys-
tems, linear and non-linear systems and discrete time system. This chapter closely examines these
systems used in signal processing to provide an extensive understanding of the subject.

System can be considered as a physical entity which manipulates one or more input signals applied
to it. For example a microphone is a system which converts the input acoustic (voice or sound) sig-
nal into an electric signal. A system is defined mathematically as a unique operator or transforma-
tion that maps an input signal in to an output signal. This is defined as y(¢) T [x(t)] where x(7)
is input signal, y (t) is output signal, T[]is transformation that characterizes the system behavior.

Lumped Parameter and Distributed
Parameter Systems

« Alumped system is one in which the dependent variables of interest are a function of time
alone. In general, this will mean solving a set of ordinary differential equations (ODEs).

« Adistributed system is one in which all dependent variables are functions of time and one or
more spatial variables. In this case, we will be solving partial differential equations (PDEs).

For example, consider the following two systems:

Distributed Lumped
‘ y(x,t) yk(t)
|~ |® >
v= x=L x0 xI --- 2k e aN|
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e The first system is a distributed system, consisting of an infinitely thin string, supported at
both ends; the dependent variable, the vertical position of the string y(x,t) is indexed con-
tinuously in both space and time.

« The second system, a series of beads connected by massless string segments, constrained
to move vertically, can be thought of as a lumped system, perhaps an approximation to the
continuous string.

« For electrical systems, consider the difference between a lumped RLC network and a trans-
mission line.

Distributed Lumped

« The importance of lumped approximations to distributed systems will become obvious lat-
er, especially for waveguide-based physical modeling, because it enables one to cut com-
putational costs by solving ODEs at a few points, rather than a full PDE (generally much
more costly).

Static and Dynamic Systems

Static Systems

Definition: It is a system in which output at any instant of time depends on input sample at the
same time.

Example:

y(n) = 9X(n)

In this example 9 is constant which multiplies input x(n). But output at nth instant that means y(n)
depends on the input at the same (nth) time instant x(n). So this is static system.

y(n)=x2(n)+8x(n)+17

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

Here also output at nth instant, y(n) depends on the input at nth instant. So this is static sys-
tem.

Why static systems are memory less systems?
Answer:

Observe the input output relations of static system. Output does not depend on delayed [x (n — k):l
or advanced [x (n + k)] input signals. It only depends on present input (nth) input signal. If out-
put depends upon delayed input signals then such signals should be stored in memory to calculate
the output at nth instant. This is not required in static systems. Thus for static systems, memory is
not required. Therefore static systems are memory less systems.

Dynamic Systems

It is a system in which output at any instant of time depends on input sample at the same time as
well as at other times.

Here other time means, other than the present time instant. It may be past time or future time.
Note that if x (n) represents input signal at present instant then,

X (n — k) ; that means delayed input signal is called as past signal.
X (n + k) ; that means advanced input signal is called as future signal.
Thus in dynamic systems, output depends on present input as well as past or future inputs.

Examples:
y(n) = x(n)+6x(n—2)

Here output at nth instant depends on input at nth instant, x (n) as well as (n-2)th instant x(n-2)
is previous sample. So the system is dynamic.

y(n) = 4x(n +7)+x(n)
Here x(n+7) indicates advanced version of input sample that means it is future sample therefore
this is dynamic system.

Why dynamic system has a memory?

Observe input output relations of dynamic system. Since output depends on past or future input
sample; we need a memory to store such samples. Thus dynamic system has a memory.

For continuous time (CT) systems:

A continuous time system is static or memoryless if its output depends upon the present input
only.
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Example:
Voltage drop across a resistor.

It is given by,
v(t) =i(t)*R

Here the voltage drop depends on the value of the current at that instant. So it is static system.

On the other hand a CT system is dynamic if output depends on present as well as past values.

Causal and Non-causal Systems

Causal Systems

A system is said to be causal system if its output depends on present and past inputs only and not
on future inputs.

Examples: The output of casual system depends on present and past inputs, it means y(n) isa
function of x (n—1), x(n-2), x(n—-3)...etc. Some examples of causal systems are given below:

y(n)=x(n)+x(n-2)
y(n):x(n—l)—x(n—3)

y(n) = 7x(n —5)
Significance of causal systems:

Since causal system does not include future input samples; such system is practically realizable.
That mean such system can be implemented practically. Generally all real time systems are causal
systems; because in real time applications only present and past samples are present. Since future
samples are not present; causal system is memory less system.

Anti Causal or Non-causal System

Definition: A system whose present response depends on future values of the inputs is called as a
non-causal system.

Examples: In this case, output Y (n)is function of x(n), x(n—1), x(n—2)...etc. as well as it is
function of x(n +1), x(n +2), x(n +3), etc. following are some examples of non-causal systems:

Y(n) = X(n) + x(n+1)
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Y(n) = 7x(r2)
Y (n) =x(n) +9x(n+5)

Significance of Non-causal Systems

Since non-causal system contains future samples; a non-causal system is practically not realizable.
That means in practical cases it is not possible to implement a non-causal system.

But if the signals are stored in the memory and at a later time they are used by a system then such
signals are treated as advanced or future signal. Because such signals are already present, before
the system has started its operation. In such cases it is possible to implement a non-causal system.

Some practical examples of non-causal systems are as follows:
« Population growth,
«  Weather forecasting,

« Planning commission etc.

For Continuous Time (C.T.) System

A C.T. system is said to be causal if it produces a response y(t) only after the application of exci-
tation x (t) . That means for a causal system the response does not begin before the application of
the inputx(t).

The other way of defining the causal system is as follows:

A system is said to be causal if its output depends on present and past values of the input and not
on the future inputs. If the input is applied at t = tm then the output at t = tm y(tm) will be depen-
dent only on the values of x(t)fort = tm.

Condition for causality: y(tm)=f [x (t); t= tm}

Causal systems are physically realizable systems. The non-causal systems do not satisfy above con-
dition. Non-causal systems are not physically realizable.

Condition for causality in terms of impulse response y(t):

The relation between y(t)and x(t)is given by:
y(t)=x(t)*h(t)

Where * represents convolution and h (t) is the impulse response of the system. The condition for
causality in terms of the impulse response is as follows:

Condition for causality: h(t)=0for t<0

This condition states that a linear time invariant (LTI) system is causal if its impulse response h (t)
has a zero value for negative values of time.
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Solved Problems on Causal and Non-causal System
Determine if the systems described by the following equations are causal or non-causal.
y(n)=x(n)+x(n-3)
Solution: the given system is causal because its output (y(n)) depends only on the present x(n)
and past x(n—3)inputs.
y(n)=x(-n+2)

Solution: this is non-causal system. This is because at n = —1 we get y(-1) = x [— (-1)+ 2} =x(3).
Thus present output atn = -1, expects future input i.e. x(3).

Invertible and Non-invertible Systems

A system is said to be invertible if distinct inputs lead to distinet outputs. For such a system there
exists an inverse transformation (inverse system) denoted by T~'[]which maps the outputs of orig-
inal systems to the inputs applied. Accordingly we can write:

TT'=T'T=1
Where I = 1one for single input and single output systems.

A non-invertible system is one in which distinct inputs leads to same outputs. For such a system
an inverse system will not exist.

Linear and Non-linear Systems

A linear system is a system which follows the superposition principle. Let us consider a system
having its response as ‘T’, input as x (n) and it produces output y(n).

Let us consider two inputs. Input x1(n)produces output yI(n)and input x2(n)produces output
y2(n . Now consider two arbitrary constants al and a2. Then simply multiply these constants
with input x1(n)and x2(n)respectively. Thus alxI(n)produces output alyl(n)and a2x2(n)
produces output a2y2(n).

Theorem for Linearity of the System

A system is said to be linear if the combined response of aix1(n) and a2x2(n) is equal to the addi-
tion of the individual responses.

That means:

T[al xl(n)+a2 x2(n)] =al T[xl(n)] +a2 TI:X2(1’1):| ................ 1)
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The above theorem is also known as superposition theorem.
Important Characteristic:

Linear system has one important characteristic: If the input to the system is zero then it produces
zero output. If the given system produces some output (non-zero) at zero input then the system is
said to be Non-linear system. If this condition is satisfied then apply the superposition theorem to
determine whether the given system is linear or not?

For continuous time system:

Similar to the discrete time system a continuous time system is said to be linear if it follows the
superposition theorem.

Let us consider two systems as follows:

yl(t) = f[xl(t)]
And y2(t):f[x2(t):|

Here yl(t)and y2(t)are the responses of the system and x1(t)andx2(t)are the excitations.
Then the system is said to be linear if it satisfies the following expression:

f[al x1(t)+a2 XZ('[)] =al yl(t)+a2 y2(t)

Where al and a2 are constants.

A system is said to be non-linear system if does not satisfies the above expression. Communication
channels and filters are examples of linear systems.

How to determine whether the given system is Linear or not?
To determine whether the given system is Linear or not, we have to follow the following steps:

Step 1: Apply zero input and check the output. If the output is zero then the system is linear. If this
step is satisfied then follow the remaining steps.

Step 2: Apply individual inputs to the system and determine corresponding outputs. Then add all
outputs. Denote this addition by y’(n) . This is the R.H.S. of the 1st equation.

Step 3: Combine all inputs. Apply it to the system and find out y”(n). This is L.H.S. of equation.
Step 4: if y’(n) =y”(n) then the system is linear otherwise it is non-linear system.
Example:

Determine whether the following system is linear or not.

y(n) =nx(n)
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Solution:

Step 1: When input x(n) is zero then output is also zero. Here first step is satisfied so we will check
remaining steps for linearity.

Step 2: Let us consider two inputs x1(n)and x2(n)be the two inputs which produces outputs
yl(t)and y2(t)respectively. It is given as follows:

x1(n)——yl(n)=nxI(n)
And x2(n)——y2(n)=nx2(n)
Now add these two output to get y’(n)
Therefore y'(n) =yl(n)+y2(n)+nxl(n)+nx2(n)
Therefore y'(n)=n[x1(n)+x2(n)]
Step 3: Now add x1(n) and x2(n) and apply this input to the system.
Therefore:

[xl(n)+x2 ]—)y" T[Xl +x2 } n[xl +X2 ]

We know that the function of system is to multiply input by ‘n’

Here [xl (n) +x2 (n)} acts as one input to the system. So the corresponding output is:
y'(n)= n[xl(n) n X2(n)]

Step 4: Compare y'(n)andy"(n).

Here y'(n)=y"(n). hence the given system is linear.

Stable and Unstable Systems

To define stability of a system we will use the term ‘BIBO’. It stands for Bounded Input Bounded
Output. The meaning of word ‘bounded’ is some finite value. So bounded input means input signal
is having some finite value. i.e. input signal is not infinite. Similarly bounded output means, the
output signal attains some finite value i.e. the output is not reaching to infinite level.

An infinite system is BIBO stable if and only if every bounded input produces bounded output.
Mathematical representation:

Let us consider some finite number Mx whose value is less than infinite. That means Mx < 8, so it’s
a finite value. Then if input is bounded, we can write:

|x(n)| =Mx <8
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Similarly for C.T. system:

|x(t)| =Mx <8

Similarly consider some finite number My whose value is less than infinity. That means My < 8§,
so it’s a finite value. Then if output is bounded, we can write:

|y(n)| =My <8
Similarly for continuous time system:
|y(t)| =My<8

An initially system is said to be unstable if bounded input produces unbounded (infinite) out-
put.

Significance
« Unstable system shows erratic and extreme behavior.

«  When unstable system is practically implemented then it causes overflow.

Solved Problem on Stability

Determine whether the following discrete time functions are stable or not.
y(n)=x(-n)

Solution: we x (—n) (-n) should be finite. So when input is bounded output will be bounded. Thus
the given function is Stable system.

Continuous-time System

A continuous time system operates on a continuous time signal input and produces a continuous
time signal output. There are numerous examples of useful continuous time systems in signal pro-
cessing as they essentially describe the world around us. The class of continuous time systems that
are both linear and time invariant, known as continuous time LTI systems, is of particular interest
as the properties of linearity and time invariance together allow the use of some of the most im-
portant and powerful tools in signal processing.

Linearity and Time Invariance

A system H is said to be linear if it satisfies two important conditions. The first, additivity, states
for every pair of signals x, y that H(x+ y) = H(x)+ H(y) The second, homogeneity of degree one,
states for every signal x and scalar a we have H (ax)=aH (x).Itis clear that these conditions can
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be combined together into a single condition for linearity. Thus, a system is said to be linear if for
every signals x, y and scalars a,b we have that:

H(ax+by)=aH(x)+bH(y)

Linearity is a particularly important property of systems as it allows us to leverage the powerful
tools of linear algebra, such as bases, eigenvectors, and eigenvalues, in their study.

A system H is said to be time invariant if a time shift of an input produces the corresponding
shifted output. In other, more precise words, the system H commutes with the time shift operator
S, forevery T € R . That is:

S;H =HS,.
Time invariance is desirable because it eases computation while mirroring our intuition that, all
else equal, physical systems should react the same to identical inputs at different times.

When a system exhibits both of these important properties it allows for a more straigtforward
analysis than would otherwise be possible. As will be explained and proven in subsequent mod-
ules, computation of the system output for a given input becomes a simple matter of convolving
the input with the system’s impulse response signal. Also proven later, the fact that complex expo-
nential are eigenvectors of linear time invariant systems will enable the use of frequency domain
tools such as the various Fouier transforms and associated transfer functions, to describe the be-
havior of linear time invariant systems.

Example:

Consider the system H in which:
H(f(1)=2f()

for all signals f . Given any two signals /', g and scalars a,b
H (af (t) +bg(1))) = 2(af (1) + bg(1)) = a2 f (1) + b2g (1) = aH (f (1)) + bH (g (1))

for all real 7. Thus, H is a linear system. For all real T and signals 1,
ST(H(fO)=STQRf®)=2f(-T)=H(f(-T))=H(ST(f ()

for all real .Thus, H is atime invariant system. Therefore, H is a linear time invariant system.

Differential Equation Representation

It is often useful to to describe systems using equations involving the rate of change in some quantity.
For continuous time systems, such equations are called differential equations. One important class
of differential equations is the set of linear constant coefficient ordinary differential equations.

Example:

Consider the series RLC circuit shown in figure. This system can be modeled using differential
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equations. We can use the voltage equations for each circuit element and Kirchoff’s voltage law to
write a second order linear constant coefficient differential equation describing the charge on the
capacitor.

. oo 1
The voltage across the battery is simply} . The voltage across the capacitor is — q. The voltage
2

. . o d . . .. d .
across the resistor 1SR73. Finally, the voltage across the inductor 1sL?2q. Therefore, by Kir-

choff’s voltage law, it follows that:

2
M+Rﬂ+%q =V.

L
dt’ dt

. |

L

A series RLC circuit.

Discrete Time System

A discrete time system operates on a discrete time signal input and produces a discrete time signal
output. There are numerous examples of useful discrete time systems in digital signal processing,
such as digital filters for images or sound. The class of discrete time systems that are both linear
and time invariant, known as discrete time LTI systems, is of particular interest as the properties
of linearity and time invariance together allow the use of some of the most important and powerful
tools in signal processing.

Linearity and Time Invariance

A system H is said to be linear if it satisfies two important conditions. The first, additivity, states
for every pair of signals x,y that H(x+ y)= H(x)+ H(»). The second, homogeneity of degree
one, states for every signal x and scalar a we have H (ax) = aH (x). It is clear that these conditions
can be combined together into a single condition for linearity. Thus, a system is said to be linear if
for every signals x, y and scalars a,b we have that:

H(ax+by)=aH (x)+bH(y).

Linearity is a particularly important property of systems as it allows us to leverage the powerful
tools of linear algebra, such as bases, eigenvectors, and eigenvalues, in their study.
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A system H is said to be time invariant if a time shift of an input produces the corresponding
shifted output. In other, more precise words, the system H commutes with the time shift operator
S, foreveryT e Z . That is:

S;H =HS,.
Time invariance is desirable because it eases computation while mirroring our intuition that, all

else equal, physical systems should react the same to identical inputs at different times.

When a system exhibits both of these important properties it opens. As will be explained and prov-
en in subsequent modules, computation of the system output for a given input becomes a simple
matter of convolving the input with the system’s impulse response signal. the fact that complex
exponential are eigenvectors of linear time invariant systems will encourage the use of frequency
domain tools such as the various Fouier transforms and associated transfer functions, to describe
the behavior of linear time invariant systems.

Example:
Consider the system . in which:
H(f(n))=2f(n)
for all signals /. Given any two signals f,g and scalars a b
H(af (n)+bg(n))) = 2(af (n)+ bg(n)) = a2 f (n)+b2g(n) = aH (f(n))+bH(g(n))
for all integers n . Thus, H is alinear system. For all integers T and signals f,
Sp(H(f(m)=S;2f(m)=2f(n-T)=H(f(n-T))=H(S;(f(n)))

for all integers n . Thus, H is a time invariant system. Therefore, H is alinear time invariant system.

Difference Equation Representation

It is often useful to to describe systems using equations involving the rate of change in some quan-
tity. For discrete time systems, such equations are called difference equations, a type of recurrence
relation. One important class of difference equations is the set of linear constant coefficient differ-
ence equations.

Example:

Recall that the Fibonacci sequence describes a (very unrealistic) model of what happens when a
pair rabbits get left alone in a black box. The assumptions are that a pair of rabits never die and
produce a pair of offspring every month starting on their second month of life. This system is de-
fined by the recursion relation for the number of rabit pairs y(n)at month #:

y(n)=yn-1)+y(n-2)

with the initial conditions y(0)=0and y(1)=1. The result is a very fast growth in the sequence.
This is why we never leave black boxes open.
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Finite Impulse Response System

In signal processing, a finite impulse response (FIR) filter is a filter whose impulse response
(or response to any finite length input) is of finite duration, because it settles to zero in finite time.
This is in contrast to infinite impulse response (IIR) filters, which may have internal feedback and
may continue to respond indefinitely (usually decaying).

The impulse response (that is, the output in response to a Kronecker delta input) of an Nth-or-
der discrete-time FIR filter lasts exactly N + 1 samples (from first nonzero element through last
nonzero element) before it then settles to zero.

FIR filters can be discrete-time or continuous-time, and digital or analog.

\
N

X[l’l] > 71 > 71

A direct form discrete-time FIR filter of order N. The top part is an N-stage delay line with N + 1
taps. Each unit delay is a z** operator in Z-transform notation.

Xn ) ) )
k4 ka kn
k4 ka kn
z DHz -z &

A lattice-form discrete-time FIR filter of order N. Each unit delay is a z* operator in Z-transform
notation.

For a causal discrete-time FIR filter of order N, each value of the output sequence is a weighted
sum of the most recent input values:

y[n] =bx[n]+bx(n—1]+---+b,x[n—N]
= ZN:bl. -x[n—1i],
i=0
where:
»  x[n]is the input signal,

+  y[n]is the output signal,

o N isthefilter order; an N th-order filter has (N+1)terms on the right-hand side,
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« b is the value of the impulse response at the i'th instant for 0<;< N of an N th-order
FIR filter. If the filter is a direct form FIR filter then b, is also a coefficient of the filter.

This computation is also known as discrete convolution.

The x[n—i]in these terms are commonly referred to as taps, based on the structure of a tapped
delay line that in many implementations or block diagrams provides the delayed inputs to the mul-
tiplication operations. One may speak of a 5th order/6-tap filter, for instance.

The impulse response of the filter as defined is nonzero over a finite duration. Including zeros, the
impulse response is the infinite sequence:

v b 0<n<N
Hin)=3"b,-8[n—i]= {0” "
i=0

otherwise.

If an FIR filter is non-causal, the range of nonzero values in its impulse response can start before
n = 0, with the defining formula appropriately generalized.

Properties

An FIR filter has a number of useful properties which sometimes make it preferable to an infinite
impulse response (IIR) filter. FIR filters:

« Require no feedback. This means that any rounding errors are not compounded by summed
iterations. The same relative error occurs in each calculation. This also makes implemen-
tation simpler.

« Are inherently stable, since the output is a sum of a finite number of finite multiples of the
input values, so can be no greater than 2. | b, |times the largest value appearing in the input.

« Can easily be designed to be linear phase by making the coefficient sequence symmetric.
This property is sometimes desired for phase-sensitive applications, for example data com-
munications, seismology, crossover filters, and mastering.

The main disadvantage of FIR filters is that considerably more computation power in a general
purpose processor is required compared to an IIR filter with similar sharpness or selectivity, espe-
cially when low frequency (relative to the sample rate) cutoffs are needed. However, many digital
signal processors provide specialized hardware features to make FIR filters approximately as effi-
cient as IIR for many applications.

Frequency Response

The filter’s effect on the sequence x[n]is described in the frequency domain by the convolution
theorem:

PO =20 T i) = x{) iin) = F~ (X (@) H(@)},

Y (@) X(w) H(o)

where operators F and F ' respectively denote the discrete-time Fourier transform (DTFT) and
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its inverse. Therefore, the complex-valued, multiplicative function H(w)is the filter’s frequency
response. It is defined by a Fourier series:

H, (w)U ih[n]-(ei“’)_n = an -(ei”)_n ,

where the added subscript denotes 2nt-periodicity. Here @ represents frequency in normalized units
(radians/sample). The substitution @ =27 f, favored by many filter design programs, changes
the units of frequency ( f)to cycles/sample and the periodicity to 1. When the x[n] sequence has

a known sampling-rate, f, samples/second, the substitution @ =27 f/ f, changes the units of

s

frequency (f)to cycles/second (hertz) and the periodicity to f, The value @ =7 corresponds to
1
a frequency of f = % Hz = 5 cycles/sample, which is the Nyquist frequency.

H, (o) can also be expressed in terms of the Z-transform of the filter impulse response:

H(z) D i Wn)-z".
H, (0)= I:I(z)|z:ejw = H (™).

Filter Design

An FIR filter is designed by finding the coefficients and filter order that meet certain specifications,
which can be in the time domain (e.g. a matched filter) and/or the frequency domain (most com-
mon). Matched filters perform a cross-correlation between the input signal and a known pulse
shape. The FIR convolution is a cross-correlation between the input signal and a time-reversed
copy of the impulse response. Therefore, the matched filter’s impulse response is designed by sam-
pling the known pulse-shape and using those samples in reverse order as the coefficients of the
filter.

When a particular frequency response is desired, several different design methods are common:
«  Window design method.
» Frequency Sampling method.
«  Weighted least squares design.

« Parks-McClellan method (also known as the Equiripple, Optimal, or Minimax method).
The Remez exchange algorithm is commonly used to find an optimal equiripple set of co-
efficients. Here the user specifies a desired frequency response, a weighting function for
errors from this response, and a filter order N. The algorithm then finds the set of (N+1)
coefficients that minimize the maximum deviation from the ideal. Intuitively, this finds the
filter that is as close as possible to the desired response given that only (N+1) coefficients
can be used. This method is particularly easy in practice since at least one text includes a
program that takes the desired filter and N, and returns the optimum coefficients.
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« Equiripple FIR filters can be designed using the FFT algorithms as well. The algorithm is
iterative in nature. The DFT of an initial filter design is computed using the FFT algorithm
(if an initial estimate is not available, h[n]=delta[n] can be used). In the Fourier domain
or FFT domain the frequency response is corrected according to the desired specs, and the
inverse FFT is then computed. In the time-domain, only the first N coefficients are kept
(the other coefficients are set to zero). The process is then repeated iteratively: the FFT is
computed once again, correction applied in the frequency domain and so on.

Software packages like MATLAB, GNU Octave, Scilab, and SciPy provide convenient ways to apply
these different methods.

Window Design Method

In the window design method, one first designs an ideal IIR filter and then truncates the infinite im-
pulse response by multiplying it with a finite length window function. The result is a finite impulse
response filter whose frequency response is modified from that of the IIR filter. Multiplying the in-
finite impulse by the window function in the time domain results in the frequency response of the
IIR being convolved with the Fourier transform (or DTFT) of the window function. If the window’s
main lobe is narrow, the composite frequency response remains close to that of the ideal IIR filter.

The ideal response is usually rectangular, and the corresponding IIR is a sinc function. The result
of the frequency domain convolution is that the edges of the rectangle are tapered, and ripples ap-
pear in the passband and stopband. Working backward, one can specify the slope (or width) of the
tapered region (transition band) and the height of the ripples, and thereby derive the frequency
domain parameters of an appropriate window function. Continuing backward to an impulse re-
sponse can be done by iterating a filter design program to find the minimum filter order. Another
method is to restrict the solution set to the parametric family of Kaiser windows, which provides
closed form relationships between the time-domain and frequency domain parameters. In gener-
al, that method will not achieve the minimum possible filter order, but it is particularly convenient
for automated applications that require dynamic, on-the-fly, filter design.

The window design method is also advantageous for creating efficient half-band filters, because
the corresponding sinc function is zero at every other sample point (except the center one). The
product with the window function does not alter the zeros, so almost half of the coefficients of the
final impulse response are zero. An appropriate implementation of the FIR calculations can exploit
that property to double the filter’s efficiency.

Moving Average Example

x[n]

v
N

v
N

\ 4 \ 4

")

(a) Block diagram of a simple FIR filter (2nd-order/3-tap filter in this case, implementing a moving average).
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(b) Pole—zero diagram of a second-order FIR filter.

Frequency response of 3-term boxcar filter Frequency response of 3-term boxcar filter
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— Frequency (w) (radians/sample) ® = Frequency (w) (radians/sample) ®
(c) Magnitude and phase responses. (d) Amplitude and phase responses.

A moving average filter is a very simple FIR filter. It is sometimes called a boxcar filter, especially
when followed by decimation. The filter coefficients, b,....,b, , are found via the following equa-
tion:

_l
"N +1

To provide a more specific example, we select the filter order:

N=2

The impulse response of the resulting filter is:

h[n]=§5[n]+%5[n—1]+%5[n—2]

WORLD TECHNOLOGIES




Systems used in Signal Processing

The fig. (a) on the right shows the block diagram of a 2nd-order moving-average filter. The transfer
function is:

2
H(Z):l+lz_l +lZ_2 :lLZZH
33 3 3 z

fig. (b) on the right shows the corresponding pole—zero diagram. Zero frequency (DC) corresponds
to (1, 0), positive frequencies advancing counterclockwise around the circle to the Nyquist fre-

. 1 .3
quency at (-1, 0). Two poles are located at the origin, and two zeros are located at z, = —5+ j %
IR ]
» BT J 7
The frequency response, in terms of normalized frequency w, is:
H(ej“’) = l+le_j“’ +le_j2"’.
3 3 3

fig. (c) on the right shows the magnitude and phase components of H (ej a’) But plots like these
can also be generated by doing a discrete Fourier transform (DFT) of the impulse response. And
because of symmetry, filter design or viewing software often displays only the [0, n] region. The
magnitude plot indicates that the moving-average filter passes low frequencies with a gain near 1
and attenuates high frequencies, and is thus a crude low-pass filter. The phase plot is linear except
for discontinuities at the two frequencies where the magnitude goes to zero. The size of the discon-
tinuities is 7, representing a sign reversal. They do not affect the property of linear phase. That fact
is illustrated in fig. (d).

Infinite Impulse Response System

The impulse response, even of IIR systems, usually approaches zero and can be neglected past a
certain point. However the physical systems which give rise to IIR or FIR responses are dissimilar,
and therein lies the importance of the distinction. For instance, analog electronic filters composed
of resistors, capacitors, and/or inductors (and perhaps linear amplifiers) are generally IIR filters.
On the other hand, discrete-time filters (usually digital filters) based on a tapped delay line em-
ploying no feedback are necessarily FIR filters. The capacitors (or inductors) in the analog filter
have a “memory” and their internal state never completely relaxes following an impulse (assuming
the classical model of capacitors and inductors where quantum effects are ignored). But in the lat-
ter case, after an impulse has reached the end of the tapped delay line, the system has no further
memory of that impulse and has returned to its initial state; its impulse response beyond that point
is exactly zero.

Implementation and Design

Although almost all analog electronic filters are IIR, digital filters may be either IIR or FIR. The
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presence of feedback in the topology of a discrete-time filter generally creates an IIR response. The
z domain transfer function of an IIR filter contains a non-trivial denominator, describing those
feedback terms. The transfer function of an FIR filter, on the other hand, has only a numerator as
expressed in the general form derived below. All of the g, coefficients with i > 0 (feedback terms)
are zero and the filter has no finite poles.

The transfer functions pertaining to IIR analog electronic filters have been extensively studied
and optimized for their amplitude and phase characteristics. These continuous-time filter func-
tions are described in the Laplace domain. Desired solutions can be transferred to the case of
discrete-time filters whose transfer functions are expressed in the z domain, through the use of
certain mathematical techniques such as the bilinear transform, impulse invariance, or pole—zero
matching method. Thus digital IIR filters can be based on well-known solutions for analog filters
such as the Chebyshev filter, Butterworth filter, and elliptic filter, inheriting the characteristics of
those solutions.

Transfer Function Derivation

Digital filters are often described and implemented in terms of the difference equation that defines
how the output signal is related to the input signal:

y [n] = aL(box[n] +bx[n—1]+---+b,x[n—P]

0
—ayn—1]=a,y[n=2]—---=a,y[n-0])
where:
o Pis the feedforward filter order.
« b are the feedforward filter coefficients.

Qis the feedback filter order.

«  a,are the feedback filter coefficients.

x[n]is the input signal.
«  y[n]is the output signal.

A more condensed form of the difference equation is:

lid Y
o) =i(2b[x[n—i]—zajy[n—f]]

0

which, when rearranged, becomes:

0 P
Zajy[n -Jjl= Zbl.x[n —1i]

WORLD TECHNOLOGIES




Systems used in Signal Processing

To find the transfer function of the filter, we first take the Z-transform of each side of the above
equation, where we use the time-shift property to obtain:

9] P
>az7Y(2)=) bz X(z)
j=0 i=0

We define the transfer function to be:

_Y@
T X(z2)

P i

— Zi:O bi z
P .
-Jj

Zi:O a.i z

Considering that in most IIR filter designs coefficient a,is 1, the IIR filter transfer function takes
the more traditional form:

H(z)

P b
HE) =t
1+Zj:1ajz /

IN spp{ SUM T ouT

SUM |l 7

-1
7 -1

An example of a block diagram of an IIR filter. The z “block is a unit delay.

Stability

The transfer function allows one to judge whether or not a system is bounded-input, bounded-out-
put (BIBO) stable. To be specific, the BIBO stability criterion requires that the ROC of the system
includes the unit circle. For example, for a causal system, all poles of the transfer function have to
have an absolute value smaller than one. In other words, all poles must be located within a unit
circle in the z -plane.

The poles are defined as the values of z which make the denominator of H(z) equal to o:

Q .
0= Zajz_*’

j=0

Clearly, if a, # 0 then the poles are not located at the origin of the z -plane. This is in contrast to
the FIR filter where all poles are located at the origin, and is therefore always stable.
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IIR filters are sometimes preferred over FIR filters because an IIR filter can achieve a much sharp-
er transition region roll-off than an FIR filter of the same order.

Example:

Let the transfer function H(z) of a discrete-time filter be given by:

_Be@_ 1
H(z)= A(z) l1-az™'

governed by the parameter a, a real number with 0 <|a|<1. H(z)is stable and causal with a pole
at a . The time-domain impulse response can be shown to be given by:

h(n) =a"u(n)

where u(n) is the unit step function. It can be seen that /(n) is non-zero for all n >0, thus an im-
pulse response which continues infinitely.

b(0)

P yik)

— |€----qe
— |€----de

IIR filter example.

Advantages and Disadvantages

The main advantage digital IIR filters have over FIR filters is their efficiency in implementation,
in order to meet a specification in terms of passband, stopband, ripple, and/or roll-off. Such a set
of specifications can be accomplished with a lower order (Q in the above formulae) IIR filter than
would be required for an FIR filter meeting the same requirements. If implemented in a signal
processor, this implies a correspondingly fewer number of calculations per time step; the compu-
tational savings is often of a rather large factor.

On the other hand, FIR filters can be easier to design, for instance, to match a particular frequency
response requirement. This is particularly true when the requirement is not one of the usual cases
(high-pass, low-pass, notch, etc.) which have been studied and optimized for analog filters. Also
FIR filters can be easily made to be linear phase (constant group delay vs frequency)—a property
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that is not easily met using IIR filters and then only as an approximation (for instance with the
Bessel filter). Another issue regarding digital IIR filters is the potential for limit cycle behavior
when idle, due to the feedback system in conjunction with quantization.

IIR and FIR Systems

IIR Systems

IIR stands for infinite impulse response systems.

IIR filters are less powerful than FIR filters, & require less processing power and less work
to set up the filters.

They are more easy to change “on the fly”.

These are less flexible.

It cannot implement linear-phase filtering.

It cannot be used to correct frequency-response errors in a loudspeaker.
IIRs can provide good resolution even at low frequencies.

Usage is generally more easier than FIR filters.

Finite Infinite
Non-Zerof—| IR Filter ={Non-zerp

5E|IT]E|E'E 5E|FﬂE|E'E

IIR filter uses current input sample value, past input and output samples to obtain current
output sample value.

Simple IIR equation is mention below. y(n)= b(0)x(n) + b(1)x(n-1) + b(2)x(n-2) + b(3)x(n-
3) + a(1)y(n-1) + a(2)y(n-2) + a(3)y(n-3).

Transfer function of IIR filter will have both zeros and poles and will require less memory
than FIR counterpart.

IIR filters are not stable as they are recursive in nature and feedback is also involved in the
process of calculating output sample values.

IIR filter need more power due to more coefficients in the design.

IIR filters have analog equivalent.
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IIR filters are more efficient.

IIR filters are used as notch(band stop),band pass functions.

IIR filter need lower order than FIR filter to achieve same performance.
Delay is less than FIR filter.

It has higher sensitivity than FIR filter.

FIR Systems

FIR stands for finite impulse response systems.

FIR filters are more powerful than IIR filters, but also require more processing power and
more work to set up the filters.

They are also less easy to change “on the fly” as you can by tweaking (say) the frequency
setting of a parametric (IIR) filter.

Their, greater power means more flexibility and ability to finely adjust the response of your
active loudspeaker.

It can implement linear-phase filtering.

It can be used to correct frequency-response errors in a loudspeaker to a finer degree of
precision than using ITIRs.

FIRs can be limited in resolution at low frequencies, and the success of applying
FIR filters depends greatly on the program that is used to generate the filter coeffi-
cients.

Usage is generally more complicated and time-consuming than IIR filters.

Finite EIR Finite
Non-Zerol&— 2INon-zero

Filter
Samglea 5E|F‘ﬂE|E5

FIR filter uses only current and past input digital samples to obtain a current output sam-
ple value. It does not utilize past output samples.

Simple FIR equation is: y(n)= h(0)x(n) + h(1)x(n-1) + h(2)x(n-2) + h(3)x(n-3) + h(4)
x(n-4).

Transfer function of FIR filter will have only zeros, need more memory.
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« FIR filters are preferred due to its linear phase response and also they are non-recursive.
Feedback is not involved in FIR, hence they are stable.

« FIR filter consume low power.

« FIR have no analog equivalent.

« FIR filters are less efficient.

« FIR filters are used as anti-aliasing, low pass and baseband filters.

« FIR filter need higher order than IIR filter to achieve same performance.
« Delay is more than IIR filter.

« It has lower sensitivity than IIR filter.

Time Variant and Time Invariant Systems

A system is said to be time variant if its input and output characteristics vary with time. Otherwise,
the system is considered as time invariant.

The condition for time invariant system is:
y(nt)=y(n—t)

The condition for time variant system is:
y(nt)=y(n—1)

Where,
y(n,t)=T[x(n—1t)]= input change
y(n—t)=output change

Example:
y(n)=x(=n)
y(m 1) =T[x(n—t)]=x(-n~1)
y(m 1) =T[x(n=t)]=x(-n~1)

~y(n, t)£y(n—-t).

Hence, the system is time variant.
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Fourier Series and Fourier
Transform

Fourier series represents an expansion of periodic operation in terms of an infinite sum sines
and cosines. Fourier transform converts a general and non-periodic operation into its constit-
uent frequencies. The topics elaborated in this chapter will help in gaining a better perspective
about the fourier series and fourier transform.

To represent any periodic signal x(t), Fourier developed an expression called Fourier series. This is
in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses orthoganality
condition.

Fourier Series Representation of Continuous Time Periodic Signals
A signal is said to be periodic if it satisfies the condition x (t) = x (t + T) or x (n) = x (n + N).
Where T = fundamental time period,
o, = fundamental frequency = 27/T.
There are two basic periodic signals:
L x(¢) = cos w,t (sinusoidal).
5 X(1)= e’*" (complex exponential).
These two signals are periodic with period:
T=2r/w,

A set of harmonically related complex exponentials can be represented as {¢, (¢)} .

2z

8, (1) = (") = (T Ywherek = 0£1,£2..n

All these signals are periodic with period T.
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According to orthogonal signal space approximation of a function x (t) with n, mutually orthogonal
functions is given by:

x(t) = Z akejkwot

k=—0

0
ik
=Y, ake”™
k=—0

Where a, = Fourier coefficient = coefficient of approximation.

This signal x(¢)is also periodic with period T.

Equation 2 represents Fourier series representation of periodic signal x(t).

The term k = 0 is constant.

The term k = +1 having fundamental frequency @, , is called as 1st harmonics.

The term k = £2 having fundamental frequency 2@, is called as 2nd harmonics, and so on.

The term k = £n having fundamental frequency n@0 , is called as nth harmonics.
Deriving Fourier Coefficient
We know that x(¢) = Z:}w ae”

Multiply e " on both sides.

0
x(t)e—jna)ot — Z a ejka)ot e—jna)ot
k .
k=—0

Consider integral on both sides.

T ) T & . .
x(£)e’™ ™ dt =J- a, e’ e~ gy
.[o ) 0 k:z_w k

T & k
= IO > a I dr

k=—0
r Jrout gy _ c T k=)t d
0x(t)e t—ZakOe dt
k=—c0

by Euler’s formula:

"ot g =(" cos(k —n)aydt + [ sin(k d
'[O e t. —'[O cos(k —n)w, t+]jo sin(k —n)w,t dt
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T .
J(k—n)aw,t _ T k=n
jo € Odt-_{o k#n

Hence in equation, the integral is zero for all values of k except at k = n. Put k = n in equation:
T — jnayt
= _[0 x(t)e " dt =a,T
1¢er _,
=a, =—J‘ e "™ dt
T Jdo

Replace n by k.

1¢7 _ww

= aq, =—J- e M dt
T o

sox(t) = Z e’
k=—0

17 4o
where a, =?J‘O e ' dt

Properties of Fourier Series

These are properties of Fourier series:

Linearity Property

fourier series coefficient fourier series coefficient
If x(¢)< > f., and y(t)< > fon

then linearity property states that,

ax(t)+by(t)< fourier series coefficient )afer—bﬁ/n

Time Shifting Property

If X(t) ¢ fourier series coefficient N f;m

then time shifting property states that:

_ __fourier series coefficient -~ jnayl,
x(t—1t,)< >e .

Frequency Shifting Property

If X(t) < fourier series coefficient 5

then frequency shifting property states that:

— jnayty ,__fourier series coefficient
e x(1) < > fenny)
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Time Reversal Property

If X(t) < fourier series coefficient 5

xn *

Then time reversal property states that:

, _fourier series coefficient
x(~t)< s f

Time Scaling Property

,_Jourier series coefficient
If x(t)< > fon

then time Scaling property states that:
Ifx (Cl t) <& Sfourier series coefficient

7

xXn

Time scaling property changes frequency components from o, to aw,.

Differentiation and Integration Properties

IfX(t) < fourier series coefficient N f;m

then differentiation property states that:

I f dx (t) < fourier series coefficient
dt
& integration property states that:

)jna)O'jrxn

If J.x(t)dt ,__fourier series coefficient N jna)o f;m

Multiplication and Convolution Properties

fourier series coefficient fourier series coefficient
If x(¢) < > f., and y(t)< > fon

Then multiplication property states that:

X(t)y(t) ¢ fourier series coefficient N T f;m %* f;,,,

Convolution property states that:

.X(t) * y(t) ¢ fourier series coefficient N T f;m -_f:w,

Conjugate and Conjugate Symmetry Properties

,_Jourier series coefficient
If x(t)< > fon

Then conjugate property states that:

fourier series coefficient
e 2 N
X * (t) X 4 f *xn
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Conjugate symmetry property for real valued time signal states that:
S =S —xn
& Conjugate symmetry property for imaginary valued time signal states that:

S =S

Fourier Transform

The Fourier transform (FT) decomposes a function of time (a signal) into its constituent frequen-
cies. This is similar to the way a musical chord can be expressed in terms of the volumes and fre-
quencies of its constituent notes. The term Fourier transform refers to both the frequency domain
representation and the mathematical operation that associates the frequency domain representa-
tion to a function of time. The Fourier transform of a function of time is itself a complex-valued
function of frequency, whose magnitude (modulus) represents the amount of that frequency pres-
ent in the original function, and whose argument is the phase offset of the basic sinusoid in that
frequency. The Fourier transform is not limited to functions of time, but the domain of the original
function is commonly referred to as the time domain. There is also an inverse Fourier transform
that mathematically synthesizes the original function from its frequency domain representation.

u

©)

0] @

A sinusoidal curve, with peak amplitude (1), peak-to-peak (2), RMS (3), and wave period (4).

A

o

Tllustration of phase shift 6.
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In the first row of the figure is the graph of the unit pulse function f(t) and its Fourier transform
f (), a function of frequency w. Translation (that is, delay) in the time domain is interpreted as
complex phase shifts in the frequency domain. In the second row is shown g(t), a delayed unit
pulse, beside the real and imaginary parts of the Fourier transform. The Fourier transform decom-
poses a function into eigenfunctions for the group of translations.

Linear operations performed in one domain (time or frequency) have corresponding operations in
the other domain, which are sometimes easier to perform. The operation of differentiation in the
time domain corresponds to multiplication by the frequency, so some differential equations are
easier to analyze in the frequency domain. Also, convolution in the time domain corresponds to
ordinary multiplication in the frequency domain. After performing the desired operations, trans-
formation of the result can be made back to the time domain. Harmonic analysis is the systematic
study of the relationship between the frequency and time domains, including the kinds of func-
tions or operations that are “simpler” in one or the other, and has deep connections to many areas
of modern mathematics.

Functions that are localized in the time domain have Fourier transforms that are spread out across
the frequency domain and vice versa, a phenomenon known as the uncertainty principle. The crit-
ical case for this principle is the Gaussian function, of substantial importance in probability theory
and statistics as well as in the study of physical phenomena exhibiting normal distribution (e.g.,
diffusion). The Fourier transform of a Gaussian function is another Gaussian function. Joseph
Fourier introduced the transform in his study of heat transfer, where Gaussian functions appear
as solutions of the heat equation.

The Fourier transform can be formally defined as an improper Riemann integral, making it an
integral transform, although this definition is not suitable for many applications requiring a
more sophisticated integration theory. For example, many relatively simple applications use
the Dirac delta function, which can be treated formally as if it were a function, but the justi-
fication requires a mathematically more sophisticated viewpoint. The Fourier transform can
also be generalized to functions of several variables on Euclidean space, sending a function
of 3-dimensional ‘position space’ to a function of 3-dimensional momentum (or a function of
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space and time to a function of 4-momentum). This idea makes the spatial Fourier transform
very natural in the study of waves, as well as in quantum mechanics, where it is important to
be able to represent wave solutions as functions of either position or momentum and some-
times both. In general, functions to which Fourier methods are applicable are complex-val-
ued, and possibly vector-valued. Still further generalization is possible to functions on groups,
which, besides the original Fourier transform on R or R" (viewed as groups under addition),
notably includes the discrete-time Fourier transform (DTFT, group = Z), the discrete Fourier
transform (DFT, group = Z mod N) and the Fourier series or circular Fourier transform (group
= §', the unit circle = closed finite interval with endpoints identified). The latter is routinely
employed to handle periodic functions. The fast Fourier transform (FFT) is an algorithm for
computing the DFT.

The Fourier transform of a function f is traditionally denoted f , by adding a circumflex to the
symbol of the function. There are several common conventions for defining the Fourier transform
of an integrable function f :R — C. One of them is:

F@ =" feoe*<ax,

for any real number &.

A reason for the negative sign in the exponent is that it is common in electrical engineering to
2rigyx

represent by f(x)=e a signal with zero initial phase and frequency &,. The negative sign con-

vention causes the product e*”**¢>"** to be 1 (frequency zero) when & = &, causing the integral

to diverge. The result is a Dirac delta function at & = &, which is the only frequency component of
the sinusoidal signal >,

When the independent variable x represents time, the transform variable & represents frequency
(e.g. if time is measured in seconds, then frequency is in hertz). Under suitable conditions, fis de-
termined by f via the inverse transform:

fe =" f(&emde,

for any real number x.

The statement that f can be reconstructed from f is known as the Fourier inversion theorem, and
was first introduced in Fourier’s Analytical Theory of Heat, although what would be considered
a proof by modern standards was not given until much later. The functions fand f often are re-
ferred to as a Fourier integral pair or Fourier transform pair.

For other common conventions and notations, including using the angular frequency w instead
of the frequency &, The Fourier transform on Euclidean space is treated separately, in which the
variable x often represents position and £ momentum. The conventions chosen here are those of
harmonic analysis, and are characterized as the unique conventions such that the Fourier trans-
form is both unitary on L? and an algebra homomorphism from L! to L, without renormalizing the
Lebesgue measure.

Many other characterizations of the Fourier transform exist. For example, one uses the Stone—von
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Neumann theorem: the Fourier transform is the unique unitary intertwiner for the symplectic and
Euclidean Schrodinger representations of the Heisenberg group.

One motivation for the Fourier transform comes from the study of Fourier series. In the study of
Fourier series, complicated but periodic functions are written as the sum of simple waves mathe-
matically represented by sines and cosines. The Fourier transform is an extension of the Fourier
series that results when the period of the represented function is lengthened and allowed to ap-
proach infinity.

Due to the properties of sine and cosine, it is possible to recover the amplitude of each wave in a
Fourier series using an integral. In many cases it is desirable to use Euler’s formula, which states that
e>"0 = cos(2m0) + i sin(2n8), to write Fourier series in terms of the basic waves e*™. This has the ad-
vantage of simplifying many of the formulas involved, and provides a formulation for Fourier series
that more closely resembles the definition followed here. Re-writing sines and cosines as complex
exponentials makes it necessary for the Fourier coefficients to be complex valued. The usual inter-
pretation of this complex number is that it gives both the amplitude (or size) of the wave present in
the function and the phase (or the initial angle) of the wave. These complex exponentials sometimes
contain negative “frequencies”. If 0 is measured in seconds, then the waves e and e~*" both com-
plete one cycle per second, but they represent different frequencies in the Fourier transform. Hence,
frequency no longer measures the number of cycles per unit time, but is still closely related.

There is a close connection between the definition of Fourier series and the Fourier transform for
functions fthat are zero outside an interval. For such a function, we can calculate its Fourier series
on any interval that includes the points where fis not identically zero. The Fourier transform is
also defined for such a function. As we increase the length of the interval in which we calculate the
Fourier series, then the Fourier series coefficients begin to resemble the Fourier transform and the
sum of the Fourier series of f begins to resemble the inverse Fourier transform. More precisely,
suppose T'is large enough that the interval [-T/2, T/2] contains the interval in which fis not iden-
tically zero. Then, the nth series coefficient c_ is given by:

c, = %J‘_% S/ (x)e_zmgjx dx.

Comparing this to the definition of the Fourier transform, it follows that:
1 ~(n
c, =—f|—
173

T T
since f(x) is zero outside [—5,—] . Thus, the Fourier coefficients are equal to the values of the Fou-
1 1
rier transform sampled on a grid of width? , multiplied by the grid width T

Under appropriate conditions, the Fourier series of fwill equal the function f. In other words, f can
be written:

=Y, 2l _ S (&) AL,

n=—oo n=—oo
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where the last sum is simply the first sum rewritten using the definitions$ =—, and
n+1 n 1 r

A& = ——=—

r T T

This second sum is a Riemann sum. By letting 7' — it will converge to the integral for the inverse

Fourier transform as expressed above. Under suitable conditions, this argument may be made precise.

In the study of Fourier series the numbers c_ could be thought of as the “amount” of the wave pres-
ent in the Fourier series of f. Similarly, the Fourier transform can be thought of as a function that
measures how much of each individual frequency is present in our function f, and we can recom-
bine these waves by using an integral (or “continuous sum”) to reproduce the original function.

Example:

The following figures provide a visual illustration how the Fourier transform measures whether a
frequency is present in a particular function. The depicted function f(t) = cos(6t) e oscillates
at 3 Hz (if t measures seconds) and tends quickly to 0. (The second factor in this equation is an
envelope function that shapes the continuous sinusoid into a short pulse. Its general form is a
Gaussian function). This function was specially chosen to have a real Fourier transform that can be
easily plotted. The first image contains its graph. In order to calculate f we must integrate e=>"s9
f(t). The second image shows the plot of the real and imaginary parts of this function. The real part
of the integrand is almost always positive, because when f(¢) is negative, the real part of e is
negative as well. Because they oscillate at the same rate, when f(t) is positive, so is the real part

of e, The result is that when you integrate the real part of the integrand you get a relatively
s 1 .
large number (in this case — ). On the other hand, when you try to measure a frequency that is not

present, as in the case when we look at f , you see that both real and imaginary component of this
function vary rapidly between positive and negative values, as plotted in the third image. There-
fore, in this case, the integrand oscillates fast enough so that the integral is very small and the value
for the Fourier transform for that frequency is nearly zero.

The general situation may be a bit more complicated than this, but this in spirit is how the Fourier
transform measures how much of an individual frequency is present in a function f(t).

The Fourier transform of f(t)

. f(t) = cos(2m(3t))e~ "
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Properties of the Fourier Transform
Here we assume f(x), g(x) and h(x) are integrable functions.

Lebesgue-measurable on the real line satisfying;:
[ 1) ldx <o,

We denote the Fourier transforms of these functions as f (), §(§) and A(&) respectively.

The Fourier transform has the following basic properties:

Linearity

For any complex numbers a and b, if h(x) = af (x) + bg(x), then h(§) =a - f (§) + b - g(¥).

Translation or Time Shifting

For any real number x , if h(x) = f(x - x ), then h(E) = et f (5).

Modulation or Frequency Shifting
For any real number € , if h(x) = e*™% f(x), then h®) =f (- €.)-

Time Scaling
For a non-zero real number a, if h(x) = f(ax).

The case a = —1 leads to the time-reversal property, which states: if h(x) = f(-x), then h(¥) = f (-¥).
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Conjugation
If h(x) = f(x),
In particular, if f is real, then one has the reality condition.

That is, f is a Hermitian function. And if f is purely imaginary.

Real and Imaginary Part in Time

+ )= A @), then Q) ==(/(E)+ F5).

e I h(x) = T(/(x)), then A(&) = %(f(é) _Fey.

Integration

Substituting € = 0 in the definition, we obtain:
O =" f@x.

That is, the evaluation of the Fourier transform at the origin (§ = 0) equals the integral of f over all
its domain.

Invertibility and Periodicity

Under suitable conditions on the function f, it can be recovered from its Fourier transform /} .
Indeed, denoting the Fourier transform operator by F, so F(f) := f , then for suitable functions,
applying the Fourier transform twice simply flips the function: F2(f)(x) = f(-x), which can be in-
terpreted as “reversing time”. Since reversing time is two-periodic, applying this twice yields F*(f)
= f, so the Fourier transform operator is four-periodic, and similarly the inverse Fourier transform
can be obtained by applying the Fourier transform three times: F3(f") = f. In particular the Fourier
transform is invertible (under suitable conditions).

More precisely, defining the parity operator P that inverts time, P[f] : t » f(-1):

F'=1d, F'=F,

F'=P, F'=F'=P°F=F°P,

Fi=1d
These equalities of operators require careful definition of the space of functions in question, de-
fining equality of functions (equality at every point? equality almost everywhere?) and defining
equality of operators — that is, defining the topology on the function space and operator space in

question. These are not true for all functions, but are true under various conditions, which are the
content of the various forms of the Fourier inversion theorem.

This fourfold periodicity of the Fourier transform is similar to a rotation of the plane by 90°, par-
ticularly as the two-fold iteration yields a reversal, and in fact this analogy can be made precise.
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While the Fourier transform can simply be interpreted as switching the time domain and the fre-
quency domain, with the inverse Fourier transform switching them back, more geometrically it
can be interpreted as a rotation by 90° in the time—frequency domain (considering time as the
x-axis and frequency as the y-axis), and the Fourier transform can be generalized to the fraction-
al Fourier transform, which involves rotations by other angles. This can be further generalized
to linear canonical transformations, which can be visualized as the action of the special linear
group SL_(R) on the time—frequency plane, with the preserved symplectic form corresponding to
the uncertainty principle, below. This approach is particularly studied in signal processing, under
time—frequency analysis.

Units and Duality

In mathematics, one often does not think of any units as being attached to the two variables t and
£. But in physical applications, £ must have inverse units to the units of t. For example, if ¢ is mea-
sured in seconds, & should be in cycles per second for the formulas here to be valid. If the scale of t
is changed and ¢ is measured in units of 27t seconds, then either £ must be in the so-called “angular
frequency”, or one must insert some constant scale factor into some of the formulas. If t is mea-
sured in units of length, then £ must be in inverse length, e.g., wavenumbers. That is to say, there
are two copies of the real line: one measured in one set of units, where t ranges, and the other in
inverse units to the units of t, and which is the range of . So these are two distinct copies of the
real line, and cannot be identified with each other. Therefore, the Fourier transform goes from
one space of functions to a different space of functions: functions which have a different domain
of definition.

In general, £ must always be taken to be a linear form on the space of ts, which is to say that
the second real line is the dual space of the first real line. This point of view becomes essential
in generalisations of the Fourier transform to general symmetry groups, including the case of
Fourier series.

That there is no one preferred way (often, one says “no canonical way”) to compare the two copies
of the real line which are involved in the Fourier transform—fixing the units on one line does not
force the scale of the units on the other line—is the reason for the plethora of rival conventions on
the definition of the Fourier transform. The various definitions resulting from different choices of
units differ by various constants. If the units of t are in seconds but the units of £ are in angular
frequency, then the angular frequency variable is often denoted by one or another Greek letter, for
example, w = 27§ is quite common.

3 (w) = x(%j = [ xe ™™ dt
as before, but the corresponding alternative inversion formula would then have to be:
() = —— | " (0)e" dw.
2 I
To have something involving angular frequency but with greater symmetry between the Fourier
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transform and the inversion formula, one very often sees still another alternative definition of the
Fourier transform, with a factor of /27 , thus:

x(t)e " dt,

. I =
X (0)=——
? N27 '[ -
and the corresponding inversion formula then has to be:

%, (w)e" dw.

-]

In some unusual conventions, such as those employed by the FourierTransform command of the
Wolfram Language, the Fourier transform has i in the exponent instead of —i, and vice versa for
the inversion formula. Many of the identities involving the Fourier transform remain valid in those
conventions, provided all terms that explicitly involve i have it replaced by —1i.

For example, in probability theory, the characteristic function ¢ of the probability density function
fof arandom variable X of continuous type is defined without a negative sign in the exponential,
and since the units of x are ignored, there is no 2 either:

s = fx)e™ dx.

(In probability theory, and in mathematical statistics, the use of the Fourier—Stieltjes transform
is preferred, because so many random variables are not of continuous type, and do not possess a
density function, and one must treat not functions but distributions, i.e., measures which possess
“atoms”.)

From the higher point of view of group characters, which is much more abstract, all these arbitrary
choices disappear, which treats the notion of the Fourier transform of a function on a locally com-
pact Abelian group.

Uniform continuity and the Riemann—Lebesgue lemma

15 T T T T T T T T T T T T T T T
10 - o——0 —
1 1
i i 1
L i 1
1 1
i 1 1
05 [ o —
1 1
B 1 1
L 1 1
i i
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The rectangular function is Lebesgue integrable.
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The sinc function, which is the Fourier transform of the rectangular function,
is bounded and continuous, but not Lebesgue integrable.

The Fourier transform may be defined in some cases for non-integrable functions, but the Fourier
transforms of integrable functions have several strong properties.

The Fourier transform f of any integrable function fis uniformly continuous:
7. <l

By the Riemann—Lebesgue lemma:
f(&)—>0as|&|> .

However, f need not be integrable. For example, the Fourier transform of the rectangular func-
tion, which is integrable, is the sinc function, which is not Lebesgue integrable, because its improp-
er integrals behave analogously to the alternating harmonic series, in converging to a sum without
being absolutely convergent.

It is not generally possible to write the inverse transform as a Lebesgue integral. However, when
both fand f are integrable, the inverse equality:

f@=[" f(&e"as

holds almost everywhere. That is, the Fourier transform is injective on L*(R). (But if fis continu-
ous, then equality holds for every x).

Plancherel Theorem and Parseval’s Theorem

Let f(x) and g(x) be integrable, and let f~ () and §(£) be their Fourier transforms. If f(x) and g(x)
are also square-integrable, then the Parseval formula follows:

[* regax=[" f(&)a@ae,
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where the bar denotes complex conjugation.

The Plancherel theorem, which follows from the above, states that:
© 2 o | A 2
[“lrefa=]"|F@ ¢,

Plancherel’s theorem makes it possible to extend the Fourier transform, by a continuity argu-
ment, to a unitary operator on L2(R). On L*(R) N L?(R), this extension agrees with original Fou-
rier transform defined on L(R), thus enlarging the domain of the Fourier transform to L*(R) +
L3(R) (and consequently to LP(R) for 1 < p < 2). Plancherel’s theorem has the interpretation in
the sciences that the Fourier transform preserves the energy of the original quantity. The ter-
minology of these formulas is not quite standardised. Parseval’s theorem was proved only for
Fourier series, and was first proved by Lyapunov. But Parseval’s formula makes sense for the
Fourier transform as well, and so even though in the context of the Fourier transform it was
proved by Plancherel, it is still often referred to as Parseval’s formula, or Parseval’s relation, or
even Parseval’s theorem.

Poisson Summation Formula

The Poisson summation formula (PSF) is an equation that relates the Fourier series coefficients of
the periodic summation of a function to values of the function’s continuous Fourier transform. The
Poisson summation formula says that for sufficiently regular functions f:

> fm)=Y f(n).

It has a variety of useful forms that are derived from the basic one by application of the Fouri-
er transform’s scaling and time-shifting properties. The formula has applications in engineering,
physics, and number theory. The frequency-domain dual of the standard Poisson summation for-
mula is also called the discrete-time Fourier transform.

Poisson summation is generally associated with the physics of periodic media, such as heat con-
duction on a circle. The fundamental solution of the heat equation on a circle is called a theta
function. It is used in number theory to prove the transformation properties of theta functions,
which turn out to be a type of modular form, and it is connected more generally to the theory of
automorphic forms where it appears on one side of the Selberg trace formula.

Differentiation

Suppose f(x) is an absolutely continuous differentiable function, and both fand its derivative f” are
integrable. Then the Fourier transform of the derivative is given by:

(&) =27l f(5).
More generally, the Fourier transformation of the nth derivative f is given by:

fP(&) = 2mid)" f(&).
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By applying the Fourier transform and using these formulas, some ordinary differential equations
can be transformed into algebraic equations, which are much easier to solve. These formulas also
give rise to the rule of thumb “f(x) is smooth if and only if £~ (&) quickly falls to o for |§| — «.” By
using the analogous rules for the inverse Fourier transform, one can also say “f(x) quickly falls to
o for |x| — w if and only if £~ (§) is smooth.”

Convolution Theorem

The Fourier transform translates between convolution and multiplication of functions. If f(x) and
g(x) are integrable functions with Fourier transforms f~ (§) and §(&) respectively, then the Fourier
transform of the convolution is given by the product of the Fourier transforms f~ (£) and §(£) (un-
der other conventions for the definition of the Fourier transform a constant factor may appear).

This means that if:
W) =(f*2)0) =] f()gx-y)dy,
where * denotes the convolution operation, then:
&) = f(£)-8().
In linear time invariant (LTT) system theory, it is common to interpret g(x) as the impulse response

of an LTI system with input f(x) and output h(x), since substituting the unit impulse for f(x) yields
h(x) = g(x). In this case, g(&) represents the frequency response of the system.

Conversely, if f(x) can be decomposed as the product of two square integrable functions p(x) and
q(x), then the Fourier transform of f(x) is given by the convolution of the respective Fourier trans-
forms p(&) and q(&).

Cross-correlation Theorem

In an analogous manner, it can be shown that if h(x) is the cross-correlation of f(x) and g(x):
h(x) = (f * )X = F@)x+y)dy
then the Fourier transform of h(x) is:
h(&) = (&)
As a special case, the autocorrelation of function f(x) is:
) = (f « N)x) = [ FO)f (et )y
for which:
W& =7&f©=|i@l.
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Eigenfunctions

One important choice of an orthonormal basis for L(R) is given by the Hermite functions:
4

v, (x)= \/\/% e He, (Zx\/; ),

where He (x) are the “probabilist’s” Hermite polynomials, defined as:

2

He, (x) = (-1)" e (%)n oT

Under this convention for the Fourier transform, we have that:

v, (&) =(0)"y,(S).

In other words, the Hermite functions form a complete orthonormal system of eigenfunctions for
the Fourier transform on L2(R). However, this choice of eigenfunctions is not unique. There are
only four different eigenvalues of the Fourier transform (+1 and +i) and any linear combination of
eigenfunctions with the same eigenvalue gives another eigenfunction. As a consequence of this, it
is possible to decompose L*(R) as a direct sum of four spaces H , H , H , and H, where the Fourier
transform acts on He, simply by multiplication by i*.

Since the complete set of Hermite functions provides a resolution of the identity, the Fourier trans-
form can be represented by such a sum of terms weighted by the above eigenvalues, and these
sums can be explicitly summed. This approach to define the Fourier transform was first done by
Norbert Wiener. Among other properties, Hermite functions decrease exponentially fast in both
frequency and time domains, and they are thus used to define a generalization of the Fourier trans-
form, namely the fractional Fourier transform used in time-frequency analysis. In physics, this
transform was introduced by Edward Condon.

Connection with the Heisenberg Group

The Heisenberg group is a certain group of unitary operators on the Hilbert space L2(R) of square
integrable complex valued functions f on the real line, generated by the translations (T, Hx)=f
(x + y) and multiplication by e**¢, (M - )(x) = e f(x). These operators do not commute, as their
(group) commutator is:

(MET M7 1) ()= 1)
which is multiplication by the constant (independent of x) e*# € U(1) (the circle group of unit
modulus complex numbers). As an abstract group, the Heisenberg group is the three-dimensional

Lie group of triples (x, &, z) € R? x U(1), with the group law:

(xlﬁgl’tl)'(xzaézatz) — (xl +X2,é:l +é;z,tltze27ri(xlszl+xz§z+x1§2))
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Denote the Heisenberg group by H . The above procedure describes not only the group structure,
but also a standard unitary representation of H, on a Hilbert space, which we denote by p : H —
B(L3(R)). Define the linear automorphism of R? by:

()

so that J2 = —I. This J can be extended to a unique automorphism of H :
j(x, g, t) = (_ax’ fo 2T )

According to the Stone—von Neumann theorem, the unitary representations p and p o j are unitar-
ily equivalent, so there is a unique intertwiner W € U(L?(R)) such that:

p°j=WpW".
This operator W is the Fourier transform.

Many of the standard properties of the Fourier transform are immediate consequences of this
more general framework. For example, the square of the Fourier transform, W=, is an intertwiner
associated with J? = —I, and so we have (W?f)(x) = f (—x) is the reflection of the original function f.

Complex Domain

The integral for the Fourier transform:
f& =" e foydt

can be studied for complex values of its argument &. Depending on the properties of f, this might
not converge off the real axis at all, or it might converge to a complex analytic function for all values
of & = 0 + i, or something in between.

The Paley—Wiener theorem says that fis smooth (i.e., n-times differentiable for all positive inte-
gers n) and compactly supported if and only if f~ (o + i7) is a holomorphic function for which there
exists a constant a > 0 such that for any integer n > o:

£ f (&)< ce

for some constant C. (In this case, fis supported on [—a, a].) This can be expressed by saying that
£~ is an entire function which is rapidly decreasing in o (for fixed 7) and of exponential growth in
T (uniformly in o).

(If f is not smooth, but only L?, the statement still holds provided n = 0.) The space of such func-
tions of a complex variable is called the Paley—Wiener space. This theorem has been generalised
to semisimple Lie groups.

If fis supported on the half-line ¢ > 0, then f'is said to be “causal” because the impulse response
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function of a physically realisable filter must have this property, as no effect can precede its cause.
Paley and Wiener showed that then f~ extends to a holomorphic function on the complex lower
half-plane 7 < 0 which tends to zero as 7 goes to infinity. The converse is false and it is not known
how to characterise the Fourier transform of a causal function.

Laplace Transform

The Fourier transform f~ (£) is related to the Laplace transform F(s), which is also used for the
solution of differential equations and the analysis of filters.

It may happen that a function f for which the Fourier integral does not converge on the real axis
at all, nevertheless has a complex Fourier transform defined in some region of the complex plane.

For example, if f(t) is of exponential growth, i.e.,

| f(2)|< Ce™
for some constants C, a > o, then:

fry=[" e f(yar,

convergent for all 2717 < —a, is the two-sided Laplace transform of f.

The more usual version (“one-sided”) of the Laplace transform is:
F(s)= j:’ f()e ™ dt.

If fis also causal, then:
f(ir) = F(=2nr).

Thus, extending the Fourier transform to the complex domain means it includes the Laplace trans-
form as a special case—the case of causal functions—but with the change of variable s = 2mi¢.

Inversion

If f~ is complex analytic for a < 7 < b, then:

Jjo f(O' + l-a)eszt do =J:OO j’(o- +ib)e2;ri§z do

by Cauchy’s integral theorem. Therefore, the Fourier inversion formula can use integration along
different lines, parallel to the real axis.

Theorem: If f(t) = o for t < 0, and |f(t)| < Ce for some constants C, a > 0, then:
()= LOO f(o+ir)e™ do,
for any 7 < —a/2m.
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This theorem implies the Mellin inversion formula for the Laplace transformation:
l b+ioo
)=—1| F(s)e"ds
fO=—[, FG)

for any b > a, where F(s) is the Laplace transform of f(t).

The hypotheses can be weakened, as in the results of Carleman and Hunt, to f() e % being L', pro-
vided that fis of bounded variation in a closed neighborhood of t (cf. Dirichlet-Dini theorem), the
value of f at t is taken to be the arithmetic mean of the left and right limits, and provided that the
integrals are taken in the sense of Cauchy principal values.

L2 versions of these inversion formulas are also available.

Fourier Transform on Euclidean Space

The Fourier transform can be defined in any arbitrary number of dimensions n. As with the one-di-
mensional case, there are many conventions. For an integrable function f(x),

J®=FNE@ =], f(e*Eax

where x and § are n-dimensional vectors, and x - § is the dot product of the vectors. The dot prod-
uct is sometimes written as (x, E).

All of the basic properties listed above hold for the n-dimensional Fourier transform, as do
Plancherel’s and Parseval’s theorem. When the function is integrable, the Fourier transform is still
uniformly continuous and the Riemann—Lebesgue lemma holds.

Uncertainty Principle

Generally speaking, the more concentrated f(x) is, the more spread out its Fourier transform f~ (£)
must be. In particular, the scaling property of the Fourier transform may be seen as saying: if we
squeeze a function in x, its Fourier transform stretches out in . It is not possible to arbitrarily con-
centrate both a function and its Fourier transform.

The trade-off between the compaction of a function and its Fourier transform can be formalized in
the form of an uncertainty principle by viewing a function and its Fourier transform as conjugate
variables with respect to the symplectic form on the time—frequency domain: from the point of
view of the linear canonical transformation, the Fourier transform is rotation by 90° in the time—
frequency domain, and preserves the symplectic form.

Suppose f(x) is an integrable and square-integrable function. Without loss of generality, assume
that f(x) is normalized:

ji[f(x) Pdx=1.

It follows from the Plancherel theorem that fA (&) is also normalized.
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The spread around x = 0 may be measured by the dispersion about zero defined by:

D)= | f(x) e,

In probability terms, this is the second moment of |f(x)|* about zero.

The uncertainty principle states that, if f(x) is absolutely continuous and the functions x:f(x) and
f’(x) are square integrable, then:

DDy (7)2

The equality is attained only in the case:

2
X
2

=TT
f(x)=Ce °
o) 22
L f(E)=0Ce™ "
NG
where o > 0 is arbitrary and C, = T so that fis L*-normalized. In other words, where f is a
o
(normalized) Gaussian function with variance o2, centered at zero, and its Fourier transform is a
Gaussian function with variance o2

In fact, this inequality implies that:

(.[_z (x=x)" | f(x) lzdx)(,"i(f—fo)z

.~ 1
il ag )z

foranyx , & €R.

In quantum mechanics, the momentum and position wave functions are Fourier transform pairs,
to within a factor of Planck’s constant. With this constant properly taken into account, the inequal-
ity above becomes the statement of the Heisenberg uncertainty principle.

A stronger uncertainty principle is the Hirschman uncertainty principle, which is expressed as:

2 ~? e
(7|7 )z 106 £
2
where H(p) is the differential entropy of the probability density function p(x):

H(p)==["_p(x)log(p(x))dx

where the logarithms may be in any base that is consistent. The equality is attained for a Gaussian,
as in the previous case.
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Sine and Cosine Transforms

Fourier’s original formulation of the transform did not use complex numbers, but rather sines and
cosines. Statisticians and others still use this form. An absolutely integrable function f for which
Fourier inversion holds good can be expanded in terms of genuine frequencies (avoiding negative
frequencies, which are sometimes considered hard to interpret physically) A by:

=] (a(2)cos(27Ar) + b(A)sin(27Ar) ) d A.

This is called an expansion as a trigonometric integral, or a Fourier integral expansion. The coef-
ficient functions a and b can be found by using variants of the Fourier cosine transform and the
Fourier sine transform (the normalisations are, again, not standardised):

a(l) = 2[2 F(£)cos(2zAt)dt

and

b(A)=2[" f(@)sin(27Ar)dt.

Older literature refers to the two transform functions, the Fourier cosine transform, a, and the
Fourier sine transform, b.

The function f can be recovered from the sine and cosine transform using:
ro=2["[" 1@ cos(27A(r —1))drdA.
together with trigonometric identities. This is referred to as Fourier’s integral formula.

Spherical Harmonics

Let the set of homogeneous harmonic polynomials of degree k on R" be denoted by A,. The set A,
consists of the solid spherical harmonics of degree k. The solid spherical harmonics play a sim-
ilar role in higher dimensions to the Hermite polynomials in dimension one. Specifically, if f(x)
= e"M2P(x) for some P(x) in A, then f “(5) = % f(§). Let the set H, be the closure in L*(R") of linear
combinations of functions of the form f(|x|)P(x) where P(x) is in A,. The space L*(R") is then a di-
rect sum of the spaces H, and the Fourier transform maps each space H, to itself and is possible to
characterize the action of the Fourier transform on each space H,.

Let f(x) = f,(|x)P(x) (with P(x) in A,), then:
FE)=F,(EDPE)

where:

n+2k-2 n+2k
F(r)y=2xi"r 2 _[O Jo($) 0, (2rrs)s 2 ds.

2
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Hered . .. denotes the Bessel function of the first kind with order n + 2k — 2/2. When k = 0 this
gives a useful formula for the Fourier transform of a radial function. This is essentially the Hankel
transform. Moreover, there is a simple recursion relating the cases n + 2 and n allowing to com-
pute, e.g., the three-dimensional Fourier transform of a radial function from the one-dimensional

one.

Restriction Problems

In higher dimensions it becomes interesting to study restriction problems for the Fourier trans-
form. The Fourier transform of an integrable function is continuous and the restriction of this
function to any set is defined. But for a square-integrable function the Fourier transform could be
a general class of square integrable functions. As such, the restriction of the Fourier transform of
an L?(R") function cannot be defined on sets of measure 0. It is still an active area of study to un-
derstand restriction problems in L? for 1 < p < 2. Surprisingly, it is possible in some cases to define
the restriction of a Fourier transform to a set S, provided S has non-zero curvature. The case when
S is the unit sphere in R" is of particular interest. In this case the Tomas—Stein restriction theorem
states that the restriction of the Fourier transform to the unit sphere in R" is a bounded operator

2n+2

n+3

One notable difference between the Fourier transform in 1 dimension versus higher dimensions
concerns the partial sum operator. Consider an increasing collection of measurable sets E, in-
dexed by R € (0,): such as balls of radius R centered at the origin, or cubes of side 2R. For a given
integrable function f, consider the function f, defined by:

fr)=], F(©e™dE xel”.

on [P provided1 < p <

Suppose in addition that f € L’(R"). For n = 1 and 1 < p < o, if one takes E, = (-R, R), then f, con-
verges to fin L as R tends to infinity, by the boundedness of the Hilbert transform. Naively one
may hope the same holds true for n > 1. In the case that E, is taken to be a cube with side length R,
then convergence still holds. Another natural candidate is the Euclidean ball E, = {£: |£] < R}. In
order for this partial sum operator to converge, it is necessary that the multiplier for the unit ball
be bounded in LP(R"). For n > 2 it is a celebrated theorem of Charles Fefferman that the multiplier
for the unit ball is never bounded unless p = 2. In fact, when p # 2, this shows that not only may f,
fail to converge to fin L?, but for some functions f € LP(R"), f, is not even an element of L».

Fourier Transform on Function Spaces

On L? Spaces

On L

The definition of the Fourier transform by the integral formula:

f& =] f)e ™ dx

is valid for Lebesgue integrable functions f; that is, f € L'(R™).
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The Fourier transform F: L'(R") — L*(R") is a bounded operator. This follows from the observation
that:

7)<,

S (%) ldx,

which shows that its operator norm is bounded by 1. Indeed, it equals 1, which can be seen, for
example, from the transform of the rect function. The image of L' is a subset of the space C (R") of
continuous functions that tend to zero at infinity (the Riemann-Lebesgue lemma), although it is
not the entire space. Indeed, there is no simple characterization of the image.

On L2

Since compactly supported smooth functions are integrable and dense in L?(R"), the Plancherel
theorem allows us to extend the definition of the Fourier transform to general functions in L3(R")
by continuity arguments. The Fourier transform in L2(R") is no longer given by an ordinary Leb-
esgue integral, although it can be computed by an improper integral, here meaning that for an L?
function f,

f@=lim[ f(e?™ dx

where the limit is taken in the L? sense. (More generally, you can take a sequence of functions that
are in the intersection of L' and L? and that converges to fin the L2-norm, and define the Fourier
transform of f as the L? -limit of the Fourier transforms of these functions).

Many of the properties of the Fourier transformin L' carry over to L2, by a suitable limiting argument.

Furthermore, F : L>(R") — L?(R™) is a unitary operator. For an operator to be unitary it is sufficient
to show that it is bijective and preserves the inner product, so in this case these follow from the
Fourier inversion theorem combined with the fact that for any f, g € L*(R") we have:

[ feoFe(de =]  Ff(x)g(x)dx.
In particular, the image of L2(R") is itself under the Fourier transform.

On Other L»

The definition of the Fourier transform can be extended to functions in LP(R") for 1 < p < 2 by de-
composing such functions into a fat tail part in L? plus a fat body part in L. In each of these spaces,
the Fourier transform of a function in LP(R") is in LI(R"), where g = p/p — 1 is the Holder conju-
gate of p (by the Hausdorff—Young inequality). However, except for p = 2, the image is not easily
characterized. Further extensions become more technical. The Fourier transform of functions in
L? for the range 2 < p < « requires the study of distributions. In fact, it can be shown that there are
functions in L” with p > 2 so that the Fourier transform is not defined as a function.

Tempered Distributions

One might consider enlarging the domain of the Fourier transform from L' + L? by considering
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generalized functions, or distributions. A distribution on R" is a continuous linear functional on
the space C (R") of compactly supported smooth functions, equipped with a suitable topology. The
strategy is then to consider the action of the Fourier transform on C (R") and pass to distributions
by duality. The obstruction to doing this is that the Fourier transform does not map C (R") to
C(RM. In fact the Fourier transform of an element in C (R") can not vanish on an open set; The
right space here is the slightly larger space of Schwartz functions. The Fourier transform is an
automorphism on the Schwartz space, as a topological vector space, and thus induces an automor-
phism on its dual, the space of tempered distributions. The tempered distributions include all the
integrable functions mentioned above, as well as well-behaved functions of polynomial growth and
distributions of compact support.

For the definition of the Fourier transform of a tempered distribution, let f and g be integrable
functions, and let f and § be their Fourier transforms respectively. Then the Fourier transform
obeys the following multiplication formula:

[ J@eg@dr=[  f(x)&x)dx.

Every integrable function f defines (induces) a distribution T'.by the relation:
T ()= [ ./ (X)p(x)dx

for all Schwartz functions ¢. So it makes sense to define Fourier transform T} of T, by:
ff (@) =T,(9)

for all Schwartz functions ¢. Extending this to all tempered distributions 7 gives the general defi-
nition of the Fourier transform.

Distributions can be differentiated and the above-mentioned compatibility of the Fourier trans-
form with differentiation and convolution remains true for tempered distributions.

Generalizations
Fourier—Stieltjes Transform

The Fourier transform of a finite Borel measure ¢ on R" is given by:
a&)=[ e dp.

This transform continues to enjoy many of the properties of the Fourier transform of integrable
functions. One notable difference is that the Riemann—Lebesgue lemma fails for measures. In
the case that du = f(x) dx, then the formula above reduces to the usual definition for the Fourier
transform of f. In the case that u is the probability distribution associated to a random variable
X, the Fourier—Stieltjes transform is closely related to the characteristic function, but the typical
conventions in probability theory take e* instead of e-2"*¢, In the case when the distribution has a
probability density function this definition reduces to the Fourier transform applied to the proba-
bility density function, again with a different choice of constants.
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The Fourier transform may be used to give a characterization of measures. Bochner’s theorem charac-
terizes which functions may arise as the Fourier—Stieltjes transform of a positive measure on the circle.

Furthermore, the Dirac delta function, although not a function, is a finite Borel measure. Its Fou-
rier transform is a constant function (whose specific value depends upon the form of the Fourier
transform used).

Locally Compact Abelian Groups

The Fourier transform may be generalized to any locally compact abelian group. A locally compact
abelian group is an abelian group that is at the same time a locally compact Hausdorff topological space
so that the group operation is continuous. If G is a locally compact abelian group, it has a translation
invariant measure 4, called Haar measure. For a locally compact abelian group G, the set of irreducible,
i.e. one-dimensional, unitary representations are called its characters. With its natural group structure
and the topology of pointwise convergence, the set of characters G is itself a locally compact abelian
group, called the Pontryagin dual of G. For a function fin L'(G), its Fourier transform is defined by:

J@=[£0f@dy  forany e
The Riemann—-Lebesgue lemma holds in this case; f (&) is a function vanishing at infinity on G.

Gelfand Transform

The Fourier transform is also a special case of Gelfand transform. In this particular context, it is
closely related to the Pontryagin duality map defined above.

Given an abelian locally compact Hausdorff topological group G, as before we consider space L(G),
defined using a Haar measure. With convolution as multiplication, L'(G) is an abelian Banach al-
gebra. It also has an involution given by:

@=r(g")

Taking the completion with respect to the largest possibly C*-norm gives its enveloping C*-alge-
bra, called the group C*-algebra C*(G) of G. (Any C*-norm on L'(G) is bounded by the L' norm,
therefore their supremum exists.)

Given any abelian C*-algebra A, the Gelfand transform gives an isomorphism between A and
C (A"), where A" is the multiplicative linear functionals, i.e. one-dimensional representations, on
A with the weak-* topology. The map is simply given by:

ars (9 9(a))

It turns out that the multiplicative linear functionals of C*(G), after suitable identification, are ex-
actly the characters of G, and the Gelfand transform, when restricted to the dense subset L'(G) is
the Fourier—Pontryagin transform.

Compact Non-abelian Groups

The Fourier transform can also be defined for functions on a non-abelian group, provided that
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the group is compact. Removing the assumption that the underlying group is abelian, irreducible
unitary representations need not always be one-dimensional. This means the Fourier transform
on a non-abelian group takes values as Hilbert space operators. The Fourier transform on compact
groups is a major tool in representation theory and non-commutative harmonic analysis.

Let G be a compact Hausdorff topological group. Let £ denote the collection of all isomor-
phism classes of finite-dimensional irreducible unitary representations, along with a definite
choice of representation U on the Hilbert space H of finite dimension d, for each o € X. If
is a finite Borel measure on G, then the Fourier—Stieltjes transform of u is the operator on H_
defined by:

(ag.n), =[ (0¢n)due)

where U is the complex-conjugate representation of U acting on H . If i is absolutely continu-
ous with respect to the left-invariant probability measure A on G, represented as:

du=fda
for some f € L'(A), one identifies the Fourier transform of f with the Fourier—Stieltjes transform of
u.
The mapping;:

ue i

defines an isomorphism between the Banach space M(G) of finite Borel measures and a closed
subspace of the Banach space C_(X) consisting of all sequences E = (E) indexed by X of (bounded)
linear operators E_: H — H_for which the norm:

I£]F=supll £,

is finite. The “convolution theorem” asserts that, furthermore, this isomorphism of Banach spaces
is in fact an isometric isomorphism of C* algebras into a subspace of C_(X). Multiplication on M(G)
is given by convolution of measures and the involution * defined by:

r@=r(g")
and C_(X) has a natural C*-algebra structure as Hilbert space operators.

The Peter—Weyl theorem holds, and a version of the Fourier inversion formula (Plancherel’s theo-
rem) follows: if f € L*(G), then:

f@)=Yd, e f (o)

o€l

where the summation is understood as convergent in the L? sense.

The generalization of the Fourier transform to the noncommutative situation has also in part
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contributed to the development of noncommutative geometry. In this context, a categorical gen-
eralization of the Fourier transform to noncommutative groups is Tannaka—Krein duality, which
replaces the group of characters with the category of representations. However, this loses the con-
nection with harmonic functions.

Alternatives

In signal processing terms, a function (of time) is a representation of a signal with perfect time
resolution, but no frequency information, while the Fourier transform has perfect frequency res-
olution, but no time information: the magnitude of the Fourier transform at a point is how much
frequency content there is, but location is only given by phase (argument of the Fourier transform
at a point), and standing waves are not localized in time — a sine wave continues out to infinity,
without decaying. This limits the usefulness of the Fourier transform for analyzing signals that are
localized in time, notably transients, or any signal of finite extent.

As alternatives to the Fourier transform, in time-frequency analysis, one uses time-frequency
transforms or time-frequency distributions to represent signals in a form that has some time in-
formation and some frequency information — by the uncertainty principle, there is a trade-off be-
tween these. These can be generalizations of the Fourier transform, such as the short-time Fourier
transform or fractional Fourier transform, or other functions to represent signals, as in wavelet
transforms and chirplet transforms, with the wavelet analog of the (continuous) Fourier transform
being the continuous wavelet transform.

Applications
(problem) o form (transformed problem
solve (hard) solveJ (easy)
(solu\i[;ion) inverse Fourier transform (transformed solution)

Some problems, such as certain differential equations, become easier to solve when the Fourier
transform is applied. In that case the solution to the original problem is recovered using the in-
verse Fourier transform.

Perhaps the most important use of the Fourier transformation is to solve partial differential
equations. Many of the equations of the mathematical physics of the nineteenth century can be
treated this way. Fourier studied the heat equation, which in one dimension and in dimension-
less units is:

O’ y(x,t) _ Qy(x,1)
o*x or

The example we will give, a slightly more difficult one, is the wave equation in one dimension,

2’y(x,t) _ I’ y(x,1)
O’x ot
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As usual, the problem is not to find a solution: there are infinitely many. The problem is that of the
so-called “boundary problem”: find a solution which satisfies the “boundary conditions”:

oy(x,0) _

o g(x).

y(x,0)= f(x),

Here, f and g are given functions. For the heat equation, only one boundary condition can be re-
quired (usually the first one). But for the wave equation, there are still infinitely many solutions
y which satisfy the first boundary condition. But when one imposes both conditions, there is only
one possible solution.

It is easier to find the Fourier transform 7 of the solution than to find the solution directly. This is
because the Fourier transformation takes differentiation into multiplication by the variable, and
so a partial differential equation applied to the original function is transformed into multiplication
by polynomial functions of the dual variables applied to the transformed function. After 7 is deter-
mined, we can apply the inverse Fourier transformation to find y.

Fourier’s method is as follows. First, note that any function of the forms:
cos(27:§ (x£ t)) or sin(27z§(x + t))

satisfies the wave equation. These are called the elementary solutions.

Second, note that therefore any integral:
y(x,t) = j:’ a,(&)cos(27E(x+1)) +a (&) cos(22E(x — 1)) + b, (&) sin(22E(x + 1)) + b (&) sin (27 (x ~ 1) )d £

(for arbitrary a , a_, b , b_) satisfies the wave equation. (This integral is just a kind of continuous
linear combination, and the equation is linear.)

Now this resembles the formula for the Fourier synthesis of a function. In fact, this is the real in-
verse Fourier transform of a, and b, in the variable x.

The third step is to examine how to find the specific unknown coefficient functions a, and b, that
will lead to y satisfying the boundary conditions. We are interested in the values of these solutions
at t = 0. So we will set t = 0. Assuming that the conditions needed for Fourier inversion are satis-
fied, we can then find the Fourier sine and cosine transforms (in the variable x) of both sides and
obtain:

2_[0 y(x,0)cos(2néx)dx =a, +a_

and

2" ¥ 0)sin(agx)dr = b, +b..

Similarly, taking the derivative of y with respect to t and then applying the Fourier sine and cosine
transformations yields,
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2 J.io % sin(27zéx)dx = 27&)(—a, +a_)

and

o[ %cos@nﬁx)dx = (27E)(b, =b.).

—o0

These are four linear equations for the four unknowns a, and b_, in terms of the Fourier sine and
cosine transforms of the boundary conditions, which are easily solved by elementary algebra, pro-
vided that these transforms can be found.

In summary, we chose a set of elementary solutions, parametrised by &, of which the general solu-
tion would be a (continuous) linear combination in the form of an integral over the parameter .
But this integral was in the form of a Fourier integral. The next step was to express the boundary
conditions in terms of these integrals, and set them equal to the given functions f and g. But these
expressions also took the form of a Fourier integral because of the properties of the Fourier trans-
form of a derivative. The last step was to exploit Fourier inversion by applying the Fourier trans-
formation to both sides, thus obtaining expressions for the coefficient functions a, and b, in terms
of the given boundary conditions fand g.

From a higher point of view, Fourier’s procedure can be reformulated more conceptually. Since
there are two variables, we will use the Fourier transformation in both x and t rather than operate
as Fourier did, who only transformed in the spatial variables. Note that {j must be considered in
the sense of a distribution since y(x, t) is not going to be L': as a wave, it will persist through time
and thus is not a transient phenomenon. But it will be bounded and so its Fourier transform can
be defined as a distribution. The operational properties of the Fourier transformation that are
relevant to this equation are that it takes differentiation in x to multiplication by 27§ and differen-
tiation with respect to t to multiplication by 2mtif where fis the frequency. Then the wave equation
becomes an algebraic equation in §:

ENE N =LIE ).

This is equivalent to requiring §j(§, f) = 0 unless & = £f. Right away, this explains why the choice
of elementary solutions we made earlier worked so well: obviously f~ = §(Z + f) will be solu-
tions. Applying Fourier inversion to these delta functions, we obtain the elementary solutions
we picked earlier. But from the higher point of view, one does not pick elementary solutions, but
rather considers the space of all distributions which are supported on the (degenerate) conic

&E-f=o.

We may as well consider the distributions supported on the conic that are given by distributions
of one variable on the line £ = f plus distributions on the line £ = —f as follows: if ¢ is any test
function:

[[30 Ndzdf = [s.9(2,6)ds +[s g(&,-&)de,

where s, and s_, are distributions of one variable.
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Then Fourier inversion gives, for the boundary conditions, something very similar to what we had
more concretely above (put ¢(&, f) = et which is clearly of polynomial growth):

y(x,0) = [{s, (&) +5 (&)} dé

and
8}’(6);, 0) _ I{& &)-s (5)}2ﬂi§ezzzi§x+o de.

Now, as before, applying the one-variable Fourier transformation in the variable x to these func-
tions of x yields two equations in the two unknown distributions s, (which can be taken to be ordi-
nary functions if the boundary conditions are L* or L?).

From a calculational point of view, the drawback of course is that one must first calculate the
Fourier transforms of the boundary conditions, then assemble the solution from these, and then
calculate an inverse Fourier transform. Closed form formulas are rare, except when there is some
geometric symmetry that can be exploited, and the numerical calculations are difficult because of
the oscillatory nature of the integrals, which makes convergence slow and hard to estimate. For
practical calculations, other methods are often used.

The twentieth century has seen the extension of these methods to all linear partial differential
equations with polynomial coefficients, and by extending the notion of Fourier transformation to
include Fourier integral operators, some non-linear equations as well.

Fourier Transform Spectroscopy

The Fourier transform is also used in nuclear magnetic resonance (NMR) and in other kinds of
spectroscopy, e.g. infrared (FTIR). In NMR an exponentially shaped free induction decay (FID)
signal is acquired in the time domain and Fourier-transformed to a Lorentzian line-shape in the
frequency domain. The Fourier transform is also used in magnetic resonance imaging (MRI) and
mass spectrometry.

Quantum Mechanics

The Fourier transform is useful in quantum mechanics in two different ways. To begin with, the
basic conceptual structure of Quantum Mechanics postulates the existence of pairs of complemen-
tary variables, connected by the Heisenberg uncertainty principle. For example, in one dimension,
the spatial variable q of, say, a particle, can only be measured by the quantum mechanical “position
operator” at the cost of losing information about the momentum p of the particle. Therefore, the
physical state of the particle can either be described by a function, called “the wave function”, of q
or by a function of p but not by a function of both variables. The variable p is called the conjugate
variable to g. In Classical Mechanics, the physical state of a particle (existing in one dimension, for
simplicity of exposition) would be given by assigning definite values to both p and g simultaneous-
ly. Thus, the set of all possible physical states is the two-dimensional real vector space with a p-axis
and a g-axis called the phase space.

In contrast, quantum mechanics chooses a polarisation of this space in the sense that it picks a
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subspace of one-half the dimension, for example, the g-axis alone, but instead of considering only
points, takes the set of all complex-valued “wave functions” on this axis. Nevertheless, choosing
the p-axis is an equally valid polarisation, yielding a different representation of the set of possible
physical states of the particle which is related to the first representation by the Fourier transfor-
mation:

s(p)=lw(g)e " dg.

Physically realisable states are L2, and so by the Plancherel theorem, their Fourier transforms are
also L2. Note that since g is in units of distance and p is in units of momentum, the presence of
Planck’s constant in the exponent makes the exponent dimensionless, as it should be.

Therefore, the Fourier transform can be used to pass from one way of representing the state of the
particle, by a wave function of position, to another way of representing the state of the particle:
by a wave function of momentum. Infinitely many different polarisations are possible, and all are
equally valid. Being able to transform states from one representation to another is sometimes
convenient.

The other use of the Fourier transform in both quantum mechanics and quantum field theory is to
solve the applicable wave equation. In non-relativistic quantum mechanics, Schrodinger’s equa-
tion for a time-varying wave function in one-dimension, not subject to external forces, is:

2

0 . h 0
yl//(xat) =ZEEV/(XJ)-

This is the same as the heat equation except for the presence of the imaginary unit i. Fourier meth-
ods can be used to solve this equation.

In the presence of a potential, given by the potential energy function V(x), the equation becomes:

2

0 . h 0
52 VDV (6D =io——y (x,0).

The “elementary solutions”, as we referred to them above, are the so-called “stationary states” of
the particle, and Fourier’s algorithm, as described above, can still be used to solve the boundary
value problem of the future evolution of y given its values for t = 0. Neither of these approaches
is of much practical use in quantum mechanics. Boundary value problems and the time-evolution
of the wave function is not of much practical interest: it is the stationary states that are most im-
portant.

In relativistic quantum mechanics, Schrodinger’s equation becomes a wave equation as was usual
in classical physics, except that complex-valued waves are considered. A simple example, in the
absence of interactions with other particles or fields, is the free one-dimensional Klein—Gordon—
Schrodinger—Fock equation, this time in dimensionless units:

o’ o’
[é,xz +ljl//(x9t) = El/l(xat)
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This is, from the mathematical point of view, the same as the wave equation of classical physics
solved above (but with a complex-valued wave, which makes no difference in the methods). This is
of great use in quantum field theory: each separate Fourier component of a wave can be treated as
a separate harmonic oscillator and then quantized, a procedure known as “second quantization”.
Fourier methods have been adapted to also deal with non-trivial interactions.

Signal Processing

The Fourier transform is used for the spectral analysis of time-series. The subject of statistical
signal processing does not, however, usually apply the Fourier transformation to the signal itself.
Even if a real signal is indeed transient, it has been found in practice advisable to model a signal
by a function (or, alternatively, a stochastic process) which is stationary in the sense that its char-
acteristic properties are constant over all time. The Fourier transform of such a function does not
exist in the usual sense, and it has been found more useful for the analysis of signals to instead take
the Fourier transform of its autocorrelation function.

The autocorrelation function R of a function fis defined by:
i 1 7 p
Rf(r)—TliroloﬁJ:Tf(t)f(t+z') 1.

This function is a function of the time-lag 7 elapsing between the values of fto be correlated.

For most functions f that occur in practice, R is a bounded even function of the time-lag 7 and for
typical noisy signals it turns out to be uniformly continuous with a maximum at 7 = o.

The autocorrelation function, more properly called the autocovariance function unless it is nor-
malized in some appropriate fashion, measures the strength of the correlation between the values
of fseparated by a time lag. This is a way of searching for the correlation of f with its own past. It is
useful even for other statistical tasks besides the analysis of signals. For example, if f(¢) represents
the temperature at time t, one expects a strong correlation with the temperature at a time lag of
24 hours.

It possesses a Fourier transform:
P.(5)= I,wa (1)e ™" dr.

This Fourier transform is called the power spectral density function of f. (Unless all periodic compo-
nents are first filtered out from f, this integral will diverge, but it is easy to filter out such periodicities.)

The power spectrum, as indicated by this density function P, measures the amount of variance
contributed to the data by the frequency &. In electrical signals, the variance is proportional to
the average power (energy per unit time), and so the power spectrum describes how much the
different frequencies contribute to the average power of the signal. This process is called the spec-
tral analysis of time-series and is analogous to the usual analysis of variance of data that is not a
time-series (ANOVA).

Knowledge of which frequencies are “important” in this sense is crucial for the proper design of
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filters and for the proper evaluation of measuring apparatuses. It can also be useful for the scien-
tific analysis of the phenomena responsible for producing the data.

The power spectrum of a signal can also be approximately measured directly by measuring the average
power that remains in a signal after all the frequencies outside a narrow band have been filtered out.

Spectral analysis is carried out for visual signals as well. The power spectrum ignores all phase
relations, which is good enough for many purposes, but for video signals other types of spectral
analysis must also be employed, still using the Fourier transform as a tool.

Other Notations

Other common notations for f (£) include:
F(&), F(@), F&), F(f)E)(F)E) F), Flw), F(w), F(jo), Fif}, F(F@0), FLf(0)} .

Denoting the Fourier transform by a capital letter corresponding to the letter of function being
transformed (such as f(x) and F(§)) is especially common in the sciences and engineering. In elec-
tronics, omega (w) is often used instead of £ due to its interpretation as angular frequency, some-
times itis written as F(jw), wherej is the imaginary unit, to indicate its relationship with the Laplace
transform, and sometimes it is written informally as F(2:1f) in order to use ordinary frequency. In
some contexts such as particle physics, the same symbol f may be used for both for a function as
well as it Fourier transform, with the two only distinguished by their argument: f(k, +k,) would
refer to the Fourier transform because of the momentum argument, while f(x, + 77) would refer
to the original function because of the positional argument. Although tildes may be used asin f to
indicate Fourier transforms, tildes may also be used to indicate a modification of a quantity with a

dk

3

more Lorentz invariant form, such as di =
2r) 2w

, S0 care must be taken.

The interpretation of the complex function f~ (£) may be aided by expressing it in polar coordinate
form:

f(&)=A(&)e"®
in terms of the two real functions A(£) and ¢(&) where:

4&)=|7©)

3

is the amplitude and,
o(&)=arg( f(©)),

is the phase.

Then the inverse transform can be written:

f)=[" A e ag,
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which is a recombination of all the frequency components of f(x). Each component is a complex
sinusoid of the form e**®* whose amplitude is A(£) and whose initial phase angle (at x = 0) is @(§).

The Fourier transform may be thought of as a mapping on function spaces. This mapping is here
denoted F and F(f) is used to denote the Fourier transform of the function f. This mapping is
linear, which means that F can also be seen as a linear transformation on the function space and
implies that the standard notation in linear algebra of applying a linear transformation to a vec-
tor (here the function f) can be used to write F f instead of F(f). Since the result of applying the
Fourier transform is again a function, we can be interested in the value of this function evaluated
at the value & for its variable, and this is denoted either as F f(&) or as (F f)(£). Notice that in the
former case, it is implicitly understood that Fis applied first to f and then the resulting function is
evaluated at &, not the other way around.

In mathematics and various applied sciences, it is often necessary to distinguish between a func-
tion f and the value of f when its variable equals x, denoted f(x). This means that a notation like
F(f(x)) formally can be interpreted as the Fourier transform of the values of f at x. Despite this
flaw, the previous notation appears frequently, often when a particular function or a function of a
particular variable is to be transformed. For example,

F (rect(x)) =sinc(&)

is sometimes used to express that the Fourier transform of a rectangular function is a sinc func-
tion:

F(f (x+x,)) = F(f(x))e’ ™"

is used to express the shift property of the Fourier transform.

Notice, that the last example is only correct under the assumption that the transformed function
is a function of x, not of x,.

Other Conventions

The Fourier transform can also be written in terms of angular frequency:

w=27rs,

whose units are radians per second.

The substitution & = 2—1nto the formulas above produces this convention:
T

f@)=] , fx)e™ dx.

Under this convention, the inverse transform becomes:

1
2z)"

J@=——[ [ do.
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Unlike the convention followed here, when the Fourier transform is defined this way, it is no lon-
ger a unitary transformation on L?*(R"). There is also less symmetry between the formulas for the
Fourier transform and its inverse.

Another convention is to split the factor of (271)" evenly between the Fourier transform and its in-
verse, which leads to definitions:

fl@) =——] f@e s,
(27

f) =] (@) do
2n)?

Under this convention, the Fourier transform is again a unitary transformation on L?(R"). It also
restores the symmetry between the Fourier transform and its inverse.

Variations of all three conventions can be created by conjugating the complex-exponential kernel
of both the forward and the reverse transform. The signs must be opposites. Other than that, the
choice is (again) a matter of convention.

Summary of popular forms of the Fourier transform, one-dimensional
7 —27ix-&
Ordinary roquency | Y8 J@ = st de=2x - fy2nE) = i 2nt)
€ (Hz) .
f@) =A@ de
A a) A
) —thd - el D
| (@) ij(x)e xﬁ (Mjrf
Unitary
¥ = [ fu@)-e" de
f@ ==] j@
Angular frequency
 (rad/s)
, () —j f(x)-e " dx = ( j V27 - f (@)
Non-uni-
tary 1 (o » .
@) =—] f@)-e"do
2~
Generalization for n-dimensional functions
n def - LN ~
Ordinary frequency Unitary 5L = J.Rnf(x)eizmxgdx =2n)? f,27E) = f,(27E)
§ (Hz) 7 Tix-
[ =] S(&eiag
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f@) = L[ e ds= lnﬁ[zﬁj: L ji@)
| (27’ 2z 7 @ay
Unitary 1 X '
@) =] @) do
Angular frequency (27)?
 (rad/s)
fw) = ree =], [zﬁj =(27) fy()
Non-uni- T
tary 1 7 io-x
f@) =@ do

The characteristic function of a random variable is the same as the Fourier—Stieltjes transform of
its distribution measure, but in this context it is typical to take a different convention for the con-
stants. Typically characteristic function is defined:

(eit-X> — j‘eim d,UX (x).

As in the case of the “non-unitary angular frequency” convention above, the factor of 27t appears
in neither the normalizing constant nor the exponent. Unlike any of the conventions appearing
above, this convention takes the opposite sign in the exponent.

Computation Methods

The appropriate computation method largely depends how the original mathematical function is
represented and the desired form of the output function.

Since the fundamental definition of a Fourier transform is an integral, functions that can be ex-
pressed as closed-form expressions are commonly computed by working the integral analytically
to yield a closed-form expression in the Fourier transform conjugate variable as the result.

Many computer algebra systems such as Matlab and Mathematica that are capable of symbolic
integration are capable of computing Fourier transforms analytically. For example, to compute
the Fourier transform of f(t) = cos(67t) e one might enter the command integrate cos(6*pi*t)
exp(—pi*t"2) exp(-i*2*pi*f*t) from -inf to inf into Wolfram Alpha.

Numerical Integration of Closed-form Functions

If the input function is in closed-form and the desired output function is a series of ordered pairs
(for example a table of values from which a graph can be generated) over a specified domain, then
the Fourier transform can be generated by numerical integration at each value of the Fourier con-
jugate variable (frequency, for example) for which a value of the output variable is desired. Note
that this method requires computing a separate numerical integration for each value of frequency
for which a value of the Fourier transform is desired. The numerical integration approach works
on a much broader class of functions than the analytic approach, because it yields results for func-
tions that do not have closed form Fourier transform integrals.
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Numerical Integration of a Series of Ordered Pairs

If the input function is a series of ordered pairs (for example, a time series from measuring an
output variable repeatedly over a time interval) then the output function must also be a series of
ordered pairs (for example, a complex number vs. frequency over a specified domain of frequen-
cies), unless certain assumptions and approximations are made allowing the output function to be
approximated by a closed-form expression. In the general case where the available input series of
ordered pairs are assumed be samples representing a continuous function over an interval (am-
plitude vs. time, for example), the series of ordered pairs representing the desired output function
can be obtained by numerical integration of the input data over the available interval at each value
of the Fourier conjugate variable (frequency, for example) for which the value of the Fourier trans-
form is desired.

Explicit numerical integration over the ordered pairs can yield the Fourier transform output value
for any desired value of the conjugate Fourier transform variable (frequency, for example), so that
a spectrum can be produced at any desired step size and over any desired variable range for accu-
rate determination of amplitudes, frequencies, and phases corresponding to isolated peaks. Unlike
limitations in DFT and FFT methods, explicit numerical integration can have any desired step size
and compute the Fourier transform over any desired range of the conjugate Fourier transform
variable (for example, frequency).

Discrete Fourier Transforms and Fast Fourier Transforms

If the ordered pairs representing the original input function are equally spaced in their input vari-
able (for example, equal time steps), then the Fourier transform is known as a discrete Fourier
transform (DFT), which can be computed either by explicit numerical integration, by explicit eval-
uation of the DFT definition, or by fast Fourier transform (FFT) methods. In contrast to explicit
integration of input data, use of the DFT and FFT methods produces Fourier transforms described
by ordered pairs of step size equal to the reciprocal of the original sampling interval. For example,
if the input data is sampled every 10 seconds, the output of DFT and FFT methods will have a 0.1
Hz frequency spacing.

Fourier Transform of Standards Signals

Impulse Function & (t)

Given x(¢) = 5(¢),

lfort=0
d(t) =
0 fort#0

Then

X@)=["x@edi=[" smetdt = |t=0 = 1

WORLD TECHNOLOGIES




Fourier Series and Fourier Transform

F50]=1  ord(H<ol

Hence, the Fourier Transform of a unit impulse function is unity.

|X(a))| =1 forallw
LX(a))J =0 forallw

The impulse function with its magnitude and phase spectra are shown in below figure:

8| X |

il , | |X[ﬂd)

=)
=
BY

=)
=

(s} (b) (c)

Similarly,

o [ . FT .
F[8(t—t,)] = J‘S(t—to)e’“‘“dt = e i e d(t-t,) e

Single Sided Real Exponential Function e ~u(t)

Given x(t) =e*u() 0 1 fort>0
x(t) =e “u(t), u(t)=
0 fort<0
Then,
x(©) = [ x(e?dt=[ e u(t)e ™ dt
z]geatejmtdt =sz e,(aﬂ'm)tdt :|: e(*a+jm)t :| _ e*at _eo
0 0 —(atjo) |, —(a+jo)
_ 01 1
—(a+jo) a+jo
FT
s Fle™u(t)]=—— or e Mu(t) <>——
a+jo a+jo
Now,
X(0) = 1 a-jo

a+jo _(a+0))(a—0))
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a—jo a .0

1 4 ®
= 2 2 2713 2 —tan  —
a’+o a+to a“+o® Jal+ > a

1 ®
o X(w)| = —,[X((D) =—tan~' —forall (DJ
X va’+’ a

Figure shows the single-sided exponential function with its magnitude and phase spectra.

x(1) = e ul) A | X(w) | A | X(@)
1 I/a
J \ 1m/2
0l i 0 o 0 ®
-2 1
(a) (b) (c)

Double Sided Real Exponential Function e '

~alt

Given x(t)=e

Ly e e fort <0
SxX()=e =
e =e"fort>0

=e—a(—t)+e " u(t)

=e"u(—t) + e "u(t)

x(w)= T x(t) e 'dt

:'[ eate—jwtdt_l_J. e—ate—jmtdt — J. e(a—jw)tdt_'_... e—(aJrjoo)tdt
—0 0 —0 0

—(a—jo)t —(atjo)t
© i ® ot e e
I e J)tdtJrJ‘ e @ )‘dtZ{ , } J{ , }
0 0 —(a-jo) |, |—-(atjo) |,

~_e? e”-¢” 1 1 2a

© . + . = . + . ) 2
—-(a—-jo) —-(atjo) a-jo atjo a +o

_ 2a o FT 0 2a
- F(e am) =—— ore alt 07
a-+to a-+to
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2a

> forall®
a”+o

~x(w)]=

2

And Lx(m)J =0 forallo

A Two sided exponential function and its amplitude and phase spectra are shown in figures below:

| X(ew) | [X(w)
2la

(b) (©)

Complex Exponential Function e/

joot

To find the Fourier Transform of complex exponential function e’ , consider finding the inverse

Fourier transform of §(m—,) . Let,

®) =0 (0v—m
~x() =F [ X(@)]=F'[6 (0-0,)]= Lro X(w)e dw
2p

1 o : 1
= | dow-,)e”"do=—=¢
2w o= ( ) 27

joot

Jjogt

S F[8(0-,)]= 62

or F'[218(w— o, )] = &'
T

=F[e"'] = 2nd(0—w,)
FT
Or e <> 271d(w—w,)
Constant Amplitude

Let x(t) =1 —0<t< 0

The waveform of a constant function is shown in below figure .Let us consider a small section of
constant function, say, of duration 7.If we extend the small duration to infinity, we will get back
the original function. Therefore,

t—o0 T

x(t) = Lt [rect[ij]
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1 11
0 — -T2 i 1] T;Q —
@ (b)

1 _
Where rect t = for - <t< :
T 0 2 2

elesewhere

By definition, the Fourier transform of x(t)is:
t t
x(o) = F[x(t)] = F{ Lt rect (—H = Lt F{rect (—ﬂ
t—o0 T t—o0 T

efjwt /2
=Lt (l)e’J“’t dt—L{ }

t—>00 d—1/2 t—oo| —
J(D —1/2

= Lt =

t—o00

g T . T
e—jwt(r/2) _ ejm(f/z) 2511'1 [(,0(2j] sin [(’)(2)]
e ey (] [ o0L)

_ .(1) t—o0 0) t—o
] (=)

2

—Ltrsa(—) o {Lt”—2 (—)}

t—o0

t—>o T

. 2
Using the sampling property of the delta function = {1.6 { Lt ls (—) } ( )} ,we get,

t
X(0)= F[tI;EO rect ;} =28 ()
Signum Function sgn(t)

The signum function is denoted by sgn(t) and is defined by:

1 fort>0

sgn(t) =
gn(t {—1 fort<0

rable. So we cannot directly find its Fourier transform. There-

This function is not absolutely inte
%‘ sgn(t) and substitute the limit a->0 to obtain the above sgn(t):

fore, let us consider the function e

Given x(t) =sgn(t) = Lt e Msgn(t) = Lt[e u(t) —¢*u(-1)
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“ X(@)=F [sgn(v)] = [ Lt[e™u(t)—e"u(-t)e"dt]
- [ et - et Hucual

Jm e_(a+jmt)tdt _jO e(a_jm)tdt:| - Lt |:J'°0 e_(a+jm)tdt _J‘OO e_(a—jm)tdt:|
—o0 0 0

0 a—0

]
F[sgn(t)] = —
jo

FT 2
sgn(t)<>—
jo

|X(c0)|:% and {X(m)zgfor(o<0 and—gforco> OJ

Figure below shows the signum function and its magnitude and phase spectra.

4 sen ® i X@) | \X(@)
1 I k ’—\ﬂﬂ
, . —

LS 4

- i—gge‘]k;\!; :

P (b)

-3

(©)

av.

Unit step function u(t).

The unit step function is defined by:

1 fort>0
u(t) =
0 fort<O

since the unit step function is not absolutely integrable, we cannot directly find its Fourier trans-

form. So express the unit step function in terms of signum function as:
u(t)= ! + 1 sgn (t)
2 2 8

X() = u(t) = % [1-+sgn (1)]
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X(0) = Flu(t)] = F{%{l v sgn(t)]}

- %{F[l] +Fsgn(t)]}

We know that F[1]=2nd(w) and F[sgn(t)] = i ,
jo

FT 1
u(t) < nd(w)+—
jo

|X(co)| =ooat® = 0and is equal to 0 at® = —owand ® = «. Figure shows the unit step function

and its spectrum.
0.5 sgn(n) () = w(e)
1 0.5 + 0.5 sgnir)
[ '
®)

X}

AN

()

t t
Rectangular Pulse (Gate Pulse) 11 (;) or rect (—j
T

Consider a rectangular pulse as shown in below figure. This is called a unit gate function and is

defined as:
f [1(:/7)
1.0
>
~7/2 0 7/2 t
T
x(t) =rect (ij = H(ij = I for |t| - 2
t t 0 otherwise
Then,

X(0) = F[x()] = F{H (iﬂ -["n (1) eIt
T - T
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—jot }T/z o I0I12) _ qio(s/2)

_ 1/2 —jot _ (]
_L/za)e dt{ :

_J(D /2 _j(D
o [ o] Teinat2)
o(—1/2) 2 o(t/2)

=1sinc o(t/2)
t .
F{H (—ﬂ =1sinc o(t/2), that is

t t FT
rect (—] =11 (—) <> 1sinc o(t/2)

T T

Figure shows the spectra of the gate function.

| X() |

T

2z 2n
FAW AN DRAWANA
A 0 A A
_an Main lobe b

r T
@

Lo
T

2n 4n 6x 8
T T T T
_8x _6r  _4r 2% 0 e
T T T T
™

by

The amplitude spectrum is obtained as follows:

Atw =0, sinc (wt/2)=1. Therefore, X(co)| at u =0 is equal to t.At(wt/2) =+nm, at

co:izn—n, n=I1,2,......sinc (0t/2)=0

T

The phase spectrum is:

| X(0) |=0 if sinc (wt/2)>0

=t rif sinc (0t/2) <0

The amplitude response between the first two zero crossings is known as main lobe and the

2n 2n
portions of the response for ® < —(—j and ® >(—J are known as side lobes. From the ampli-
T T

tude spectrum, we can find that majority of the energy of the signal is contained in the main lobe.
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T
made longer, the main lobe becomes narrower. The phase spectrum is odd function of w. If the
amplitude spectrum is positive, then phase is zero, and if the amplitude spectrum is negative, then
the phase is —  or 7.

. 2n 1 : :
The first zero crossing occurs at ® =(—j or at f=—Hz. As the width of the rectangular pulse is
T

Triangular Pulse A (LJ
T

Consider the triangular pulse as shown in below figure. It is defined as:

L(t+£):[1+21 for —— <t <0
/2 2 T 2

t
x(t):A(—J:
T ! (t—ljz(l—zij for0<t<%

2

elsewhere

. 2| T
x(t)zA(—jz ¢ forlt<=
T 2

0 otherwise

Then X(w) = F[x(t)] = F{A(iﬂﬂ _ J-w A(;j e IOt gt
(0) - 0

= 0 (1+£jejmtdt +J‘r/2(1_2jejwtdt
—1/2 6 0 'C

o O (R
0 T 0 i

_ J-‘r/2 ej(m dt_jt/Z (2) ejmt dt +I‘r/2 efj(m dt _J-‘r/Z (gj e*jmtdt
0 0\ 0 o\

= sz e dt— J‘m (Ej e dt +IT/Z e ™ dt —J‘m (2] e 'dt
0 0 T 0 0 T
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/2 2 e12
=_[ 2cosmtdt——j 2tcosmtdt
0 T Jo

sin ot i 4 sin ot o2 cos ot i
=2 — |t + >
o J, T o ® 0

Figure shows the amplitude spectrum of a triangular pulse.

bl X(@)]

T

87/t —Anit 0 4mt 8wt @

Cosine Wave (cos o,t)

Given x(t) = cos o,t

Then X(w) = F[x(t)] = F[cos o,t] = F{% (el + ejo)ot):|

= %[F(ej‘”"‘) +F(e )] = %[2716(0) —0,)+21d(0+o,)]
=n[6(0w—m,)+d(® + o,)]

. Flcos o,t] = n[d(0—,)+d(®w+wm,)] or cos motgn[S(m—mo)+6(m+mo)]

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

Below figure shows the cosine wave and its amplitude and phase spectra.

xir) 4| e | 'ﬁfﬂ

- o
yRviivaw -

) fel

gy
&

)
£
&

Sine Wave (sino,t)

Given x(t) = sin o,t

Then X(w) = F[x(t)] = F[sin w,t] = F{zi (e + ejwot):|
J

= %[F(ej‘”‘)‘) +F(e ™)) = %[2n6(0) —,)+218(0+0,)]
]
=—jn[o(0w—m,)+d(® + ®,)]

- Flcos o,t] = = ja[d(o—m,)—d(w+®,)] or cos m,t<> jr[o(w—m, )+ o(w+o,)]

Below figure shows the sine wave and its amplitude and phase spectra.

4 xi1) = sin | o) | Le(a)
VAT v ASEN N N I I

0 Fra
Y] —JT.-'Z

(b)
{c}

Fourier Transform of a Periodic Signal

The periodic functions can be analysed using Fourier series and that non-periodic function can
be analysed using Fourier transform. But we can find the Fourier transform of a periodic function
also. This means that the Fourier transform can be used as a universal mathematical tool in the
analysis of both non-periodic and periodic waveforms over the entire interval. Fourier transform
of periodic functions may be found using the concept of impulse function.

We know that using Fourier series, any periodic signal can be represented as a sum of complex
exponentials. Therefore, we can represent a periodic signal using the Fourier integral. Let us
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consider a periodic signal x(t) with period T. Then, we can express x(t)in terms of exponential
Fourier series as:

x(=Y" C, e ot
The Fourier transform of x(t)is:
X() = F[x(t)] =F[Z:’:w C e w}
=G Fle"™]
Using the frequency shifting theorem, we have:

F[le” ™' = F[1] =snd(®— nw,)

O=0—7 0

X(@)=2n)" C,50-no,)
where C, s are the Fourier coefficients associated with x(t) and are given by:

T/2 o
:—j x(t)e "™ di

Thus, the Fourier transform of a periodic function consists of a train of equally spaced impulses.
These impulses are located at the harmonic frequencies of the signal and the strength of each im-
pulse is given as 2zC, .

Solved Problems:

Problem : Find the Fourier transform of the signals e*(t) .
Solution:

Given,

x(t)=e’u(t)

The given signal is not absolutely integrable. That is J‘w e’'u(t) = oo. Therefore, Fourier transform

00

of x(t)=¢™u(t) does not exist.

Problem: Find the Fourier transform of the signals cos o tu(t).

Solution:
Given x(t) = cos m, tu(t)
Jmot —jo,t
. +¢
i.e. = —u(t)
2
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joot —jogt

+e _
u(t)e *“'dt

X(®) =F[cos o, tu(t)] = =

1[ex o D ore
:EUO e i@ %)thJ‘O P o)tdt:l

1] e i@ot  giregt ®
| ey T jaray)
0

1 =€ . —’
_2 —j(o-0y) —j(otwy)

With impulses of strength © at ® = ®,and ® = —®,.

1

. + .
Jo-0) jo+o))

X(m):%{ }+n8(co—coo)+n6(co+coo)]

L O _
_2{00))2_0)3“15(0) w‘))”g)(ww‘))}
=j—w2+l[n8(oa—oao)+7t5(03+wo)]

(o)’ -o; 2
Problem: Find the Fourier transform of the signals sin ot u(t).

Solution:

Given x(t)=sin @, tu(t)

. e jwot —e 7j0)0t

ie. =———u(t)
2j

joot —joot

—C  u(t)e dt

. © €
X(w) =F[sinw, tu(t)] = LO
_L[
2j
1 {ej(wmo)t g i@ty T
=5 —j(w-0) - —j(otoy)
2] ] il o

1 =€ —’
T | Ciemey) | —j(ete)

0

J‘ * oio-w0)t g _ j * i)t dt}
0

J
With impulses of strength © at ® = ®,and © = —o,.
1 1 1
X(w)=—| - —= +md(0—m,) — nd(ow + ®,)
2jLi(@=w) (@ + o)
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1 J20
=2—j{m+n8(m—wo) — 1d(o + ®,)
® T
ZW—JE[S((’J—%) + (0 + m))]

Continuous Time Fourier Transform

The Fourier expansion coefficient X[k] (a, in OWN) of a periodic signal x,(¢) = x, (¢ +T) is:
_ 1 —jkant —
X[k]= ?J‘TxT(t)e dt  (k=0,%1,42,--)
and the Fourier expansion of the signal is:

x ()= X[kle"
k=—0
which can also be written as:
(0=~ > IXDS™ =223 X ko)™ (a)
T k=—o0 2z k=—o0
where X (kw,) is defined as:

X (ko) 2T X[k]= [ x,(6)e "dt  (b)

When the period of x,(¢)approaches infinity 7' — oo, the periodic signal x, (#) becomes a non-pe-
riodic signal x(z) and the following will result:

Interval between two neighboring frequency components becomes zero:

I'>o=w,=27/T—0
Discrete frequency becomes continuous frequency:

ko, |%_)0:> w

Summation of the Fourier expansion in equation (a) becomes an integral:
X(l‘)é hm X (t) = llm L i X(k(o )ejkwotm — LJ‘OO X((D)ejmtdco
T—w r >0 27'C = 0 0 27'[ .
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The second equal sign is due to the general fact:
lim Z fUAD)AY =" f(x)dx

Time integral over T in equation becomes over the entire time axis:

X(C()) é;glo X(ka)o) — ;Ell J.T X, (t)e—jkwotdt — J.O:Ox(t)efjwtdt

In summary, when the signal is non-periodic x(¢) = 1lrim x,(t) , the Fourier expansion becomes Fou-
—>0
rier transform. The forward transform (analysis) is:

X(w)= fo x(t)e—jwfdt or X(f)= I_w x(t)e—ﬂ/rﬁdt
and the inverse transform (synthesis) is:
L i do={" janf
x(t)——I X(w)e da)_j X(f)e’> " df
27[ - —00

Note that X (w) is denoted by X (j®) in own.

Comparing Fourier coefficient of a periodic signal x,(¢#) with Fourier spectrum of a non-periodic
signal x(¢) :

XK= L] e e, x(@)= [ e

we see that the dimension of X (w) is different from that of X[k]:

If | X[k]|* represents the energy contained in the kth frequency component of a periodic signal
x,(¢), then | X ()|’ represents the energy density of a non-periodic signal x(¢) distributed along

the frequency axis. We can only speak of the energy contained in a particular frequency band
0 <O<o,:

Energy containedinband o, < @, = JWZ | X (@) dw
@

The spectrum of a time signal can be denoted by X (@) or X(f)to emphasize the fact that the
spectrum represents how the energy contained in the signal is distributed as a function of frequen-
cy wor f.Moreover,if X(f) is used, the factor 1/ 27 in front of the inverse transform is dropped
so that the transform pair takes a more symmetric form. On the other hand, as Fourier transform
can be considered as a special case of Laplace transform when the real part o of the complex argu-
ment s =0+ jo = jw is zero:

X(@s)|_,. = ji x(t)e " dt

oo = | X0l = X (jo)

s=jw
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It is also natural to denote the spectrum of X(#) by X(j®) (in OWN).
Example:

Consider the unit impulse function:

x(t)=5(t)
X(jo)=[" s dt=1

Example:

If the spectrum of a signal x(¢) is a delta function in frequency domain X (jw)=27 6(®), the
signal can be found to be:

x(t) = F[X(jo)] = L j " S(w)edw=e" =1
2w 9=
ie.,
Fx(t)] = IZ e dt = 271 5(w)

Example:

The spectrum is:

. 1 2
X(jw)= j et =——e | = Z sin(aw)

—jo @

This is the sinc function with a parameter a , as shown in the figure.

sinlx)ix

4k sin(E*ngx
sinl 4%
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Note that the height of the main peak is 2a and it gets taller and narrower asa gets larger. Also
note:

'[OO X(jo)do = 2!00 Mda) =2r
—0 —0 0}

When « approaches infinity, x(¢#) =1for allz, and the spectrum becomes:
© . 2.
X(jo)= I e’ dt = lim[—sin(aw)] = 275 (w) = 5(f)
—00 a-o )

Recall that the Fourier coefficient of x(¢) =11is:

1 k=0

XK= olk]= {O else

which represents the energy contained in the signal atk =0 (DC component at zero frequency),
and the spectrum X (jw) = X[k]/ wis the energy density or distribution which is infinity at zero
frequency.

The integral in the above transform is an important formula to be used frequently later:

j‘” e/ dt = 275 (@) or j‘” et = 5(f)

which can also be written as:

[~ et =" [cos(er)+ jsin(-jorldt = [ cos(ar)dt =5(f)
Switching ¢ and f in the equation above, we also have:

ji e df = cos (2 fR)df = S(t)

representing a superposition of an infinite number of cosine functions of all frequencies, which
cancel each other any where along the time axis except at? = 0 where they add up to infinity, an
impulse.

Example:
1 ot — japt
x(t) = cos(w,t) =§[e’ e
The spectrum of the cosine function is:

X(jw): [ x(e)e " de = % [ 1" +e7™ e ™ ar

nlo(w—w,)+o(w+ w,)]
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The spectrum of the sine function:

x(1) = sin(ayt) = L‘[e-ia’of _ eI
2J

can be similarly obtained to be:

X(jo)=2[8(w- ) - 5(0+m,)]=—jrd(w-a,) - 5w+ a,)]
j

Again, these spectra represent the energy density distribution of the sinusoids, while the corre-
sponding Fourier coefficients:

X[k]= Flcos(a,t)] = %[5[1( —1]+ 0Tk +1]]

And

X[k]= Flsin(ay)] = %[5[1( ~1]-S[k +1]]
J

Represent the energy contained at frequency o = @, .

Properties of Continuous-time Fourier Transform

Linearity

The combined addition and scalar multiplication properties in the table above demonstrate the ba-
sic property of linearity. What you should see is that if one takes the Fourier transform of a linear
combination of signals then it will be the same as the linear combination of the Fourier transforms
of each of the individual signals. This is crucial when using a table of transforms to find the trans-
form of a more complicated signal.

Example :
We will begin with the following signal:
z(1) = afy (1) + bf; (1)

Now, after we take the Fourier transform, shown in the equation below, notice that the linear com-
bination of the terms is unaffected by the transform.

Z(0) = aF, () + bF, (0)

Symmetry

Symmetry is a property that can make life quite easy when solving problems involving Fourier
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transforms. Basically what this property says is that since a rectangular function in time is a sinc
function in frequency, then a sinc function in time will be a rectangular function in frequency. This
is a direct result of the similarity between the forward CTFT and the inverse CTFT. The only differ-
ence is the scaling by 2n and a frequency reversal.

Time Scaling

This property deals with the effect on the frequency-domain representation of a signal if the time
variable is altered. The most important concept to understand for the time scaling property is that
signals that are narrow in time will be broad in frequency and vice versa. The simplest example
of this is a delta function, a unit pulse with a very small duration, in time that becomes an in-
finite-length constant function in frequency.

The table above shows this idea for the general transformation from the time-domain to the fre-
quency-domain of a signal. You should be able to easily notice that these equations show the rela-
tionship mentioned previously: if the time variable is increased then the frequency range will be
decreased.

Time Shifting

Time shifting shows that a shift in time is equivalent to a linear phase shift in frequency. Since the
frequency content depends only on the shape of a signal, which is unchanged in a time shift, then
only the phase spectrum will be altered. This property is proven below:

Example:

We will begin by letting z(¢) = f (¢ — 7). Now let us take the Fourier transform with the previous
expression substituted in for z(¢) .

4@=£yv—nﬁmm

Now let us make a simple change of variables, where o = t — 1. Through the calculations below, you
can see that only the variable in the exponential are altered thus only changing the phase in the
frequency domain.

20)= [ f(o)e " dr

— e—(ia}f) J:OO f(a)ef(iwcr)do_
= e " F(w)

Convolution

Convolution is one of the big reasons for converting signals to the frequency domain, since con-
volution in time becomes multiplication in frequency. This property is also another excellent ex-
ample of symmetry between time and frequency. It also shows that there may be little to gain by
changing to the frequency domain when multiplication in time is involved.
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We will introduce the convolution integral here, but if you have not seen this before or need to
refresh your memory, then look at the continuous-time convolution module for a more in depth
explanation and derivation.

NOEVAGNAG)
o AV

Time Differentiation

Since LTI systems can be represented in terms of differential equations, it is apparent with this
property that converting to the frequency domain may allow us to convert these complicated dif-
ferential equations to simpler equations involving multiplication and addition. This is often looked
at in more detail during the study of the Laplace Transform.

Parseval’s Relation
[qroyde=[" (F@)yd

Parseval’s relation tells us that the energy of a signal is equal to the energy of its Fourier transform.

f(t) < CTFT » F(w)

Modulation (Frequency Shift)

Modulation is absolutely imperative to communications applications. Being able to shift a signal
to a different frequency, allows us to take advantage of different parts of the electromagnetic spec-
trum is what allows us to transmit television, radio and other applications through the same space
without significant interference.

The proof of the frequency shift property is very similar to that of the time shift; however, here we
would use the inverse Fourier transform in place of the Fourier transform.

Since we went through the steps in the previous, time-shift proof, below we will just show the ini-
tial and final step to this proof:

)=~ Flo-pe“do
27 9

Now we would simply reduce this equation through another change of variables and simplify the
terms. Then we will prove the property expressed in the table above:

z2() = f()e”
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Laplace Transform

A transformation which is used to convert an operation of a real variable (t) into complex vari-
able (s) is termed as laplace transform. It is used for analysing and developing circuits such as
filters. This chapter delves into various concepts such as laplace transform properties, region
of convergence, the laplace transform of a function, existence of laplace transform, etc. which
will provide in-depth knowledge of the subject.

The Laplace transform is an integral transform perhaps second only to the Fourier transform
in its utility in solving physical problems. The Laplace transform is particularly useful in solv-
ing linear ordinary differential equations such as those arising in the analysis of electronic
circuits.

The (unilateral) Laplace transform L is defined by:
LI ONs)= [ (e dr,

where f(¢)is defined for t > 0. The unilateral Laplace transform is almost always what is meant
by “the” Laplace transform, although a bilateral Laplace transform is sometimes also defined
as:

LIFONs) = [ oy de

The unilateral Laplace transform .£,[ f(¢)](s) is implemented in the Wolfram Language as Laplace
Transform[ f]¢],¢,s]and the inverse Laplace transform as Inverse Radon Transform.

The inverse Laplace transform is known as the Bromwich integral, sometimes known as the Fou-
rier-Mellin integral.

A table of several important one-sided Laplace transforms is given below.

A L[f(D)](s) conditions

1
1 l
K
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1
f &
n!
t" o ne’Z=>0
T'(a+1
¢ (s““ ) Rla]>-1
at 1
¢ s—a
s
cos(wt) e weR
sin(wt) = fa)2 s> [w]|
cosh(wt) > o > s >|Rl[w]|
sT—w
sinh(c 1) X f’wz s >|1[e]|
(77 b
e“sin(bt) Goay+p’ s>a+|I[b]]
w s—a
e” cos(bt) G—ay <D’ beR
o(t—c) e
1
— forc<0
Hf(t) Scs
¢ forc>0
s
1
) s7+1
NSt +at - s)n
J(at) ( neZ>0
a'\s* +a’

In the above table, J(is the zeroth-order Bessel function of the first kind, §(¢)is the delta func-
tion, and H,(¢)is the Heaviside step function.
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The Laplace transform has many important properties. The Laplace transform existence theorem
states that, if f(¢)is piecewise continuous on every finite interval in (0, o) satisfying:

| f(1) < Me"

For allz € (0,00), then .£,[ f(¢)](s) exists for all s > a. The Laplace transform is also unique, in the
sense that, given two functions F (¢) and F, (¢) with the same transform so that:

LIEO1(s)=LF,®)](s) = f (),

Then Lerch’s theorem guarantees that the integral:
jo N(@)dt=0

Vanishes for all a > 0 for a null function defined by:
N(t) = F (1)~ F(0).

The Laplace transform is linear since:
£[af (1) +bg(0)] = ["laf (0)+ bg(e))e"di

= ajow fe " dt+b J.: ge dt
=al [f(D)]+0L[g(1)].

The Laplace transform of a convolution is given by:

L1f()*g0]= LSO [g0)]
£[FG]=£,'[F]+£,'[G].

Now consider differentiation. Let f(¢#)be continuously differentiable n-1 times in[0,00). If
| £(¢)|< Me" , then:

LIfCONs) =" LIS O)=5"" [(0)=5"2 [ '(0)=...— [ (0).
This can be proved by integration by parts,
L1 'O)s)=lim ["e™ 1)
_ 11330{@ GRS f(t)dt}

= lim [e f(a)- f(0)+s jo" e f(t)dt}
=sL[f(O]-1(0).
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Continuing for higher-order derivatives then gives:
LLf'(0](s) =" LLI D)~ £ (0) = f(0).

This property can be used to transform differential equations into algebraic equations, a procedure
known as the Heaviside calculus, which can then be inverse transformed to obtain the solution.
For example, applying the Laplace transform to the equation:

[0+ af () +a,f(t)=0
Gives,
{SLLFON) =5/ (0)= (O} +a, {sLL(I(s)- /(0)}
+a LLf (1))(s)=0
LIFONs)(s* +as+a,) =9/ (0)= ['(0)—a,f(0) =0,

which can be rearranged to,

sf(0)+ f'(0) + &, /(0)

2
s*+a;s+a,

L O)s)=

If this equation can be inverse Laplace transformed, then the original differential equation is solved.

The Laplace transform satisfied a number of useful properties. Consider exponentiation. If
L f()](s)=F(s) for s > & (i.e., F(s) istheLaplacetransformof f),then .2 [’ f](s) = F (s —a)
for s > a+ « . This follows from,

F(s—a)= I: fe ' dy

= j: [ f(©)e" |ear
= £[e" f(O)(s).

The Laplace transform also has nice properties when applied to integrals of functions. If f (t) is
piecewise continuous and| f'(¢) |[< M e, then,

£] [l ravar] =221

N

Laplace Transform Properties

We are aware that the Laplace transform of a continuous signal x(t) is given by,

o0

x(s)= j x(t)e™"dt

—00
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And inverse Laplace transform is given by:

O+ joo
x(t):i [ X(s)e"ds

o~ joo

The Properties of Laplace transform simplifies the work of finding the s-domain equivalent of a
time domain function when different operations are performed on signal like time shifting, time
scaling, time reversal etc. These properties also signify the change in ROC because of these oper-
ations.

These properties are also used in applying Laplace transform to the analysis and characterization
of LTI systems.

Linearity of the Laplace Transform

Statement:

Ifx,(2) (i X, (s) with a region of convergence denoted as R,

and x, (¢) <i> X, (s)with a region of convergence denoted as R,

then ax, (¢) + bx, (¢) <i> aX,(s)+bX,(s), with ROC containing R N R,

Proof:

Consider the linear combination of two signals x; (t) and x, (t) as Z(t) = ax,(t) +bx,(t) . Now, take
the Laplace transform of z (t) as:

L{z(t)} = Liax, (1) +bx,(¢)} = T {ax,(¢) + bx, (¢)}e " dt

=g jw x (e "di+b J”” X, (e " dt
=aX,(s)+bX,(s)
The resulting ROC is as large as the region in common between the independent ROCs. However,

there may be pole-zero cancellation in the linear combination, which results in extending the ROC
beyond the common region.

In this example, we illustrate the fact that the ROC for the Laplace transform of a linear combination of
signals can sometimes extend beyond the intersection of the ROCs for the individual terms. Consider,

x(1) = x,() = x,(?)

where the Laplace transforms of x,(f) and x, (t) are, respectively:

1

X,(5) = Rels}> -1 and = D6

Re{s} > -1
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The pole-zero plot, including the ROCs for X, (s) and X, (s) v, is shown below respectively in figure
(a) and (b).

Im Im

B & s-plane I s-piane
E B i : Ro

: : }'
% Re 24 Re
{ t

{ I

: . { |

@ (b)
1 1 s+1 1

A == T 6D GanG ) s+

Thus, in the linear combination of x,(f) and x, (¢),, the pole t s=-1 is cancelled by a zero ats =—1.
The pole-zero plot for X (s) is shown below.

9m

s-plane

o
[\

The intersection of ROCs for X,(s)and X,(s)is Re{s}>—1. However, since the ROC is always
bounded by a pole or infinity, for this example the ROC for X (s) can be extended to the left to be
bounded by the pole ats = -2, because of the pole-zero cancellation ats =—1.

Time Shifting

Statement:

If x(t) > X (5) with ROC=R

then x(z —17) <i> e " X(s) withROC=R
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Proof:

o0

Lix(t—71)} = I x(t—7)edt

—00

Lett—7z=p

= [ x(prerar

0

=e '[ x(p)e Pdt

—0

=e " X(s)

Ilustration:

As productof X (s) with e will not effect the poles of X (s) , ROC remains unaltered.

Shifting in S-domain
Statement:
L
Ifx(¢)«> X (s) with ROC = R
L
thene ™ x(1) <> X (s —s,)with ROC = R + Re{s_}
Proof:
Lie™x(t)} = j e x(t)e ' dt
= [ xear
=X(s-5,)
That is, the ROC associated with X (s —s,) is that of X (s), shifted by Re{s,}.Thus, for any value s

that is in R, the value s+ Re{s_} will be in R1.This is illustrated in figure below. Figure (a) and (b)
represents ROC of X (s)and X (s—s,) respectively.

9m 9m

s-plane s-plane

Re

2 + Ree (o) r o+ ®e (so)

R A R L A L L
o= NSRS e (e ARy A=)
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Note that if X(s) has a pole or zero at s=a, then X (s —s,) has a pole or zero at s-so=a, i.e., S — 5, = a.

A special case is observed whens,= jo_, i.e., when a signal is used to modulate a periodic complex
exponentiale ' .

In this case e /' x(¢) <i> X(s— jo,)withROC =R.

This is true because ROC depends on real part of ‘s’ not the imaginary part.
Time Scaling

Statement:

If x(¢) <£> X(s)withROC=R m

then x(at) é)LX(iJ withROC =R, =aR

Proof: |a| ’

To prove this we have to consider two cases: a (real) is positive and a is negative. Case: Fora >0:
Lix(at)} = j x(at)e ™ dt
Using the substitution of 4 = at ; dt = adA.

1 W)e—(;)gM

as—®
1 X(ij
a a

Li{x(at)} = T x(at)e™dt

Case: Fora<0.

Using the substitution of A = at; dft =adA.

L x(x)é@ldi

L
Combining the two cases, we get x(at)(—)ﬁX (ij with ROC=R, =aR.
a a

: . 1 .
Ilustration: For example Laplace transform of x(¢)=e"u(t) is X(s)= 3 with
S+
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1 s 1 1
ROC:Re{s} =0 >-b representing right-sided signal. Then MX (—j = H(S—) with

ROC:Re{s} > a(—b) = Re{s} > a(—b) representing ROC:R, =aR..

Let the ROC X(s) is given as shown below.

9

s-plane

Er
o
&

Change in ROC is also explained with different ranges of a.

« If a>1 then the resultant ROC is expanded.

9m

! s-plane

ary | e !

« If a <—1 then the resultant ROC expands and the bounds get reversed.

—
-

« If 0 <a<1 then the resultant ROC is compressed.
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9m

s-plane

ar Re

Q
'
e L

« If —1<a<1 then the resultant ROC is compressed and the bounds get reversed.

9m

s-plane

ars Re

e o e, e e oy e gy,

L
« If a=-1, then it gives rise to Time Reversal operation with the statement x(—¢) <> X (-s)

with R, =-R.
I
i |
i j s-plane
s i
[ i
i 1
[ |
( i
| i i 1
ry : ; 2 Re
i j
i ]
t j
i ]
fSE I
Conjugation
Statement:

L
If x(f) <> X(s)with ROC =R
L
Then x*(f) <> X *(s*) with ROC =R

[e¢}

LEx*O)} = [ x*()e"dt

—00
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As we know thats =0 + jo,
- j T x* (e e dt

- [ T x(t)e %e dtj

—00

- ( T x(t)e(aj‘”)’le

—00

( T x(t)e_(s*)’dt}

—0

E

*

=(X(s)) =x'(s)
Also X (s) = X (s )when x(¢)is real.

Mlustration: If x(¢)isreal then and if X (s) has a pole or zero at s =so, then X (s) also has a pole or
zero at the complex conjugate point s=s_ . As only imaginary part changes and not the real part,
ROC remains unaltered.

Convolution Property

Statement:

If x,(¢) <i> X,(s) withROC=R,

and x, (¢) <£> X,(s)withROC=R,

Then x, (¢) * x, (1) <i> X,(s).X,(s) , with ROC containing R, N R, .
Proof:

0

L0} = Lix 03,0 = [ o (0)*x, 0 dr
= I: { j_z x,(7)x, (t - z')dr} e dt

Interchanging the order of integrations:

o0

L{x, (1) *x, ()} = T X, (r){j = r)e“dt}dr

—00

= J:OO x,(r){e" X, (s)}dr(Since from time shifting property)
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=X, (s) T x,(v)e"dr
=X(s )-_Xz (s)

In a manner, like the linearity property, the ROC of X, (s).X,(s)includes the intersection of the
ROCs of X,(s) and X,(s) and may be larger if pole-zero cancellation occurs in the product.

For example: If,

1
St Refst>—2and X, (s) = 2 Refs} > 1,
s+2 s+1

X, (s)=

then X, (s).X,(s) =1, and its ROC is the entire s-plane.

This property plays an important role in the analysis of LTI systems.

Region of Convergence

The region of convergence, known as the ROC, is important to understand because it defines
the region where the Laplace transform exists. The Laplace transform of a sequence is defined
as:

H(s)= [ h(t)e

The ROC for a given & (t) , s defined as the range of t for which the Laplace transform converges. If
we consider a causal, complex exponential, / (t) =y (t) , we get the equation,

J‘O e~ (@ o= g — J’O o (@90 gy

Evaluating this, we get:

-1 /. . _
(hmlte (sa)) _ 1)
s+al o

Notice that this equation will tend to infinity when limite " tends to infinity. To understand

t—o0

when this happens, we take one more step by using s = o + iw to realize this equation as:

llmlt e—(iwt)e—((oﬂl)t)

t—0

Recognizing that e " is sinusoidal, it becomes apparent that e " is going to determine

whether this blows up or not. What we find is that if o + a is positive, the exponential will be to a
negative power, which will cause it to go to zero as t tends to infinity. On the other hand, if o +a is
negative or zero, the exponential will not be to a negative power, which will prevent it from tending
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to zero and the system will not converge. What all of this tells us is that for a causal signal, we have
convergence when.
Condition for Convergence

R(s)>—a

Alternatively, we can note that since the Laplace transform is a power series, it converges when
h(t)e *"is absolutely summable. Therefore,

j“’ h(t)e “dt < o

must be satisfied for convergence.

Although we will not go through the process again for anticausal signals, we could. In doing so, we
would find that the necessary condition for convergence is when.

Necessary Condition for Anti-causal Convergence

R(s) < —a

Properties of the Region of Convergence

The Region of Convergence has a number of properties that are dependent on the characteristics
of the signal, A(?).

The ROC cannot contain any poles. By definition a pole is a where H () is infinite. Since H (s) must
be finite for all s for convergence, there cannot be a pole in the ROC.

If h(t)is a finite-duration sequence, then the ROC is the entire s-plane, except possibly s =0or
| s |=o0. A finite-duration sequence is a sequence that is nonzero in a finite interval?, <t <t¢,. As

long as each value of A(?)is finite then the sequence will be absolutely summable. When ¢, >0
there will be a s~ term and thus the ROC will not include s = 0. When ¢, < 0 then the sum will be
infinite and thus the ROC will not include |s|=c. On the other hand, when ¢, < 0then the ROC will
include$ =0, and when t, 2 0the ROC will include | s |= o0 . With these constraints, the only sig-
nal, then, whose ROC is the entire z-plane is A(¢) = co(¢) .

xn|

0

o] 9T
of L °

An example of a finite duration sequence.

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

The next properties apply to infinite duration sequences. As noted above, the z-transform converg-
es when | H(s)|< . So we can write,

| H(s)|= ‘ [ e ar <[ |n@e dt

dt=[" [n(o)|[e

We can then split the infinite sum into positive-time and negative-time portions. So,

| H(s)|< N(s)+ P(s)
where,

NEs) = [ e ) e

and

P(s)= [ [h(@)je™"| t

In order for |H (s)| to be finite,

h(t)| must be bounded. Let us then set,

()| < C
for,

<0

|h()| < Gy’
for,

20

From this some further properties can be derived:

If h(¢)is a right-sided sequence, then the ROC extends outward from the outermost pole in H (s)
. A right-sided sequence is a sequence where /(f) =0fort <t, <. Looking at the positive-time

portion from the above derivation, it follows that,

di=C,[ " —dr

~(st)
€ | e (0

P(s)=G,[ '

Thus in order for this integral to converge, | e |>r,, and therefore the ROC of a right-sided se-

quence is of the form|e™” |>r,.
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x|

n .

Y dn.f"_'—""

A right-sided sequence.

Im[=]

The ROC of a right-sided sequence.

If h(?)is a left-sided sequence, then the ROC extends inward from the innermost pole in H(s). A
left-sided sequence is a sequence where A(t) =0fort > ¢, > —oo . Looking at the negative-time por-
tion from the above derivation, it follows that,
k
dk
1

P(s)<C | re(”)dtCLo“ Jdt cj [| .

Thus in order for this integral to converge, |e* |<r, and therefore the ROC of a left-sided se-
quence is of the form|e™ |< 7.

N

g n

A left-sided sequence.

xlnl
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The ROC of a left-sided sequence.

If h(t)is a two-sided sequence, the ROC will be a ring in the z-plane that is bounded on the in-
terior and exterior by a pole. A two-sided sequence is an sequence with infinite duration in the
positive and negative directions. From the derivation of the above two properties, it follows that if
r, <| e’ |< r, converges, then both the positive-time and negative-time portions converge and thus
H (s) converges as well. Therefore the ROC of a two-sided sequence is of the form —7, <|e™* |<7,.

xin]

/\J\VM Ape -
V

A two-sided sequence.

Im[z]

The ROC of a two-sided sequence.

Examples:

To gain further insight it is good to look at a couple of examples.

Example:

Lets take:
(0 = Gj u(t)+ Gj u(t)
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t KY 1
The Laplace-transform of (éj u(t)is 1 with an ROC at |S | > 5
S [——

a)

Im[z]

1 t
The ROC of(z) u(t)

1Y s —
The z-transform of [—) u(t)is 71 with an ROC at |s| > —.
4 o b 4
4

Im[z]

1Y
The ROC of[?j u(t)

Due to linearity,

S
H(9)=——+
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-1

1
and two poles, at 7, and —~ . Fol-

By observation it is clear that there are two zeros atoand 3 > 4

8 b
lowing the above properties, the ROC is |s| > 5 .

Im[z]

The ROC of /4, (¢) = (%j u(t) +( j u(t)
Example:

Now take:

hy (1) = (—j u(t) = (—j u((=)~1)

t
The z-transform and ROC of (_le u(t) was shown in the example above. The Laplace-transorm of

{—(%)t]u((—t)—l) is

with an ROC at|s| > l
1 2

S
N

The ROC of[—(%)t Ju((—t) -1)
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Once again, by linearity,

.. . 1 1 -1
By observation it is again clear that there are two zeros, at o andl— , and two poles, at—, and —.

1
in this case though, the ROC is |s| < >

Im[z]

The ROC ofhz(t):(_?lj u(t)—GJ u((—)-1).

The Laplace Transform of a Function

The Laplace Transform of a function y(¢)is defined by:
Y(5) = LIy0O)s) = [ e ()

if the integral exists. The notation L[ y(¢)](s) means take the Laplace transform of y(¢) . The func-
tions y(¢) and Y(s) are partner functions. Note that Y(s)is indeed only a function of s since the
definite integral is with respect to t.

Examples:

Lety(t) = exp(t). We have:

0 LSl 1
Y(S) = J.O ei(ﬂ)etdt = IO 37(571)tdt;
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The integral converges if § > 1. The functions exp(#)and 1/(s—1) are partner functions.
Let y(7) = cos(3t). We have,

1
s2+9

Y(s)= j: e cos(3t)dt =

The integral converges for s > 0. The integral can be computed by doing integration by parts twice
or by looking in an integration table.

Existence of the Laplace Transform

If y(t) is piecewise continuous for ¢ >= 0 and of exponential order, then the Laplace Transform
exists for some values of s. A function y(t) is of exponential order c if there is exist constants M
and T such that,

()| s Me t=T

All polynomials, simple exponentials (exp(at) , where a is a constant), sine and cosine functions,
and products of these functions are of exponential order. An example of a function not of exponen-
tial order isexp (¢"2) . This function grows too rapidly. The integral:

© st t?
_[ ee dt
0
does not converge for any value of s.

Table of Laplace Transforms

The following table lists the Laplace Transforms for a selection of functions.

Function (1) Transform ¥ (s) s

1 /s s>0

t 1/5"2 s>0

t"n, n=integer n!/s”(n+1) s>0
exp(at), a=constant 1/(s-a) s>a
cos(bt), b=constant s/(s"2+b"2) s>0
sin(bt), b=constant b/(s"2+b"2) s>0
exp(at) cos(bt) (s-a)/[(s-a)"2+b"2] | s>a
exp(at)sin(bt) b/[(s-a)"2+b"2] s>a
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Rules for Computing Laplace Transforms of Functions

There are several formulas and properties of the Laplace transform which can greatly simplify
calculation of the Laplace transform of functions.

Linearity

Like differentiation and integration the Laplace transformation is a linear\ operation. What does
this mean? In words, it means that the Laplace transform of a constant times a function is the
constant times the Laplace transform of the function. In addition the Laplace transform of a sum
of functions is the sum of the Laplace transforms.

Let us restate the above in mathspeak. Let cand Y_1(s) denote the Laplace transforms of y_1(t)
andy_2(t), respectively, and let ¢_lbe a constant. Recall that L[f (t)](s) denotes the Laplace
transform of f (t) . We have,

Lle,y (D1(s) = ¢, L[y (D](s) = ¢ Y (5)

LIy, (1) + y,(01(8) = L[y, (O)$)+ LLy, (0](5) = ¥ () + T, (5)
As a corollary, we have the third formula:

LLey () + 6,7, (0)(5) = 6% () + ¢, (s)
Here are several examples:

1
L[3e'(s)=3L[e'](s)=3-——= 3
s—=1 s-1
Here we have used the results in the table for the Laplace transform of the exponential. Here are a

couple of more examples:

L[e' +cos2t](s) = L[e'](s) + L[cos 2t](s) = Ll + 21 1
s—1 &

L[3e' +4cos2t](s)=3L[e"](s) +2L[cos 2t](s) = 3 + 24S
s—1 s +4

Translation Property

The translation formula states that Y(s) is the Laplace transform of y (t) , then,

1
(s=2)°

L[e*t](s)=Y(s=2) =
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Laplace Transform of the Derivative

Suppose that the Laplace transform of y (t) isY(s). Then the Laplace Transform of y '(t) is,
Ly'(0))(s) =Y (s) - »(0)

For the second derivative we have,
Ly"(t))(s) =Y (5) = s1(0) = »'(0)

For the n’th derivative we have,

LY O)s)=5"Y () =" 9(0)=5" ' (0) =..=»" " (0)

Derivatives of the Laplace Transform

Let Y(s) be the Laplace Transform of y(¢). Then,

Y

HEy@O)s) == —

Here is an example. Suppose we wish to compute the Laplace transform of tsin(t). The Laplace
transform of sin (t) is 1/(s”2+1). Hence, we have,

1 1= 2s
T (2 +1)’

L[tsint]= —%[Sz o

Existence of Laplace Transform

The Laplace transform L [ f (x)] exists provided the integral,

jo“’ f(x)e Pdx =1lim j: f(x)e P dx
exists for sufficiently large p.

Preliminary
Absolute Convergence

If the integral,
b
L |/ ()| dx
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converges, then the integral,
b
[ Fxax
converges absolutely. Note that it is okay for a, b to be tco.

Comparison Test

If|f(x)| < g(x) foralla < x < band the integral,
_U g(x)dx

converges, then the integral,
[ Fax

also converges absolutely.

Triangle Inequality

U” S| < [ ||

Exponential Order

The function f(x)is said to have exponential order if there exist constants M, ¢, and n such that,
| f (x)| < Me*
forall x > n.

Criteria for Convergence (I)

The Laplace transform L [ f (x)] exists if it has exponential order,
b
J, 1ol

exists for any » > 0. Since we only need to show convergence for sufficiently large p, assume
p >candp > 0.

dx

["lreen

dx = jo" | (e |dx+ j:’ |f (e
< Jon |f(x)| dx + Lw e

< Ion | f (x)| dx + I " e P Me™dx exponential order

f(x)|dx 0<e?™ <1
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n (c—p)x *©
:J‘O|f(x)|dx+M{e ’ } p>c

c—p

(c=p)n

= ["fldx+m

The first integral exists by assumption, and the second term is finite for p > ¢, so the integral,
j: f(x)e P dx
converges absolutely and the Laplace transform L[ f (x)] exists.

Criteria for Convergence (II)
The Laplace transform L[ f (x)] exists if:
. f(x ) has exponential order,
« On every closed interval [0, b] ,
+  f(x)is bounded,
« f(x)is piecewise continuous,
+  f(x)has at most a finite number of discontinuities.

Requirements 2 (a — c) imply that,
[[7 o) ax

will always exist, so we automatically satisfy criterion (I).

F(p) > Oasp — o

Assume f'(x) satisfies criterion (I) This implies F(p) = L [ f (x)] will exist if if p > m for some
m. I want to show that |F ( p)| can be made arbitrarily close to 0 for sufficiently large p. Choose an
€ > 0. Fix a p. We will discover how large p needs to be as we go; we only care about p — o, so
we may choose p to be as large as we need.

FGl=|[] femad= [ rwen

dx =G(p).

Note thatas p — o, e — 0 for x > 0, so that I should be able to make the integral arbitrarily small
for large p. The only potential complication is near x = 0, so we will need to deal with that separately.
The important point here is that the part near 0 does not contribute very much to the integral. Let,

K,(p)=[ |/ (e ™| dx
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Then, G ( p) =limK, ( p). By the definition of a limit, there exists an 0 > 0 such that,

a—0*"

K, (p)—F(p)|<§ forall0<a <6.

Using this (with a = ),

e

dx=F(p)-K,(P) <§
If T assume p > m, then,

dx

[F(p)| <=+ [ |G
_ §+ [l eole e ax
< §+ [lfGof e dx sincex> s
- §+ e P[] f(x)]e

Criterion (I) gives us that,

A=["|feoledes [ 7] (x)|edx

Choose p>n+ lln (&] , so that,
o €

|F(p)| < §+ Ae P9

Since I can make |F(p)|arbitrarily close to o for large p, Thave F'(p) — 0 as p —> .

Advantages of Laplace Transform

Laplace transforms methods offer the following advantages over the classical methods.
» It gives complete solution.

« Initial conditions are automatically considered in the transformed equations.
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»  Much less time is involved in solving differential equations.

« It gives systematic and routine solutions for differential equations.

Applications of Laplace Transforms

The Laplace transform is designed to analyze a specific class of time domain signals: impulse re-
sponses consisting of sinusoids and exponentials. The importance of this being that systems be-
longing to this class are extremely common in the sciences and engineering. The reason for this
being they are quite often the solution to a differential equation as well as the fact that they are
naturally occurring in the world. This makes it especially useful in signal processing, specifically
analog signal processing, in which case the signal is continuous and is going to consist of a sinusoid
or an exponential. The way in which analog signals are processed can be illustrated by the follow-
ing diagram:

ANALOG | ANALOG ANALOG
NPUT S| SIGNAL (e OUTPUT
SIGNAL PROCESSOR SIGNAL

The system’s input, processor and output are continuous time functions. For the input and output,
the labels are x(z) and y(#) respectively. Also, for the purposes of this example we will label the
analog signal processor in the middle by /(z) . Now, this is where the Laplace transform will finally
come into play when doing analog signal processing. We will use the Laplace transform to figure
out how the system behaves depending on what input is applied to it, and from there we can dis-
cover quite a few things about the system. This means we are trying to find out what the values of
y(t) are when we plug in x(¢) to the system. We can take the Laplace transform of this to get it into
the complex s domain. By taking the Laplace transform, we get X (s)and Y(s), replacing our pre-
vious functions, x(¢)and y(¢), along with getting the transfer function, H(s). Note that H (s) is the
analog signal processor from the previous diagram and that the equation that will be mentioned
below applies to many more fields than just analog signal processing. The reason we include it is
because we take the Laplace transform of the processor as well so to get an accurate equation. It is
also the processor that X (s) goes through to give the output X (s) . This relationship can be seen
in the following diagram, replacing the previous diagram with another one where the variables are
now in the complex plane:

H(s)
xo BN | Taser | D v
Function

With this new system in the s plane, we can now figure out what the value of the transfer function,
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H (s), is. We do this by first writing the equation in the form we know we can write it as, by recog-
nizing that to get Y (s) we have to multiply the other two together.

Y(s)=H(s)X(s)
However, while knowing Y (s) is useful, we truly want to know what H(s) is, so we just divide both
sides by X (s),

_Y(s)
X (s)

H (s)

The importance of the equation directly above cannot be stressed enough when doing signal pro-
Y(s)
X) we
can find the transfer function of the system’s value, giving us a lot of necessary information so we
can then proceed to doing other work such as adjusting the filter or the signal to get the desired
output wave. We can then use Laplace transforms to discover what x(¢) and y(¢) are, if we need to,
these two being the original measures of the signal wave’s input and output with respect to time.
By doing this, we can gleam some information on what exactly we are working with if the value of
original wave is one that we are unaware of. For now though, we are more focused on H(s)and
h(t) as these two give us much more information that is extremely crucial. The most important as-
pect of the equation giving us H(s) is that by knowing what H(s)is, we can discover if the system
is stable. If it is, then we can discover what the frequency response of the system is, a rather im-
portant value to know. With the frequency response, we will know what our filter is doing and how
to get the final result we are aiming for, as well as allowing us to adjust our sound waves to fix any
issues with the filter if we need to. These pieces of information that are so vital to signal processing
come from, as we have shown, the Laplace transform.

cess Y’ as well as many other fields where a transfer function is employed. By figuring out

For a tangible example, we can see how exactly a filter works in reality by creating a sound wave
and running it through a mathematical software capable of processing these signals. Using these
types of software, the Laplace transform and all the resulting computation is done for us, making
it much more convenient. It even includes the frequency response to discover how exactly to adjust
the filter.

Example: Here are all of the diagrams of the process.

Frequency [Hz]
200 300 400 700 H.‘)OO 2000 3000 S0O0(

1
[

Signal |dB)
o
(¥} W

)
&
w

|
W
w

Original Input Signal and Frequency Response Respectively.
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Signal [dB)

[— input — ou(putl

Input Wave vs. Output Wave,

FregHz|

Erasild sl

Frequency-Time Response for the Input Signal and Output Signal respectively.

The first diagram is the original signal before it has gone through any filter, with the second being
its frequency response so we can alter the filter to work for the signal. The filter used in this exam-
ple is an analog low pass filter with the cut off frequency boundaries being 1000 to 5000. We can
see in the third diagram a comparison between the two filters with the blue wave being the input
and the red wave being the output. However, this doesn’t exactly give us a clear image of anything
other than the frequency being lower, this is where the the last two diagrams come in. When com-
paring the two images, we can see that at the end of the signal, the curves become much smoother
in the output signal, showcasing how much of an impact the filter truly had on the signal wave.
While it is harder to see in graph form, the 3-D model does an excellent job of depicting the stark
contrast between input and output.

Example: Let’s look at another signal wave with a different type of filter, still utilizing the Laplace
transform, in order to help showcase the versatility of it. To start, here are all the diagrams along
with their labels:

. Frequency {11z]
6 x IFLx It 2x1p 6.x 1L x10° 2.x1
-

[N

Frequency [1z) _
1.x 10° Lxl Lxlgt -
=30
=35
==40
B-45

Original Input Signal and Frequency Response respectively.
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Frequency (Hz)

1.x 10° l.xl [.x10°
=20 ' - = '
= -40
AN ) ] s TSRO,
g -%0
% ,
~120

r_-_inmt out;m

Input Wave vs. Output Wave.

Frequency-Time Response for the Input Signal and Output Signal respectively.

The diagrams are in the same order as the previous example, with the first being the original input,
the second being the frequency response, the third being the input vs. ouput and the last two being
3D images of the waves to showcase what truly is happening. We can see just how useful this filter
is, the input wave is a complete mess while the output wave is almost completely smooth. The big
difference in this example, versus the previous one, being that instead of a low pass filter, a Band-
pass filter was used instead with the upper and lower boundaries being 4000 to 6000. An example
of one of these is an RLC circuit. What this filter does is allow frequencies within a certain range to
go through it whilst rejecting all other ones, as does the majority of other filters. The signifance of
this one is that it is another filter that utilizies the Laplace transform, meaning it is an analog filter.

The process discussed above is an extremely significant process to the world today and as such is
one of the major areas where the Laplace transform is used. It is important to note that this type of
analysis, and subsequent processing of the signal is used in cellphones, a device that many would
be unable to part with in modem society along with speakers, microphones and many other devic-
es used by the general population.

Circuit Analysis

The Laplace transform actually gained its popularity from its use in analyzing electrical circuits
due to Oliver Heaviside, an electrical engineer. By using Laplace transforms we can analyze an
electrical circuit to discover its current, its maximum capacity and figure out if anything is wrong
with the circuit. This is crucial for engineers, electrical engineers in particular, in doing their jobs
to ensure the necessary machines and technology is working properly.

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

To start, let’s show how this works in a simple RLC circuit. However, this does not mean it isn’t
used for more advanced types of circuits as well. For a visual aid, here is a diagram of a RLC circuit:

c

First let’s identify the individual symbols on the circuit and what they mean. Also, while doing
this it would help to identify what is used to measure each of these different pieces of the circuit
for future reference. The symbols are as follows: R means resistor which is measured in ohms, L
means the inductor which has inductance measured in henrys, C is the capacitor which has ca-
pacitance measured in farads and finally, V stands for the generator or battery and is measured in
volts. Something to note is that another symbol commonly used for V is E when making diagrams
of circuits. We can measure the charges of the capacitors and the currents by modeling them as
functions of time. The equation that is used to model circuits and then subsequently used to ana-
lyze the circuits after solving it is as follows,

L
V()=RI+L'~0

The remaining variable left to be defined is Q, which is normally the variable used to represent
the charge of a circuit. We get this equation due to the fact that the voltage drop across a circuit is
modeled by the following equations:

dQ

« The voltage drop across a resistor of a circuit is modeled by R/ where I = 5
t

Y

« Across an inductor it is modeled by L% , and since we know [ = o we simplify this to
t t
2

d .
get L which we can then reduce even further to L/'.

t2

e 1
« Across a capacitor it is modeled byEQ .
« Across a generator it’s modeled by -V .

By taking the Laplace transform of this equation, after plugging in values for the individual pieces
of the circuit, and manipulating the resulting equation to take the inverse transform we can get a
final solution to our circuit.

Before we go further, it is necessary to note that when we acquired the equation for V' (¢), we actu-
ally used Kirchhoff’s Laws. Due to the necessity of knowing these laws when doing circuit analysis,
they are as follows:

« The algebraic sum of the currents flowing toward any junction point is equal to zero.
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e The algebraic sum of the potential drops, or the voltage drops, around any closed loop is
equal to zero.

The first of these two laws is often referred to as Kirchhoff’s Current Law and the second of the two
as Kirchhoff’s Voltage Law. These two laws are extremely important to circuit analysis, as without
them, the equation that we are using to model the circuit would not work. In some cases, only of
the laws needs to be applied to get the equations. However, this is usually due to it being a rather
simple circuit, such as the circuit in the first example.

Now that the circuit’s components have been labeled we can showcase how exactly a Laplace trans-
form is used in an introductory example followed by a more complex example.

Example:

I

.02 farads
4 henry:
20 ohms

200volts

Based on the diagram above, our circuit has an inductor of 4 henrys, a resistor of 20 ohms and a
capacitor of .02 farads. As for the charge and current, let’s set a condition so that the charge on the
capacitor, and current in the circuit, be 0 at t=0. Let’s find the charge on the capacitor at any time
t besides 0, where V is equal to 200 volts. So then we get the following,

4£+2OI+LQ =200
dt .02

Y

Since [ =—,
dt

4@+20@+50Q =200
dt dt

It is important to take into account that we have the following initial conditions due to our charge
att = o0 being 0.

« 0(0)=0,
- 0'0)=0.
Now, we know the following is true:
d’Q _ .,
et
aQ _
a9
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With this, we can rewrite the original equation,
25
o"+ 5Q'+7Q =50
Now, we take the Laplace transform,

LiO"+ 5Q'+§Q} = L{50}
50

S

~ 5% =50(0)~ ')} + 5isg - 0(0)} + 2 =

Recall our initial conditions to simplify this further,

q(s> +55+12.5) :ﬂ
s

50

:q:
s(sz+55+25)
2

The goal is to take the inverse Laplace transform so that we can get the answer back in the origi-
nal domain of time, but as of right now it isn’t clear what function we get when taking the inverse
transform. Since it isn’t clear what the inverse transform function would be, we need to manipulate
the equation. To start is partial fraction expansion of the equation, by doing this we get,

50 A Bs+C

s(sz +5s+25j o § +SS+§
2 2

So, by way of doing partial fraction expansion,
2 25 2
50=4|s +5s+? + Bs” +Cs
From here we solve for the individual variables. By plugging in O for s, we solve for A. Then if we

plug that solution back in we can find B and C. By doing this, we end up with the following for the
individual variables:

. A=4,
* B=-4,
. C=-20.
Now, we just plug these back into the original equation,
4 —4s-20
S sP 455+ g
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From here we manipulate the equation to fit one in the form from the table.
: 2 -10 1 2
5 25 5 25
s+ += s+= |+
2 2 2 2

With the equation now fitting the table on Laplace transforms, we can take the inverse transform.

5
s+=
AT 2 10 L
s 57 25 57 25
s+ |+ s+= |+
2) 4 2) 4

5

St 5 .5
=4—4e ? cos(Et)—4e 2 sm(Et)

So our charge at any time, t, t > 0 is the equation above. We can see what this looks like in the form
of a graph via Maple to determine exactly what it is.

5

4

9

1+
IS
EN
=
3

We can see from this graph that the charge maxes out a little after 4C and then flattens out at 4C.

After doing an example of a rather basic circuit, let’s do one a little more advanced with multiple
loops to showcase how the Laplace transform is utilized in a more advanced case.

Example:

150 volts 36 ohms

r RVJ M

" T
3 henrys 12 ohms Q'
N t\/\/\,_(._
6 henrys ) +Q"

24 ohms
mm

v
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We have a circuit with two different branches, let’s figure out what the currents are in each of
these branches when the initial is zero. Due to Kirchhoff’s second law, we know that the sum of the
voltage on a closed loop is zero, and we can see that our loops are closed from the diagram above.
Let’s make Q the current around the top part of the circuit, and then let Q'and Q” be the respective
currents that divide at the junction point so that O = Q'+ Q". Also, it is important to note that we
have the following intitial conditions:

. 0(0)=0,
. 0(0)=0.

Now that we know the initial conditions, let’s analyze this circuit. To do this we need to apply
Kirchhoff’s second law to these two loops to get the following equations,

dQ' d "
. 12035 465X 1240"=0,
Q=3 o T2

. 36Q+3%+12Q':150.

To make things easier, let’s work with the first equation.

. 4092, %+8Q"=0,

d
o 120+3——+40'=150.
0 4 0
To make things easier, let’s work with the first equation.

L{—4Q'—%+2%+8Q"}=0

—4q'-(sq'-0'0)) +2(sq"- 0(0)) + 8¢ "
=4q'-s5q'+2s5q+8q
=(s+4)g'-(2s+8)q"

It follows that,

(s+4)g'=(12s5+8)q
_ 2s+8
 s+4 1
=q'=2q"

'

=q

Now that we know what ¢'is, let’s focus on the second equation. If we apply Kirchhoff’s seocnd
law, we can alter it to get the following:

99 804 60"=50
d
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The reason for doing this is so we can take the Laplace transform.
d '
L{? +80'+ 60"} = L{50}
|l |} 1 1 50

= 15q'Q(0))+8g+69"'=—=
Recall our initial condition to simply the equation,

(s+8)q'+6q":ﬂ

s

Since we know thatg'=2¢", we are going to substitute it in.

(s +8)g "™+ 64" =2
N

— g"(10s +14) =2
S
) 50
= q =
s(10s +14)

Since q" is now by itself, we can take the inverse Laplace transform of the equation,

50
L—l " =L—1
Ty
25 _ Li2s
=22 s 22
0= 7

Recall the previous equation, Q = Q'+ Q". From this, it follows that,

25 125 50 125

=—-e —+—-2e° —
Q 7 7 7 7
75 125
== 3¢5 ==
Q 7 7

At any time ¢,¢ > O the circuit’s current will have the value denoted by the equation given by Q. We
can see this via a graph to truly understand what this means.
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-50

(00

~-150

=200

We can see from this graph that the charge is exponentially decreasing and will continue to drop.

The process of analyzing circuits is used by engineers who wish to gain a better understanding of
the circuit they are currently working with. While the two examples are not increasingly complex,
lacking a switch for both, the same principle is applied to any RLC circuit. By using a Laplace trans-
form for circuit analysis, we get the automatic inclusion of the initial conditions, in the examples
case these were Q(O) =0 and Q'(O) =0, giving us an entirely complete solution of the analysis.
The fact that we get our initial conditions automatically included in the solution is arguably the
main reason why the transform gained such popularity in doing circuit analysis.

Comparison between Fourier
and Laplace Transform

First, lets take a look at the Fourier Transform (FT) of a CT signal, x(),

X(w)=F[x(t)] =x(e)" dr.

The FT transforms a time-domain signal into a frequency-domain signal, telling us how the sig-
nal’s energy (—information ) is spread across sinusoids of different frequencies. This property
makes the FT invaluable in many signal processing tasks such as audio engineering and wireless
communications (though, the applications of the FT are limitless). Now, remember that the FT
had the following condition: the F [x(t)] only exists if

[[x(0)] dt < o0.

In other words, F [x(t)] exists only if the total energy of our signal is bounded, that is, the area
underneath its curve is finite.
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Why does the FT have this condition? Lets attempt to find the FT of the two unacceptable signals
shown above. For the first case, we observe a unit step function,

x(t)=u(t),

which is defined to have a value of 1 for all positive t. So, attempting to calculate ' [u (t)] ,

X(0)= F(u (t)) = f u (t)e_jm dt,
The integral oo is, technically, an improper integral. We will note that by setting a bound to infinity

we are actually saying R that we will calculate this integral as the upper end approaches infinity in
the limit. Remembering this fact we find

X (@)= u(e)™" at,

Unfortunately for us, the term LIM, ,_e ™' doesn’t converge to anything in the limit since the term,

e =1, [COSmt—j SIN ot]

and here, again, we see that for our stated condition o >0, the integral diverges as the term
LIM,_,_ e*e ' goes to infinity. And so, X(w)does not exist. While the FT is useful for analyzing

signals in terms of their frequency composition, many kinds of signals, such as the two we have
just investigated, defy strict Fourier transformation (though general transforms can be arrived at.)

To analyze a more general set of functions, including functions which may not have FTs, we can
use the Laplace transform (LT). The LT can be thought of as a generalized FT. The LT is defined as,

X(w)zF(u(t)):j_i u(t)e 'dr,

where,

S=C+jo.

where the FT of a signal, X (), was a function of only imaginary numbers, the LT of the same
signal, X(s), is a function of complex numbers consisting for both real and imaginary components.
We can view the FT as a special case of the LT for which o =0.

The inverse FT tells us that the function x(t) can be constructed from complex sinusoids which
are denoted by the ¢/ term. An example of one such complex sinusoid is given in figure. These
complex sinusoids have a fixed amplitude across time. It is this fixed amplitude which prevents us
from analyzing signals whose energy is not bounded. Simply put, the FT’s complex sinusoids do
not have enough explanatory power for these functions.

Now, let us contrast the FT’s construction of x(t) with that of the LT. The inverse LT is defined as,

12 6+ jo

X(t) =350 i X(@)e"™ 1 dt
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Rather than complex sinusoids of fixed amplitude, the LT defines x(t)in terms of complex sinu-
soids whose amplitudes exponentially grow or decay with respect to time, figure gives an exam-
ple of one such exponentially growing sinusoid. The additional exponential term est gives the LT
much more flexibility than the FT for representing signals whose energy is unbounded.

Now, lets use the LT to find the transformation of the unit step and exponential growth functions
for which the FT does not exist. Note that we are using the unilateral LT, which integrates over
[—oo,oo] , rather than the bilateral LT which integrates over [, «]. We use the unilateral LT for
analyzing casual signals, i.e. signals for which x(t) =0,t < 0. In our case, both the unit step and
exponential growth functions we analyze here are causal. First, the unit step, Here we see the extra
leverage that the LT gives us over the FT. We now have an additional term, o which we can use to
force this integral to converge. Specifically,

LIMe “e ™ =0, 6>0.

t—o0

However, that this convergence only occurs for certain values of o, in this case o > 0 . Therefore,

[-1]
X(s)=Lu®]=—— = L0
o+Jo N

We make the note here that the region in which the LT exists (in this case, o >0) is called the
Region of Convergence (ROC) for the LT. Each different LT has a different ROC in which the LT
exists. Finally, we see that the step function, which did not have a FT due to its infinite energy, does
indeed have an LT (though only within the ROC).

771 Real Component 150

100
Value | Imagernary

Component 50

150 5
Time (t) Real Time (T)

Complex sinusoid et

Region of Convergence

Whether the Laplace transform X(s) of a signal x(t) exists or not depends on the complex variable
as well as the signal itself. All complex values of for which the integral in the definition converges
form a region of convergence (ROC) in the s-plane. X(s) exists if and only if the argument is in-

side the ROC. As the imaginary part ® = Im I_s—| of the complex variable s = o + jw has no effect in
terms of the convergence, the ROC is determined solely by the real parto = Re ]_s-| .
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Example: The Laplace transform of x(t) = e “u(t)

X(s)=L[x(1)]= J.: e e dt = J.: e e TN gy

1
ato+jo

s o]

e—(a+o-+jw)t

0

For this integral to converge, we need to have,
a+o>0 or o=Re[s]>-a
and the Laplace transform is,

1 1
(0'+a)+ja)_s+a

X(s)=
As a special case wherea =0, x(¢) =u(¢) and we have,
1
Llu(t)]=—, o=Re[s]>0
s

Example: The Laplace transform of a signal x(¢) = —e “u(—t) is,

e—(a+o‘+ja))t 0

0 ) 0 arori 1
X(s)=-[ e“edt=~[ e Idt= :
- - a+o+ jw

—00

Only whena+0 <0 or o =Re[s]<—a

will the integral converge, and Laplace transform X(s),

1 1
X =
a+oc+jo a+s

Again as a special case whena =0, x(¢) = —u(—t) we have,
1
L[—u(-t)]=—, oc=Re[s]<0
s

Comparing the two examples above we see that two different signals may have identical Laplace
transform X(s), but different ROC. In the first case above, the ROC is Re[s] > 0, and in the second
case, the ROC isRe[s]< 0. To determine the time signal x(t) by the inverse Laplace transform,

we need the ROC as well as X(s). Now we turn our attention to the exponential growth function,
And, once again, we see that the LT gives us to ability to force this integral to converge by setting

o—a>0,thatis,oc > «.
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Before we move on, let us make a few observations. First, we see that the LT of the unit step
function and of the exponential growth function are related. Let us, instead of considering just an
exponentially growing function, allow a to take on any value, positive or negative. We now have a
function which:

o«  Growswhena > o,
o Is constant when a = o,
« Decays when a < 0.
When we seta. =0, we see that e u(t) — u(t) . Thus,

Le“ ™ u(t)]= =1/s =L[u(®)].

L
s—0
Now, lets look at the ROC for the LT of our general, causal, exponential function, x(t) = €* u(t). The

ROC for differing values of o are given in figs. In the case that oo =0ora >0, i.e. a unit step and an
exponential growth function, the FT does not exist.

jo

A

A

\J

ROC on the complex plane for L[Catu(t)] fora =0.

It does not contain the jm axis. However, whena.<0, a FT for the exponential function does exist,
and the jo axis is contained within the ROC of the LT. This makes sense, because the FT is a special
case of the LT whenc =0.

Specifically, if x(t)is causal and its FT exists (in the strict sense), then,

FIx(H)]=X(s)

s=jo®

where X(s) = L[x(t)]. The existence of F[x(t)] is equivalent to having the jo axis of the complex
plane within the ROC of L[x(t)]. If jois not within the ROC, then,
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L{x(®)]

For example, lets look at the unit step,
. Fu] =, +73(0),

o  Lu(t)]=-
Here, we see that L[u(t)]6 = F[u(t)] because of the ROC of L[u(t)] does not contain the j1 axis.

And so, we see that the Laplace transform and the Fourier transform are linked together, with the
Fourier transform being a special case of the Laplace transform. The Laplace transform exhibits
greater explanatory power than the Fourier transform as it allows for the transformation of func-
tions with unbounded energy.

jo jo

A | v '

ROC on the complex plane for L[e‘"‘tu(t)] for a>0.

ca<0

Difference between Fourier and Laplace Transformation

Laplace Transform does a real transformation on complex data but Fourier Transform does a com-
plex transformation on real data. it means:

L) =" e f)e
{f(t)e‘“

—S

{ SO )} 2L (),

At the presence of some condition you can take the Fourier transformation by placing j instead
of s in Laplace transform. To use Laplace to find an output given a system and input, you find the
Laplace of the input X(s), and the system H(s), multiply them together to find the output Y(s),

} [ pwde (bypans)
oo 7S
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then inverse transform that to find Y(t). Use Fourier Transforms you split the input signal X(s)
into many pure sinusoids each of a known amplitude, phase, and frequency w, then directly find
the associated output sinusoid for each of the inputs (same as the input but with a gain of |H(]'W)|
and with an added phase of angle (H(jw))) .

Fourier transformation sometimes has physical interpretation, for example for some mechan-
ical models where we have quasi-periodic solutions (usually because of symmetry of the sys-
tem) Fourier transformations gives You normal modes of oscillations. Sometimes even for
nonlinear system, couplings between such oscillations are weak so nonlinearity may be ap-
proximated by power series in Fourier space. Many systems has discrete spatial symmetry
(crystals) then solutions of equations has to be periodic so FT is quite natural (for example in
Quantum mechanics).

With any of normal modes You may tie finite energy, sometimes momentum etc. invariants of
motion. So during evolution, for linear system, such modes do not couple each other, and system
in one of this state leaves in it forever. Every linear physical system has its spectrum of normal
modes, and if coupled with some external random source of energy (white noise), its evolution
runs through such states from the lowest possible energy to the greatest.

When you Laplace transform the system, you will get the final system response, if you know the
initial conditions of the system. These conditions are at t =0, can be easily obtained from the
equation. The Fourier transform helps in analyzing the system response in a way different from
Laplace. It breaks the signal into a number of sine and cosine waves (actually infinite), where you
can have an insight to how the system is behaving by observing the amplitudes of each of the sine
and cosine waves. Fourier transforms are for converting/representing a time-varying function in
the frequency domain.

A laplace transform are for converting/representing a time-varying function in the “integral do-
main” The Laplace and Fourier transforms are continuous (integral) transforms of continuous
functions. The Laplace transform maps a function f (t) to a function F(s) of the complex variable s,
wheres =c + jo.

Since the derivative f (t)=df (t) dt maps tosf (s), the Laplace transform of a linear differential
equation is an algebraic equation. Thus, the Laplace transform is useful for, among other things,
solving linear differential equations.

If we set the real part of the complex variable s to zero,c =0, the result is the Fourier transform
F(jo) which is essentially the frequency domain representation of f (t).

The Z transform is essentially a discrete version of the Laplace transform and, thus, can be use-
ful in solving difference equations, the discrete version of differential equations. The Z transform
maps a sequence f (n) to a continuous function F(z) of the complex variable z=rej<2 .

If we set the magnitude of z to unity, r=1, the result is the Discrete Time Fourier Transform (DTFT)
F(jQ) which is essentially the frequency domain representation of f[n].

Fourier transform is defined only for absolutely integrable functions. Laplace transform is a gen-
eralisation to include all functions.
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Z-Transform

In signal processing, Z-transformation is used to transform a series of real or complex values
into a complex frequency domain representation. Region of convergence, properties of Z trans-
form, pole zero plot, inverse Z transform, etc. are some of the principles associated with it. This
chapter discusses these principles related to Z Transform in detail.

A special feature of the z-transform is that for the signals and system of interest to us, all of the
analysis will be in terms of ratios of polynomials. Working with these polynomials is relatively
straight forward.

Given a finite length signal x[n] , the z -transform is defined as:

X(z)= Z xk]z* = Z xk](zF)*

where the sequence support interval is [O, N ] ,and z is any complex number.
This transformation produces a new representation of x [n] denoted X(z).

Returning to the original sequence (inverse z-transform) x[n] requires finding the coeffi-
cient associated with the nth power of z™' .

Formally transforming from the time/sequence/n-domain to the z -domain is represented as:
n—Domain <> z—Domain
N 5 N
xn]=Y x[k]S[n—k]e>X(z)=> xk]z™*
k=0 k=0
A sequence and its z-transform are said to form a z -transform pair and are denoted:

x[n] <i> X(2)

o In the sequence or n-domain the independent variable is n.

o Inthe z-domain the independent variable is z .
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Example: x[n]=06[n—n,]

Using the definition:
N N
X(2)=) x[klz* =) Slk—ny)z"" =z
k=0 k=0

Thus,
o[n— no]<i> z"
Example: x[n]= 29[n] +308[n—1]+50[n—2]+25[n—3]
By inspection we find that:
X(z)=2+3z"+5z7+227
Example: X(z)=4-5z"+z"+2z"
By inspection we find that:

x[n]= 40[n] +50[n—2]+0[n—3]—205[n—4]

What can we do with the z-transform that is useful?

Region of Convergence

With the z-transform, the s-plane represents a set of signals (complex exponentials). For any given
LTI system, some of these signals may cause the output of the system to converge, while others
cause the output to diverge (“blow up”).

The set of signals that cause the system’s output to converge lie in the region of convergence (ROC).

The region of convergence, known as the ROC, is important to understand because it defines the
region where the z-transform exists. The z-transform of a sequence is defined as:

0

X(z2)= z x[n]z™

n=—0w

The ROC for a given x[n], is defined as the range of z for which the z-transform converges. Since the
z-transform is a power series, it converges when x[n] z™" is absolutely summable.

Stated differently,

i |x[n]z‘"

< 0

must be satisfied for convergence.

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

Properties of the Region of Convergencec

The Region of Convergence has a number of properties that are dependent on the characteristics
of the signal, x[n].

The ROC cannot contain any poles. By definition a pole is a where X (z)is infinite. Since X(z)
must be finite for all z for convergence, there cannot be a pole in the ROC.

If x[n]is a finite-duration sequence, then the ROC is the entire z-plane, except possibly z =0or
| z |= 0 . A finite-duration sequence is a sequence that is nonzero in a finite interval n, <n <n,. As
long as each value of x[n]is finite then the sequence will be absolutely summable. When 7, >0
there will be a z™' term and thus the ROC will not include z = 0. When #, < 0 then the sum will be
infinite and thus the ROC will not include| z |= o . On the other hand, when 7, < 0then the ROC
will include z=0, and when n1=0 the ROC will include| z |= oo . With these constraints, the only
signal, then, whose ROC is the entire z-plane is x[n] = co[n] .

xln|

o

i) n

0000 (5 5OOO0

An example of a finite duration sequence.

The next properties apply to infinite duration sequences. As noted above, the z-transform converg-
es when| X (z) |< . So we can write:

o0

Z x[n]z™"

n=-o

XG)-

< i |x[n]z‘” = i |x[n]|(|z|)_n

We can then split the infinite sum into positive-time and negative-time portions. So,

|X(2)|< N(2)+ P(2)

where,
N@) =Y |edn)(|2]) "

and

P(z)= Y|t ([l)
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In order for |X (z)| to be finite,

x[n]| must be bounded. Let us then set,

|x(n)| <Cn'

For,

n=0

From this some further properties can be derived:

If x(n) is a right-sided sequence, then the ROC extends outward from the outermost pole in X(z).
A right-sided sequence is a sequence where |x[n] = 0| for n < n, <. Looking at the positive-time

portion from the above derivation, it follows that,

y=c53]

2\

P@sqig(

Thus in order for this sum to converge, | z |> r, , and therefore the ROC of a right-sided sequence
is of the form |z |>r, .

¥ln]

Q

4)0

A right-sided sequence.

Im[=z]

The ROC of a right-sided sequence.

If x[n] is a left-sided sequence, then the ROC extends inward from the innermost pole in X (z)
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a left-sided sequence is a sequence where x[n] = 0forn > n, > —oo. Looking at the negative-time
portion from the above derivation, it follows that,

N(z)SCl_z]rl ()" =¢ zb J_ CZUZ'J

k=1

Thus in order for this sum to converge,

., and therefore the ROC of a left-sided sequence is of
the form |z|< r.

X[n]
Q

e O ] ...
— 00005 D

Aleft-sided sequence.

Im[=z]

The ROC of a left-sided sequence.

If x[n]is a two-sided sequence, the ROC will be a ring in the z-plane that is bounded on the in-
terior and exterior by a pole. A two-sided sequence is an sequence with infinite duration in the
positive and negative directions. From the derivation of the above two properties, it follows that if
-1, <| z|< r, converges, then both the positive-time and negative-time portions converge and thus
X (z) converges as well. Therefore the ROC of a two-sided sequence is of the form -7, <|z |<r,.
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¥ [n]

Q

ol % 11l g7 ..
(@) J)D l o) "

A two-sided sequence.

Iml[z]

Relz]

The ROC of a two-sided sequence.
Example:

Lets take,

xl[n]z(%J u[n]+(%j u[n]

z

The z-transform of (%) u[n]is with an ROC at |z |> %

z——

2

Im(=]

1 n
The ROC of (5] uln].

z

] with an ROC at |z|>_71.

The z-transform of (_—lj u[n] is
4

Z+—

4
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1Y
The ROC of (Tj u[n].

Due to linearity,

Xi[z] =L+

D 1 1 -1
By observation it is clear that there are two zeros, at 0 and —, and two poles, at —, and —. Fol-

lowing the above properties, the ROC is| z |< %

Im[=]

Fe[z]

The ROC of x,[n]= [_Tl)n u[n]— (%j” u[(—n)—1].
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Properties of Z-Transform

The z-transform has a set of properties in parallel with that of the Fourier transform (and Laplace
transform). The difference is that we need to pay special attention to the ROCs. In the following,
we always assume,

Z[x[n]]=X(z) ROC=R,
and

Z[yn]]=Y(z) ROC=R,

Linearity
Zlax[n]+by[n]]=aX(2)+0Y(z), ROC(R,NR))

While it is obvious that the ROC of the linear combination of x[r]and y[n] should be the in-
tersection of the their individual ROCs R, "R, in which both X(z)and Y(z)exist, note that in
some cases the ROC of the linear combination could be larger than R, "R, . For example, for
both x[n]=a"u[n] and y[n]=a"u[n—1], the ROC is | z|>|a|, but the ROC of their difference
a"u[n]—a"u[n—1] = o[n] is the entire z-plane.

Time Shifting
Zlx[n—n,]]=z"X(z), ROC=R,

Proof:

0

Z[x[n—n,]] = Z x[n—nylz™"

n=—w

Definem =n—n,, we have n=m+n,,

i x[m]z"z" =z X(2)

m=—o0

The new ROC is the same as the old one except the possible addition/deletion of the origin or in-
finity as the shift may change the duration of the signal.

Time Expansion

Z[x{n/ k1= X(z"), ROC=R'"
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The discrete signal x[n]cannot be continuously scaled in time as " has to be an integer (for a
non-integer n x[n] is zero). Therefore x[n/ k] is defined as:

ey k]é{X[n / k] if nisamultiple of k

0 else

Example: If x[n]is ramp.

n |1t |2 |3 |4 |5 |6

x[n]123456

Then the expanded version x[n/2]is:

n |1t |2 |3 |4 |5 |6

n/2 |05 |1 |15 |2 253

m 1 2 3

x[n/2]]1° |t | |2 [0 |3

where m is the integer part of n/k.

Proof: The z-transform of such an expanded signal.

Z[x[n/k]]= i xnlklz" = i xm]z™*" = X (")

n=—00 m=—a0

Note that the change of the summation index from $n$ to $m$ has no effect as the terms skipped
are all zeros.

Convolution

ZIx[n]*y[n]]= X(2)Y(z), ROC2(R,NR)

The ROC of the convolution could be larger than the intersection of R, and R, due to the possible
pole-zero cancellation caused by the convolution.

Time Difference

Z[x[n]-x[n-1]1=(1-z")X(z), ROC=R,
Proof:

Zlxn]-xn-111=X(=2)-z"'X(2)=(1-z")X(2)= Z—_IX(Z)
z
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Note that due to the additional zero z =1 and pole z =0, the resulting ROC is the same as R_ex-
cept the possible deletion of z = 0 caused by the added pole and/or addition of z =1 caused by the
added zero which may cancel an existing pole.

Time Accumulation

Z[ Z k] =—— X(2). ROC o [R.~(z[>D)]

a1
k=—0 -z

Proof: The accumulation of x[n]can be written as its convolution with u[#]:

o0 n

uln]*x[n]= > uln—klx[k]=D_ x[k]

k=—c0 k=—0

Applying the convolution property, we get:

213 k1) = Zluln) et = = X (2)
As Z[u[n]]=1/(1-z").
Time Reversal
Z[x[-n]]=X(1/z) ROC=1/R,
Proof:
ZIx{-n]] = Z M-z = Z Am)() " = X(1/2)

where m=—-n.
Scaling in Z-domain

Z[a"x{n]] = X(ij, ROC =|a|R,
a

Proof:

Z[a"x[n]] = i x[n](gj - X(%J

n=—o0

In particular, ifa = ¢’ , the above becomes:

Z[e"™xn]]= X (e ’™z) ROC=R,

The multiplication by ¢/ to Z corresponds to arotation by angle @, in the z-plane, i.e., a frequency
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shift by @, . The rotation is either clockwise (@, > 0) or counter clockwise (@, > 0) corresponding
to, respectively, either a left-shift or a right shift in frequency domain. The property is essentially
the same as the frequency shifting property of discrete Fourier transform.

Conjugation

Z[x[n]]=X"(z"), ROC=R,

Proof: Complex conjugate of the z-transform of x[n]is:

X' @)= anlz"T = Y Al

Replacing zbyz", we get the desired result.

Differentiation in Z-domain
d
Znx[n]]=-z d—X(z), ROC =R,
Z

Proof:

o0

d S d -n S _ -n-1 __ __1 -n
EX(Z) = Z x[n];(z )}Z;O( n)x[n]z" = . Z nx[n]z

n=—0 n=—0

ie.,
Z[nx[n]]= —Z%X(Z)

Example: Taking derivative with respect to z of the right side of:

- |zl

Zla"u[n]]= "

We get,

d 1 B —az™
dz|1-az' | (1-az™")

Due to the property of differentiation in z-domain, we have:

-1
az

Z[na"u[n]] = m

|z al
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Note that for a different ROC |z |<|a|, we have:

-1
az

Z[—na"u[—n - 1]] = m

| z|<la]

Pole Zero Plot

In mathematics, signal processing and control theory, a pole—zero plot is a graphical representa-
tion of a rational transfer function in the complex plane which helps to convey certain properties
of the system such as:

+ Stability.

« Causal system/anticausal system.

« Region of convergence (ROC).

«  Minimum phase/non minimum phase.

A pole-zero plot shows the location in the complex plane of the poles and zeros of the transfer
function of a dynamic system, such as a controller, compensator, sensor, equalizer, filter, or com-
munications channel. By convention, the poles of the system are indicated in the plot by an X while
the zeros are indicated by a circle or O.

A pole-zero plot can represent either a continuous-time (CT) or a discrete-time (DT) system. For a
CT system, the plane in which the poles and zeros appear is the s plane of the Laplace transform.
In this context, the parameter s represents the complex angular frequency, which is the domain of
the CT transfer function. For a DT system, the plane is the z plane, where z represents the domain
of the Z-transform.

Continuous-time Systems

In general, a rational transfer function for a continuous-time LTI system has the form:

M
b m
Z::’"S B by +bs+bys® +---+b, 5"

m=0

B(s) _
- N-1 = > ~ <
A(s) o +Za o GTasTas R

n

H(s)=

n=0
where,
+ Band 4 are polynomials in s,
e M is the order of the numerator polynomial,

+ b, is the m-th coefficient of the numerator polynomial,
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« N isthe order of the denominator polynomial,
« a, is the n-th coefficient of the denominator polynomial.

Either M or N or both may be zero, but in real systems, it should be the case that ; otherwise the
gain would be unbounded at high frequencies.

Poles and Zeros

« The zeros of the system are roots of the numerator polynomial:

s={p,|mel,...M} suchthat B(s)|_, =0

« The poles of the system are roots of the denominator polynomial:
s={a,|n€l,...N} suchthat A(s)|_, =0

Region of Convergence

The region of convergence (ROC) for a given CT transfer function is a half-plane or vertical strip,
either of which contains no poles. In general, the ROC is not unique, and the particular ROC in any
given case depends on whether the system is causal or anti-causal.

« Ifthe ROC includes the imaginary axis, then the system is bounded-input, bounded-output
(BIBO) stable.

« If the ROC extends rightward from the pole with the largest real-part (but not at infinity),
then the system is causal.

« If the ROC extends leftward from the pole with the smallest real-part (but not at negative
infinity), then the system is anti-causal.

The ROC is usually chosen to include the imaginary axis since it is important for most practical
systems to have BIBO stability.

Example:

25

H(§)=———
() 7 +65+25

This system has no (finite) zeros and two poles:

s=a,=-3+4j

and

s=a,=-3-4j
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The pole-zero plot would be:

. . !:"D|E Ze:n:r Mapl .
4 ¥
2L
E 0
2|
-4t %

-3 -30 -25% -20 -15 -1l0 -05& 0.0 05
Re

Notice that these two poles are complex conjugates, which is the necessary and sufficient condition
to have real-valued coefficients in the differential equation representing the system.

Discrete-time Systems

In general, a rational transfer function for a discrete-time LTI system has the form:

b
PG Z;J © b+bzl4bz? +byz
0(z) Z l+az" " +a,z” +a z
az

H(z)

where,
« M is the order of the numerator polynomial,
« b, is the m-th coefficient of the numerator polynomial,
« N isthe order of the denominator polynomial,
« a,is the n-th coefficient of the denominator polynomial.

Either M or N or both may be zero.

Poles and Zeros
* z=f,suchthat P(z)|,_, =0are the zeros of the system.
« z=a,suchthat O(z)[._, =Oare the poles of the system.Region of convergence.

The region of convergence (ROC) for a given DT transfer function is a disk or annulus which

WORLD TECHNOLOGIES




Signals and Systems: An Engineering Perspective

contains no poles. In general, the ROC is not unique, and the particular ROC in any given case
depends on whether the system is causal or anti-causal.

« If the ROC includes the unit circle, then the system is bounded-input, bounded-output
(BIBO) stable.

« Ifthe ROC extends outward from the pole with the largest (but not infinite) magnitude,
then the system has a right-sided impulse response. If the ROC extends outward from
the pole with the largest magnitude and there is no pole at infinity, then the system is
causal.

« Ifthe ROC extends inward from the pole with the smallest (nonzero) magnitude, then the
system is anti-causal.

The ROC is usually chosen to include the unit circle since it is important for most practical systems
to have BIBO stability.

Example:

If P(z)and Q(z) are completely factored, their solution can be easily plotted in the z-plane. For
example, given the following transfer function:

H(z) = z+2

4+

4

The only (finite) zero is located at: z = -2, and the two poles are located at: z = J_ri , where j is the
imaginary unit. 2

The pole—zero plot would be:

Irmaginary Part
(]
Q

1
-2 1A -1 -0A 0 04 1
Real Part
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Inverse Z-transfrom

If we want to analyze a system, which is already represented in frequency domain, as discrete time
signal then we go for Inverse Z-transformation.

Mathematically, it can be represented as,

x(n)=Z2"'X(2)

where xn is the signal in time domain and X z is the signal in frequency domain.

If we want to represent the above equation in integral format then we can write it as
1 =
x(n)=—)1X(2)Z dz
(m)=( mj)[jj (2)

Here, the integral is over a closed path C. This path is within the ROC of the x z and it does contain
the origin.

Methods to Find Inverse Z-Transform

When the analysis is needed in discrete format, we convert the frequency domain signal back into
discrete format through inverse Z-transformation. We follow the following four ways to determine
the inverse Z-transformation.

« Long Division method.
« Partial Fraction expansion method.

« Residue or Contour integral method.

Long Division Method

In this method, the Z-transform of the signal x z can be represented as the ratio of polynomial as
shown below:

x(z) = N(Z)/ D(Z)

Now, if we go on dividing the numerator by denominator, then we will get a series as shown
below:

X(2)=x(0)+x()Z" +x(2)Z 7 +...

The above sequence represents the series of inverse Z-transform of the given signal forn >0 and
the above system is causal.

However for n<o the series can be written as:

x(2)=x(=1)Z"' + x(-2)Z* + x(-3)Z° +...
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Partial Fraction Expansion Method

Here also the signal is expressed firstin N z /D z form.

If it is a rational fraction it will be represented as follows:
x(z)=b,+bZ ' +b,Z7 +... .. ..+bZ")
Nay+aZ ' +a,Z 7 +... ... ... +a,Z™")

The above one is improper when m < n and an # 0.

If the ratio is not proper i.e., improper, then we have to convert it to the proper form to solve it.

Residue or Contour Integral Method

In this method, we obtain inverse Z-transform x# by summing residues of [x(z)Z"']at all poles.
Mathematically, this may be expressed as:

_ residues of [x(z)Z"]
Xm= 2
all  poles X(z)

Here, the residue for any pole of order m at z = f#is:

dm—l

i m n—1
i T G X2 T

Residues =
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All chapters in this book are published with permission under the Creative Commons Attribution Share
Alike License or equivalent. Every chapter published in this book has been scrutinized by our experts.
Their significance has been extensively debated. The topics covered herein carry significant information
for a comprehensive understanding. They may even be implemented as practical applications or may be
referred to as a beginning point for further studies.

We would like to thank the editorial team for lending their expertise to make the book truly unique.
They have played a crucial role in the development of this book. Without their invaluable contributions
this book wouldn’t have been possible. They have made vital efforts to compile up to date information
on the varied aspects of this subject to make this book a valuable addition to the collection of many
professionals and students.

This book was conceptualized with the vision of imparting up-to-date and integrated information in
this field. To ensure the same, a matchless editorial board was set up. Every individual on the board
went through rigorous rounds of assessment to prove their worth. After which they invested a large
part of their time researching and compiling the most relevant data for our readers.

The editorial board has been involved in producing this book since its inception. They have spent rigorous
hours researching and exploring the diverse topics which have resulted in the successful publishing
of this book. They have passed on their knowledge of decades through this book. To expedite this
challenging task, the publisher supported the team at every step. A small team of assistant editors was
also appointed to further simplify the editing procedure and attain best results for the readers.

Apart from the editorial board, the designing team has also invested a significant amount of their time
in understanding the subject and creating the most relevant covers. They scrutinized every image to
scout for the most suitable representation of the subject and create an appropriate cover for the book.

The publishing team has been an ardent support to the editorial, designing and production team. Their
endless efforts to recruit the best for this project, has resulted in the accomplishment of this book. They
are a veteran in the field of academics and their pool of knowledge is as vast as their experience in
printing. Their expertise and guidance has proved useful at every step. Their uncompromising quality
standards have made this book an exceptional effort. Their encouragement from time to time has been
an inspiration for everyone.

The publisher and the editorial board hope that this book will prove to be a valuable piece of knowledge
for students, practitioners and scholars across the globe.
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