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Preface

Over the recent decade, advancements and applications have progressed exponentially. This has led to the
increased interest in this field and projects are being conducted to enhance knowledge. The main objective of
this book is to present some of the critical challenges and provide insights into possible solutions. This book
will answer the varied questions that arise in the field and also provide an increased scope for furthering
studies.

Mathematical analysis is a domain of mathematics that deals with limits and other related theories such
as, measure, infinite series, differentiation, integration, and analytical functions. All of these theories are
often studied in the context of real and complex numbers along with their functions. The main branches
of mathematical analysis include real analysis, complex analysis and functional analysis. The fundamental
concepts of this field are metric spaces and sequences and limits. Mathematical analysis has evolved from
calculus that includes elementary techniques and concepts of analysis. It can be applied to any space of those
mathematical objects that have a topological space or a metric space. This book contains some path-breaking
studies in the field of mathematical analysis. It studies and'analyzes various principles of mathematical
analysis. It is appropriate for students seeking detailed information in this area as well as for experts.

I hope that this book, with its visionary approach, will be a valuable addition and will promote interest among
readers. Each of the authors has provided their extraordinary competence in their specific fields by providing
different perspectives as they come from diverse nations and regions. I thank them for their contributions.

Editor
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Compact Operators on the Bergman Spaces
with Variable Exponents on the Unit Disc of C

Dieudonne Agbor

Department of Mathematics, Faculty of Science, University of Buea, P.O. Box 63, Buea, Cameroon

Correspondence should be addressed to Dieudonne Agbor; dieu_agb@yahoo.co.uk

Academic Editor: Nageswari Shanmugalingam

We study the compactness of some classes of bounded operators on the Bergman space with variable exponent. We show that
via extrapolation, some results on boundedness of the Toeplitz operators with general L' symbols and compactness of bounded
operators on the Bergman spaces with constant exponents can readily be extended to the variable exponent setting. In particular,
if S is a finite sum of finite products of Toeplitz operators with symbols from class BT, then S is compact if and only if the Berezin

transform of S vanishes on the boundary of the unit disc.

1. Introduction and Statement of Results

Variable Lebesgue spaces are a generalization of the Lebesgue
spaces that allow the exponents to be a measurable function
and thus the exponent may vary. These spaces have many
properties similar to the normal Lebesgue spaces, but they
also differ in surprising and subtle ways. For this reason, the
variable Lebesgue spaces have an intrinsic interest, but they
are also very important in applications to partial differential
equations and variational integrals with nonstandard growth
conditions. See [1] for more details on the variable Lebesgue
spaces.

Let A denote the unit disc in C and dA the normalized
Lebesgue measure on A. For 1 < p < 0o, the Bergman space
AP = AP(A,dA) is the space of all analytic functions, f, on A
such that

I - [ 17 @I dace) < oo W

Let P be the Bergman projection from L* onto A”, Then P is
an integral operator given by

P()@ -], (lf_(—z‘“m))sz W), )

foreachz € Aand f ¢ L*. Here, the function K(z,w) =
K,(z) = 1/(1 - zw)? is the reproducing kernel for A2, For

f € L, the Toeplitz operator with symbol f is defined on
AP by

Tig=P(fg), geAl 3)

Toeplitz operators are amongst the most widely studied
classes of concrete operators and have attracted a lot of
interest in recent years. The behaviour of these operators
on the Hardy spaces, Bergman spaces, and Fock spaces has
been studied widely and a lot of results are available in
the literature. The characterization of compactness has been
studied in [2-8] just to cite a few.

Given Q ¢ R", a measurable function p : Q — [1,00)
will be called a variable exponent. If p is a variable exponent
then we denote

pi = po = esssup p(x),
x€Q)
(4)
p_=pg = ess;ggp (x).

Let 9(Q)) denote the set of all variable exponents for which
p, < 00.

For a complex-valued measurable function ¢ : QO — C,
we define the modular p,,() by

oo @)= | oGOl dx ®
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and the norm

ol = inf 1505000 (2) 1} @

Let p(-) € 2(Q). Then the Lebesgue variable exponent space
LPY s the set of all complex-valued measurable functions ¢ :
Q — C for which p,,(¢) < co. If we equip LPY with the

norm given in (6), then L? ©) becomes a Banach space. We
note here that the condition p,,(¢) < co is not enough in
general to define the variable exponent Lebesgue space (e.g.,
see chapter 2 of [1]).

It is known (e.g., see chapter 2 of [1]) that the dual of
179 is LP'O where 1/p(-) + 1/p'(-) = 1. A straightforward
computation shows that

(»0), =),
(P'O) =(p.)

For simplicity, we will omit one set of parenthesis and write
the left-hand side of each equality as p/(-) + and p'(-),.
Throughout this work, we shall use p'(-) as the conjugate
exponent of p(-) and if p is a constant in (1, co) we shall use
p’ as the conjugate exponent of p. In other words, to study
these spaces, some regularity conditions are imposed on the
exponents. A function p : O — C is said to be log-Hélder
continuous on () if there exists a positive constant Cjog such
that

7)

WM—MﬂH——Ei—ﬂ (8)
log (1/x - )
for all x, y € Q with |x — y| < 1/2. It follows that
2ICy,q
lp)-p ()< )

log (21/ |x = y])’

for all x, y € Q with |x — y| < I. We denote by F°8(Q) the
exponents in 9(Q) that are log-Holder continuous on Q. For
p() e P°%(Q)) and a given measurable function, f, define

115, = sup {HQ f(x)gx) dx| ol < 1} . (10)

Theorem 2.34 of [1] shows that there exist constants C; and
C,, depending on p(-), such that

G ||f”p(-) < "f";() <G, ||f||p(~)' (11)

The next result which establishes a relationship between the
Lebesgue spaces with exponents p_, p,, and p(:) will be very
useful in the rest of the work. It is Corollary 2.50 of [1].

Lemma 1. Suppose p(-) € F9(Q) and |Q| < 0. Then there
exist constants ¢, and ¢, such that

alfl, <1l <elfl,, - (12)

Applied Principles of Mathematical Analysis

The study of variable exponent Bergman space, A”"),
which is the space of analytic functions in L"), has been
introduced in [9]. There it was shown, amongst other things,
that the Bergman projector P is bounded from L onto AP*),
Also in [10], the authors studied Carleson measures in such
spaces.

In this paper, we will extend the results in [3, 7] on
boundedness and compactness of operators for the Bergman
spaces with constant exponents to the Bergman spaces with
variable exponents.

For z € A, let ¢, be the analytic map of A onto A given by

@, (w) = (z —w)/(1 — zw). We define the operator U, on A?
by

Uf=(fo9.)9., z€A (13)

Then U, is a unitary operator on A”. We shall show later that
U, is bounded on A", For S, a bounded operator on A?),
we define S, by S, = U,SU,,.

If S is a bounded operator on A”"), then the Berezin
transform of S is the function S on A defined by

S(z) = (Sk,.k,), (14)

where k,(w) = (1- |z|*)K. . is the normalized Bergman kernel

which also belongs to AP and (, ) is the inner product of A%,
We let

f@)=T;(2) = (fk,.k,)
2 15)
- Lf(w) Ik, (w)[ dA (w)

and set
s et sl =swlfl@ <o) . 10

Our first result gives some conditions for the boundedness of
Toeplitz operators with L' symbols on the variable Bergman
spaces.

Theorem 2. Suppose p(-) € P*I(A), 1 < py < p_ < p, < 00,
and p; = min(py, p;). Suppose f € L" is such that

Cy =sup||P(f o), <o,
z€eA

_ )
C, = sup[[P(f o 9., < o0

forallq > (py +1)/(p; = 1). Then T is bounded on APO,
We note here that this result was proved in [3] in the

Bergman spaces AP, where p is a constant. We also have the
following result on compactness.
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Theorem 3. Suppose p(-) € PP°I(A), 1 < py < p_ < p, < 00,
and p, = min(py, pp). If S is a bounded operator on AP® such
that

C, =sup ||Szl||q < 00,
zZ€A

. (18)
C, =sup ||Szl||q <00
zZ€A

forsomeq > (p,+1)/(p,—1), then the following are equivalent:

(1) S is compact on APV,

(2) S(z) — 0asz — 0A,

(3) foreverys € [1,9), IS,1l; = 0 as z — 0A,
(4) I1S,1ll; = 0asz — 0A.

This theorem is well known in the Bergman spaces with
constant exponents; for example, see [3, 7]. However, the
techniques here are different from those used in either of the
papers for both the proof of boundedness and compactness.
This is because their proofs depend on the use of Schur’s test
which does not hold in the variable Lebesgue space. However,
using the Muckenhoupt weights we were able to develop some
Schur-like tests from where we obtain the theory that builds
upon the Rubio de Francia theory of extrapolation from the
theory of weighted norm inequalities. The advantage of this
approach is that it quickly yields to sufficient conditions for
these operators to be bounded on variable Lebesgue spaces.
Through such techniques, we are also ‘able to obtain some
norm estimates for bounded operators on the space AP,

Similar to the work of Miao and Zheng [7], we consider
the case of the algebra of Toeplitz operators generated by
symbols in the class BT To be precise, we have the following.

Theorem 4. Suppose p(-) € P°9(A) and S is a finite sum of
finite products of Toeplitz operators with symbols in the class
BT. Then S is compact on AP® if and only if S(z) — 0 as z —
0A.

This paper is organized as follows: in Section 2, we will
study some basic concepts on the Muckenhoupt weights.
Section 3 deals with the variable Bergman spaces and the
proof of Theorem 2. In Section 4, we study some norm
estimates on these spaces and in Section 5 we give the proof
of the compactness results.

2. Muckenhoupt Weights A

Definition 5. Let Q be a set. Then the functiond : Q x Q —
R* is said to be a pseudodistance on € if it satisfies the
following:

(1) d(x, y) = 0ifand only if x = y;

(2) d(x, y) = d(y, x);

(3) there exists a positive constant K > 1, such that, for
allx, y,z € Q,

d(x,y)<K(d(x2)+d(zy)). (19)

For x € Qand r > 0, the set B(x,r) = {y € Q :
d(x, y) < r}is called a pseudoball with centre x and radius
r. If p is a measure on €, then the triple (Q,d, u) is called
a homogeneous space if Q) is endowed with the topology
generated by the collection {B(x,r) : x € Q, r > 0} (that
is, the topology generated by the pseudoballs) and u satisfies
the doubling property; there exists a constant § such that, for
all x € Q and r > 0, we have

0 < pu(B(x,2r)) <0u(B(x,r)) < co. (20)

We now turn our attention to the case when Q = A. By lemma
2.2 of [11], it is shown that the distance function d given on A

by

d@w:rm—mu

lz| + |wl

Zw
1——‘ if z,w e A",
el

(21)
otherwise

is a pseudodistance on A, where A* = A\ {0}. It is known
(see [12]) that, at the boundary of A, d becomes the Koranyi
distance. Also by Lemma 2 of [12], we have that for any
pseudoball B(w, ), w # 0, and r € (0, 2) we have that

B (w, )| = 17, (22)

where |B| denotes the Lebesgue area measure of set B. Also
observe that the pseudoball B(0, 1) = A. It is known that (see
[12]) (A, d, dA) is a homogeneous space.

Let f be a locally integrable function in A. Then the
Hardy-Littlewood maximal function relative to the pseu-
dodistance d is given by

1
Mf (z) = sup— J |f (w)|dA (w), (23)
B |Bl Js
where the supremum is taken over all pseudoballs containing
z.
Suppose 0 < w(z) < oo almost everywhere on A. Then
we say that w is in the Muckenhoupt weight A, if

[w] 4 = esssu Mo (2)
4 zeg w(2)

< 00. (24)

There are two equivalent definitions which are useful in
practice. First, w € A, if for almost every z € A,

Mo (2) < [w]y, w(2). (25)
It follows that if w € A then
(W], w(2) 2 Mw(z) 2w (4), (26)
and thus
[w]4, @(2) -
w(A)
Alternatively, w € A, if for every pseudoball B we have that
1 J w(z)dA (z) < [w] 4 essinf w (u). (28)
|B| B 1 u€eB

For more details on the Muckenhoupt weights, see chapter 9
of [13] or chapter 4 of [1].

We will need some results on extrapolation. The following
proposition is Theorem 5.24 of [1].
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Proposition 6. Let QO € R” and suppose there is some p, > 1
and the family F such that for all w € A,

J F (x)P w(x)dx < C, J G (x)? w (x) dx,
Q Q (29)

(F,G) € &.

Given p(-) € P9(Q), if 1 < py < p_ < p, < co and the
maximal operator is bounded on L'*O/P) (Q)), then
1ENp¢) < Cpy 1Glp »

where C,,) = CC, and C is some positive constant depending
on the dimension of Q.

(F,G) ¢ &F, (30)

The following is Theorem 3.16 of [1].

Proposition 7. Let p € P°9(Q)). Then the Hardy-Littlewood
maximal operator function is bounded in LP©)(Q)) and we have

“Mf”p(-) <C “f”p(-) . (31)

3. Variable Exponent Bergman Spaces

Given p(-) € F'8(A), we define the variable exponent

Bergman space A" as the space of all analytic functions
on A that belong to the variable exponent Lebesgue space
LPY with respect to the area measure dA on the unit disc.
With this definition A" is a closed subspace of LF". By
Theorem 4.4 of [9], the Bergman projection, P, given by (2)
is bounded from LP* onto A?®) for any p() € P'°8(A). It is,
thus, necessary to study the behaviour of Toeplitz operators
on such spaces. Similar to the definition of Toeplitz operators
on the Bergman spaces with constant exponent, we define the

Toeplitz operator with symbol f € L® on AP®) by
ngzp(fg), gEAP('). (32)
Lemma 8. The operator U, is bounded on AP for p(-) > 1.

Proof. Let1 < py < p_ < p, <ooandw € A,. Then

j Uf @) w (@) dA &)
2 (33)
< L |U.f )" Maw (&) dA (©)

since w(&) < Mw(&) for almost every & € A. Now, for 0 < € <
w(A) there is a pseudoball B containing & such that
w (B) w(A)

Mw(E)SW+eS IB] +w(A). (34)

It follows that

L U, £ ®) Maw (&) dA (&)

o) (35)

< (W +w(A)) L U.f @) dA©).

Applied Principles of Mathematical Analysis

Also
[ [or@Fda® = |foe.@¢ @ da@
- [ F @ . @) ol @[ aa®
- [ Ir @[ . @) da ”

Po
—|Z
2P0
) (A)[;Ul]All Py J 1O e©as©.
w il V4

where the last inequality comes from (27). This shows that

L U.f O « @ dA )
Po 7
P [ o e©ae.

<

~1BI(1- [2?)

It follows that the family {(|U,f|,|f]) : f € L} satisfies
inequality (29). Also, by Proposition 7 the maximal function
Mf belongs to PP Thus by Proposition 6 U, is bounded
on AP0, O

Remark 9. We just want to give an alternative argument to
obtain the estimate (35), and this argument has different
effects and may be useful in applications.

We recall that if w is locally integrable in A, then

lim
r—0

1
|B (2, 7)I JB(z,r) | (2) - w (O] dAE) = 0. (38)

The proof of this statement can easily be adapted from that of
Theorem 1.3 of [14]. We use this statement as follows:

Letw € A, and p, > 1. Then for any € > 0, we can find
R > 0 such that

1

IB(z,7)] Lm o (2) —w@)|dAE) <ew(d),  (39)

for all r € (0, R). Now, if we fix such R then for 0 < r < R we
have

J, o a@ane - [ oo (oo
A A
B 1
BEn]

1
B(&, 1)

j ©()dA Q)
B(&,r)

+

j 0(()dA <c>) dA(©)
B(&,r)
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Po
| W O ey

~ L( Jo®-w@lda@ar®

ANAGIE WO dAQdA®

|B (E 7] J
So®(e+C) | U OF dAE),

(40)
where the constant C, does not depend on w € A, and thus
(35) holds. We may also use this same argument in some parts
of the proofs of Theorem 2 and Proposition 17 by replacing
similar statements that give rise to the estimates (34) in the

proof of Lemma 8.

Let
Tf (z) = J fw)K(z,w)dA(w), ze€A, (41)
A

where K : A x A — C is a kernel function. We give a Schur-
type lemma that will be useful in our work.

Lemma10. Letw € Ay, p > 1, and 1/p + 1/p’ = L. If there
exist positive constants C, and C, that depends on ], and
not w, and a nonnegative measurable function, h, such that

L K 2)|h() dA) SChE" | (42)
for almost every & € A and
0(A)" L IK (¢, 2)| () ©(@)dA(z) < Ch(2)  (43)

for almost every z € A, then

L ITf ()  (2) dA (2)

(44)
sclczj If @) w(z)dA(z).
A
Proof. Using Holder’s inequality, we have
|ITf (2)] < L [K(E2)|hE)RE™|f©E]dAE)
1/p
<cih@]] [KEan@7|f OF da®)
(45)

<Ch) {L K E2|h© ] @F

[w] 5, @ (©) Vr
. d )
o) (5)}

where the second inequality comes from (42) and the third
inequality is from (27). Also, Fubini’s theorem gives

L ITf (2)|f @ (2)dA (2)

h p
- L (@], h(2)

G
) HJK“’Z)WE) If ©)|

w0 (&) dA (f)} w(2)dA (2)
(46)

Cy [0l j GG Pj IK (£,2)| h (o)

~w(z)

w (A)
- L If @ w(@)dA (),

dA(z) w (§) dA (w) < C,C, [w] 4,

where we have used (43) to get the last inequality. O

Proposition 11. Let p(-) € F9(p), p € (1,00) be such that
1< p<p. <p, <oo.Suppose the function K : Ax A — C
satisfies the hypothesis of Lemma 10. Then there is a constant C
such that

1A, < CC1Co [ £l - (47)

forall f e LPY,

Proof. Let w € A,.Then by Lemma 10, we obtain (29) for the
family {(ITf1,|f]) : f € LF°(A)}, where 1 < p, < p_ < p, <
00. Also by Proposition 7, the maximal function Mf belongs
to LPO/) (A) and thus by Proposition 6 we get the required
estimates. O

In the application of Lemma 10, we may assume that
essinf . w(z) > 1forw € A, as the following lemma shows.

Lemma 12. Let w € A, be such that essinf, w(z) < 1
and u = dw for any & > 1 such that essinf, pu(z) > 1. If
the hypothesis of Lemma 10 holds for the weight u, then the
conclusion of Lemma 10 holds for the weight w.

Proof. By (27), we have that 1 < ([y]Al/M(A))y(z) for almost
every z € A. Now by Proposition 9.1.5 of [13], we have that
[‘u]A1 = [6w]A1 = [w]Al. It follows that 1 < ([w]Al/y(A))y(z)
for almost every z € A. Thus we have that the constants C; =
[w] 4, and C, are independent of ¢ and, hence, independent
of w. Now since the hypothesis of Lemma 10 holds for the
weight y, we have that

| r@f s@ar@ sce|w . @
Thus,

o] I1f @F w@dae) <0, |f ). o)
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It follows that
| If @F e@da@ < e, 0

which gives the result. ]

The next lemma will be used frequently and is well
known; see, for example, Lemma 3.10 of [15] for the proof.
Lemma 13. Supposea < 1anda+b < 2. Then

sup J dA (w)
zea I (1 - wl?)" |1 - Zw|’

(51)

Proof of Theorem 2. Let g € AP Then

100 (170.6.) = (9T,

52

- [ gOTR ®da®.
A

Now, let h(z) = (1 - |z*) " for

2 2 . 1 1
max(—,—,)<e<mm( — ) (53)
qPo 9P q'py 49Po
Then using the identity
TK, (©) = P(fo9.) (9. @)K, (w), €A (54)
we have

[ 5% @] n@raae

= L IP(F e 9.) (9. @)V K. @ (1=12P) * da®
£)|dA ()

__ 1 J P(f ) ( _
(1 - |Z|2)6Po A (1 _ mz)epo |1 3 EE|(2—2(~;p(g)
f 1/q
< ||P(f°§0z) a j dA (%) |
(1=1P)™ \ 7 (1 g™ o -z
Also,
dA ()
SZSIA) JA (1 — |E|2)Epéq, |1 _ Z€|(2—26)P6q/ <o (56)

provided that e < 1/pyq’ and epyq’ +2q" — 2epyq’ < 2. That
is, 2/pyq < € < 1/p,q’ which holds from the choice of €.
Now, observe that

T7K, (€) = (TFK,, Ky) = (K, TyKe) = TfK; (2).  (57)

Thus, for each w € A, we have

[, 7k @] hor 25 da @)
, @(2)
- L|Tf1<5 (2)| h (o) w(Z)dA( 2) (58)

1

P L |T¢K; (2)| h ()" Mo (2) dA (2)

Applied Principles of Mathematical Analysis

since w(z) < Mw(z) for almost every z € A. Forany 0 < ¢; <
w(A), there is a pseudoball B containing z such that

wB  _e@)  _e®

Mw (z) < € <
Bl ' Bl '7 |B|

+w(A). (59)

Substitute this in (58) to obtain

w(z)

L ITeKe ()| 1 (2) o

——dA(z)
(60)
< (1Bl +1) L |Tf1<,E (z)| h(z)P dA (z).

Using the identity (54), we have

w (§)

|, [rx. @[ n@ o

=0 da ) <’ J |T:Ke (2)
R
(1-12P)™
= [ [P(Fo ) (0 @) K @)
o4 (61)
(1 _ |E|2)—€Po

N P(Fepe) @K )| (1-121”) " dA @)
A

dA(z)

(1-12P) P A @) =

I | [P (F o ¢¢) (2)| dA (2)
(1- |5|2)76p0 A (1- Izlz)ep" |1 - zg| 220

where the last equality is from the change of variable z = ¢;.
By Holder’s inequality, we have that

J P (f o 9¢) (2)| dA(2)
( | | )P0|1 _El (2-2epy) —

1/4'
_ ( I dA(©) > )
A (1 _ |w|2)€P04 |1 _ ZEI(Z*ZEPO)‘I’

dA (§)
J (1 _ |E|2)€Po‘1’ |1 _zEl(z—ZepU)q’

ife < 1/poq' and epoq' +2q' —2€p0q' < 2;thatis, 2/gp, < € <
1/poq - Now if € > 0 is chosen to satisfy (53) we see that the
hypothesis of Lemma 10 is satisfied and thus for every w € A,
we have

<|p(70.)l,

sup
e JA

< 0

I 779 @)| 0@ dA() < Csup [P (f < 9.)],
A FAN
swp|p (g, [ lo@lv@da 6

- CC\C, L 9@ 0(2)dA(2),

WORLD TECHNOLOGIES




Compact Operators on the Bergman Spaces with Variable Exponents on the Unit Disc of C 7

where the constant C does not depend on w but on [w] .
Finally we apply Proposition 11 to {(Ingl, lgl) : g € LP} to
obtain the result. O

For f € BT it is easy to show that

sup [P (f o 9.)], < oo,
z€A

_ (64)
sup [P (F . )], < 0

for any g > 0. Thus, from Theorem 2, we immediately have
the following.

Corollary 14. Suppose f € BT. Then
(1) Ty is bounded on APV
(2) Ts.,, is bounded on APV and
”Tf"% () <C "f“BT' (65)
Proof. (1) is an immediate consequence of Theorem 2.

(2) follows from the fact that || o ¢ llzr = |l fllzr and
IT fop Il oy < Cll f o ¢, llgr> which is given by assertion (1). [

We also have the following estimate for operators in the
Toeplitz algebra. To be precise, we have the following.

Lemmal5. LetS=Ty, - Ty, fi € BT,i=1,...,n. Then
sup S 1|y < 0o,
* (66)
sup S: 1] < 20

forany P € F9(A).

Proof. By assertion (2) of Corollary 14, we have that

nSzl"P(.) = ”Tfl"% "'Tfnf’fﬁz ()
<C|fillgr 1 fullgr -

Also, since each 7] € BT and ||E||BT = ||fj||BT, we have that

(67)

Is:11

P() 'l f1°(Pz ' TE“PZ pC) (68)
<ClAilsr- 1 fallsr-

This completes the proof of the lemma. O

4. Norm Estimates

Lemma 16. Let 1 < p, < oo and p; = min(p,, p,) and

suppose that S is a bounded operator on AP and q > (p, +
)/(p, — 1). If e > 0 satisfies (53), then for allw € A, we have
the following:

JIM%@M@S
(1- &) (1

Cy [1S:1l,
- 12)™

forallz € A and

G i1
[ LSO sy« 25 e
(U( ) JA (1 _ |z| )EPO (Z) (Z) < (1 _ |£|2)€P0

forall& € A, where the constant C, does not depend on w.

(70)

Proof. Fix z € A. Then

)o.)p.

-1

SU,1
2> -1

S.1
|z|” =1 |z

4

(71)

where the second equality comes from the definition of S, and
the third equality from the definition of U,. Thus,

LI»% A
(1-1gf)
S,1)°¢, .;
_ UJK)¢MMMM®
1-|z| (1 _ |E|2)€PO
60 @) v
1 S, 1
= — - dA (&)
(1 —|Z|2) Po JA (1_|El )Pol _ Elz 2ep;)

IIS U, 170y
( )P

where £,(£) = 1/(1 = [E)P|1 — 2E[>>P_ By the choice of €,
we have that sup ¢, [l f;ll; < 0o and (69) holds.

To prove (70), replace S by S* in (69), interchange £ and &
in (69), and then use the equation

S*Kg (2) = (S'Ke, K, ) = (K, SK, ) = SK, (§).  (73)

Finally, we use the same argument as in the proof of
Theorem 2 to obtain that there is a pseudoball B containing z
such that w(z) < Mw(z) < w(A)(|B|™! + 1) and thus

|(SK) ©)|

w(A) L —(1 T )

s(|B|*1+1)J % A(z).

A similar argument as the one used to obtain the estimate (69)
will give us (70). O

w(2)dA(z)

(74)

Proposition 17. Let p € P9(A), 1 < p, < p_ < p, < 00,
and p; = min(py, p) and suppose that S is a bounded operator
on APV _If

C, =sup ||Szl||q < 0o,
zZ€A

: 75)
C, =sup ||Szl||q < 00
z€A
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1), then there is a constant C such

forsomeq > (p, +1)/(p; —
that

ISl () < CC,C,. (76)
Proof. For f € AP and w € A, we have

(SF)®) = (SFKe) = (£ K)
- L £ (S'Ke) (2)dA (2) (77)

- L f(2)(SK,) €)dA (2),

where the last equation follows from (69). Given that € > 0
that satisfies (53), we have by (69) that
Cls.1,

SK) (&)
I M Aw)s T 09)
> (1-[gf) (1-1al)

In a similar manner, we use (73) and (70) to get that

|(SK.) ©)]

w (A L —(1 1 )

w(2)dA (z)

2 [ (K@)
_ 1
=w (A) J-A (1 B |Z| )€Po

w(z)dA (2)
(79)

S —EO‘
(1-1g7)”
L ISf (2)|" w(z)dA(z) < C L If @) @ (2)dA(2)

forall w € A, where the constant C depends on [w],, and
not on w. We now apply Proposition 11 to get the required
result. O

Lemma 18. (a) [IK, |, is equivalent to (1 — |z]?)"2+2/P@ for

all z € A.
(b) K /IK, Nl oy — O weakly in APV gs z — DA.

Proof. The assertion (a) is just Theorem 3.5 of [10].
(b)If f € AP O

K, 2\—2+2/p(2)
2 V= () (1- 2] . (80)
<Wmm>f (1-1=F)

Thus if f is a bounded function in AP0 then
(f,KZ/llellp(_)) — 0 as z — OA. The assertion follows

from the fact that polynomials are dense in A? ), O

, then assertion (a) implies

5. Compact Operators on A’ ©)

Theorem 19. Let p € P*9(A) be such that 1 < p_ < p, < co
and suppose that

J IK (- z)||P()* dA (2) < co. (81)

Then the operator T given by (41) is compact on LPO(A).

Applied Principles of Mathematical Analysis

Proof. Firstly we observe that if (81) holds and g € L? 'O then
the function w — F(w), where

F(w) = L K (z,w) g (z) dA (z) (82)
belongs to L? I(')(A). Indeed,

j IF )"0 dA (w)
A

JAON
dA (w) (83)

=J U g (2)K (z,w) dA (z)
ATJA
<Gy [ 1ol 1K s da ) < e

It follows from Lemma 1 that ||F||P/(.) < IIFIIP:( ), < 0o.Thus

for g € L, we see that F € L”'©). Now, suppose (¢,) is a
bounded sequence in LP") such that ¢, — ¢ weakly in LP*,

Fore > 0andanyg € L”'©, we can find that N € N such that
for n > N we have

L (0@ -9 )W dAW)| <e.  (84)

We will show that || Te, — Tl p() — 0asn — 0o. Now, given
€, we fix N such that (84) holds. It follows for any n > N and
(11) that

"T‘Pn - T(P”p(») = Cp(~) "T?’n - T‘P";(-)

- sup {|| (79, ~T9) )7 @) da @) : gl < 1}

= sup

{I[[@@-o)kwaarwz@dae):
A JA

lolyer <1} )

= sup HL (90 )~ p(w) | K(w)g(2)dA(@)dA <w>l :
gl < } = sup {UA (9 (w) — 9 (w)) Flw)dA (w)

loler <1} <e

Thus [T, — Tl
Corollary 2.81 of [1] that the variable Lebesgue space L") is
reflexive if and only if 1 < p_ < p, < co. We thus conclude
that T is compact, since LP*) is reflexive. O

— 0asn — oo. Finally, it is shown in

We will need the power series formula for the Berezin
transform of the bounded operator S on A®. From the
definition of the reproducing kernel, we get that

k, () = (1-z1%) Z (n+1)w'z" (86)
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for z,w € A. To compute S(z) = (Sk,, k,), we first compute
Sk, by applying S to both sides of (86) and then take the inner
product with k,, again using (86), to obtain
S(z)
x® . , (87)
=(1- |z|2)2 Y (1) m+1) (Sw,w")Z/Z"

m,j=0
Lemma 20. Suppose S is a bounded operator on AP® such that
sup [|S. 1], < 00 (88)
z€eA

for some q > 1. Then S(z) — 0 as z — A if and only if for
everyt € [1,q), [IS,1ll, = 0 as z € 0A.

Proof. Suppose for every t € [1,9), [IS,1, = 0asz — 0A.In
particular, |S,1]l, — 0as z € 0A. Thus

S@|-lsLol<ls.il, —o 69

as z € 0A.
Suppose S(z) — 0 asz — 0A. Fixt € [1,q). We will show
that [|S, 1], — 0 as z € 0A.
Forz € A, j,m =0,1,...,an easy computation shows that

J (S.w') wdA (w) =J (SUw') UwmdA ). (90)
A A

Since
Uw' = (¢, () ¢l (w)
\ (91)
~(p, ) (1= I2*) K, (w),
we have that
J (SUzwj) U,w"dA (w) = (1 — |z|2)2
’ 92)

| sl K] @) (g @)K, (w)dA w).

It follows from (90) and (92) and Holder’s inequality that

(8.0, w™)| = H (s.w) ’”dA(w)l (1-12P)’

], 8 [0 K] @) (o @)K, w)da w)

(93)
< Cp(') (1 N |Z|2)2 "S [¢£KZ]'|p(.) "(P;nKZ"P'(~)
< CP(‘) (1 - |Z|2)2 q’iKz"P(.) "(P,ranz"p’(-) :
Now; let
p(w)
_ {DO:J (le(w)|> dA (w) < 1},
A A
S, (94)

p(w)
=<{/\>0:J (M) dA(w)sl}.
A

Then S, € S, and thus inf S, > inf S,. This shows that

loi] < MK (95)

for any p(-) € P'°8(A). This and Lemma 18(a) show that

(S0, w™)]

2
< Cpy (1= 12) 18000 1K ey I (96)

P'e)
< CSl0:
that is, (S, w’,

0,1,....
Now, we will show that for every nonnegative integer »n

w™) is uniformly bounded in z € A and j,m =

(S,L,w")y — 0 asz— 0A. (97)
If this is not true, then there is a sequence z; € A such that
<Szk1,w”> — a,, asz, — 0A (98)

for some nonzero constant gy, and n > 1. Since (S,w’, w™)
is uniformly bounded, we may assume without loss of
generality that for each j and m

<Szwj,wm> —a;

im A8 2 — oA, (99)

for some constant a;,,. For z,§ € A, we have

S(p. () =S, (§)

(100)
(1—|£|) Z ]+1)(m+1)<Su)J m>£€

Jsm=0

where the second equality comes from (87). Also, note that
the power series in (100) converges uniformly for each & € A.
For each § € A, we know that ¢, (§) — 0A as z; — 0A.

Thus §(¢Z(E)) — 0asz, — OA for each & € A. Replacing z
by z; in (100) and taking the limit as z;, — 0A, we get

(1- |5|2)2 i (j+1)(m+ l)ajmzjﬁm =0 (101)

Jjsm=0

foreach & € A If

OZO: (Gj+1)(m+ 1)a]-mzj£m,

f@= (102)
j>m=0
then f(&) = 0 for all & € A. This gives
" o
[af_ma_g] ] 0)=0 (103)
for each j and m. On the other hand, we have
" o
[ —f [ =((+1)!m+1))a;, (104)
o™ gf
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for each j and m. In particular, g,, = 0 which is a

contradiction. Hence, we obtain
. n\ _
Jlim (S.1,0") =0. (105)
For & € A, we have

(S, =) (n+1)(S,1,0") "

n=0

(106)

It is clear that for each fixed & € A, the power series above
converges uniformly for z € A. This gives

lim (S;1) (&) =0 (107)
for each & € A. Tt follows that
. t
zlglalAl(Szl)(E)l =0 (108)
foreach& € A.If s = g/t then s > 1 and
J [0 @ da@ = 5.1 < sups.al;
A z€eA (109)

< 0.

This shows that {|(S,1)["},c, is uniformly integrable. By
Vitali’s Theorem or Exercise 11 on pages 133-134 of [16], we
have that

Jim [S.1]],, = 0. (110)
This completes the proof of the lemma. O

Proof of Theorem 3.1f S is compact on AF", then by

Lemma 18(b),
—0 (111)
<||K e |K || >

as z — OA. Now by Lemma 18(a), we see that S(z) is
equivalent to <SKz/”Kz"p(~))Kz/||Kz"p’(~)> for z € A. Thus

S(z) —» O as z — 0A.

Suppose S(z) — 0asz — 0A. By Lemma 20, we have that
[S,1ll, = 0asz — OA for everyt € [1,q). We will show that
S is compact on A", Fix t € (1,4) in the rest of the proof.

For f € APY, we have that

W= | F@EK)WdAE. )
For 0 < r < 1, we define an operator S,; on AP by

(Syuf) (w) = IA F@)K,) W dA).  (13)

Then S|, is an integral operator with kernel (SK)(w) x,4(2).

We will first show that the operator S, is compact on A? ),
By Theorem 19, we only need to show that

L I(SK.) xoa @IS dA (2)
(114)

- [ KIS dA @ < oo

Applied Principles of Mathematical Analysis

But
{ON
J ISK ey dA )
rA
JON +
< [ w1 IS da @)
(- A
< CIty .[ Zd (zf/)p(z))p'o+ )
rA (1 _ |Z| )
Cr ISIE
< e
(1=1P)"
This shows that
0N
| SRS a4 < oo (16)

and thus S, is compact on A? ). Hence, to prove that § is
compact, we only need to show that ||S -S4l ., = Oasr —
1.

Ifr € (0, 1) then S-Sy, is the integral operator with kernel

rC)

(SKz) (w) Xavra (2) 117)

as can be seen from (77) and (113). The proof of Proposition 17
indicates that

IS =S, < CCiCos (118)

where

C, =sup{|S, 1], : r < Izl < 1},
. (119)
C, =sup{||S;1]|, : z € A}.

We have shown that C; — 0 asr — 1™ and the hypothesis of
the theorem shows that C, < co. Thus, IS - S, o) = Oas

r — 17, which completes the proof. O

Proof of Theorem 4. Suppose S is a finite sum of operators of
the form Ty, --- T , where each f; € BT. By Corollary 14 and

Lemma 15, we have that S is bounded on A”" and
sup [|S 1], < o,
zeA
. (120)
sup [|S71], < o0
FASN

for all ¢ > 0. The conclusion then follows from Theorem 3.
O
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Regarding the existence of more than sixty interestingness measures proposed in the literature since 1993 till today in the topics of
association rules mining and facing the importance these last one, the research on normalization probabilistic quality measures of
association rules has already led to many tangible results to consolidate the various existing measures in the literature. This article
recommends a simple way to perform this normalization. In the interest of a unified presentation, the article offers also a new
concept of normalization function as an effective tool for resolution of the problem of normalization measures that have already

their own normalization functions.

1. Introduction

L1. Definitions and Notations. We always put ourselves in
the framework of a context of binary data mining (see, for
example, [1-3], which illustrate the importance of association
rules mining based on choosing some quality measure) D =
(T,I,R), where I is a nonempty finite set of attributes or
variables, T a finite set of entities or objects, & a binary
relation from T to I, and P discrete uniform probability in
the probabilistic space (T, 2(T)) [4, 5].

In the next sections, we use the following notation for two
itemsets X, Y: X' = {e € T/Vx € X;eZx}, ie., the set of
all transactions containing the X pattern that is the dual of a
pattern X of I (X < I) [4, 6,7]. n = |T| represents the size
of the total sample size; ny = |X'| represents the number of
transactions satisfying pattern X; nyy = | X' N'Y'| represents
the number of transactions satisfying both X and Y; ny =
IT| - |T — Ty, where X is the logical negation of X; ny/n =
|T'x/|/|T| represents the support of the pattern X.

Hereafter, our work is divided into three sections.
Section 2 gives the definition of normalization func-
tion. Section 3 recommends the raw results of normal-
izing function of some probabilistic quality measures.

Finally Section 4, [5, 8-10] sets out the conclusion and
perspectives.

2. Normalizing Function F,

2.1. Motivations. The theory and practice of normalization
probabilistic quality measures (see, for example, [4, 5, 11],
(Totohasina et al. [12]), [6, 7]) have been resolving included
in the list of tools for problems concerning the data mining.
This is done in the view of regrouping [3, 4, 6, 12-17]
different existing measures available from the literature.
Let us notice that [4] proves existence of infinity quality
measures through the concept of the so-called normalized
quality measure under five conditions, but recently [16]
still proposes a novel interestingness measure. By opening
the door to the possibility of creating definitions of new
concepts in the context of data mining, perhaps, this will
bring to following a new reflection among researchers in this
field. This is the normalizing function. What is meant by a
normalizing function? The following section will attempt to
answer such question. Remember that this paper is the logical
continuation of the paper [18].
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2.2. Proposal Approach

Definition 1. We consider a probabilistic measure of interest
p. We call normalizing function of y the piecewise continuous

function that can normalize directly the measure y and is
defined as

E, (x)

F/(x), if X favorsY and x € ]xind;x @

imp[;
d . .
FJ(x), if X disfavorsY and x € | x5 X;q] -

It takes the following particular values:

xgx+yp if X favorsY;
Fp (x) = ()

Xgx+ vy if X disfavorsY.
X
f .
+ vy if X favorsY;
XgX + Vi, if X disfavorsY.
XX+ Yp if X favorsY;
Fshng (x) = X4 (4)
+ vy if Xdi Y.
o e f isfavors
X
f .
+yp if X favors Y;
Fi () = { X ) ®)
+9y,, if X disfavorsY,
x+m 7l f f

where x is value of y; x;,,, is value of ¢/ at logical implication;
Xj,q i value of u at independence; x;,. is value of u at
incompatibility; Fr{r is normalizing function, if X favors Y,
that is to say, in case where pY'/X") > P(Y'"); FS is normal-
izing function, if X disfavors Y, that is to say, in case where
P(Y'/X") < P(Y'); E,, is normalizing function of measure
Y, that is, affine normalizable; F;,, is normalizing function of
measure y, that is, homographic normalizable; F,;,; is nor-
malizing function of measure y, that is, semihomographic-
normalizable to right; F,,, is y normalizing function of
measure 4, that is, ssmihomographic-normalizable to left; x ¢,
Ys» X4, and y, are p of normalization coeflicient x; m is real

and R = [-00; +00].

The definition of normalizing function is thus determined
according to the quality measures. Note that this is a function
as any other, with respect to the variable x; it is a numerical
function of a real variable; only, this variable x is as follows:

x = fi(n, P(X"), P(Y"), P(Y' n X')). The four coefficients
of normalization of probabilistic measures quality have to
meet the following conditions:

x; = LPX'),PY"), y = f(n, P(X"),P(Y")),
x; = fi(n,P(X"),P(Y")), and y;, = f5(n, P(X),P(Y")),
where f,, f,, f5, f1>and f; are the five real functions. We note
in passing that there is also a group of measures with the
same normalization coeflicients. The normalizing function
is also one of the means that allow to give an interpretation
of a normalized measurement after providing the respective

values of normalization coefficients xy, ys, x4, and y,. It
also expresses an opportunity of value for all normalized
measures. According to what we have just written, any
normalization of function reflecting the objective in normal-
ization must necessarily have the following properties.

Property 2 (necessary conditions). P;: F,{ is a continu-
ous function, positive and strictly increasing on the inter-
val ]x;,4 %;,,[ and realizes a bijection on the interval
1%inas Ximp[ — 105 1[; that is to say, F,{ must have the follow-
ing: alimit1to the point x;,,,,; that is to say, lim,__, Kimp FV{ (x) =
1;alimit 0 to the point x;,,;; that is to say, limx_,xindF,{ (x)=0.

P, FS is a continuous function, negative, and strictly
increasing on the interval ]x;,; x;,;[ and realizes a bijection
on the interval ]x;,; x;,4[ — 1—1;0[; that is to say, FS must
have the following: a limit 0 to the point x;,,;; that is to say,
limx_,xindFj (x) = 0; alimit -1 to the point x;,; that is to say,

mnc>
lim, Fff (x) = —1. As a recap, we have the following.

P;: F, is a continuous function at the point x;,; and
increasing on the interval ]x;,; X;,,, [ and realizes a bijection
on the interval | X5 Xjpp[ — ] = 15 1[; that is to say, F, must
have the following: a limit 1 to the point x;,,,; that is to say,
limx_,ximp F,(x) = 1; alimit 0 to the point x;,;; that is to say,
lim,_,, F,(x) = 0and F,(x;,;) = 0; limit -1 to the point
Xjng; that is to say, lim,_,, F,(x) = -1.

3. Applications

We recall in Table 1 the respective definitions of the various
measures that lead to the results below:

(1) Cost multiplying: x = P(X' n Y )P(Y')/P(X' n
YOP(Y') = (1=P(Y))P(Y'/X")/(1-P(Y'/X")P(Y')
which is such that x;,,, = +00, x;,4 = 1, X, = 0.

Using research theories of normalization coeflicients

Xp V> Xg» and y, in [18] we have xp=-Ly;=1

xg = 1,and y; = —1. As a result, by replacing x, x,

Y5> Xg> and y, by their values in the expression (3) its

normalizing function is such that

Fshnd (x)

1
——+1, if X favors Y and x € [1;+00[ (6)
x

x-1, if X disfavors Y and x € [0;1].

It is easy to see that this function is continuous
piecewise, in particular point x;,; = 1.

Finally, it represents a function that exposed the nec-
essary and sufficient conditions for the normalized
and continuous measures.

Its tables of variation are respectively presented in
Figures 1 and 2.
The graphic illustration and the variation table of F,, of

the measure Cost Multiplying reveal that F,{ is strictly
increasing, is positive, and realizes a bijection on
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TABLE 1: Probabilistic quality measures of expression.
N° Measures p Expressions of x = (X I—> Y)
P(X'nY)P(Y)
1 Cost multiplying X=—F——"
P(X’ nY )P(Y’)
P(X'nY)-P(X'nY)
2 Example counter-example =
P(X'nY")
) P(X'nY")
3 Informal gain x =log ————~
P(X")P(Y')
—7 =7
P(X'nY)P(X nY)
4 Odd-Ratio x = (_, ) ( _,)
P(X nY')P(X'nY
] —7
P(X')P(Y)
5 Conviction x= —— 2L
P(x'nY')
P(X'nY")
6 Sebag X=———=
P(X')P (Y )
PY'/X")-P(Y)
- 1-P(Y")
7 Mo *= 1P X - P(Y)
P’
8 Rucel and Rao Index x=P(X'nY’)
T
9 Confidence or precision x=P ( Y—>
XI
XI
10 Recall x=P ( —>
YI
. P(Y'/X")
1 Interest or Lift x=
P(Y))
YI
12 Laverage x=P ( F)
YI
13 Centered confidence x=P ( —> -P(Y")
XI
7/
14 Confirmed confidence x=1-2P X
] P(Y'/X")-P(Y)
15 Certainty factor ==
1-P(Y")
P(X'nY")-P(X")P(Y'
16 Gras implication x=4/n ( ) PIX)P(Y)
VP (X") P(Y')
17 Piatesky-Shapiro x=nP(X'nY")
, P(X'nY")
18 Cosinus X=——"
VP (X" P(Y')
P(X'nY)
19 Loevinger x=1-——=
P(x)P(Y)
20 Coh X _ P(X'nY)-P(X")P(Y)
ohen ou Kappa F PN+ PO 2P (XN P(Y)
p—
21 Addiction x=|P(Y)-P ( L)
X!
22 Novelty x=P(XY')-P(X')P(Y)
T 2P (X' nY)
23 Czekanowski-Dice x = —
P(X’ﬂY’)+1—P(X nY)
P(X'/Y’
24 Relative risk x = %
p(x'/Y
Yl
25 Negative reliability x=P < ?>
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x 0 1 +00
+
g (%) i
Repulsion zone 1
P
F, shnd (x) - 0 -
-1~ Attraction zone

FIGURE 1: Change in measure normalizing function “Cost Multiply-

»

ing”.

Aftraction Zone

Repulsion zone

FIGURE 2: Geometric interpretation of the normalization function
of the “Cost Multiplying” measure.

[1;+00[ — [0;1] and even f, is strictly increasing
and negative and realizes a bijection on [0;1] —
[-1;0]. These results show that F,, is strictly increasing
and it realizes a bijection on [0; +co[ — [-1;1].

Note that, in the following, for the search of the
four normalization coefficients, the same principle is
used with the measure “dimension multiplier” for the
other following measures because they are already
expressed in Table 1.

(2) Example counter-example: its normalizing func-
tion is such that using the expression (4) for m = 0
with x = P(Y')/(1 - PY")), yp=(1- 2P(Y')/(1 -
P(Y"),x;=(2P(Y')-1)/P(Y') and y, = 1 so

Fshng(x)

P(Y')  1-2pP(Y)
—p(Y)  1-P(Y)
2P(Y') -1

P(Y) «x

, if X favors Y )

-1, if X disfavors Y.

P(Y'/X")-P(Y")

1-P(Y")
P(Y'/x")-P(Y')

F,(x)=x avecx=

P(Y'")

(3) Informal gain: its normalizing function is such
that using expression (4) for m = 1 with x; =
—l/logP(Y'),yf =0,x;=1,and y; =-1s0

WX, lf X favors Y
Fshng (X) = 0% (8)

_, if X disfavors Y.
x+1

(4) Odd-ratio: its normalizing function is such that
using expression (3) form = O with x; = -1, y, = 1,
xz;=1,and y; = -1s0

Fshnd (X)

1

—+1, if X favors Y and x € [1;+00] )
=4x

x—1, if X disfavors Y and x € [0;1].

(5) Conviction: its normalizing function is such that
using expression (5) for m = 0 with xp=-Ly;=1
xg = —(1-P(Y"))/P(Y'),and y, = (1-P(Y"))/P(Y")
SO

F,, (x)

-1 )
- +1, if X favorsY (10)

"1 1-P(Y)1 1-P(Y)

P(Y') x+ PO if X disfavors Y.

(6) Sebag: its normalizing function is such that using
expression (3) for m = 0 with xp = -P(YH/(1 -
P(Y"), y; = 1, x4 = (1= P(Y")/P(Y"),and y, = -1
$O

P(Y') 1
———— 41, if X favors Y
1-P(Y')x

1-P(Y")
P(Y")

(1)

Fshnd (x) =
x-1, if X disfavors Y.

(7) Mgg: its normalizing function is such that using
expression (2) withx = 1, y, = 0,x; = Land y; = 0
$O

, if X favors Y and x € [0;1]
(12)

, if X disfavors Y and x € [-1;0].
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(8) Support;its normalizing function is such that using
expression (2) with Xp = 1/P(X")(1 - P(Y")), Y5 =
~-P(Y")/(1-P(Y")), x4 = 1/P(X")P(Y"),and y, = -1
o)

E,, (x)

1 P(Y')
_lrcya-r)  1opy)
! -1, if X disfavors Y.

if X favorsY (13)
POX)P(Y)”

(9) Confidence: its normalizing function is such that
using expression (2) with xp = 1/(1 = P(Y")), yf =
-P(Y")/(1 - P(Y")), X4 = 1/P(Y"), and y;=-1so

E,, (x)
1 P(Y)
- 1—P(Y’)x 1-P(Y'")
1

—x -1,
P(Y’)x

if X favorsY (14)

if X disfavors Y.

(10) Recall: its normalizing function is such that using
expression (2) with x, = P(Y')/P(X')(1 = P(Y")),
yp =—P(Y")/(1 - P(Y")), x4 = 1/P(X"), and y,; = -1
SO

E,, (x)

P(Y) P(Y)
_lrxha-pr)t  1-P@)
! x-1, if X disfavors Y

if X favors Y. =~ (15)

P(X))

(11) Lift: its normalizing function is such that using
expression (2) with x; = P(Y")/(1 - P(Y")), Vs =
—-P(Y")/(1 - P(Y")), x4 = 1,and y; = —1 s0

E,, (x)
P(Y') P(Y')

={1-p(Y) 1-PQY)
x-1, if X disfavors Y.

(16)

if X favors Y

(12) Laverage: its normalizing function is such that
using expression (2) with Xy = P(Y')/(1 - P(Y")),
yr = —P(Y)(P(X") - 1)/(1 - P(Y"), x4 = 1/P(Y"),
and y,; = -P(Y')(P(X") - 1)/P(Y") so

F,, (x)

P(Y) P)(p(x)-1)

X - , if X favors Y (17)

X — R if X disfavors Y.

Applied Principles of Mathematical Analysis

(13) Centered confidence: its normalizing function is
such that using expression (2) with x, = 1/(1 -
P(Y')),yf =0,x; =1/P(Y'),and y, = 0 so

1 .
T(Y’)X, lf X favors Y
Fan (x) = 1 (18)
— X, if X disfavors Y.
P(Y")

(14) Featured confirmed confidence: its normalizing
function is such that using expression (2) with x, =

1/2(0 - PY"), y; = (1 = 2P(Y))2P(Y'"), x; =
1/2P(Y"),and y, = (1 - 2P(Y"))/2P(Y") so

E,, (x)
1 1-2P(Y") i y
21-P(Y)) 20 -py)y O (19)
1 1-2P(Y')
x + , if X disfavors Y.
2p(Y) T 2P(Y))

(15) ' Certainty factor: its normalizing function is such
that using expression (2) with x; = 1, y, = 0, x; =
(1-P(X")/P(Y"),and y,; = 0 s0

X, if X favors Y

1-P(x") (20)
———~x, if X disfavors Y.
P(Y')

E, (x)=

(16) Gras implication index: its normalizing func-
tion is such that using expression (2) with x, =

VP(XPYD/AnP(X)(1 = P(Y"), y; = 0, x5 =
(vP(X")P(Y")//nP(X")P(Y"))x, and y, = 0 s0

E,, (x)

\/P () P(') if X f Y
)Py e e
Mx if X disfavors Y.

P (XN P (Y o

(17) Piatetsky-Shapiro: its normalizing function is such
that using expression (2) with xp = 1/nP(X")(1 -
P(Y"), y; = 0, x4 = 1/nP(X")P(Y'), and y; = 0
o

E,, (x)

1

nP (X’% (1- P(Y’))x’

nP(X")P(Y") ®

if X favorsY (22)

if X disfavors Y.

(18) Cosinus: its normalizing function is such that using

expression (2) with x, = VP(X"P(Y")/P(X"( -
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PY")), y; = -PX)/1 - PY)), x4 =
VP(X")P(Y")/P(X")P(Y"), and y,; = -1 s0
Fp (%)
P(X")P(Y") P(x)
_ P(X’)(I—P(Y’))x_ TSPy if X favors Y (23)
\P(X")P(Y")
-1, if X disfavors Y.

PXNP(Y)

(19) Loevinger: its normalizing function is such that
using expression (2) with x; = 1, y; = 0, x; =
(1-P®Y")/P(Y"),and y,; = 0 so

X, if favors Y

1-P(Y") (24)
———*x, if X disfavors Y.
P(Y")

E, (x)=

(20) Cohen ou Kappa: its normalizing function is such
that using expression (2) with x §= P+ P(Y') -
2P(X)P(Y')/2P(X")(1 - P(Y")), yp = 0, x4 =
(P(X")+P(Y")-2P(X")P(Y"))/2P(X")P(Y"),and y, =
0so

Fyy (x)

P(X)+P(Y')-2P
_ 2P(X")(1-P
P(X')+ P

P(¥')-2

2P (X") P (Y’

x, if X favors Y (25)

x, if X disfavors Y.

(21) Addiction: its normalizing function is such that
using expression (2) with Xp= 1/(1 - PY")), yf=0,
x4 =1/P(Y'),and y,; = 10

1

— X
an (x) = ! _1P(Y ) (26)

PO
(22) Novelty: its normalizing function is such that using

expression (2) with Xp = 1/P(X")(1 - P(Y")), y5 =0,
X4 = 1/P(X")P(Y"), and yg=0s0

1
PEO “P(Y)”

an (X) = (27)

P(XN P

(23) Czekanowski-Dice ou F-measure: its normalizing
function is such that using expression (2) with
xp = (P(X) + POY)2PX)(1 - P(Y"), ys =

—2P(X")P(Y")/2P(X")(1 - (P(Y")), x; = (P(X) +

P(Y")/2P(X")P(Y'), and y,; = -1 so
E, (x)

P(x")+P(Y") 2P (X")P (Y’

_Jpeoy(a-p)” Py -(e(y) @Y
Px)eP(r)
2P(X") P(Y")

(24) Relative risk: its normalizing function is such that
using expression (2) with xp = (P(Y" - P(X')/( -
P(Y"), y; = =(P(Y") = P(X')/(1 = P(Y")), x4 = 1,
and y; = -1so0

P(Y')-P(X')
Fp(x) = 1-P(Y)
x -1,

P(Y")-P(X')
-P(Y) (29)

(25) Negative reliability: its normalizing function is
such that using expression (2) with xp =1 /P(X),
yp==(1=PX")=PY")+ P(Y)P(X")/P(X")(1 -
P(Y"), x; = (1 - P(Y"))/P(X")(Y'),and y,; = —(1 -
P(x") - P(Y") + P(Y")P(X")/P(X")P(Y') so

F,, (x)

1 1-P(X')-P(Y')+P(Y")P(X')
BN PIX)(1-P(1) (30)
1-P(Y) 1-P(X')-P(Y)+P(Y')P(X)
PO () PO P(Y)

Researches out on the expressions of measurement normal-
izing functions prove that certain measures have identical
normalizing functions, leading to what state the theorem
below.

Theorem 3. (i) All measures having the same baseline
(Ximps Xind> Xinc) have the same normalizing function.

(ii) All measures affine normalizable are homographic
normalizable, but the converse is false.

Proof. (i) Suppose the four possible forms of F,,.

(a) u is affine normalizable:

XX+ if X favors Y
xXEVe
(x) = (31)
xgx + vy, it X distavors Y
with
1
Xp= ———,
! Ximp ~ Xind
1
Yr= ‘mxmw (32)
m, 11
1
Xgq =
Xind ~ Xinc
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and
: (33)
Ya= " Xind
Xind = Xinc "
so we have
F,, (x)
1 1 .
x - Xy if X favors Y (34)
— ximpl_ Xind ximpl_ Xind
x - X;g  if X disfavors Y.

Xind ~ Xinc Xind ~ Xinc

(b) u is to right semihomographic normalizable:

in the c ase where x;,, = +o0o, that is to say,
limx_)Jroo(xf/(x + m)) = 0, the expression is
used:
x
+Yf if X favoris Y
Fug(x)=1x+m (35)
XgX + Vg» if X disfavors Y
with
Xp=— (x +m),
yr=1 (36)
1
xd =
Xind = Xinc
and
Ya= -k 37)
A= " o Xind
Xind ~ Xinc "
o)
Fshnd (-x)
Kind ¥ 1, if X favors Y (38)
=1 1" 1
X+ Xipe»  S1 X disfavors Y.
Xind = Xinc Xind ~ Xinc

(c) u is to left semihomographic normalizable: in
the case where x;,,, = —oo; that is to say,
lim, ,_(x¢/(x;c + m)) = 0. This time we use the

following expression:

XX+ Y if X favors Y
F, (x) = (39)
shng Xa_ yg if X disfavors Y
x+m
such that
N
f ximp - xind ’
1 40
Y= T Xinad> (40
ximp — Aind

Xd = Xind +m

Applied Principles of Mathematical Analysis

and
Ya=-1 (41)

SO

Fshnd (X)

1 1
X = Xind>

= 4 Ximp = Xind Ximp ~ Xind
X;q + M . .
Zind T, if X disfavors Y.

if X favors Y (42)

X+m

(d) p is homographic normalizable:

in the case where x;,. = —00, x;,,, = +00 and x;,,; €
R*; that is to say,
*f
lim =0 (43)

XXy

and

x
lim -
x—=cox;  + M

= 0. (44)

Here we use the following expression:

x
=4 yp> if X favors Y
By () = { ¥ (45)

o, He si X disfavors Y
where
X == (X +m),
yr=1 (46)
Xg = (Xjug +m)
and
Ya=-L (47)
)
_ Xing ¥ 1 +1, if X favors Y
Fpy(x)= 1 x. X5 (48)

X, o +m ) )
Zind T 1, if X disfavors Y.
xX+m

(ii) (a) It is seen that if x € R and (x + m) € R”,
then the four terms of the function of normalizations are
well defined; therefore, there is no problem for calculating the
normalization coefficients.

(b) We see that if x = o0, then we can always get a
projective application R in R for the functions F,,,, Fug»
and F;,,, . and therefore the four coefficients of normalization
are always calculable; by constraint, if x = oo, then you can
never get a projective application over the interval R in R for
the function F,,; therefore, we can not calculate these four

coeflicients. The theorem is stated. O

Table 1 recalls the respective definitions of the various
measures.
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4. Conclusion and Perspectives

This study showed that normalization of probabilistic quality
measures with a homographic homeomorphism is more
powerful than the normalization homeomorphism refines
initiated by André Totohasina. Indeed, we showed that any
measure affine-normalizable is homographic normalizable,
while the converse is false. Besides, this work has explained
the process of normalization by homographic function and
combination with an affine function by trying to sweep the
present main measures in the literature with the aim of a
presentation easier to understand. The database has several
branches; the purpose of this research is the normalization
of quality measures. We always say, in the context of the
database, the study on association rules knows an important
development, added to the measures called interest; yet
probabilistic quality measures have an important place in the
context of data mining. Thereafter, the probabilistic measure
of quality and its normalization must be complement. As
shown by research on normalization probabilistic quality
measures realizing the normalization operation requires
passing through a relatively complex theory. We can consider
several possible ways to carry out its standardization process.
In our opinion, the use of normalizing function seems the
simplest way.

In future work, we understand the positive impact of con-
sideration of these normalizing functions in the development
of the bases of the rules in search of binary data.
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A sequence {¢,} in a Hilbert space 7 with inner product < -,: > is called a generalized Riesz system if there exist an ONB e = {e,}
in # and a densely defined closed operator T in # with densely defined inverse such that {e,} ¢ D(T) n D((T™")*)and Te, = Q>

n= 0)1,...

,and (e, T) is called a constructing pair for {¢,} and T is called a constructing operator for {¢,}. The main purpose of

this paper is to investigate under what conditions the ordered set C,, of all constructing operators for a generalized Riesz system
{¢,} has maximal elements, minimal elements, the largest element, and the smallest element in order to find constructing operators

fitting to each of the physical applications.

1. Introduction

Generalized Riesz systems can be used to construct some
physical operators (non-self-adjoint Hamiltonian, general-
ized lowering operator, generalized raising operator, number
operator, etc.) [1-3]. Then these operators provide a link to
quasi-Hermitian quantum mechanics, and its relatives. Many
researchers have investigated such operators both from the
mathematical point of view and for their physical applications
[4-9]. Let {¢,} be a generalized Riesz system with a construct-
ing pair (e, T). Then, putting wnT = (T"l)*en, n=01-"-,
{p,} and {1,//: } are biorthogonal sequences, that is, < ¢,
yr >=38,,,m,m = 0,1,---. For any {a,} ¢ € we can define
the operators: H(‘;‘ = TH;"T_I, A‘z‘p = TA‘;T_I, and Bg =
TBT ™', where HY = Y20 at,e,®€,, A% == Y00 0,416,141 ®C,,
and B = Y0 ,,1€,,1 ® €, are standard self-adjoint Ham-
iltonian, lowering operator, and raising operator for {e,, }, respec-
tively, where for x, y € #, (x® ) =< &, y > x,& € . Since

Hy 9, = a,@y,
a 0, n=20
ALP, = @)
&Py, N = 1,2,---
Bg(Pn =0 1Py, N=0,1000,

H2, A% and B are called the non-self-adjoint Hamiltonian,
the generalized lowering operator, and the generalized raising
operator for {¢,}, respectively. The physical operators of the
extended quantum harmonic oscillator and the Swanson
model are of this form (see Examples 9-11 in Section 3).

From this fact, it seems to be important to consider
under what conditions biorthogonal sequences are general-
ized Riesz systems and in [1-3] we have investigated this
problem. In this paper, we shall focus on the following facts:
physical operators defined by a generalized Riesz system {¢, }
depend on constructing pairs; for example, their operators
may not be densely defined for some constructing pairs. On
the other hand, if there exists a dense subspace & in # for
a constructing pair (e, T) which is a core for T' such that
HYZ ¢ 9,A%9 ¢ 9,and BiD C 2, then they have an
algebraic structure; in detail, the O-algebra on 9 is defined
by the restrictions of the operators A‘("P and Bg to @ [10]. Thus
it seems to be important to find a constructing pair fitting
to each of the physical applications. From this reason, in this
paper we shall investigate the properties of constructing pairs
for a generalized Riesz system.

In Section 2, we shall investigate the basic properties of
constructing operators. Let {¢,,} be a generalized Riesz system
with a constructing pair (e, T). The constructing operators for
{g,} are unique for the fixed ONB e in # if {¢,} is a Riesz
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basis; that is, T'and T~ are bounded, but they are not unique
in general. So, we investigate the set C, , of all constructing
operators for e. In Proposition 1, we shall show that it is
possible to fixan ONBe = {e,} in # without loss of generality
for our study in this paper. Hence, we fix an ONB e in # and
denote C, , by C, for simplicity. We consider the following
problem: Is any sequence {y,} which is biorthogonal to {¢,} a
generalized Riesz system?
Here we put

cy = {T €Cpi(T™) e, = vy, n= 0,1,...}- 2)

Then we shall show in Proposition 5 that if Cf;] # 0, then {y,}

is a generalized Riesz system and (e, (T~')*) is a constructing
pair for {y, } for every T € Cg, and the mapping

TeC)— (T7") ec) (3)

is a bijection, where C
for {y,} and

y is the set of all constructing operators

cy ={KeC, (K e,=g, n=01}. @
Furthermore, we shall show in Proposition 6 that if there
exists a bounded operator T in C,, then C, = {I;} and
Cy =T},

In Section 3, we shall consider the ordered set C, with
order C and investigate under what conditions the ordered set
C, has a maximal element, a minimal element, the smallest
element, and the largest element. First we have shown that
if D, := linear span {¢,} is dense in #, then C, = ng and
there exists the smallest element of C,, and furthermore if
D, and D(¢) = {x € #; Z,i“;ol <X @ > |* < oo} is dense
in #, there exist the smallest element of Cq) and the largest
element of Cg , and in particular, if {¢,} and {y,} are regular
biorthogonal sequences in &, that is, both D(P and Dw are

. _ N _ N
dense in %, then Cq) = C(P ) CV/ = Cw ,and C(P has the smallest

element and the largest element. Next we shall consider the
case when D, is not necessarily dense in 7. In Theorem 14,
we shall show that for a subset # of C, if there exists a closed
operator A in # suchthat T ¢ Aforall T € &, then & has
a maximal element, and furthermore, if there exists a closed
operator B in 7 such that (T™)* c Bforall T € &, then &
have a maximal element and a minimal element.

For the existence of the smallest element of C, and of the
largest element of Cq), we shall show in Theorem 16 that if
there exist closed operators A and Bin # such thatT" ¢ Aand
(T™Y* c Bforall T € Cy» then Cy has the smallest element
and the largest element. Furthermore, for a biorthogonal
pair ({¢,}, {y,,}) of generalized Riesz systems satisfying Cy =
Cg and C,, = Cg , we shall show in Theorem 18 that C,
and C,, have the smallest element and the largest element,
respectively, if and only if there exist closed operators A and
Bin # such that T ¢ Aand K ¢ Bforall T € C
and K € C,,. These results seem to be useful to find fitting
constructing operators for each physical model because every

closed operator T"in # satisfying Tg ¢ T ¢ Ty belongs to C,,
where Ty is the smallest element of C,, and T} is the largest
element of C,,.

2. The Basic Properties of
Constructing Operators

In this section, we shall investigate the basic properties of
constructing operators. Let {¢,,} be a generalized Riesz system
with a constructing pair (e, T). It is easily shown that if {¢,}
is a Riesz basis, then the constructing operator T for {¢,}
is unique for e (see Proposition 1 in detail). But, in general,
the constructing operators for {¢,} are not unique, and so we
put

Cep = {T; (e, T) is a constructing pair for {p,}}. (5)

First, we investigate the relationship between C,, and Cy ,
for the other ONB f = {f,} in #.

Proposition 1. Let T € C,, and f = {f,} be any ONB in 7 .
Then the following statements hold.

(1) (f, TU") is a constructing pair for {p,}, where U is a
unitary operator on ¥ defined by Ue,, = f,, n=0,1,---, and

Cpp=1{TU" TeC,,}. (6)

(2) For the non-self-adjoint Hamiltonian, the generalized
lowering operator, and the generalized raising operator for {¢, },
we have

TH,T ™' = TUHJUT',
TAST™' = TU ASUT™, 7)
TB{T™' = TU"BUT .

Proof. (1) This is almost trivial.
(2) This follows from

D(H$) =UD (Hy),

H; =U"H{U,
D(A})=UD(43), o
A% =U"A%U,
D(B}) =UD(B]),
Bg =U"B}U.
O

By Proposition 1, we have the following.

Corollary 2. Let T € C,, and T* = U|T"| be the polar

decomposition of T*. Then f = U"e is an ONB in % and
IT*| = TU € Cy,,. Furthermore, we have

THST = [T H |
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TAST™' = |T*| A% |,
TBYT = |T7| B} |T*[ .
)

Thus we may fix an ONB e = {e,} in # without loss
of generality for investigating the properties of C,,, and so
throughout this paper, we fixan ONB e in # and denote C, ,
by C,, for simplicity. Next we consider the following problem:
Suppose that ({¢,.}, {y,.}) is a biorthogonal pair such that {¢,}
is a generalized Riesz system. Then, is {y,,} also a generalized
Riesz system?

Let T € C, and vl = (T""e,, n = 0,1,---. Then
({g,}, {wl}) is a biorthogonal pair and {y} is a generalized
Riesz system with a constructing pair (e, (T™H*). If ‘/’Z =
Y, n = 0,1---, then {y,} is a generalized Riesz system
with a constructing pair (e, (T™H*). But, the equality wnT =
(T™")*e, = y,, n = 0,1,--- does not necessarily hold. To
consider when this equality holds, we define the operators
T(g, o Tye» and T, , for any sequence {g,} in Z as follows:

0o _ . 0,
T, = the linear operator defined by T, ¢, = ¢,

n:o)l)...’

00
Ty = Z% ®E, (10)
n=0

(o]
Tw = Zen P,
n=0

These operators have played an important role for our
studies [3] and also in this paper. By Lemma 2.1, 2.2 in [3]
we have the following.

Lemma3. (1) Tg,e and T, are densely defined linear operators
in # such that

0
T(p,e > T(p,e’

) ()
Tpeen=Toeln =9, n=01,---.

pen
(2) D(T,,) = D(¢) = {x € #; Y20 | < x,9, > | < 0o}
and (Ty )" =T, =T,
(3) Tg’e is closable if and only if T, , is closable if and only
if D(g) is dense in . If this holds, then

Ti,e = ip:e = (Te:w)* : (12)

From now on, let ({¢,}, {y,}) be a biorthogonal pair.

Lemma 4. Suppose that {@,} is a generalized Riesz system and
T € C,. Then the following statements are equivalent.

)yl = (T e, =y, n=0,1,---.
(ii) D, < D(T*).

If this holds true, then T is called natural.

Applied Principles of Mathematical Analysis

Proof. (i)==(ii) This is trivial.
(ii)=>(i) By definition of Tg,e, we have Tg’e c T.
Furthermore, by Lemma 3, (2), we have

T < (Ty,) =T,, (13)

Take an arbitrary n € N U {0}. Then, since

<T(2,eek’ 11[/n> = <(Pk’ l//n> = 6kn = <ek’en> (14)

fork = 0,1,---, we have y,, € D((Tg,e)*) = D(T,,) and
Te oYy = €, Hence it follows from (13) that

Ty, = Toy¥, = €, (15)
Thus, we have

Vu=(T")"e, =y, (16)
This completes the proof. O

We denote the set of all natural constructing operators for
{9} by C); that is,

CN = {T € Cophm (T e =y = 0,1,...}. 1)

Then we have the following.

Proposition 5. Suppose that {¢, } is a generalized Riesz system.
Then the following statements hold.
(1) Ifcg # 0, then {y,} is a generalized Riesz system and
(e, (T™")*) is a constructing pair for {y,} for every T € Cg.
(2) Suppose that {y,} is also a generalized Riesz system and
put

Cy = {K; (e,K) is a constructing pair for {y,}},
Cy (18)
= {K € Cy; (p,If = (K_l)*en =@, n= 0,1,---}.
Then the mapping

TeC)— (T7") eC) (19)

is a bijection.
(3) Suppose that T, € Cg and T € C, satisfying T C T, or
Ty ¢ T.ThenT € Cg. Similarly, suppose that K, € Cg and

K € C,, satisfying K ¢ K or Ky ¢ K. Then K € Cg.

Proof. The statements (1) and (2) are easily shown.

(3) Suppose that T' ¢ T,. Then, since (To’l)* c (T™H*, it
follows that ,, = (T;")*e, = (T"")*e, = v, n = 0,1,---,
which implies that T' € Cf:. Similarly, we can show T € Cf: in
case that T, ¢ T and can show K ¢ CI‘;] in case that K ¢ K|
or K, ¢ K. This completes the proof. O
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As for the uniqueness of constructing operators for a
generalized Riesz system we have the following.

Proposition 6. Let {¢,} be a generalized Riesz system. Then
the following statements hold.
(1) Suppose that {¢,} is a Riesz basis, then {y,} is also a
. . T _ -1 T _ -1
Riesz basis, C, = {TW} = {Te,w} and Cy = {TW} = {Tw}'
(2) Suppose that D, and D(g) are dense in . Then we

have the following.
(i) If there exists an element T, of C,, such that T, is

bounded, then C, = {Ty} = {T,.} and C; = {(T5")"}
{Togt

(ii) If there exists an element T, of C, such that T, i
bounded, then C, = {(To_l)*} = {Tw,e} and Cg = {T,}
{T;}V}.
Proof. (1) Since {g,,} is a Riesz basis, there exists an element T},
of C, such that T and T ! are bounded, which implies that
T:nzihfﬁcémdﬂﬂf:Cmbﬂﬁmxzﬂ$&r
allT € C,,.

(2) (i) Since Tq,,e C Tyand T, is bounded; we have Tq,,e =
T,. Take an arbitraryz € C,. Then, since ip e C T and T(P’e
is bounded, we have T, = T. Thus, C, = {T,.}. We show
CI‘;I = {T;;}. Take an arbitrary K € Cg. Since (K_l)*en =
¢, = ip)een and ip,e is bounded, it follows that (K™')* = T(P,e,
which implies K = T, ;,. Thus, Cf;f ={T, ;,}.

(ii) This is similarly shown. O

v

3. Ordered Structures of C 0

In this section, we shall consider the ordered set C,, of all
constructing operators for a generalized Riesz system {¢,}
with order C and investigate when C,, has maximal elements,
minimal elements, the largest element, and the smallest
element. The following result gives a motivation to study the
ordered structures of C,,

Lemma 7. Suppose that T,S € C, and T C S. Then, for any

linear operator A such that T ¢ A C S, the closure A of A
belongs to C,,.

Proof. This is trivial. O

For biorthogonal sequences satisfying density-condi-
tions, we have the following.

Proposition 8. The following statements hold.
(I) Suppose that D, is dense in F. Then, {gp,} is a

generalized Riesz system and C,, = CN, and ip,e is the smallest
element_olf 9, Furthermore, supposeN that D(¢) is dense in .
Then, T, , is the largest element of C,,.

(2) Suppose that D, is dense in . Then, {y,} is a
generalized Riesz system and C,, = Cg , and T%e is the smallest
element in C,,. Furthermore, suppose that D(y) is dense in Z .
Then, T, ;/ is the largest element in C,,.

(3) Suppose that ({g,}, {y,,}) is regular; that is, both D, and
D, are dense in . Then, {¢,} and {y,} are generalized Riesz

_ N _ N T

systems and C, = C; and C,, = C,/, and T, , is the smallest
. =1 . . -1 .

element in C,, T, , is the smallest element in C,,, T, , is the

largest element in C,,, and Te_;, is the largest element in C,,.

Proof. (1) We can show using Lemma 3 that {¢,} is a
generalized Riesz system with a constructing pair (e, T,)

and the constructing operator ip)e for {¢,} is the smallest
element in C,. For more detail, refer to [3]. Furthermore,
a sequence {y,} which is biorthogonal to {¢,} is unique. In
fact, let {y,} and {y|} be any sequences in # which are
biorthogonal to {¢,}. Then, since < v,,¢, >= §,, =<
v, ¢, >forn,m=0,1,--- and D, is dense in #, we have

v, = y, for every n = 0,1,---. We show C, = Cf:. Take
an arbitrary T € C,,. Then, {w} is biorthogonal to {p,}. By
the uniqueness of biorthogonal sequences to {¢,}, we have
v' = y, n = 0,1,---, which implies that T € Cf: and

_ N -
Cy = C, . Suppose that D, and D(¢) are dense in #. We

show that T, ;) is the largest element in CI‘;I . Since D(T,, ;J) =
-1 .
T,oD(T,y) 2 T,,Dy, = D,, T, is a densely defined closed
operator in %, and since D(T,,) = D(¢), it has a densely
defined inverse T, ,. Furthermore, since T, ,y, = e, n =
—1 -1

0,1L,---,y, = Te,(pen, n=0,1,---. Thus we have Te,(p € CW'

A —1\—1\* _ ek _ T . -1 N
Since ((Te’(P) ) = TW = Tq,,e € C, it follows that Tw € CW.
Next we show that Te_’é) is the largest element in Cg . Take an
arbitrary K € CI‘;]. Then (K™)" € C,» and so (KYHY'e, =g,
n=0, 1,..-.HencewehaveT¢)e C (Kil)*.ThusK C Tf(;,and

e,
soT, ;, is the largest element in Cg .
(2) This is proved at the same way as (1).
(3) Since D(¢) > D,, and D(y) > D, it follows that D(¢)
and D(y) are dense in 7, which implies by (1) and (2) that
the statement (3) holds. O

Here we give some physical examples. Let {f,}, n =
0,1,---, be an ONB in LZ(R) consisting of the Hermite
functions which is contained in the Schwartz space §(R) of
all infinitely differential rapidly decreasing functions on R.
We define the moment operator p and the position operator

g by

D(p)
:= the set of all differentiable functions f on R such that
b e rm, (20)
dx
- Y
(pf) ) =i, feD(p)
and
D(q) = {f e L’ (R); J |xf ()| dx < oo]»,
- (21)

(af) (%) =xf(x), feD(q).
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Then p and g are self-adjoint operators in L*(R) and &(R)
is a core for p and ¢, and furthermore pS'(R) ¢ S(R) and
q8(R) ¢ S(R), and [p,q] = pq - qp = —i1 on S(R). Next
we define the standard bosonic operators a, a' by

a=%<q+ip>,

. (22)
T _ g
a = ﬁ(q ip).
Then,
0, n=>0
af, =
{ﬁfm n=12:-, (23)

a'f,=Vn+1f,, n=0,1,--
and [a,a'] = T on S(R).

Example 9 (the extended quantum harmonic oscillator). The
Hamiltonian of this model is the non-self-adjoint operator,
introduced in [11, 12],

Hg = g(p2 +q2) +iV2p = fa‘a+ (a—aT)+ Eﬂ,

2 (2
B> 0.
We put
1P’
®) 2 V2\ P v
%ﬁ = /P f (x _ 7) = € A2 /ﬁ) (25)

Then, 9! € S(R) and ¢ = EUQP)f, = &V,
where U(1/f) is a unitary operator defined by U(1/p) :
e/Pa"-a) _

e ?/P¥P Hence we can define a sequence Qg
{q)(ﬁ)} in S(R) by

B) .~ 1<aT+ ) B n=1,2,---. (26
(Pn \/ﬁ ﬁ 900’ > & )

Similarly, we define a sequence y; = {1//,(1’3)} in S(R) as

follows:

2 V2
w(()ﬁ) = 61//3 fO (X + ? N

® _ 1 ®
l//n \/ﬁ(d B) WO >

Then {(p(ﬁ )} and {1,(/(’3 )} are regular biorthogonal sequences in
L*(R) which are generalized Riesz systems with constructing

pairs ({f,,}, @' a)lp )and ({f,,}, e~ @ +a)p ), respectively, and

A,, = e fae@F = g - L

(27)
n= 1)2)...

(28)

E«pﬁ = elaa)lBgte-@+alp = g 4 =

By Proposition 8, T, oof 18 the smallest constructing operator

and wa is the largest constructing operator for {(p(ﬁ)} and

Applied Principles of Mathematical Analysis

(a*+a)/p -1
T%)f C e C Tf,w

constructing operator and T

K Similarly, T%) £ is the smallest
_1 . .
g 1 the largest constructing

operator for {w(ﬁ)} and T C e*(a*#l)/ﬁ C T},I(Pﬁ

The following example is a modification of the non-
self-adjoint Hamiltonian Hy in Example 9 exchanging the
momentum operator p with the position operator g.

Example 10. We introduce a non-self-adjoint Hamiltonian

H' :=E 2+ )+ V2ig=Bata+i(a+a’ +E,
p=5(P"+q')+ Vaig=p (a+a)+3 29)
B>0.
We define sequences (pﬁ {gon} and ‘Vﬁ {1;/ }in S(R) as
follows:
—(i/B)a’
Py =e v fo>
(30)
/ T
=—\a + , n=1,2
(Pn W< ﬁ) (pO
and
vy = F el g,
(31)

PN L WA
ll/n-—m<a ﬁ) Yoo n=12,---.

Then (p;; and 1[/;3 are regular biorthogonal sequences in
L*(R) which are generalized Riesz systems with constructing
pairs ({f,},T) and ({f,}, T, respectively, where T =
e WP ¢liIPa and T~ = e~ (1PagliIPa’  and TaT! = a + i/,
Ta'T' =a" +i/B, T 'aT =a—i/B,and T"'a'T = a' —i/B.

Example 11 (the Swanson model). The Swanson Hamiltonian,
introduced in [11, 13], is a non-self-adjoint Hamiltonian

H, %(p +q)—%tan26(p2—q2)
=ala+ étan 20 (a2 + (aT)Z) + %ﬂ, (32)
o

We define sequences ¢, = {(p(e)} and g, = {1//(9)} in L*(R) as

follows:

0 ._ i(tan 6/2)(a’)?
? COZ B
k=0

< 2k - 1)
= Cokzo (~itan 6)" \/ ( (zk)”) Fors (33)

©)

1
P\ \/ﬁ(

cosBa’ +isin Ba) ©)
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and

(o)
) _ i(tan 6/2)(a")?
Yy =dy Ze fo
k=0

= 2k - 1)!!
= dOkZ:(:) (i tan 0)* \/((ZT!!)ka’ (34)

©®._ 1 t_ o\ O
" =T (cos@a 1s1n0a) Yy s
where (2k)!! = 2k(2k — 2)---4 -2, 2k — DI = (2k —
1)(2k = 3)---3 - 1, and ¢, and d,, are constants satisfying
< (p(()e), 1;/(()6) >= 1. Then ¢, and v, are regular biorthogonal
sequences in L*(R) contained in &'(R) which are generalized
. 2 2
Riesz systems with constructing operators Ty = ¢"@/?@ ~@)
and T, ", respectively. For the generalized lowering operator
Ag = TpaT," and the raising operator By = Tpa'T,", we
have
Ag = (cosB)a+i(sinf)a,
(35)
By = (cosB)a’ +i(sin6)a.

By Proposition 8, T, ¢ (resp., Ty, ¢) is the smallest con-
structing operator and Tv_/el,f (resp., T(;gl’f) is the largest
constructing operator for @ (resp., y¥,) and every closed
operator T (resp., K) in LA(R) satisfying T%’f c T c
Tu’,g1 £ (resp., ng, fCKc T(;el, f) is a constructing operator
for @, (resp., ).

All physical models discussed above are regular cases, but
it seems to be mathematically meaningful to study nonregular
cases and furthermore the studies may become useful for
physical applications in future. Let {g,,} be a generalized Riesz
system. First we investigate under what conditions C,, has
maximal elements and minimal elements.

Let C be a totally ordered subset of C,,. Then, it is easily

shown that (T_l)*en = (S_l)*en,n =0,1,---,foranyT,S € C.
Hence we may put

y$=(T") e, TeC n=01,--.  (36)

We have the following statements.

Lemma 12. Let C be any totally ordered subset of C,. The
following statements hold.

(1) Suppose that NpcD(T™) is dense in F. Then there
exists an upper bounded element G of C.

(2) Suppose that NpR(T') is dense in . Then there exists
a lower bounded element S of C.

(3) Suppose that NpcD(T™) and NyR(T) are dense in
Z . Then for every linear operator A such that S ¢ A C G, the
closure A of A belongs to C,

Proof. (1) We put

D@G) = D),
TeC (37)
Gx =Tyx, x¢€D(G),

where T}, is an operator in C whose domain D(T},) contains x.
Since C is totally ordered, it follows that D(G) is a subspace
in # and Tx = Tyx for any operators T, T,, in C whose
domains contain x. Hence, G does not depend on the method
of choosing T) € C whose domain contains x. Thus G is a
well-defined densely defined linear operator in # such that
T c Gforall T € C. We show that G is closable. Indeed, we
may show

(1D(1%)=D(G"),
TeC (38)
Gy=T;y
where T, € C whose domain D(T,) contains x. Take an
arbitrary y € Ny cD(T™). Then, we have

(Gx,y) =(Tox.y) = (% Ty y) (39)
for all x € D(G), where T, € C whose domain contains x.
Hence, y € D(G*) and G*y = T, y. Since T ¢ G for all
T € C, D(G") C NpeeD(T™) is trivial. Thus, (38) holds. By
(38) and the assumption of (1), D(G") is dense in %, that is, G
is closable. Next we show that G has a densely defined inverse.
Suppose that Gx = 0, x € D(G). Then Tyx = 0 for some
T, € C, and so x = 0 since T, has an inverse. Thus G has
an inverse. Since R(T) C R(G) and R(T) is dense in & for
all T e C, it follows that the inverse of G is densely defined,
which implies that the closure G of G has a densely defined

closed operator in % such that G > T for all T € C. Finally
we show

{e <D(G)nD((G")),
Ge, =¢, n=0,1,---.

Clearly, {e,} ¢ D(T) € D(G) for all T € C. Next we show that
for any n there exists an element y,, of Ny D(T™) such that

e, =T"y, (41)
for all T e C. Indeed, take an arbitrary T € C. Since e, €
D((T*)™!) = R(T™), there exists an element yz of D(T™) such
thate, = T*y!. Letany T' € C. Since C is totally ordered,
either T' ¢ T or T ¢ T’ holds. Suppose that T' ¢ T. Since
T* c (T")*, it follows that y”, yzl e D((T")*) and

n

(1) yF =Tyl =e, = (T') 5T, (42)

(40)

which implies that y! = y! " since (T")* has inverse. The
equality y! = y© "is similarly shown in case that T ¢ T'.
Hence, we have that y, = y! € NpcD(T*) and T*y, = e,
forall T € C. Thus (41) holds. By (38) and (41) we have e, €
R(G*) = D((G*)™"). Furthermore, we have Ge, = Te, = ¢,,,
n=0,1,-- forall T € C. Thus we have G € Cy and G is an
upper bounded element of C.
(2) We put
D(S) = NpecD(T),

(43)

Sx=Tx, xeD(S),

where T is any element of C. Since {e,} ¢ NpoD(T) and
T,x = T,x for all x € Np.D(T), S is a well-defined densely
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defined closed operator in # such that S ¢ T forall T € C.
Hence, it is sufficient to show S € C_ . Since S c T forallT € C
and T has the inverse, S has the inverse. Furthermore, we may
show

R(S) = NpecR(T). (44)

In fact, take an arbitrary y € NpoR(T). Since C is totally
ordered, there exists an element x of D(S) = NyD(T) such
that y = Tx for all T e C. Hence, y = Sx € R(S). The
inverse inclusion R(S) € Np.R(T) is clear. Hence (44) holds.
By the assumption and (44), R(S) = D(S7Y) is dense in Z.
Furthermore, since {e,} ¢ D(T) for all T € C, we have
{e,} ¢ D(S) and Se,, = Te,, —(pn,n—Ol .Since S c T, it
follows that {e,} ¢ D((T" ) e D(sH™). Thus, §eC, and
it is a lower bound of C.

(3) This follows from (1) and (2). O

For a subset # of C,,, we put

F,={(17")"s TeF}. (45)
Then we have the following.

Lemma 13. Let & be a subset of C,. Then, T, is a maximal
(resp., minimal, the largest and the smallest) element of F if
and only if (Ty")* is a minimal (resp., maximal, the smallest
and the largest) element of F.,,.

Proof. Suppose that T is a maximal element of #. Take an
arbitraryK € #, satistying K C (T,")*. Then we have that
K = (T"")* forsomeT € Fand T, c T, wh1ch 1mp11es
by the maximality of T, that T = T, and K = (T,")*. Thus,
(T, "* is a minimal element of & . Furthermore, we can
similarly show that if (T} * is a minimal element of & W then
T, isa maximal element #. The other statements are similarly
shown. O

Theorem 14. Let F
following:

be a subset of C,. Then we have the

(1) The following statements are equivalent:

(i) F has a maximal element.

(ii) There exists a closed operator A in F such that
TcAforalTe%.

(iii) #,, has a minimal element.
(2) The following statements are equivalent:

(i) F has a minimal element.

(ii) There exists a closed operator B in F such that
(T™M)* c BforallT € &.

(iii) #,, has a maximal element.
(3) The following statements are equivalent:

(i) # has a maximal element and a minimal ele-
ment.

(ii) There exist closed operators A and B in I such
that T ¢ Aand (T"")* c BforallT € &
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(i) #,, has a maximal element and a minimal
element.

Proof. (1) (i)==(ii) This is trivial.

(ii)==(i) Suppose that there exists a closed operator A
in Z such that T ¢ A forall T € . Then for any totally
ordered subset C of & we have D(A™) C (o D(T™). Hence,
it follows that (). D(T™) is dense in &, which implies by
Lemma 12 that & has an upper bounded element. By Zorn’s
lemma, # has a maximal element.

(i) (iii) This follows from Lemma 13.

(2) (i)=>(ii) This is trivial.

(ii)==(i) Suppose that there exists a closed operator A
in Z such that (T"")* ¢ Bforall T € %. Then we can
similarly show that &%, has a maximal element, which implies
by Lemma 13 that # has a minimal element.

(i) (iii) This follows from Lemma 13.

(3) This follows from (1) and (2). This completes the proof.

O

We remark that the closed operators A and B in Theo-
rem 14 do not need any other conditions, for example, the
existence of inverse.

By Theorem 14, we have the following.

Corollary15. Let Ty € C, and put Fp ={T € C,; T, c T}.
Then the following statements hold.

(1) Suppose that there exists a closed operator A in F such
that T C A for all T € F. Then there exists a maximal
element of C,, which is an extension of T,,.

(2) Suppose that there exists a closed operator B in F such
that (T™Y)* ¢ B forall T € Fr, Then there exists a minimal
element of C, which is a restriction of T,

Proof. (1) By Theorem 14, & T, has a maximal element T;.
Here we show that T is a maximal element of Cy- Indeed,
this follows since T' € 9 1, for any element T of C,, satisfying

T, ¢ T. We can similarly show 2).

Next we investigate the existence of the smallest element
and of the largest element of C,,.

Theorem 16. C, has the smallest element and the largest
element if and only if there exist closed operators A and B in
I such that T ¢ Aand (T™")* c BforallT € o

Proof. Suppose that there exist closed operators A and B in
% such that T ¢ Aand (T™')* c Bforall T € C,- We define
an operator T, as follows:

D(Ty) = (] D(D),
TeC, (46)
Tox=Tx, xe€D(T,),
where T is an element of C,,. Take an arbitrary x € D(T}) and

Ty, T, € C,. Since x € D(T;), x € D(T,), Ty ¢ Aand T, C A,
we have

T)x =T,x = Ax. (47)
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Thus, T}, does not depend on the method of choosing T" € C,,,
and so T}, is well defined. Since {e,} C Nrec, D(T) = D(T), Ty
is a densely defined closed operator in # such that T;, ¢ T for
all T € C,,. Since (T™H)* c BforallT ¢ C,» we have D(B¥) ¢
ﬂTqu, R(T), which implies that ﬂTG% R(T) is dense in .
Hence, we can prove at the same way as the proof of Lemma 12
(2) that T}, is the smallest element C,,. Next we show that C,
has the largest element. Take an arbitrary T € C,,. Thenyrisa
generalized Riesz system with a constructing operator (T~")*
and K ¢ Band (K™))* c AforallK € CI\;IT' Hence, as shown
above there exists the smallest element K; of CgT ,andso K, =
(T;")* for some T, € C, and (TyH* < (TH*. Thus T ¢ T,
and T is thelargest element of C,,. The converse is trivial. This
completes the proof. O

As seen in Section 2, for a biorthogonal pair ({,}, {v,}),
the equality (T™')*e, = y,, 7 =0,1,--- does not necessarily
hold for all T € C,,. From this fact we define the notion of
natural pair of generalized Riesz systems.

Definition 17. A biorthogonal pair ({¢,}, {y,}) of generalized
Riesz systems is said to be natural, if C, = CIJ and C,, = CI‘;] ,
thatis, (T")*e, = v, forallmand T € C, and (K H*e, = 9,
forallnand K € C,,.

Theorem 18. Let ({¢,}, {y,}) be a natural pair of generalized
Riesz systems. Then C,, and C,, have the smallest element and
the largest element, respectively, if and only if there exist closed
operators A and B in F such that T ¢ A and K C B for all
T € C,andK € C,,.

Proof. This is shown using Theorem 16 for the generalized
Riesz systems for {¢,} and {y, }. O

For a generalized Riesz system {¢,}, suppose that there
exist the largest element T; of C, and the smallest element T
of C,,. Then every closed operator T in # satisfying Ts ¢ T C
T} is a constructing operator of {¢,,}, and so we can construct
all kinds of non-self-adjoint Hamiltonians THT ™", lowering
operator TA‘sz1 and raising operator TBZ‘T’1 for {¢,}. It may
be possible to find constructing operators suitable for each of
the physical models.

4. Conclusions

All the results presented in this paper are of pure mathemat-
ical nature, but we hope that they will be applied to more
physical models in future. For example, we argue that cases
like the CCR-algebras and their physical applications could
probably studied by taking suitable constructing operators for
convenient generalized Riesz systems.
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The convolution of harmonic functions, unlike the analytic case, proved to be very challenging. In this paper, we introduce dilatation
conditions that guarantee the convolution of two harmonic functions to be locally one-to-one, sense-preserving, and close-to-

convex harmonic in the unit disk.

1. Introduction

Let & denote the class of functions that are analytic in the
open unit disc D = {z € C lz] < 1} and let o'
be the subclass of o/ consisting of functions h with the
normalization 4(0) = ' (0) — 1 = 0. We let % («) denote the
class of functions h € /' so that

n! (2)
W (z)

Consider the family of complex-valued harmonic func-
tions f = u+iv defined in D, where v and v are real harmonic
in D. Such functions can be expressed as f = h + g, where
h € o and g € &/. Clunie and Sheil-Small in their remarkable
paper [1] explored the functions of the form f = h+ g
that are locally one-to-one, sense-preserving, and harmonic
in D. By Lewy’s Theorem (see [2] or [1]), a necessary and
sufficient condition for the harmonic function f = h+ 3
to be locally one-to-one and sense-preserving in D is that its
Jacobian J = |2 - | g'l2 is positive or equivalently, if and

1
Re{1+z ]»>oc; —Ega;zelD. (1)

only if h'(z) # 0in D and the second complex dilatation w of
f satisfies |w| = Ig'/h'l < 1linD.

In an interesting article, Bshouty and Lyzzaik [3] proved
the following.

Theorem 1. Let f = h + g be a harmonic mapping of D, with
H(0) # 0, that satisfies g'(z) =zW (z)and h € FK(-1/2) for
all z € D. Then f is a univalent close-to-convex mapping.

A simply connected proper subdomain of C is said to be
close-to-convex if its complement in C is the union of closed
half-lines with pairwise disjoint interiors. Consequently, a
univalent analytic or harmonic function f: D — Cis said to
be close-to-convex if f(D) is close-to-convex (e.g., see Clunie
and Sheil-Small 1] or Bshouty and Lyzzaik [3]).

Ruscheweyh and Sheil-Small in a striking article [4]
proved that the Hadamard product or convolution of two
analytic convex functions is also convex analytic and that the
convolution of an analytic convex function and an analytic
close-to-convex function is close-to-convex analytic in the
unit disk D. Ironically, these results could not be extended to
the harmonic case, since the convolution of harmonic func-
tions, unlike the analytic case, proved to be very challenging.
The purpose of the present paper is to introduce dilatation
conditions that guarantee the convolution of two harmonic
functions to be locally one-to-one, sense-preserving, and
close-to-convex harmonic in the unit disk D. In other words,
we extend Theorem 1 to the convolution of two harmonic
functions f; = h; + g; and f, = h, + g, with certain
dilatations, where h; * h, € K(w).

The operator #* stands for the convolution or Hadamard
product of two power series h,(z) = Y, a,z" and h,(z) =
Yo b,2" givenby hy(2) x hy(z) = (hy xh,)(z) = Yo a,b,2".
Similarly, the convolution of two harmonic functions f; =
hy+g,and f, = h,+g, isgivenby f, * f, = h; *h,+ g, * g,.

In regard to the convolution of harmonic univalent
functions, Clunie and Sheil-Small [1] proved the following.
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Theorem 2. If ¢ € F(0) and if f is convex harmonic in D,

then their convolution (¢ + 85) * f (le] < 1) is close-to-convex
harmonic in D.

A mapping f: D — Cis called convex harmonic if f(D)
is a convex domain.

The convexity condition for the function ¢ in Theorem 2
cannot be compromised as it is demonstrated in the follow-
ing.

Example 3. Set

2 A2\
f(Z)=h(z)+ﬁ:z_(1/2)z _((1/2)z> @

(1-2)° (1-2)°
and consider the starlike analytic function ¢(z) = z + 2" /n;

n > 2in D. Letting ¢ = 0 in Theorem 2, we observe that the
harmonic convolution

n+l ,
z 3
2n 3)

(¢(z)+(0) M) s (h(z) +ﬁ) =z+
is not even univalent in D.

In an attempt to investigate the possibilities of improving
the required convexity condition for ¢, the authors in [5]
proved the following.

Theorem 4. Let ¢ € H(0) and h € H(0). Also let w be a
Schwarz function. Then the convolution function

(maﬂazh(mm+rwmwmm}
0 (4)

|8| =1,
is close-to-convex harmonic in D.

Theorem 4 for ¢(z) = z/(1 — z) and ¢ = 1 yields
a theorem given by Bshouty et al. ([6], Theorem 2). From
what is said above, especially Example 3, one wonders if there
are other conditions that guarantee the close-to-convexity of
the convolution of two harmonic functions. In the following
theorem, we find such conditions.

Theorem 5. Leth, € /' and h, € ' so thath, + h, € H(«),
where F («) is given by inequality (1). If one of the following
conditions hold

(i) « > -1/2; g,(2) = zh,(z) and gé(z) = zh;(z),
(ii) & > 0; g;(z) = z”h;(z) and g;(z) = z"h;(z), where

nenN,

then the convolution function F(z) = h(z) * hy(z) +
91(2) * g,(2) is locally one-to-one, sense-preserving, and close-
to-convex harmonic in D.

Since the convolution of two convex analytic functions is
also convex (see Ruscheweyh and Sheil-Small [4]), an obvious
consequence of the above theorem would be as follows.

29

Corollary 6. Let h; € #(0) and h, € F#(0) and set g,(z) =
z”hi (z) and g;(z) = z”h;(z). Then the convolution function
F(z) = hy(2)*h,(2)+g,(2) * g,(2) is locally one-to-one, sense-
preserving, and close-to-convex harmonic in D.

2. Preliminary Lemmas and
Proof of Theorem 5

To prove our Theorem 5, we shall need the following three
lemmas, the first of which is a celebrated result by Clunie and
Sheil-Small [1] and the second one is given by Kaplan [7]. The
third lemma which is on subordination is a modification of
a result given by Miller and Mocanu (e.g., see [8] Lemma 1
or [9]). For functions p and g, where p(0) = g(0) = 0, we
write p < ¢ (i.e, p is subordinate to g) if there exists an
analytic function w with w(0) = 0 and |w(z)| < 1 so that

p(2) = q(w(z)) in D.

Lemma 7. (i) If g and h are analytic in D so that Ig'(O)I <
| (0)| and if h + eg is close-to-convex analytic in D for each
e (lel = 1), then the function f = h + g is close-to-convex
harmonic in D.

(ii) If h and g are analytic in D so that h € (0) and if
f = h+gislocally univalent in D, then the function f = h+g
is close-to-convex harmonic in D.

Lemma 8. A necessary and sufficient condition for the analytic
function h : D — C to be close-to-convex is that h' is
nonvanishing in D and

0, 0 H' (reie)
J Re <1 +ré s (40> -
0, W (re®) (5)

0,<0, 0<r<l.

Lemma9. IfR p(z) > 0and q(z) is analytic in D, then q(z) +
zp(z)q'(z) < z implies q(z) < z.
Proof of Theorem 5.

Proof of Part (i). The convolution function F(z) = h,(z) *
hy(z) + g,(2) * g,(z) = H(z) + G(2) is locally univalent and
sense-preserving since

9, (2) * zg5 (2)
h, (z) * zh) (z)

G ()
H' (z)

%UM%&H%@)
(1/2) hy (2) = hy ()

zh, (z) * zzh; (2)
h, (z) * zh} (2)

=lz| < 1.

Obviously |G'(0)] < |H'(0)]; therefore, in view of
Lemma 7, it suffices to prove that T (z) = H(z) — AG(z) for
[Al = 1is close-to-convex analytic in D.

We note that

T, (z) = H (2) - AG' (2)

= H'(2) - 1((1/2) g, (2) * g} (2))
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=H' (z)-1 (hl (z) = zh; (z))
=H'(2) - Az ((1/2) hy (2) * by (2))
=H'(z2)- Az (H' (2)) =(1-X2)-H' (2),

7)

and T/{'(z) =-AH'(z) + (1 - A\2)H" (2).
We also observe that T, is nonvanishing in D since
H'(0) # 0. Therefore,

Re{l +zTA (z)}

T} (2)

=Re{1+Z—AH (2)+(1-A2)H (z)} ®)

(1-2Az2)H' (2)

Az HW@}

=Req1 p
e{ a1 +ZH’(re’9)

Now, by Lemma 8 and inequality (5) for 0; < 6, < 0, + 27
and 0 < r < 1, it suffices to show that

0, ' TII reie
J Re{l+re’6M}d9> —TI. )

0, T; (re)

For z € D, one may verify (also see Bshouty and Lyzzaik [3]
p. 770) that

1 11—z
Re{ i }:——— 'le. (10)
z-1) 2 2|1-27

For z = re”?, replacing z by Az and letting { = Ar yield

Ae ] 1 11-ff 11
Re{AZ—l}_E_zleig_qZ_E_EP((6)> (11)

Z(m+1)| |gl+dh|

[, * z9]
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where P;(6) is the Poisson Kernal. It then follows that

0, i0 0,
[ Re Are? @[ Ref> -3 P @)} do
0, Are® — 1 0, 2 2

_ 6,
_ 0, -0, _ 1 j P, ) do (12)
2 2 Jo,

_ 27 _
> 22 [Th@an=20
2 2 Jo

On the other hand, since H(z) = h,(z) * hy(z) € F(-1/2),
we obtain

o H" (re® -
J ’ Re41+ re'e(—) do > u (13)
6, H' (re®®) 2

Therefore, in view of the required condition (9), we get

" i0
Jez Re {1 + reiem} do

o, T, (re®)
0, i0
- J Re (142" )40
6, Arel® — 1
0, H" (re®
+ J Re rele(—.) do
6, H' (re'?)

V00,
2 2

(14)

Proof of Part (ii). In view of Lemma 7, it suffices to show
that the convolution function F(z) = h,(z) * hy(z) +
91(2) * g,(z) = H(z) + G(z) is locally univalent and sense-
preserving in D. In other words, we need to show that

G (2)
H'(2)

<1 (15)

‘wmw*@ww
[hy (2) * by (2)]

Using the Hadamard product properties of power series,
we have

!

(2 (91 % 95)]

1> " = = =

hy * h) h} = H,

(g, * 92), +2z(g, * 92)”

[hy * Zhé]’

(g, * gz)l (hy = hz)l +z(g, * 92)” (hy * hz),

[z (/2 9, * )]
[z((1/2) b, * )]

[Z (hy hz)l],

[Z (hy * hz)l]l

(hy * hz)’ [Z (hy * hz)’]l

(g1 * 92)’ [(hl * hz)’ +z (hy hz)”] +z(g; * 92)” (hy * hz)’ -z (g, * gz), (hy = hz)”

(hy * hz), [Z (hy * hz),],

!
(g1 * 92)’ [Z (hy * hz),] +z(g) * 92)” (hy * hz)l -z(gy * 92)’ (hy * hz)”

(hy = hz)’ [Z (hy = hz)l],
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Therefore,

(91 * 92), ‘2

/ (17)
(hy = hy)

(hy hz), ((91 * 92)’ )l <z
[z (hy = hz)’]’ (hy * hy)'

On the other hand, since h, *h, € F#(0), z(h, *h,)" is starlike
or

z[z(h = hz)l]’ R . [ (hy * hz)’]’

; —>0. (18)
z (h1 * hz) (hl * hz)

Thus, in view of Lemma 9, (g,(2)* g,(2)) /(h; (2) *h,(2))' < z
or|G'(2)/H'(2)| = |[g,(2) * 9,(2)) /[, (&) xhy(2)]'| < 1. O

Remark 10. Ttisleft as an open problem whether Theorem 5(i)
can be extended to the case g,(2) = 2"h,(z) and gé(z) =
z”h;(z) ifn>1.
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Given the abstract evolution equation y'(t) = Ay(t), t € R, with scalar type spectral operator A in a complex Banach space, found
are conditions necessary and sufficient for all weak solutions of the equation, which a priori need not be strongly differentiable, to
be strongly infinite differentiable on R. The important case of the equation with a normal operator A in a complex Hilbert space is
obtained immediately as a particular case. Also, proved is the following inherent smoothness improvement effect explaining why
the case of the strong finite differentiability of the weak solutions is superfluous: if every weak solution of the equation is strongly
differentiable at 0, then all of them are strongly infinite differentiable on R.

1. Introduction

We find conditions on a scalar type spectral operator A in a
complex Banach space necessary and sufficient for all weak
solutions of the evolution equation

Yy () =Ay(t), teR, 1)

which a priori need not be strongly differentiable, to be
strongly infinite differentiable on R. The important case of
the equation with a normal operatorA in a complex Hilbert
space is obtained immediately as a particular case. We also
prove the following inherent smoothness improvement effect
explaining why the case of the strong finite differentiability of
the weak solutions is superfluous: if every weak solution of
the equation is strongly differentiable at 0, then all of them
are strongly infinite differentiable on R.

The found results develop those of paper [1], where simi-
lar consideration is given to the strong differentiability of the
weak solutions of the equation

“Curiosity is the lust of the mind.”
Thomas Hobbes

Yy ()= Ay(t), t=0, )
on [0, c0) and (0, 00).

Definition 1 (weak solution). Let A be a densely defined
closed linear operator in a Banach space X and I be an inter-
val of the real axis R. A strongly continuous vector function
y : I — X is called a weak solution of the evolution equa-
tion

Y ) =Ay@), tel, (3)

if, for any g* € D(A"),

%(y(t),g*>=(y(t),A*g*>, tel, (4)

where D(-) is the domain of an operator, A* is the operator
adjoint to A, and (., -) is the pairing between the space X and
its dual X* (cf. [2]).
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Remarks 2.

(i) Due to the closedness of A, a weak solution of (3) can
be equivalently defined to be a strongly continuous
vector function y : I — X such that, forall t € I,

t
J y(s)ds € D(A) and
to

t 5)
y(®)=y(t) +A L y(s)ds,

where t,, is an arbitrary fixed point of the interval
I, and is also called a mild solution (cf. [3, Ch. II,
Definition 6.3], see also [4, Preliminaries]).

(ii) Such a notion of weak solution, which need not be
differentiable in the strong sense, generalizes that of
classical one, strongly differentiable on I and satisty-
ing the equation in the traditional plug-in sense, the
classical solutions being precisely the weak ones
strongly differentiable on I.

(iii) Asis easily seen y : R — X is a weak solution of (1)

iff

v @)=y, t=0, (6)

is a weak solution of (2) and

y- () =y(=t), t=0, (7)
is a weak solution of the equation

y' (1) = -Ay (t), t=0. (8)

(iv) When a closed densely defined linear operator A in
a complex Banach space X generates a strongly con-
tinuous group {T'(t)},.g of bounded linear operators
(see, e.g., [3, 5]), i.e., the associated abstract Cauchy
problem (ACP)

Y () =Ay(t), teR,
y(©)=f

(9)

is well-posed (cf. [3, Ch. II, Definition 6.8]), the weak
solutions of (1) are the orbits

y®O=T@®f, teR, (10)
with f € X (cf. [3, Ch. II, Proposition 6.4], see also [2,

Theorem]), whereas the classical ones are those with
f € D(A) (see, e.g., [3, Ch. II, Proposition 6.3]).

(v) In our discourse, the associated ACP may be ill-posed,
i.e., the scalar type spectral operator A need not gen-
erate a strongly continuous group of bounded linear
operators (cf. [6]).

2. Preliminaries

Here, for the reader’s convenience, we outline certain essen-
tial preliminaries.

Henceforth, unless specified otherwise, A is supposed
to be a scalar type spectral operator in a complex Banach
space (X, | - ||) with strongly o-additive spectral measure (the
resolution of the identity) E ,(-) assigning to each Borel set §
of the complex plane C a projection operator E ,(6) on X and
having the operator’s spectrum o(A) as its support [7, 8].

Observe that, in a complex finite-dimensional space, the
scalar type spectral operators are all linear operators on the
space, for which there is an eigenbasis (see, e.g., [7, 8]) and,
in a complex Hilbert space, the scalar type spectral operators
are precisely all those that are similar to the normal ones [9].

Associated with a scalar type spectral operator in a com-
plex Banach space is the Borel operational calculus analogous
to that for a normal operator in a complex Hilbert space
[7, 8, 10, 11], which assigns to any Borel measurable function
F : 0(A) — C ascalar type spectral operator

F(A) :=J

a(

F(A)dE, (M) (11
A)

(see [7, 8]).
In particular,

A = J NAE,(\), neZ, (12)
a(A)

(Z, =10,1,2,...} is the set of nonnegative integers, A’=11
is the identity operator on X), and

A ;:J ¢*dE, (1), zeC. (13)
a(A)

The properties of the spectral measure and operational calcu-
lus, exhaustively delineated in [7, 8], underlie the entire sub-
sequent discourse. Here, we underline a few facts of particular
importance.

Due to its strong countable additivity, the spectral measure
E ,(-) is bounded [8, 12], i.e., there is such an M > 0 that, for
any Borel set § € C,

[E4 ()] < M. (14)

Observe that the notation | - || is used here to designate the
norm in the space L(X) of all bounded linear operators on X.
We adhere to this rather conventional economy of symbols in
what follows also adopting the same notation for the norm in
the dual space X*.

For any f € X and g° € X", the total variation
measure v(f, g",-) of the complex-valued Borel measure
(EA()f, g") is a finite positive Borel measure with

v(£95.C)=v(f.g 0 ) <aM|f]]g"]  15)

(see, e.g., [13,14]).
Also (Ibid.), for a Borel measurable function F : C — C,
f € D(F(A)), g* € X", and a Borel set § € C,

J,Fnav(rg'0) = amlE @ F @ flgl- a0
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In particular, for § = 0(A), E4(0(A)) =1 and
J LEDIv(Eg ) < aM[F@ fg']- )

Observe that the constant M > 0 in (15)-(17) is from (14).

Further, for a Borel measurable function F : C —
[0,00), a Borel set 8 < C, a sequence {A,}"°, of pairwise
disjoint Borel sets in C,and f € X, g" € X",

LF(/\)dv(EA(UAn)f,g*,A)

n=1

. (18)
-3 LM” F)dv(E,(A,) fig"A).
Indeed, since, for any Borel sets §,0 € C,
E,(8)Ey(0) = E4 (3N ) (19)

[7, 8], for the total variation measure,
v(EA(0) f,g",0)=v(f,g".0Nn0). (20)

Whence, due to the nonnegativity of F(:) (see, e.g., [15]),

LF(/\)dv(EA (LJIAH)f,g*,)O

[ rovan(rg)
SNUR A,

(21)

(o]

ZJ F)dv(fig'A)

n=1J0NA,

-y L CFQv(Es(8,) £,0).
n=1 nA,

The following statement, allowing characterizing the domains
of Borel measurable functions of a scalar type spectral
operator in terms of positive Borel measures, is fundamental
for our discourse.

Proposition 3 ([16, Proposition 3.1]). Let A be a scalar type
spectral operator in a complex Banach space (X, | - ||) with
spectral measure E,(-) and F : o0(A) — C be a Borel
measurable function. Then f € D(F(A)) iff

(i) for each g* € X*, IU(A) [F(M)Idv(f, g™, A) < o0;

(if) SUP{g-ex|g*j=1) I{Aea(A)llF(A)|>n} [EWldv(f, g", A)

— 0, n — 00,

where v(f, g*,-) is the total variation measure of (E,() f, g").

The succeeding key theorem provides a description of the
weak solutions of (2) with a scalar type spectral operator A in
a complex Banach space.

Theorem 4 ([16, Theorem 4.2] with T' = 0c0). Let A be a scalar
type spectral operator in a complex Banach space (X, | - |).

Applied Principles of Mathematical Analysis

A vector function y : [0,00) — X is a weak solution of (2) iff
there is an f € (5o D(e'*) such that

yt)=ef, t>0, (22)

the operator exponentials understood in the sense of the Borel
operational calculus (see (13)).

Remark 5. Theorem 4 generalizes [17, Theorem 3.1], its coun-
terpart for a normal operator A in a complex Hilbert space.

We also need the following characterizations of a partic-
ular weak solution’s of (2) with a scalar type spectral operator
A in a complex Banach space being strongly differentiable on
a subinterval I of [0, 00).

Proposition 6 ([1, Proposition 3.1] with T' = c0). Let n € N
and I be a subinterval of [0, 00). A weak solution y(-) of (2) is
n times strongly differentiable on I iff

y(@t)eD(A"), tel, (23)
in which case

YO0 = A8y @), k=1,....n tel (24)

Subsequently, the frequent terms “spectral measure” and
‘operational calculus” are abbreviated to s.m. and o.c., respec-
tively.

3. General Weak Solution

Theorem 7 (general weak solution). Let A be a scalar type
spectral operator in a complex Banach space (X, || - ||). A vector
function y : R — X is a weak solution of (1) iff there is an
f € Nyer D(e™) such that

y(t) = e f, teR, (25)
the operator exponentials understood in the sense of the Borel
operational calculus (see (13)).

Proof. As is noted in the Introduction, y : R — X is a weak
solution of (1) iff

Y () =y@), t=0, (26)
is a weak solution of (2) and
y(®) =y, t20, 27)

is a weak solution of (8).
Applying Theorem 4, to y, (-) and y_(-), we infer that this
is equivalent to the fact

y(t) = ¢ f, teR, with some fe ﬂD(etA). (28)
teR

O
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Remarks 8.

(i) More generally, Theorem 4 and its proof can be easily
modified to describe in the same manner all weak
solution of (3) for an arbitrary interval I of the real
axis R.

(ii) Theorem 7 implies, in particular,

(a) that the subspace [),cg D(e"*) of all possible ini-
tial values of the weak solutions of (1) is the larg-
est permissible for the exponential form given
by (25), which highlights the naturalness of the
notion of weak solution;

(b) that associated ACP (9), whenever solvable, is
solvable uniquely.

(iii) Observe that the initial-value subspace [),cg D(e™)
of (1), containing the dense in X subspace
Uwso Ea(A o)X, where

Ay={AeCl|A<a}, a>0, (29)

which coincides with the class &% (A) of entire
vectors of A of exponential type [18], is dense in X as
well.

(iv) When a scalar type spectral operator A in a complex
Banach space generates a strongly continuous group
{T(t)},cn of bounded linear operators,

T(t) = ¢4 and

D(e*) = X, (30)
teR,

[6], and hence, Theorem 7 is consistent with the well-
known description of the weak solutions for this setup
(see (10)).

(v) Clearly, the initial-value subspace [ ,cg D(e"*) of (1) is

narrower than the initial-value subspace (5, D(e"*)
of (2) and the initial-value subspace [,5, D(et(fA)) =

MNi<o D(e") of (8); in fact it is the intersection of the
latter two.

4. Differentiability of
a Particular Weak Solution

Here, we characterize a particular weak solution’s of (1) with
a scalar type spectral operator A in a complex Banach space
being strongly differentiable on a subinterval I of R.

Proposition 9 (differentiability of a particular weak solution).
Let n € N and I be a subinterval of R. A weak solution y(-) of
(1) is n times strongly differentiable on I iff

y(t)eD(A"), tel, (31)
in which case,
Yy ) =AYy @), k=1,...,n tel (32)

Proof. The statement immediately follows from the prior
theorem and Proposition 6 applied to

ImA
0,b7In [ImA|)
g
Re A
FIGURE 1
¥, ()= y() and
y-(t) =y (=), (33)
t>0,
for an arbitrary weak solution y(-) of (1). ([

Remark 10. Observe that, as well as for Proposition 6, for n =
1, the subinterval I can degenerate into a singleton.

Inductively, we immediately obtain the following analog
of [1, Corollary 3.2].

Corollary 11 (infinite differentiability of a particular weak
solution). Let A be a scalar type spectral operator in a complex
Banach space (X, | - ) and I be a subinterval of R. A weak
solution y(-) of (1) is strongly infinite differentiable on I (y(-) €
C®(I, X)) iff, for eacht € I,

y(t) € C¥(A) = \D(4"), (34)
n=1
in which case
Yy (@)= A"y (1), neN, tel (35)

5. Infinite Differentiability of Weak Solutions

In this section, we characterize the strong infinite differen-
tiability on R of all weak solutions of (1) with a scalar type
spectral operator A in a complex Banach space.

Theorem 12 (infinite differentiability of weak solutions). Let
A be a scalar type spectral operator in a complex Banach space
(X, II-l) with spectral measure E 4(-). Every weak solution of (1)
is strongly infinite differentiable on R iff there exist b, > 0 and
b_ > 0 such that the set 6(A)\Z,_y, , where

35,@ = {/\
€ C|ReA<min(0,-b_In|ImA|) or ReA  (36)
> max (0,b, In [Im A|)},

is bounded (see Figure 1).
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Proof. “If” part: suppose that there exist b, > 0Oand b_ > 0
such that the set 0(A)\Z,, ;, is bounded and let y(-) be an
arbitrary weak solution of (1).

By Theorem 7,

y(@t) =e”f, teR, with some f € ﬂD(etA).

teR

(37)

Our purpose is to show that y(-) € C®(R,X), which, by
Corollary 11, is attained by showing that, for each t € R,

y(t) e C®(A)=(\D(A").

n=1

(38)

Let us proceed by proving that, for any t € R and m € N

Applied Principles of Mathematical Analysis

Indeed,

[AI™ R gy (f,g" ) <0 (41)

Ja(A)\yb,b+

and

Re A *
A" e R dv(f, g5, 1) <0 (42
J{/\ea(A)nybber |-1<Re A<1} (f g ) ( )

due to the boundedness of the sets
0(A)\Z, 5, and {Leo (AN, , [-1<Rer<1}, (43)

the continuity of the integrated function on C, and the
finiteness of the measure v(f, g*,-).
Further, for any t € R, m € N, and an arbitrary g* € X",

A *
A" e R dy (£,97, 0
J{)\ea(A)me,L,b+ [Re A>1} (f g )

y(t) € D(A™) (39)
sj [Re Al + [Im A" e ™Y dv (£, g", 1)
via Proposition 3. NealANZy.p, IReA21}
Forany t € R,m € N,and an arbitrary g~ € X7, since, forA € 0(A) N, ;, with Red > 1, ReA 5 [ImA|;
< Re/\+eb:1ReA metRe'\dv g A
J ™ e Rer gy (f,g"M) J'{)\eo(A)n.%’hﬂm\Re)tzl} [ ] (£.2)
a(A) 1
since, in view of ReA > 1, b+eb* Red 5 Re A (44)
- J |A|metReAdv(f’g*’A) —1 -1 m
a(AN\Zy_p, < J [b+eb* Red | b Re)\]
{(Aea(ANZ; p, IRe A1}
+ A" e B dv (f,9% A _tRed :
J{Aea(A)nybbe—KReAq} (f g ) (40) e dv(f,g"A)
=[b, +1 m.[ elmbi IR g, (o )
+ J A" e B dv (£, 97, 1) (b, 1] A€o ALy, [Re A>1} (fg74)
{Aea(ANZ,_,, IReA>1}
since f € ﬂD(etA) , by Proposition 3;
+ j |A|m etReA dl/(f,g*,/\) teR
{Aea(ANZ,_,, IReA<-1} < 00.
< co. Finally, for any t € R, m € N and an arbitrary g* € X*,
j A e dv (£, g7,2)
Aeo(ANZ, 4, [Re A<-1}
m tRel *
< J [[ReA| + |ImA|]™ e dv(f,g", 1)
{)Lea(A)ﬂybﬂthe/\s—l}
. . b~ (-Re L) .
since, for A € 0 (A)NZ, , with ReA< -1, e > [ImAl;
_1 m 1
< J [—Re)t +é” (_Re’\)] e ™t dy(f,g",1) since, in view of —ReA > 1, b_e” RN > _Re); (45)
{Aeo(ANZ, 4, [ReA<-1}

IN

J {Aea(ANZ,, 4, [ReA<—1}

:[b,+1]'"j

Aea(ANZ,_y, [Re A<-1}

< 00.

-1 -1 m
[b_eb’ (-Re ) + eb7 (—Re)»):l etRe)L dv (f:g*)/\)

plt-mbC'IReA 4 (f,g".A) since f € ﬂD (etA), by Proposition 3;

teR
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Also, for any t € R, m € N, and an arbitrary n € N,

su A" e Rer dv (f, g7, 1)

{grex*llg*l=1} J{/\EG(A)Il/\lmetR“>n}

< sup J A"
{g*ex*llg* =1} JAea(ANZ, 4, [IAIMetReA>n}
. etReA dv (f,g*,)\)
+ sup J A"
{g7ex|llg* =1} HAeo(ANZ,_ 4, |-1<Re A<L,|A["e!ReA>n}
tRe A *
et dv(f,g" M) (46)
+ sup J A"
{g*ex*llg* =1} HAea(ANZ, 4, [ReA=1,|A|"e Re A >}
. etRe/\ dv (f)g*>/\)
+ su A"

{g" X |llg* =1} J‘{AEO‘(A)HYI,_,EH‘ [Re A<—1,[A[™etRe A>n}

. etRe/\ dv (f,g*:/\)

— 0, n — 00.
Indeed, since, due to the boundedness of the sets
o (A\Z, 5, and {Aea(ANZ, , [-1<Rer<1} (47)
and the continuity of the integrated function on C, the sets
Aeo(\Z, , 1IN R > n} (48)
and
Aeoc)nZ,, | -1<Red <1, A" ™ >n} (49)

are empty for all sufficiently large n € N, we immediately infer
that, forany t € Rand m € N,

lim sup J A"
g ext gt =1} Ao (ANZ,_p, lIAIMet ReA >} (50)
‘etReA dl/(f,g*,/\) -0
and
lim su J A"
OO g e x| g* =1} HA€o(ANT, 4, |-1<Re A<L,|A[MetRer>n} (51)

v (f,g%,1) = 0.

Further, for any t € R, m € N, and an arbitrary n € N,

SU;

J LA
{g"ex*lg* =1} JHAea(ANZ,_p, IRe A= 1,|A|"e! BeA>n)

e Ay (f,g", 1) asin (44);

< sup (b, +1]"

{gexX"llg"lI=1}

-1
X J e[thr +t]Re A dv (f) g*’/\)
{A€a(ANZ, p, IReA=1,|A|Me! Red>n}

since f € ﬂD(etA), by (16);

teR
< sup b, +1]"
fgrexXligl=y (52)
AM B (L eo ()N 24y IRAZ 1, "N > n))
[mb, +t]A *
el gl |
<[b,+1]"
AM[Es (A eo N2,y IReA> 1, "™ > n})
. elmbr+A f ” by the strong continuity of the s.m.;
y . [b+ + 1]m4M "EA () e[mb;1+t]Af|| =0, n— 0.
Finally, for any t € R, m € N, and an arbitrary n € N,
w | .
(g7 ex*llg® =1} J{Aea(A)NZ, p, [Re A<—1,A|"e! Re >}
eV Ay (f,9%,1) asin (45);
< sup [bo+1]"
{g"eX"[llg™ =1}
. J e[tfmh:l]ReA dv (f’ g*’/\)
(Aea(ANZ, 4, IRe A<—1 A" e A5y
since f € ﬂD(etA), by (16);
teR
< sup [b_ + 1]m (53)

{g"eX"llg"I=1}
AM|E,(fAeo()n 2, , [Red< -1, A" ™ > n})
A g g

<[ +1]"
AM|E,(fAeo(A)n 2, , |Red< -1, A" ™ > n})
eltmb1A ¢ " by the strong continuity of the s.m.;

— [b, +1]"4aM “EA () e[tfmbillAfll =0, n— oo.
By Proposition 3 and the properties of the o.c. (see [8,

Theorem XVIII.2.11 (f)]), (40) and (46) jointly imply that, for
anyt € Randm e N,

feD(A"), (54)
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which further implies that, for each f € R,
y()=e"fe[D(A")=C™(A). (55)
n=1

Whence, by Corollary 11, we infer that
y() € C? (R, X), (56)

which completes the proof of the “if” part.

“Only if” part: let us prove this part by contrapositive assuming
that, for any b, > 0 and b_ > 0, the set 0(A)\Z,, 4, is
unbounded. In particular, this means that, for any n € N,
unbounded is the set

0 (A\L oyt a1 = {A € 0 (A) | = (2m) ' In|Im A|
(57)
<Rel < (2n) 'In|Im M} .

Hence, we can choose a sequence of points {A,}7°, in the
complex plane as follows:

A,ec(A), neN,
-@n) 'In[ImA,| <Red, < (2n) ' In|ImA,|,

neN, (58)

|A,| > max [n4, |)Ln_1|] , neN.

The latter implies, in particular, that the points A,,, n € N, are
distinct (A; # )Lj, i# j).
Since, for each n € N, the set

{AeCl-@m ' In|ImA| <ReA
(59)
<(@m ' In|ImA|, |A| > max [n*,|A,,|]}

is open in C; along with the point A, it contains an open disk
A,={AeCl|A-1,]<e,} (60)
centered at A,, of some radius ¢, > 0, i.e., foreach A € A,

—(2n) 'In|ImA| < ReA < (2n) ' In|Im A| and
(61)
[A] > max [n4, |/\n_1|] .

Furthermore, we can regard the radii of the disks to be small
enough so that

0<eg, < %, neN, and
ANA; =0, (62)
i#j (ie., the disks are pairwise disjoint) .
Whence, by the properties of the s.m.,
Ey(A)E,(A;)=0, i#j, (63)

where 0 stands for the zero operator on X.
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Observe also, that the subspaces E4(A,)X, n € N, are
nontrivial since
A,No(A)#0, neN, (64)

with A, being an open set in C.
By choosing a unit vector e, € E,(A,)X for eachn € N,
we obtain a sequence {e, },; in X such that

le. =1, neN, and
(65)

E, (Ai)ej =8.e

ij j) l,] € N)

where §;; is the Kronecker delta.

As is easily seen, (65) implies that the vectorse,, n € N,
are linearly independent.

Furthermore, there is an € > 0 such that

d, = dist(e,,span({e; | i € N, i # n})) > ¢,
neN.

Indeed, the opposite implies the existence of a subsequence
{d (i)} =y Such that

dyg) — 0, k — oo. (67)
Then, by selecting a vector
fow €span({e; i e N, i#n(k)}), keN, (68)
such that
lengy = Faoll < ey + % keN, (69)
we arrive at

1= ”en(k) " Since, by (65) 5 EA (An(k)) fn(k) = 0,

= |4 (A i) oty = Fruei)

< [|Ea (Al lensy = fawll - by (14); 70)
1
< Mleygy ~ fuwll < M [dn(k) + %] —0,
k — oo,

which is a contradiction proving (66).
As follows from the Hahn-Banach Theorem, foranyn € N,
there isan e, € X" such that

leq]l =1, neN, and
(71)
<ei,e;> =08,d; i,jeN.

Let us consider separately the two possibilities concerning the
sequence of the real parts {Re A} °,: its being bounded or
unbounded.

First, suppose that the sequence {ReA,}.°, is bounded,
i.e., there is such an w > 0 that
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[Re),|<w, neN, (72) In view of (65), by the properties of the s.m.,
and consider the element co
E | [JAx ) f=fand
(o]
_ k=1
f=)k’e eX, (73) (74)
k=1 Ey(8) f =k e
which is well defined since {k*}{°, € I, (I, is the space of k eN.
absolutely summable sequences) and |le | = 1, k € N (see
(65)). For any ¢t > 0 and an arbitrary g* € X",

J e®rdv(f, g, 1) by (74);
o(4)

:j etReAdv(EA<fjAk>f,g*,/\> by (18);
a(A)

k=1

= ZJ etReAdv(EA (A) f95A) by (74);
k=19

(A)NA,
_ Zk—Z J etRe/l dv (ek)g*’A) (75)
k=1 a(A)NA,
since, for A € A, by (72) and (62),ReA =ReAd, + (ReA—Reld,)<Red, +[A-A | <w+g <w+1;
k> Oy k k k k k
< DN g2 1dv(ew g™ 1) =e“ VY k2 (e, g7, A by (15);
k9 kg Bk y
k=1 O'(A)ﬂAk k=1
< @Y kM e g7 = 4me ™ g | Yk < co.
k=1 k=1
Also, for any ¢ < 0 and an arbitrary g* € X",
J e®Mdv(f,g9°,1) by (74);
a(A)
o0
=J etRe*dv<EA<UAk>f,g*,A> by (18);
a(4) k=1
(o]
= J e®rdv(E, (M) frg™>A) by (74);
i Joana,
(76)

(A)NA,

- Zkizj e* M dv (e, g" 1)
k=1 g

since, for A € Ay, by (72) and (62),Red =ReA;, —(ReA, —Red)>Red, —|[Red; —ReA| > —w—¢g > -w-1;
[ee]

< eit(wH)ZkiZJ’

k=1 o

(&)
< DN k24N e
k=1

(e8]
ldv(eng™ A) = eit(wH)Zk*Zv (e g™ A) by (15);
(A)nAk k=1

— 4Meft(w+1) |

g*

[ee]
g de < 00.
k=1
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Similarly to (75), for any ¢ > 0 and an arbitrary n € N,

su R rdv(f, g7, 1)

{g"ex*llg*I=1} J{Aeu(A)|e“‘“>n}

(o]
SO 2 J

< sup ldv(eg M)
{g"ex*Ilg® =1} = {Aea(A)le'ReA>ninA
by (74);
— et(w+1)

0

sup

| v (Ex (8,) £19°.2)
(g7 exX*llg* =1} jmy JIAea(A)le Rer>ninA

by (18);

(ee)
sup I ldv| E, UAk f
{g"ex"llg* =1} J{Aea(A)le'ReA>n} Puet

g*,A) by (74);

— et(w+1)

(77)

Hw+l
=@ gy

| Ldv(f.g'.A)
{g"ex*llg* =1} J{Aea(A)letReA>n}
by (16);

< et(w+1) sup aM HEA({A co(A)| etRe,\ 4 n})f"

{g"ex°llg 1)
o7l
<aMe“V |E, ({d e o (4) | 4 > n}) f]
by the strong continuity of the s.m.;

— 4Me'“V |E, (0) f| =0, n - co.

Similarly to (76), for any ¢ < 0 and an arbitrary n € N,

sup et dv(f,9%,1)

{g*eX*lg* =1} LA&J(A)Ie‘R”m}

o0
< sup eit(“ﬂrl)Zkf2 J ldv(eng”,
{g"ex*llg" =1} =1 {Aea(A)letRer>ninA
A) by (74);
_ e—t(w+1)

(o)

Su]

| Ly (Ex(80) .9 )
{g"exX"lg* =111 J1Aea(A)le RN >nina

by (18);

(o]
=@ gup I ldv| E, UAk f
{g" X" 1lg"lI=1} A€o A)le e >n} k=1

9*,7\> by (74);

“Hw1
=) gy

j 1dv(f.g",A)
{g*ex*|lg* =1} J{Aea(A)le R >n)

by (16);
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<@V sup  aM B, (A ea(a) € > n}) /]
(g X llg*lI=1}

lg°l
< 4Me 1@t uEA ({A co(A) ]t n}) f"
by the strong continuity of the s.m.;

— 4Me "V |E, @) f] =0, n— co.
(78)

By Proposition 3, (75), (76), (77), and (78) jointly imply that
tA
fep(e), (79)

teR
and hence, by Theorem 7,
y(t)=ef, teR, (80)

is a weak solution of (1).
Let

h' =Y ke e X", (81)
k=1

the functional being well defined since {kfz},i’zl € I, and

lex |l = 1, k € N (see (71)).
In view of (71) and (66), we have

(eph”)y = (ke ) =dik > 2 ek, keN.  (82)

Hence,
J [AMldv(f,h™, 1) by (18) asin (75);
a(A)
- Zk'zj A dv (e h*\ 1)
o Joana,
since, for A € Ay, by (61), |A| > k% (83)

> YKk (e h" M) = Y K [(E, (M) e h™)| by (65) and (82);
k=1 k=1
00
> Zstk_2 = 00.
k=1

By Proposition 3, (83) implies that
y(0)=f ¢D(A), (84)

which, by Proposition 9 (n = 1, I = {0}) further implies that
the weak solution y(t) = e"*f,t € R, of (1) is not strongly
differentiable at 0.
Now, suppose that the sequence {Re A,,}1"2, is unbounded.
Therefore, there is a subsequence {Re A, }2; such that

ReA, ;) — oo or
Re An(k) — —00, (85)
k — oo.

Let us consider separately each of the two cases.
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First, suppose that
ReA, ) — 00, k— o0 (86)
Then, without loss of generality, we can regard that
ReA, 2k, keN. (87)

Consider the elements

0o
f — Zefn(k)ReAmk)en(k) € X and

k=1
(88)
[oe)
h:= Zei(n(k)/Z)ReAn(k)en(k) € X,
k=1
well defined since, by (87),
—n(k)Re A, | ™ —(n(k)/2)Re A,y |
e wl e ©} el (89)

and [le,ll = 1, k € N (see (65)).

By (65),
Ey (UAn(k)) f=fand
k=1

Eq (D) f =R Hwe o)

k

and

k=1

Ey(A,g)h= ¢ IR Ay (k)

For any ¢ > 0 and an arbitrary g* € X",

J e® M dy(f,9",1) by (18) asin (75);
a(A)

o)
_ Ze—n(k)ReAn(k) J et Re ) dv (en(k);g*>A)
k=1

a(A)NA 4

e N,

k e N.

since, for A € A4y, by (62), Red =Red,u +(Red —Red, ;) < Redgy+ A=A, 5| SRed, g+ 1

[ee)
v ze—n(k)Re Aty gt (Re Ay +1) J
k=1 a(A)NA )

1dv (en(k), g,1)

(o)

t —[n(k)-t]ReA,, * .
=e Ze noiRe v (e 9> Auy) by (15)5

=1

(o] o0
<y e MO OaM e, "] = et g7 Y e
k=1

Indeed, for all k € N sufficiently large so that
n(k)=t+1, (93)

in view of (87),

k=1

< 0.

ef[n(k)ft]ReA k

" <e .

For any t < 0 and an arbitrary g* € X",

J e®rdv(f,g%,1) by (18) asin (75);
a(A)

o0
_ Ze—n(k)Re Ao J
k=1

a(A)NA )

et gy (enryr 9™ A)
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since, for A € A4, by (62), Red =Red, ;) — (Red, iy —Red) = Red, g — [Red, 4y —ReA| > Red,y — 1;

(e8]
< ze—n(k)Re/\n(k)et(ReAn<k)—1) J 1dv (e, "> A)
k=1 a(A)NA k)

(o)
—t\" -~ [n(k)-tIRe A,
=e Ze [n(k)-t]Re (k"’(en(k))g*,An(k)) bY (15);
k=1

(e8] (e8]
sety e M waM e, "] = aMe™ g7 Yo O

k=1 k=1
< 00.
(95)
Indeed, for all k € N, in view of t < 0, e rtReduy ook (97)
nk)-t=nlk)>1, (96)

and hence, in view of (87), Similarly to (92), for any ¢ > 0 and an arbitrary n € N,

(9" 0)

sup j
{g*ex*|lg* =1} HAco(A)le'RA>n}

[ee]
< sup e Y g nk)=tRe A 1dv (en(k)> g* > A)

g exllgrl=1} j= J'{AEU(A)le‘ReA>n}ﬂAn(k)

(o/e)
¢ o 1n0)/2)~11Re A,y ,~(n(k)/2)Re Ay

=e sup
{g7exX"llg™ =1} k=1

J 1 dV (en(k), g*,A)
{Aea(A)letReAs>ninA (k)

since, by (87), there is an L > 0 such that e (R tR Ay o [ ke N;

o0
o~ nO/2)Re A, J 1dv (e, 9" A)

<Lé sup
{Aeo(A)letReA>ninA (k)

{g7eX"lllg™I=1}k=1

by (91);
(o)
=Le  sup J 1dv(E, (A,p)hg™s )
lg"eX"lllg" I=1}=1 J (Aea(A)le ™ >ninA
by (18);
(o]
=Le  sup J ldv| E Ao g5 A
{g"ex*|lg”lI=1} J{Aco(A)le! ke >n} ! 191 "
by (91);

=L sup J 1dv(h,g",A) by (16);
{g"ex*|lg” =1} HAco(A)le'RA>n}

<Lé sup 4M "EA ({/X co(A) Rt n}) h” lg”|
{g eX*|lg* =1}
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<4LMe' |E,({A e o (A) [ 4 > n} )|
by the strong continuity of the s.m.;

—> 4LMeé' [E4 @) k| =0, n— co.

Similar to 5, for any t < 0 and an arbitrary n € N,

sup J e*rdv(f,g%, 1)
{g"eX*|lg* =1} J{Aco(A)le! e >n}
o0
< sup e e~ [R)~tIRe Ay J 1dv (en(k), g A)
{g"eX*llg*I=1} =1 {Aea(A)le'ReA>ninA
[ee]
—et sup o101 /2)=t1Re Ao =) /2)Re Ay

{97 eX"lllg" =1} k=1

J 1 dV (en(k), g*,A)
{Aec(A)le' R >ninA g

since, by (87), there is an L > 0 such that ¢ [0/D-tRAusy o 1 g e N

[ee]
<t sp Y e—(n(k)/Z)RemJ 1dv (e, 9" 1)
lg"eX*llg*lI=1} k=1 (Aco(ale ™ >minA .

by (91);

[ee]
=Le* sup

| (BB g )
{g*ex*llg*I=1}j=) JAco(A)leReA>mnA g,

by (18);

[ee]
=Le’  sup J ldv| E4 UAn(k) h,g", A
{g"ex"|lg” =1} Jreo(A)le A >n) k=1

by (91);

=Le"  sup 1dv(h,g",A) by(16);

{g*eX*|lg* =1} J{Aea(A)le”‘“m}

<Le’ sup 4M "EA ({A co(A)]elt> n})h" lg”|
{g7eX"llg™ =1}

<aLMe™ |E,({A e o (A) [ 4 > n})h|
by the strong continuity of the s.m.;

— 4LMe™ |E, (@) h| =0, n— co.

By Proposition 3, (92), 5, 5, and (99) jointly imply that and hence, by Theorem 7,

Fep(e). (100)

teR is a weak solution of (1).
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Since, for any A € A ), k € N, by (62), (87),
Red =Re An(k) - (Re An(k) —Re A,)

> Re An(k) - |Re An(k) —Re A,l > Re An(k) - Sn(k)

(102)
zReAn(k)—ﬁ >k-1>0
and, by (61),
ReA < (2n (k) ' In|Im A, (103)
we infer that, forany A € A, ), k € N,
Al > [Im A| > e2"RRed 5 2n(OReAyy=1/n(k) (104)

Using this estimate, for the functional h* € X" defined by
(81), we have

J [Aldv(f,h",A) by (18) asin (75);
o(A)

[oe)
_ Ze—n(k)Re Ao J
k=1

|A| dv (en(k), h*, A)

n(k)

S5 Y g bR Ay 2n(k)Redygy=1/n(k)),, (en(k)’ e An(k))

1 (105)

18

k

e—zen(k)Re)tn<k) |<EA (An(k)) €u(k) h* >|

Mg

=~
I
—

by (87),(65), and (82);

By Proposition 3, (83) implies that
y(0)=f ¢ D(A),

which, by Proposition 9 (n = 1, I = {0}), further implies that
the weak solution y(t) = e f, t € R, of (1) is not strongly
differentiable at 0.

The remaining case of

(106)

ReA, ;) — —00, k — oo, (107)
is symmetric to the case of
ReA, ;) — o0, k — oo, (108)

and is considered in absolutely the same manner, which
furnishes a weak solution y(-) of (1) such that

y(0) ¢ D(A),

and hence, by Proposition 9 (n = 1, I = {0}), not strongly
differentiable at 0.

With every possibility concerning {Re A,,};>, considered,
we infer that assuming the opposite to the “if” part’s premise
allows to find a weak solution of (1) on [0, 0c0) that is not
strongly differentiable at 0, much less strongly infinite differ-
entiable on R.

Thus, the proof by contrapositive of the “only if” part is
complete and so is the proof of the entire statement. O

(109)

Applied Principles of Mathematical Analysis

From Theorem 12 and [1, Theorem 4.2], the latter charac-
terizing the strong infinite differentiability of all weak solu-
tion of (2) on (0, 00), we also obtain the following.

Corollary 13. Let A be a scalar type spectral operator in a
complex Banach space. If all weak solutions of (2) are strongly
infinite differentiable on (0, 00), then all weak solutions of (1)
are strongly infinite differentiable on R.

Remark 14. As follows from Theorem 12, all weak solutions of
(1) with a scalar type spectral operator A in a complex Banach
space can be strongly infinite differentiable while the operator
A is unbounded, e.g., when A is an unbounded self-adjoint
operator in a complex Hilbert space (cf. [17, Theorem 7.1]).
This fact contrasts the situation when a closed densely defined
linear operator A in a complex Banach space generates a
strongly continuous group {T'(t)},cg of bounded linear opera-
tors, i.e., the associated abstract Cauchy problem is well-posed
(see Remarks 1.1), in which case even the (left or right) strong
differentiability of all weak solutions of (1) at 0 immediately
implies boundedness for A (cf. [3]).

6. The Cases of Normal and
Self-Adjoint Operators

As an important particular case of Theorem 12, we obtain

Corollary 15 (the case of a normal operator). Let A be a
normal operator in a complex Hilbert space. Every weak solu-
tion of (1) is strongly infinite differentiable on R iff there exist
b, > 0 and b_ > 0 such that the set G(A)\.ffbi’h, where

gh,,b+ = {A eC | Re A

<min (0,-b_In|Im A|) or Re A (110)

> max (0,b, In [Im A|)},
is bounded (see Figure 1).
Remark 16. Corollary 15 develops the results of paper [17],
where similar consideration is given to the strong differen-

tiability of the weak solutions of (2) with a normal operator
A in a complex Hilbert space on [0, co) and (0, 00).

From Corollary 13, we immediately obtain the following.

Corollary 17. Let A be a normal operator in a complex
Hilbert space. If all weak solutions of (2) are strongly infinite
differentiable on (0,00) (cf. [17, Theorem 5.2]), then all weak
solutions of (1) are strongly infinite differentiable on R.

Considering that, for a self-adjoint operator A in a com-
plex Hilbert space X,

o(A)CR (111)

(see, e.g., [10,11]), we further arrive at the following.

Corollary 18 (the case of a self-adjoint operator). Every weak
solution of (1) with a self-adjoint operator A in a complex
Hilbert space is strongly infinite differentiable on R.

Cf. [17, Theorem 7.1].
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7. Inherent Smoothness Improvement Effect

As is observed in the proof of the “only if” part of Theorem 12,
the opposite to the “if” part’s premise implies that there is a
weak solution of (1), which is not strongly differentiable at 0.
This renders the case of finite strong differentiability of the
weak solutions superfluous and we arrive at the following in-
herent effect of smoothness improvement.

Proposition 19. Let A be a scalar type spectral operator in a
complex Banach space (X, || - ||). If every weak solution of (1) is
strongly differentiable at 0, then all of them are strongly infinite
differentiable on R.

Cf. [1, Proposition 5.1].

8. Concluding Remark

Due to the scalar type spectrality of the operator A, Theo-
rem 12 is stated exclusively in terms of the location of its
spectrum in the complex plane, similarly to the celebrated
Lyapunov stability theorem [19] (cf. [3, Ch. I, Theorem 2.10]),
and thus is an intrinsically qualitative statement (cf. [1, 20]).
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We extend the result of Kirk-Saliga and we generalize Alfuraidan and Khamsi theorem for reflexive graphs. As a consequence, we
obtain the ordered version of Caristi’s fixed point theorem. Some concrete examples are given to support the obtained results.

1. Introduction

Fixed point theory is one of the most useful tools in
mathematics; it is used to solve many existence problems
such as differential equations, control theory, optimization,
and several other branches (for the literature see [1]). The
most well-known fixed point result is Banach contraction
principle [2]; it is famous for its applications, proving the
existence of solution of integral equations by converting
the problem to fixed point problem (see [3]). Recall that
a point x € X is called a fixed point for a map T

X — X if Tx = x. Due to its importance, this theorem
found a number of generalizations and extensions in many
directions; for more details see [4] and the references therein.
In 1976, Caristi (see [5]) gave an elegant generalization of
Banach contraction principle, where the assumption that
“T : X — X is continuous” is dropped and replaced by
a weak assumption. Since then, various proofs, extensions,
and generalizations are given by many authors (see [6-8]).
It is worth mentioning that Caristi’s fixed point theorem is
equivalent to the Ekeland variational principle [8]. Also, it
characterizes the completeness of the metric space as showed
by Kirk in [9]. Among those generalizations, there is Kirk-
Saliga fixed point theorem (see [10]) which states that any
map T : X — X hasa fixed point provided that X is complete
metric space and there exist an integer p € N and a lower

semicontinuous function ¢ : X — [0, 0o) such that
d(x,Tx) < ¢ (x) — ¢ (TPx) (1)

and ¢(Tx) < @(x) forany x € X. For more on the latter result,
one can consult [11].

Recently, Ran and Reurings [12] extend the Banach
contraction principle in the context of partially ordered set
where the contraction is restricted to the comparable ele-
ments which allowed them to give a meaningful application
to linear and nonlinear matrix equations. Moreover, Nieto
and Rodriguez-Lopez in [13] have weakened the continuity
assumption using a more suitable condition where the order
is combined with the topological properties. For more details,
one can consult [14, 15]. Also, in [16] Alfuraidan and Khamsi
gave an analogue version of Caristis fixed point theorem
in the setting of partially ordered metric space where the
inequality holds only for comparable elements. However,
the new approach in their work is mixing the concept of
the reflexive acyclic digraph with fixed point results. In this
article, we discuss an extension of Kirk-Saliga result and
we generalize Alfuraidan and Khamsi theorem for reflexive
graphs. As a corollary, we obtain the ordered version of
Caristi’s fixed point theorem. Some concrete examples are
given to support the obtained results. Throughout this paper
we denote by N the set of all integers and by N* the set of all
positive integers.
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2. Preliminaries

We start by recalling some basic notions on graphs borrowed
from [17].

Definition 1. Let V be an arbitrary set.

(i) A directed graph, or digraph, is a pair G = (V, E),
where E is a subset of the Cartesian product VxV. The
elements of V are called vertices or nodes of G and the
elements of E are the edges also called oriented edges
or arcs of G. An edge of the form (v, v) is a loop on v.
Another way to express that E is a subset of V x V is to
say that E is a binary relation over V. Given a digraph
G, the set of vertices (of edges) of G is denoted by V(G)
(E(G)).

(ii) The digraph G = (V,E) is said to be transitive if
whenever (x, y) € Eand (y,z) € E, (x,z) € E.

Definition 2. A digraph G = (V, E) is said to be reflexive if
A = {(v,v) | v € V}is a subset of E. Otherwise, every vertex
has a loop.

Definition 3. Let G = (V, E) be a digraph.

(i) A vertex x is said to be isolated if for all vertex y # x,
we have neither (x, y) € E nor (y, x) € E.

(ii) Two vertices x, y € V. A path in G, from (or joining)
x to y, is a sequence of vertices p = {a;}<jco 11 € N*
such that gy, = x,a, = y and (a;,4;,,) € E, for all
i €{0,1,...,n— 1}. The integer # is the length of the
path p. If x = y and n > 1, the path p is called a
directed cycle. An acyclic digraph is a digraph which
has no directed cycle.

(iii) We denote by y € [x]g the fact that y can be reached
from x by means of a path in G.

A metric space (X, d) endowed with a digraph G such that
V(G) = X is denoted by (X,d,G). The following notion of
regularity is borrowed from Alfuraidan and Khamsi in [16]
that considered it for posets.

Definition 4. Let (X, d, <) be a partially ordered metric space.
We say that X satisfies the condition (OSC) if for any
decreasing sequence {x,} < X that is convergent to x € X,
x =inf{x, : n e N}.

In the setting of digraphs, the analogue of the infimum of
chain may be stated as follows.

Definition 5. Let (X, d,G) be metric space endowed with a
digraph. We say that X satisfies the condition (OSCL) if for
any sequence {x,} € X that is convergent to x € X and for
alln € N, x,, € [x,]g x € [x,]gforalln € N and if
there exists y € X such that y € [x,], forall n € N, then
y € [x]g.

Remark 6. Let (X,d, <) be a partially ordered metric space.
Let G, be the digraph associated with the order < (see [16]).
One can see that

x2ye (y,x) € E(GL) = x €[yl . )
Under the above observations, the (OSCL) property is
reduced to the (OSC) condition.

Let w be the first transfinite ordinal and let Q be the first
uncountable transfinite ordinal. w is the order type of N “the
set of integers” and () is the order type of R the set of real
numbers. Note that, for each & < Q, & is countable.

Proposition 7 (see [11]). The following is valid:

(i) The ordinal Q cannot be attained via sequential limits
of countable ordinals. That is if {«,} is an ascending
sequence of countable ordinals, then the ordinal

a = sup {a,} = lima, (3)

is countable too.

(ii) Each second kind countable ordinal is attainable via
such sequences. In other words: if « < Q is of
second kind (ordinal limit), then there exists a strictly
ascending sequence {a,} of countable ordinals with

property (3).

n
The following result is needed throughout this work; for

the proof see [18, Proposition A.6, pp. 284].

Proposition 8. Suppose that a sequence {x,},cq < R is

bounded and either nonincreasing or nondecreasing. Then

there exists 3 € Q such that x, = xp for all Q) > a > B.

We conclude this section by the following useful defini-
tions.

Definition 9. Let (X,d,G) be metric space endowed with a
digraph, p € Nand ¢ : X — [0, +00[ a lower semicontinuous
function. Let T : X — X be a self-mapping. We say the
following:

(1) T is a G-monotone if for all (x, y) € X2,

x €[yl =Txe[Ty].. (4)

(2) T is a G-Caristi mapping if for all x € X,

Tx € [x]g =d(Tx,x) <@ (x)—¢(Tx). (5)

(3) T is a G-Kirk-Saliga mapping if for all x € X,

KS1) : d (Tx, x) < - (T?x);
I € [+l — (KS1) : d (Tx, x) < ¢ (x) — ¢ (TPx) ©)
(KS2) : ¢ (Tx) < ¢ (x).
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3. Main Results

Theorem 10. Let (X, d, G) be a complete metric space endowed
with a reflexive digraph satisfying the (OSCL) condition. Let
T : X — X be a G-monotone and G-Kirk-Saliga mapping. If
there exists an element x, € X such that Tx, € [x,]g, then T
admits a fixed point in X.

Proof. If p = 0then Tx = x, forall x € X such that Tx € [x]g.
Assume that p > 1 and consider the function ¢ defined from
X into [0, +oo[ by

p-1 )
$(x)=Yo(T'x), VxeX (7)
i=0

The idea of the proofis to construct a transfinite orbit (x,) ycq»
where Q) is the first uncountable ordinal satisfying, for each
o€ Q)

A(x): Tx, = Xypqs

B(w): x, = lim,_,,-x,, whenever o is an ordinal limit;
Cla): x, € [xH]G, whenever y < «;

D(a): d(x,, xﬂ) < (/)(x#) - ¢(x,), whenever y < a.

Consider the sequence {x,} defined for each n € N by
X1 = I'x,. Since Tx, € [x,]g and using the monotony of
T, we obtain x,,,; € [x,]g for each n € N. According to
(KS2), the nonnegative sequence {¢(x,)} is decreasing and
then converges. From (KS1), we get that for all integers n > m

n-1

A% < Y (5, %) S D 9(5) 6 (5

i=m

< ¢(xm) _¢(xn)'

Hence, {x,} is a Cauchy sequence and then converges to x,, €
X. Let us put x,,,, = Tx,,. Clearly the properties A(«x)-D(«)
are satisfied for each o < w. Let € 2. Assume that the orbit
{x4}a<p has been defined. We need to define x5 and show
that the four properties A(8)-D(f3) hold. For that, we have
to distinguish two cases, when [ is an immediate successor
or 3 is an ordinal limit. Clearly A(f) and B(p3) are satisfied;
let us focus on C(f3) and D(p).

Claim 1(C(p) holds)

Case 1. Assume that f3 is an ordinal limit; that is, there exists
a strictly ascending sequence (3,),, of ordinals in Q) such that
B = sup{f,;n € N} and §3,, < 3, < S whenever m < n. Since
D(«) holds for all « < 3, we get

d(xg,.x5,) < b (xp,) = ¢ (x5, ©)

which implies that (gb(xﬁn))n is decreasing sequence in [0, co)
and hence it is convergent. Then (x; ) is Cauchy sequence, so
it converges in X. Set xg = lim,,_,,xg . By (OSCL) property,
we obtain xp € [xg ] foralln € N. Let a« < f3. There exists
ny € N such that for each n > n, we have

ax B, <pB (10)
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and thus for each n > n,,

xp, € [x4]g-%xp € [xﬁn]G = xp € [X,]g- (11)

Since « is taken arbitrary, we obtain C(3).

Case 2. Assume that f3 is an immediate successor; there exists
a < Bsuchthat f=a+ 1.

(i) If « is an immediate successor, there exists an ordinal
psuch a = p + 1. From C(a), we have x,, € [x,]g
and using the G-monotonicy of T it follows that x; €
[x,]c and so C(f3) holds.

(ii) If o is an ordinal limit, from Proposition 7, there
exists an ascending sequence {e,} < Q such that
a = sup{a, : n € N}. From B(«) we have x, =
lim,,_,,ooX, - Using the (OSCL) condition, we have
X, € [x, ]G Since T is G-monotone, xg € [xa ale
and as x“ a1 € [xq g we get xg € [x, ]G Agam,
(OSCL) insures that xp € [x4]G- Then C(ﬁ) holds.

Claim 2 (D(p) holds)

Case 1. Assume that f is ordinal limit. Let &« < 8. There exists
ny € N such that for each n > n, we have

axp,<p (12)
Then we get for each n > n,, that
d (%0 %5,) < ¢ (%a) = 9 (x5,). (13)
and foralli € {0,1,..., p — 1}
Jim T = limxg ;= xp. (14)

Since ¢ is lower semicontinuous, we get

0] (x/;) < liminfg (T xg, ) (15)

n—00

From C(f), we have xg € [xg ] for all n € N. Using the
same argument as above, we get Txg € [xg 1c and (OSCL)
insures that Txﬁ € [xﬁ]G Hence, for alli € {0,1,...,p — 1},

T’“xﬁ e [T xﬁ]G. This implies that
o (TPxg) <@ (TP 'xp) < < 9(Txg) < 9(xz). (16)
By passing to limit superior in inequality (13), it follows that

d(x“,xﬁ) < ¢ (x, )—hmlnfqﬁ( )

n—+00

n—+00

p-1
< ¢ (x,) - th inf ¢ (Tixﬁn) 17)

< ¢ (xa) = P (xp) < ¢ (xa) — $(xp).
Hence, D(3) holds.

Case 2. Assume that § = a + 1 is an immediate successor; we
have shown above that C(f) holds. Then Tx,, = x5 € [x,]g
and by assumption we get

d(xlx’xﬁ) = ¢(xoc) _¢(x/3)> (18)
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and for all y < «, we have

d (xy,xa) <¢ (xy) —¢(x,)- (19)
The triangle inequality implies that
dor)<6()-0(x), @

for each y < 3, which completes the proof of D(f) in both
cases.

Thus, the orbit (x,),cq is well constructed. Since {¢(x,)}
is nonincreasing on {x,} and Q is uncountable, there must
exist oy € Q such that ¢(x,) is constant for all « > ;. From
D(e + 1), we get

d (x“o"'l’ x‘xo) S ¢ (xoco) - ¢ (xrxo+1) =0. (21)
X, O

Hence, Tx, = x4 .1 = X4,

We support our result by giving an example of a mapping
which is G-Kirk-Saliga mapping, for some integer p > 1, but
not G-Caristi.

Example 11. Consider the metric space (X, d), where X =

[0,1] and d(x, y) = |x — y|, for all x, y € X. Endow X with
the directed graph G = (X, E) represented in Figure 1, where

({5} 00 (e

(22)
€ N*]» .
Consider the function ¢ : X — [0, +oo[ defined by
Vx, if x € [0,1];
¢ (x) = (23)
0, ifx=1,

and the mapping T : X — X defined by Tx = X%, ifx € [0,1];
T1=+/1/2.
One can see that T'1 ¢ [1]5, T+/1/2 ¢ [{/1/2]; and

XG:={xeX:Txe[x]G}={O,%:n€N*}. (24)

We verity the following assertions:

(i) (X, d) is complete and T is G-monotone obviously.

(ii) G satisfies the (OSCL) property. Indeed, let {x,} be
a sequence in X such that {x,} converges to some
x € X and x,,; € [x,]g foralln € N. Two cases
to distinguish are as follows:

(1) There existsn, € Nsuchthatx, = x,, ,foralln >
ny. Then for all n > n,, x,, = x. If x is an isolated
vertex, the (OSCL) is obviously satisfied. If not,
y € [x,]g for all n € N implies y € [x]s. Thus,
(OSCL) is satisfied.

2n+2 2n+1 2_n

FIGURE 1: Graph G (the loops and the isolated vertices are not
represented).

(2) Forallk € N, there exists m;. € Nsuchx,, # x;.
Then {x,} € {1/2" : n € N}; that is, there exists
a nondecreasing function ¥ : N — N such that
x, = 1/2¥™ for alln € N, and x = 0. Ify €
[x,]g foralln € N, then y = 0. Thus, (OSCL) is
satisfied.

(iil) T is G-kirk-Saliga mapping in X with p = 3. Indeed,
forall x € X,

- <Vx-xt =

(25)
dxTx)<e(x)—¢ (T3x) ,

but T is not G-Caristi mapping, since
1.1 1 1
a(513)>0(5)-9(13). 26
22)7%\2) 77 26)
(iv) TO € [0]¢.
and T admits a fixed point in X which is 0.

If we remove the (OSCL) property, we are not certain that
the fixed point will be obtained. Let us illustrate that by this
counterexample.

Example 12. Replace in the above example the digraph G by
the digraph G’ represented in Figure 2, where

¢ =00{(30) (1) (5 o) onem @
on on on 2n+1

and we consider the mapping T : X — X defined as follows:

T0=1;
Tx =x%, ifx€]0,1[; (28)
T1=0.

One can see that G’ satisfies (OSC) property but does not
satisfy the (OSCL), since 1/2" — 0 and for all n € N,
0 €[1/2"]g and 1 € [1/2"]5 but 1 ¢ [0]s. The mapping T
satisfies all others conditions of Theorem 10 but has no fixed
point in X.
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0
@
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3
T
s
N =

1@
1

FIGURE 2: Graph G’ (the loops and the isolated vertices are not
represented).

Corollary 13. Let (X,d,G) be a complete metric space

endowed with a reflexive digraph which satisfies the (OSCL)

property. Let n = Hf:opf“', where p; is prime integer and

(k,o;) € NxN*, foreachi € {0,1,...,k}, andletT : X — X be
a G-monotone mapping such that there exists j € {0,1,..., k},
forall x € X,

max{d (x,T?x) :i € {0, 1,...,k}} < @ (x) -9 (T"x),

29
@(Thx) < (x). ¥

TPix € [x]g = {
Then T admits a fixed point in X provided that there exists an

element x, € X such that Tx, € [xy]g.

Proof. Clearly, T? satisfies all conditions of Theorem 10; then
there exists X € X such that T?’x = X and so, T"x = x. Since
T?ix € [x]g, we get from (29) that

d (% TP%) < ¢ (&) — ¢ (T"%) = 0,

vie{0,1,....k}\ {j}.

(30)

Now, leti € {0,1,...,k} \ {j}; then TP’x = X. By Bezout
identity, there exists (u,v) € 72 such that uv < 0 and
pju + pv = 1. Without loss of generality, we suppose that
u < 0and v > 0. Since TP’x = X and TPx = X, then
T'"Pi*x = Tx and TP'X = X. Since p;v = 1 — pju, then
Tx = Xx. O

We conclude this work by a discussion about preordered
sets.
Let (X, <) be a preordered set; that is, the binary relation
’ is reflexive and transitive.
Given areflexive digraph G = (X, E), we can always define
a preorder < on X as follows:

>

«
<

x<gy = x€[y];. (31)
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Conversely, if (X, <) isa preordered set, we define the reflexive
digraph G as follows: two vertices x, y € X are connected by
an arc from x to y if x < y. Note that G_ is transitive (i.e.,
if (x, y) € E(G) and (y,2) € E(Gy); then (x,2z) € E(GY)),
sox € [ylg. © (x,y) € E(G). These remarks lead to the
following definition.

Definition I4. Let (X, <) be a preordered set. We say that (X, <
) satisfies the (OSCL) condition if and only if G satisfies the
(OSCL) condition.

We shall say that T : X — X is <-monotone (resp.,
<-Kirk-Saliga) mapping if G.-monotone (resp., G-Kirk-
Saliga) mapping.

An analogue version of Theorem 10 in the setting of the
preordered metric spaces may be stated as follows.

Theorem 15. Let (X,d, <) be a preordered complete metric
space satisfying the (OSCL) condition. Let T : X — X be
a <-monotone and <-Kirk-Saliga mapping. If there exists an
element x, € X such that Tx, < xy, then T admits a fixed
point in X.

Remark 16. If moreover the above binary relation < is
antisymmetric (ie, (x < yand y < x) imply x = y), we
obtain, from Remark 6, the following result established by
Alfuraidan and Khamsi.

Corollary 17 (see [16, Theorem 5]). Let (X,d, <) be a com-
plete partially ordered metric space satisfying the property
(OSC). Let T : X — X be a <-monotone and <-Kirk-Saliga
mapping with p = 1. If there exists an element x, € X such
that Tx, < x, then T admits a fixed point in X.

Contflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] B. Lemmens and R. Nussbaum, Nonlinear Perron-Frobenius
theory, vol. 189 of Cambridge Tracts in Mathematics, Cambridge
University Press, Cambridge, UK, 2012.

[2] S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta Mathe-
maticae, vol. 3, pp. 133181, 1922.

[3] G. Teschl, Ordinary Differential Equations and Dynamical
Systems, American Mathematical Society, Providence, RI, USA,
2012.

[4] M. Edelstein, “An extension of Banach’s contraction principle;’
Proceedings of the American Mathematical Society, vol. 12, pp.
7-10, 1961.

[5] J. Caristi, “Fixed point theorems for mappings satisfying
inwardness conditions,” Transactions of the American Mathe-
matical Society, vol. 215, pp. 241-251, 1976.

[6] H.Brézis and F. E. Browder, “A general principle on ordered sets
in nonlinear functional analysis,” Advances in Mathematics, vol.
21, no. 3, pp. 355-364, 1976.

[7] A. Brondsted, “On a lemma of Bishop and Phelps,” Pacific
Journal of Mathematics, vol. 55, no. 2, pp. 335-341, 1974.

WORLD TECHNOLOGIES




Extension of Kirk-Saliga Fixed Point Theorem in a Metric Space with a Reflexive Digraph

[8] I. Ekeland, “On the variational principle,” Journal of Mathemat-
ical Analysis and Applications, vol. 47, pp. 324-353, 1974.

[9] W. A.Kirk, “Caristi’s fixed point theorem and metric convexity;’
Colloquium Mathematicum, vol. 36, no. 1, pp. 81-86, 1976.

[10] W. A. Kirk and L. M. Saliga, “The Brézis-Browder order prin-
ciple and extensions of Caristi’s theorem,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 47, no. 4, pp. 2765-2778,
2001.

[11] M. Turinici, “Extension of the Kirk-Saliga fixed point theorem,”
Analele stiintifice ale Universitatii Ovidius Constanta, vol. 15, no.
2, pp. 91-102, 2007.

[12] A. C. Ran and M. C. Reurings, “A fixed point theorem in par-
tially ordered sets and some applications to matrix equations,”
Proceedings of the American Mathematical Society, vol. 132, no.
5, pp. 1435-1443, 2004.

[13] J. J. Nieto and R. Rodriguez-Lopez, “Contractive mapping
theorems in partially ordered sets and applications to ordinary
differential equations,” Order, vol. 22, no. 3, pp. 223-239, 2005.

[14] R. P. Agarwal, M. A. El-Gebeily, and D. O’Regan, “Generalized
contractions in partially ordered metric spaces;,” Applicable
Analysis: An International Journal, vol. 87, no. 1, pp. 109-116,
2008.

[15] J.J. Nieto and R. Rodriguez-Lopez, “Existence and uniqueness
of fixed point in partially ordered sets and applications to
ordinary differential equations,” Acta Mathematica Sinica, vol.
23, no. 12, pp. 2205-2212, 2007,

[16] M. R. Alfuraidan and M. A. Khamsi, “Caristi fixed point
theorem in metric spaces with a graph,” Abstract and Applied
Analysis, vol. 2014, Article ID 303484, 5 pages, 2014.

[17] M. Rigo, “Advanced Graph Theory and Combinatorics,” John
Wiley & Sons, 2016.

[18] M. A. Khamsi and W. A. Kirk, An Introdunction toMetric Spaces
and Fixed Point Theory, Wiley, New York, NY, USA, 200L

WORLD TECHNOLOGIES




7

Greedy Expansions with Prescribed Coefficients

in Hilbert Spaces

Artur R. Valiullin @, Albert R. Valiullin

, and Vladimir V. Galatenko

Faculty of Mechanics and Mathematics, Lomonosov Moscow State University, Russia

Correspondence should be addressed to Albert R. Valiullin; albert.valiullinl997@gmail.com

Academic Editor: Brigitte Forster-Heinlein

Greedy expansions with prescribed coefficients, which have been studied by V. N. Temlyakov in Banach spaces, are considered here
in a narrower case of Hilbert spaces. We show that in this case the positive result on the convergence does not require monotonicity
of coefficient sequence . Furthermore, we show that the condition sufficient for the convergence, namely, the inclusion & € €%\ €',
can not be relaxed at least in the power scale. At the same time, in finite-dimensional spaces, the condition € € £* can be replaced

by convergence of € to zero.

1. Introduction

Expansion in Fourier series [1] is a classical and comprehen-
sively studied tool of theoretical and applied mathematics
which takes an expanded function as an input and constructs
a sequence of its expansion coeflicients. Greedy expansions
[2, 3], which are equivalent in the simplest case to Fourier
series reordered by decreasing norms of terms and known
in statistics and signal processing as Projection Pursuit
Regression [4, 5] and Matching Pursuit [6], respectively,
perform parallel computation of expansion coeflicients and
selection of expansion elements from a predefined dictionary.
V. N. Temlyakov [3, 7] (see also [8]) proposed a type of a
greedy expansion that performs only selection of expansion
elements, while coefficients are prescribed in advance. The
definition proposed by V. N. Temlyakov for the case of Banach
spaces, in the case of Hilbert spaces, takes the following form.

Definition 1. Let H be a Hilbert space over R with a scalar
product ( - ,- ), D be a symmetric unit-normed dictionary in
H (i.e, span D = H, all elements in D have a unit norm, and
if g € D, then —g also belongs to D). In addition, let f € H,
t € (0;1],and ¥ = {c,},, be a sequence of positive numbers.
We define inductively a sequence of remainders {r,}°, ¢ H
and a sequence of expanding elements {e,}>>, C D. First, we
setry = f.Then,ifr, , € H (n € 1,2,3,...) has already been

defined, we select e, as an (arbitrary) element which satisfies
the condition

(rnfl’ en) 2 tsup (rnfh e) > (1)
eeD

and setr, =1, — ¢,e,-

The series Y2, c,e,(f) is called a greedy expansion of f
in the dictionary D with the prescribed coefficients € and the
weakness parameter ¢.

It immediately follows from the definition of a greedy
expansion that ry = f - ZnN:1 ¢,.e,(f) (N € N), and hence
the convergence of the expansion to an expanded element
is equivalent to the convergence of remainders r,, to zero as
n — 00.

As a selection of an expanding element e, is potentially
not unique, there may exist different realizations of a greedy
expansion for a given dictionary D, weakness parameter t
and sequence of coefficients €. Furthermore, for t = 1
greedy expansion may turn out to be nonrealizable due to the
absence of an element e € D which provides sup,.,,(7,,_, e).

V. N. Temlyakov showed [3, Theorem 2.1] that if a
number of conditions hold which are equivalent in the case
of Hilbert spaces to the divergence of the series Y- ¢, and
the convergence of the series Y, ¢, a greedy expansion
with prescribed coefficients € = {c,},>, converges to an
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Greedy Expansions with Prescribed Coefficients in Hilbert Spaces

expanded element at least for a subsequence of indexes,
ie, lim inf, |l = 0. Later V. N. Temlyakov proved
the standard convergence (ie., lim, , 7, = 0) under the
additional condition of monotonicity of € [7, Theorem 4].
Yet, it remained unknown whether the condition € € ¢
and the monotonicity condition could be essentially relaxed
without violating the guaranteed convergence to an expanded
element.

2. Main Results

We start with a positive result which states that in Hilbert
spaces the monotonicity is not required for the standard
convergence. Namely, the following theorem holds.

Theorem 2. Let H be a Hilbert space, D be a symmetric unit-
normed dictionary in H, t € (0,1], € = {c,},>, be a sequence
of positive numbers which satisfies the conditions

00
ZC” = 0905
n=1

00
2

ZC" <00

n=1

(i.e, G € €2\ ). Then for every element f € H all realizations
of its greedy expansion in the dictionary D with the prescribed
coefficients € and the weakness parameter t converge to f.

()

It is clear that if the first condition on € is violated, then
there is no convergence to an expanded element for all f with
the norm exceeding the sum Y7, ¢,. The significance of the
second condition on € follows from the following theorem.

Theorem 3. There exist a Hilbert space H, a symmetric unit-
normed dictionary D C H, an element f € H and a sequence
of positive numbers € = {c,},, such that

iCn = 00,
n=1 (3)

C

1
W S —=

n

vne{l1,2,3...},

but a greedy expansion of f in the dictionary D with the
prescribed coefficients € and the weakness parameter t = 1
does not converge to f.

As for the second condition of Theorem 2 a boundary in
the power scale is 1/+/n, Theorem 3 in fact shows that this
condition in Theorem 2 can not be relaxed at least in the
power scale.

However, the question about a possibility of a more
delicate relaxation of the condition & € £* remains open.
This question can be stated as follows: is it true that for
every sequence € of positive numbers that converges to zero
but does not belong to £ there exist a Hilbert space H, a
symmetric unit-normed dictionary D ¢ H and an expanded
element f € H such that at least one realization of greedy
expansion of f in D with the prescribed coefficients € (and,
e.g., the weakness parameter t = 1) does not converge to f?
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We note that assertions similar to Theorems 2 and 3 have
been announced by O. Rassudova in her conference talk
[9], but the proofs have not been published. To the best of
our knowledge, in her proof of an analogue of Theorem 3
O. Rassudova used a modification of the construction [10,
Theorem 3] which is based on analytical estimates and does
not have a clear geometric interpretation. The construction
presented in our work is geometrically demonstrative.

We also note that at least for t = 1 for the natural class of
monotonic coefficients in case of finite-dimensional Hilbert
spaces the condition Y ¢ < ©co in Theorem 2 can be
replaced by an essentially weaker condition ¢, — 0 (n —
00). The proof of this fact is presented in section The case of
finite-dimensional spaces.

3. Proof of Theorem 2

The theorem can be easily derived from the equality
lim inf,_, |7, = 0, which holds due to the aforementioned
result by V. N. Temlyakov [3, Theorem 2.1]. From the
definition of the greedy expansion it immediately follows that

"rm"2 = (rm—l = Gl V-1 ~ Cmem)
(4)

= ||rm,1||2 =26, (1> €m) + cfn.

As coeflicients ¢, are positive and the dictionary is symmetric,
2Cm(rm71 > em) Z= 0. Hence

[oall” < sl + o ®)
and thus
m+k
onsel” < Il + Y. - (6)
Jj=m+1

The condition € = {c,}°, € £* implies that

(o]
Ve>0 3N, >0: Vm> N, zc]?<§. @)

j=m+1

Due to the equality lim inf, I7,,Il = 0 we have that

n—00
&

Ve>0 VN>0 Im>N: ||rm||2<2

(8)

From two last assertions we obtain that for every ¢ > 0
there exists m1 > 0 such that the following two conditions
simultaneously hold:

>

N m

00
2

y &<

j=m+1

&
Il < .

)

Thus using estimate (6) we get that IIrerkH2 < eforall k € N.
But according to the definition of the limit it directly means
that lim I7,,Il = 0. The proof of Theorem 2 is complete.

n—aoo
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We note that for monotonic coefficients and the weakness
parameter t = 1 the statement of Theorem 2, which is
covered in this case by [7, Theorem 4], can be also derived
as a corollary of the same result by V. N. Temlyakov about
the convergence for a subsequence of indexes [3, Theorem
2.1] and the following lemma. We find this lemma to be
interesting on its own.

Lemma 4. Let t = 1 and ¢, monotonically converge to zero as
n — oo. Then for every realization of greedy expansion with
the prescribed coefficients € = {c,},-, the sequence of norms of
its remainders {|[r,||},>, converges.

We begin our proof of this lemma with an estimate of
a possible increase of the remainder norms. Let M denote
the set of all indexes n for which |r,,,|l l7,ll. If the set
M is finite, then starting from a certain index the sequence
{llr,,I}2,, is monotonic and thus convergent. Hence it remains
to consider the case of countably infinite M.

For the sake of brevity we denote the scalar products
(T €p41) BY X, (n = 0,1,2,...). It follows from the defi-
nition of the greedy expansion and the symmetric property
of the dictionary that all x,, are nonnegative.

The Pythagorean theorem implies that for all indexes n
the equality

”rn+1"2 = "rn”2 xf;+1 + (Cn+1 xn+1)2 (10)
h}(l)lds Ifn e M, then ¢,,; > 2X,15 1701 1* <
thus

lI7,, 1? +c2 o and

Xn+2 = Sup (rn+1’e) (rn+1’en+1) = Cut1 ~ Xps1- (11)

Consequently

”rn+2"2 = |lrn+1”2 n+2 + ( Cn2 — n+2)

fl+2 + ( Cntl — n+1)
2
+ (Cn+2 - xn+2)

=l + et +

=l = x5 -

-2 n+1%Xn+1 ~ 2, n+2%Xn+2

(12)

”r ” n+1 —= 26,41 X011

+2( Cntl — n+1)
- ”1’ ” + ( n+2) - 2xn+1 (Cn+1 - Cn+2)

<rall + (s = 6ue2)”

At the same time

-2 n+2%Xn+2

Il = Il + 5,

= ||rn+1”2 + Cn+2 (Cn+2 - 2xn+2)

< ||rn+1”2 * Cu2 (Cn+2 -2 (Cn+1 xn+1))

Applied Principles of Mathematical Analysis

= Jral’
+ G2 ((Cn+2 - Cn+1) + (zxn+1 - Cn+1))

< freal’
(13)

It means that if the remainder norm increased at the
transition from r, to r, e then the increase of the norm
square does not exceed c-, , for the next expansion step the
increase is impossible, and the joint increase of the square
of remainder norm for two steps of the expansion does not
exceed (c,,, — G,,,)” and hence does not exceed C(c,,,; —G,»)>
where C can be set to 2¢,.

Having this estimate, let us complete the proof. We note
that the series ), ,(C,s1 — Cu4p) cOnverges: it can be easily
derived either from the Leibniz’s alternating series test or
from the inequality

z ( Car1 — n+2) z ( n+2 =G 7 k2

neM,n<K (14)
<.

Let us fix an arbitrary positive ¢ and find an index N, such
that 3, cnrsn, (Gl = Gir2) < €/(4C) and simultaneously

supn>N0c3 < ¢/4. Next we find an index N; > N, such

that ||1'N1 I < * + &/4, where r denotes the infimum of the
remainder norms {||r,[l},.. ,- Then for every n > N, we have
that

Z C( Cnt1 — n+2) + Crzl

neM,n=N,; (15)

Pl < +

<7’2+£.

Hence |r,|* — r* (n — ©0) and consequently ||, [ — .
The proof of Lemma 4 is complete.

4. Proof of Theorem 3

Our proof of Theorem 3 includes the following blocks:
construction of a dictionary with simultaneous construction
of coefficients € = {c,},2; description of realization of
greedy expansion; proof of the absence of convergence to the
expanded element; obtaining the required estimate of ¢,. As
a Hilbert space H we take an arbitrary infinite-dimensional
separable space, e.g., £°.
Figure 1 illustrates certain steps of the proof.

4.1. Description of the Construction. We first present the
structure of the example; i.e., we describe the construction
of dictionary elements {e,} and coefficients {c,}. As a part
of this construction we also define the sequence of vectors
(remainders) {r, }, including the expanded element f = r,.
Let f be an arbitrary non-zero element of H with || f|| <
1/2, ry = f. We define dictionary elements e_, and e, as
arbitrary (unequal) unit vectors such that e_;, e, and r; lie
in one plane and the angle «, between e, and r, equals
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FIGURE L: An illustration for certain steps of the proof of Theorem 3.
All vectors except e lie in the vertical plane; e (as well as r,_,)
lies in the horizontal plane; e represents any vector from the set
{e_1, ey —€1,—€,,... ,—e,_;}. The spherical law of cosines is applied
to angles formed by the vectorsr,_,, 7,,, e. The law of sines is applied
to the triangle formed by vectorsr,_,, r,,, —¢,e,,.

the angle between e_; and r, and belongs to the interval
(r/4,7/2).

Next, we set dictionary element e; to an arbitrary unit
vector with the following two properties: its orthogonal
projection on the plane < e_;,e, > lies on the line with
directing vector r,, and the angle between this vector and
1o also equals «,. We also find the coefficient ¢, such that
for r, = ry — ¢y, scalar products (|, —e;), (r;,e,), (11, e_;)
are equal or, equivalently, angles between 7, and the vectors
e_,, ey, —e; are equal. We denote this angle by «,. Note that
a, € (o, 7/2): the formal justification of this fact can be
based, e.g., on the equality cosa; = cos &, cos(m — y — &),
which directly follows from the spherical law of cosines.

Similarly, we set e, to an arbitrary unit vector with an
orthogonal projection on the subspace < e_;, ey, e; > lying
on the line with directing vector r, and the angle between this
vector and r; equal &, and select the coefficient ¢, in such a
way that for r, = r; — e, scalar products (r,, —e,), (15, —€,),
(ry,€p), (1r5,e_,) are equal or, equivalently, angles between r,
and the vectors e_,, e;, —e;, —e, are equal. We denote this
angle by «,. Again it is easy to see that «, € («,71/2), as due
to the spherical law of cosines cos o, = cos ) cos(m—a; —a,).

We continue the construction inductively. Namely, after
constructing {r; ;.:é, {ej};‘il, {cj};.l;ll and {ocj};‘;é we set e, to
an arbitrary unit vector with an orthogonal projection on the
subspace < e_j, €, ...,e,_; > lying on the line with directing
vector r,,_; and angle between this vector and r,_, equal «,,_;,
and select the coefficient ¢, in such a way that forr, = r,_, —
c,e, scalar products (r,,, —e,), (r,, —€,_1)> . . » (1, —€1), (1, €0),
(r,, e_;) are equal or, equivalently, angles between r,, and the
vectors e_j, €y, —€;, —€,, ..., —€,_;, —¢, are equal. We denote
this angle by «, and note that as cose,, = cos«,,_; cos(mw —
«,_; —«,) due to the spherical law of cosines, «,, € («,,_;,7/2).

Let us justify formally that it is possible to find e, and ¢,
with the required properties. Let 6, denote an arbitrary unit
vector orthogonal to the subspace < e_j, e, ..., e,_; > (which
also contains vector r,_,), and E, denote the set of vectors
{e_1,ep.—€1,—€5,...,—€,_1}. Ase, we can take any of two unit
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vectors from the plane < r,_;,0, > that have an angle with
7,1 equal to o,_,. Lete, = a,r,_, + b,0,; note that a, > 0 as
theangle «,,_, isacute. By construction foralle € E, the scalar
product (r,_,, e) equals ||7,,_, || cos «,,_; . For the sake of brevity
we denote |7,_, |l cose,_; by 8,. Hence foralle € E,as 0, L
e, scalar products of e, and e are the same and equal a,f3,.
Consequently, for an arbitrary positive c and every e € E, we
have equalities (r,_, — ce,,—e,) = =, + ¢, (r,_; — ce,,e) =
B, — ca,pf,. Thus, it remains to set ¢, to the solution of the
linear equation —f3, + ¢ = 3, — ca,f3,, i.e., to 23, /(1 + a,3,).

4.2. Realization of Greedy Expansion. We note that a possible
realization of greedy expansion in the dictionary

D = {+e_, e, te;, *e,,...} (16)

with the prescribed coefficients € = {c,},2, (and the
weakness parameter ¢ = 1) is a realization in which e, is
selected as an expanding element at the n-th step, and hence
n-th remainder coincides with r,,. Indeed, an angle between a
vector and its orthogonal projection on a subspace does not
exceed an angle between this vector and any non-zero vector
from the subspace. Thus while for every n € {1,2,3,...} and
every e € {te_,, te;, te;, te,,..., xe,} we have an equality

|(rn—l’ €)| = ”rn—l " Cos “n—l (17)

and for e = e, the scalar product (r,_;, e) is positive, for e =
te,., (j € {1,2,3,...}) we have an inequality

|(r-1>€)| < [|[Fei ]l cos Qg < 71 ]| cos ;. (18)

4.3. Absence of Convergence. In this subsection we show that
the greedy expansion )’ c,e, does not converge to f or,
equivalently, remainders r,, do not converge to zero.

First we find the limit of «,. It exists as {«,},>, is a
nondecreasing sequence with all values belonging to the
interval (7r/4,7/2). As noted above, for all n € {0,1,2,...}
the equality

cosa,,,; = cosa, cos (m —a, — a,,;) 19)

holds. Consequently, if « denotes the limit lim,_, «,,, then

cos(m — 2a) cos & = cos «. It implies that o = 77/2.
Now we show that Zﬁio(l /tan e,,) = 00. Indeed,

cos (7 — o, — &1 ) COS O, = COS Oy g
= cos (a, + ;) cOs a,, + cosa,,,; = 0
= (cosa, cos a,,,; — sina,, sina,,,; ) cos e,

+cosx 0

ntl =
= (cosw, — sina, tana,,, ) cosa, + 1 =0

2 .
= cos'«, —sinx, tan«,, ; cosa, +1 =0

2
cos“a, +1 cos2a, +1)/2+1
= tano,,; = — . :( — )/
sin av,, cos at,, (sin2a,,) /2
_ cos2a, +3
~ sin 2a,,
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(1-tan’e,)/(1+tan’,)+3  2tan’a,+4
- 2tana,/ (1 + tan?a,)) ~ 2tana,
=tana, + .
tan o,
(20)
Thus

tana,,; = tan

1 1 1 (2D)
+2 ( + +...0t > .
tan, tanq, tan «,,

As o, — /2, tana, — oo and hence 220(1/tan a,) =
0.
The law of sines gives the equalities

Il _ dnl _,
sina;  sinoy
_sinay .
Il = S Il
Il Al
sina, sino;
sin o
Irall = Sy Il 22)
sin «,
il _ Ml
sine,,  sine,
_sinw,_y
Il = St
Consequently
- S s S - b
n n—1 1

Taking into consideration the convergencet,, — 7/2 (n —
00), we derive from this equality that

Irall -+ o0, (24)
so the absence of convergence to the expanded element is

proved.

4.4. Estimate of c,. Here we first show that Y ° ¢, = oo.
Applying again the law of sines, but this time for the other
pairs of angles, we get equalities

Wl . a0
sina;  sin (m— oy — o)
sin (o + ;)
6=l e,

sin «;

Applied Principles of Mathematical Analysis

"rn " — Cn+l —

sina,,; sin(m—a, - a,,,)

sin (“n + (xnﬂ)
=l =g
n+

(25)
Let us use equality (23):

sin ((xn + (Xnﬂ)

C,

et = ||To] sin o

sine,,,; sina,

sine, cosa,,, | + cosa, sina,,,;

= [lro] sin & (26)

sine,,; sina,

I sinay (

Taking into account the monotonicity of {a,}, it implies the
inequality

1 >
tana, tana,,; /)

2|7y sin oy

Cn+1

(27)

tana,

Consequently, as the series ) ° (1/tane,) diverges, the
series Y2 ¢, also diverges.

Then we show that ¢, < 1/+/n. The equality (26) and
monotonicity of {e,} imply that

2|Jroll sin @ (nef0,1,2,...}). (28)

Cnt1
" tan «,

It remains to establish the inequality tan«a,, > Vn+ 1: as
Iyl < 1/2, it directly gives the required upper estimate of ¢,.
For n = 0 this inequality holds because o, € (7/4, 71/2). Next,
from equality (20), taking into account that the minimum
value of the function f(x) = x+2/x on the positive semi-axis
equals 22, we obtain that tan &; > 2V2 > /2. Besides, f(x)
is an increasing function on [V2, +00), and the justification
of the inequality can be completed by induction:

tana,,, = f (tana,) > f (Vi + 1)
(29)

=Vn+1+ > Vn+ 2.

2
Vn+1
Justification of this inequality completes the proof of the
upper estimate of ¢, and in total the proof Theorem 3.

We note that the construction described in the proof
of Theorem 3 can be straightforwardly adapted from the
case of greedy expansions with prescribed coefficients to the
generalized Approximate Weak Greedy Algorithm (see [10,
Theorem 3]).

5. The Case of Finite-Dimensional Spaces

In this section we prove the following theorem.

Theorem 5. Let the space H be finite-dimensional, and let the
coefficients € = {c,}o2, converge to zero monotonically and
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satisfy the condition Y. ¢, = co. Then for every symmetric
unit-normed dictionary D ¢ H and any f € H all realizations
of greedy expansion of f in D with the prescribed coefficients

€ and the weakness parameter t = 1 converge to f.

Thus in the finite-dimensional case at least for t = 1 in the
natural class of monotonic coefficient sequences conditions
sufficient for the convergence of a greedy expansion to an
expanded element include only the convergence of coeffi-
cients to zero and infinity of their sum. Clearly, convergence
of coefficients to zero is also a necessary condition for the
convergence of greedy expansion.

As the first step of the proof we note that due to Lemma 4
there exists a limit of norms of remainders of a greedy
expansion with prescribed coefficients lim, ,||7,[l. Let us
suppose that this limit is non-zero. Then starting from a
certain index remainder norms are separated from zero. Due
to the compactness of a sphere in a finite-dimensional space
and the completeness and the symmetric property of the
dictionary it implies that scalar products

Xn+1 = (rn>en+1) = Sup (rn’ e) (30)
eeD

are also separated from zero. In other words, there exist a
positive number y and an index N, such that for all n > N,
the inequality x,,,; > y holds. In addition there exists such
an index N, > N, that for all n > N, coeflicient ¢, does not
exceed y. But consequently forn > N, it follows from equality
(10) that

Fraal® = Irall® = 253+ (G = %11)”
= ””n"z ~ Gut1 (2xn+1 B Cn+1) (31)

< ||rn||2 = Y1

Hence

N, +K
2 2
[l < el =7 X 6 — =0
n=N;+1 (32)

(K — 00).

This contradiction completes the proof of Theorem 5.

6. Conclusion

The main results of the paper state that in Hilbert spaces a
greedy expansion with prescribed coefficients converges to
an expanded element if coefficients satisfy certain relatively
weak conditions that do not include monotonicity, and these
conditions can not be essentially relaxed. At the same time we
showed that for the finite-dimensional case the relaxation is
possible.
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The result of our study is that a coincidence point of two mappings P and Q can be achieved when the ordered pair (P, Q) is an
(&, B, y)-contraction with respect to a generalized metric space. Moreover, with some additional condition, a common fixed point
can be obtained as a consequence of our main theorems. Further, we apply our findings to some examples and integral equation

problems.

1. Introduction

There has been a wide range of research in discovering fixed
points, or the only fixed point, of certain types of mappings
that are contractions in the past. Many aspects have been used
to accomplish the result. At the very beginning, Geraghty
[1] generally developed the Banach contraction principle by
considering the class ® whose elements are functions 6 : [0,
00) — [0, 1) such that

6(t,) — 1
@

=1t,—0.

In 2012, Samet et al. [2] studied the existing results for
a-y-contractions. His concept was given in the following
definition. Suppose that X # @ and « is a real-valued function
on X x X.

Definition I (see [2]). Let Abe aself-mappingon X andu,v €
X. If a(Au, Av) > 1 whenever a(u, v) > 1, then we say that A
is a-admissible.

Later, Karapinar [3] added more conditions to

Definition 1.

Definition 2 (see [3]). Let A be an a-admissible self-mapping
on X and u,v,w € X. Ifa(u, w) > 1 and a(w,v) > 1 imply
a(u,v) = 1, then we say that A is triangular «-admissible.

Furthermore, another essential part in this topic is a
metric space. There were a large number of literatures that
worked not only on a metric space, but also on other
topological spaces; for examples, see [4-6]. Three years ago,
Jleli and Samet [7] defined a generalized metric, known
as a JS-metric. The advantage of their idea is that many
topological spaces are covered by the JS-metric space. With
this reason, results of fixed point theorems on JS-metric
spaces have been recently interesting (e.g., see [8]).

Let D : X x X — [0, 00] be a function and, for u € X,

denote a set of sequences {u,} in X such that lim,_, . D(u,,,
u) = 0 by C(D, X, u).

n—o00

Definition 3 (see [7]). Suppose that, for any u, v € X,

(D) it D(u,v) = 0, then u = v;
(D,) D(u,v) = D(v,u);

(D;) there is a K > 0 so that, for each w,z € X, if {u,} €
C(D, X,w), then D(w, z) < Klimsup,_, ., D(u,, z).

Then, we call D a generalized metric, or a JS-metric on X, and
also (X, D) a generalized metric space, or a JS-metric space.

Definition 4 (see [7]). Suppose that (X, D) isa JS-metric space
and {u,} ¢ X.
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(1) If {u,} € C(D, X, u) for some u € X, then we say that
{u,} D-converges to u.

(2) If lim,,, ,, o
D-Cauchy.

(3) If any D-Cauchy sequence {u,} in X D-converges to
some u in X, then we say that (X, D) is D-complete.

D(u,,u,,) = 0, then we say that {u,} is

Proposition 5 (see [7]). Suppose that (X, D) is a JS-metric
space. Let {u,} € X and u,v € X. If {u,} € C(D,X,u) and
{u,} € C(D, X, v), thenu = v.

Definition 6 (see [7]). Suppose that (X, D) is a JS-metric
space. Let P be a self-mapping on X and {u,} € X.If {u,} €
C(D, X, u,) implies {Pu,} € C(D, X, Pu,) for some u, € X,
then we say that P is continuous at u,. Moreover, if P is
continuous at every u € X, then we say P is continuous.

Next, Martinez-Moreno et al. [9] had a new perspective
to obtain common fixed points of particular contractive
mappings on a space with two metrics.

Inspired by the above, we consider some existence results
for a coincidence point of two functions when the ordered
pair of these functions is an («, f3, y)-contraction on a space
with two JS-metrics. In addition, some examples and an
application of an integral equation are presented.

2. Main Results

First, we assume throughout this section that all functions P
and Q are self-mappings defined on X.
Definition 7. For u,v,w € X, if
(1) «(Qu,Qv) = 1 implies a(Pu, Pv) > 1,
(2) a(u,w) > 1 and a(w, v) > 1 imply a(u, v) > 1,
then we say that P is triangular ¢-admissible with respect to

Q.

Next, we define 9 as the class of mappings f3 : [0,00] —
[0, 1) such that

B(t,) —1

=1t,— 0.

()

Note that B(t) is defined at t = co. Also, let y : [0,00] —
[0, c0] be a nondecreasing continuous function satisfying

y(t) =0

—t=0.

(©)

Denote the class of all such functions y by Y.

Definition 8. Suppose that (X, D) is a JS-metric space. If

(1) P is triangular c-admissible with respect to Q,
(2) thereexist f € Bandy €Y,

o (Qu,Qv) y (D (Pu, Pv))
< B(D(Qu,Qv)) y (D (Qu, Qv))

forallu,v € X,

4)

then we say that the pair (P, Q) is an («, f3, y)-contraction with
respect to D.

Here, we are interested in the existence of a coincidence
point of P and Q, where (P, Q) isan («, f3, y)-contraction with
respect to some generalized metric on X. This can be done
under suitable relations between P and Q.

Definition 9. Suppose that (X, D) and (Y, D') are two JS-
metric spacesand {u,} € X.IfA: X - YandB: X — Xare
functions such that {Bu,} being D-Cauchy in (X, D) implies
{Au,} is D'-Cauchy in (Y, D'), then we say that A is B-Cauchy
on X.

Last but not least, we need the comparison notations for
any two generalized metrics. If D and D' are two generalized
metrics on X, the notation D > D’ represents D(u,v) >
D'(u,v) for every u,v € X. If the inequality fails for some
u,v € X, we use the notation D # D'. All other inequality
signs can be defined in the same fashion.

Theorem 10. Suppose that (X, D') is a D'-complete JS-metric
space and D is a generalized metric on X. If
(i) (P,Q) is an («, 3, y)-contraction with respect to D,
(ii) P(X) is a subspace of Q(X),
(iii) there is a uy € X, a(Quy, Puy) > 1, and sup{D(Qu,
Pv):v e X} < oo,
(iv) P : (X,D) = (X,D')is Q-Cauchy on X whenever D #
D,
(v) P and Q commute,
(vi) P,Q: (X, D") = (X, D') are continuous,

then there exists a coincidence point of P and Q.

Proof. From assumption (iii), let u, € X such that a(Qu,,
Puy) > 1 and sup{D(Qu,, Pv) : v € X} < 00. Since P(X) <
Q(X) and Pu, € X, a sequence {u,} in X can be constructed
such that

Qun = Pun—l (5)

for all n € N. Observe that if Qu,, = Qu,, _, for some n, €
N, then Qu, _; = Pu, _,, and so we are done. Assume that
Qu,, # Qu,,_, for eachn € N.

Since a(Quy, Qu,) = a(Quy, Pu,y) > 1 and P is triangular
a-admissible with respect to Q, a(Qu,, Qu,) = a(Pu,, Pu,) >
1. Repeating this process inductively, we obtain that

@ (Quy, Quyyy) 2 1 (6)

for eachn € N.
Our task is now to prove that {Qu,,} is D-Cauchy.
Assume that this is not true. Equivalently, thereisane > 0
so that, for each k € N,

D (Qu"k’ Qumk) = (7)

for some my, > n, > k. By inequality (6), together with the
assumption that P is triangular a-admissible with respect to
Q, we have that

o (Qunk, Qumk) >1 (8)
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for all k € N. Then, by assumption (i),
(D (Qty 1 Q1)) = (D (Pry P, )
< a(Qu,,Qu,, )y (D (Pu,, Pu,,)) 9
< B(D Q> Qi )) v (D (Qt, Qi ))-

Continuing to apply this concept totally r,.+1 times, we finally
get the equality

Y (D (Qunk+1’ Qumk+1 ))
71 (10)
s 1_[/3 (D (Qu"k—i’ Qumk—i)) Y (D (Quo’ Qumk_”k )) :
i=0
Let 0 < i, < m such that

B (D (Qu”k*ik’ Qumk*ik))
= max {B (D (Qunk_i,Qumk_,-)) :0<i< nk}.

(11)

Denote § = lim sup; _, ., f(D(Qu,, _; , Qu,, _;))-
Notice thatif§ < 1, thenlimy_,,y(D(Qu,, 41, Qu,, ,1)) =
0, and so

lim D (Quty 11, Qttyy 1) = 0 (12)

k—oo
which contradicts inequality (7).
Thus, § = 1. Then, there is a subsequence of { ,B(D(Qunk,,-k,

Qu,, _; ))} which converges to 1. Without loss of generality,
assume that

klggo/j (D (Qunk—ik’ Qumk—ik)) =L (13)
By the definition of j3,
Jim D (Qut i Qt1,) = 0. 04

Therefore, there exists a k, € N such that
€
D (Qu”kofiko > Qumko—iko ) < 5 (15)
It follows that, also from inequality (7),

v(© < y(D(Quy, Qu, ))

ix,

< Hﬁ (D (Qunkoff’Qumkofj))

= (16)
Y (D (Qunko—iko > Q”mko—ik0 ))

<Y (D (Qu”ko*"ko’Qumko”'ko)) =Y (§> ’

This is a contradiction since y is nondecreasing. Thus, {Qu,,}
is D-Cauchy.

Applied Principles of Mathematical Analysis

The next goal is to show that {Qu,,} is also D'-Cauchy. It
can be observed thatif D > D', we are done. Assume that D #
D'. Since P is Q-Cauchy on X, {Pu,} is D'—Cauchy. Conse-
quently,

n}&gooD’ (Qunﬂ’ Qumﬂ) = n}r&gooD’ (Pun’ Pum)
(17)
=0,

and so {Qu,,} is D'-Cauchy.
Since (X, D') is D'-complete, one can find a ¢ € X sat-
isfying

Jlim D' (Qu,, ¢) = lim D' (Pu,,c) = 0. (18)
That is,
{Qu,}.{Pu,} e C(D', X,c). (19)

By assumption (vi),

{PQu,} € C(D', X, Pc)
(20)
and {QPu,} € C(D',X,Qc).

Since P and Q commute, Pc = Qc. This completes the proof.
O

As a consequence of Theorem 10, if D = D', then we have
the following theorem. Besides, we can replace properties
(v) and (vi) by other conditions as stated in the theorem
below.

Theorem 11. Suppose that (X, D) is a D-complete JS-metric
space. Assume that

(i) (P, Q) is an («, B, y)-contraction with respect to D;
(ii) P(X) is a subspace of Q(X);
(iii) there is a u, € X, a(Quy, Puy) > 1, and sup{D(Qu,
Pv):ve X} <oo;
(iv) either (a) or (b) holds:

(a) P and Q are continuous mappings that commute.

(b) Q(X) is D-complete and, for any {u,} < X
satisfying oa(u,,, u,,,,) = 1 for each n € N, if there
isac € X such that {u,} € C(D, X, c), then a(u,,,
c)=1forallneN.

Then, there exists a coincidence point of P and Q.

Proof. It is easy to see that if condition (a) is true, then
applying Theorem 10 to the case D = D' yields the desired
result. Assume that statement (a) does not hold. Thus, (b)
must be valid. Let {u,,} € X and Qu,, = Pu,,_, for eachn € N.
An argument similar to the one used in Theorem 10 shows
that {Qu,,} is D-Cauchy and «(Qu,,, Qu,,,;) > 1 foralln € N.
From (b),

lim D (Qu,,Qc) = lim D (Pu,,Qc) =0 (21)
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for some ¢ € X. That is,
{Qu,},{Pu,} € C(D, X,Qc). (22)

Again, since condition (b) holds, for any n € N, a(Qu,,, Qc) >
1. From (4) and assumption (i), it follows that

y (D (Puy, Pe)) < a (Quy, Qc) y (D (Puy, Pe))
< B(D(Quy Q) y (D (Quy Qc)) - (23)
<y (D(Quy Q).

Since y is nondecreasing,

D (Pu,, Pc)) < D(Qu,,Qc), (24)
and so
Jlim D (Pu,, Pc)) = 0. (25)
Consider
D (Qc, Pc) <K hﬂigp D (Pu,, Pc) (26)

for some K > 0. Therefore, D(Qc, Pc) = 0. Hence, Qc = Pc,
completing the proof. O

Adding some extra condition to Theorem 10, the coinci-
dence point is actually a common fixed point. This can be
shown in the following theorem. Denote

C(P,Q)={ue X:Pu=Qu}. (27)

Theorem 12. Suppose that (X, D') is a D'-complete JS-metric
space and D is a generalized metric on X. If all assumptions (i)-
(vi) in Theorem 10 are satisfied and a(Qu, Qv) > 1 whenever
Qu # Qv, where u,v € C(P,Q), then there exists a common
fixed point of P and Q.

Proof. According to Theorem 10, C(P,Q) # 0. Then, we can
let u,v € X so that Pu = Qu and Pv = Q.

Suppose that Qu # Qv. By the assumption, a(Qu, Qv) >
1. From the fact that (P,Q) is an («, 3, y)-contraction with
respect to D, we have that

y (D (Pu, Pv)) < a (Qu, Qv) y (D (Pu, Pv))
< B(D(Qu,Qv)) y (D (Qu,Qv)) (28)
<y (D Qu,Qv)) =y (D (Pu, Pv))

which leads to a contradiction. Therefore, Qu = Qv.

Next, let ¢ = Qu = Pu. Since P and Q commute, Qc =
QPu = PQu = Pc. Thus, ¢ € C(P,Q). Referring to the proof
above, we can conclude that Pc = Qc = Qu = c. Hence, the
proof is complete. 0

We give examples to illustrate Theorems 10 and 11,
respectively.

Example 13. Suppose that X = [0, 1]. Given the generalized
metrics D and D' on X defined by

u+v, u#0andv+0,
u

D (u, V) = E; V= 07 (29)
Z, u =0,
2

and

Lu+v), u#0andv+0,

, Lu

D (M,V)Z 7) VZO: (30)
L
—v, u=0,
2

where u,v € X and L is a real number such that L > 1, we
have that (X, D) is D'-complete. Let « be a function defined

by

1, u,ve [0,1] with u#0 or v=0,
o (u,v) = 4 (31)
0, otherwise.
Given the self-mappings P and Q on X defined by
P(u)=u'
(32)
and Q (u) = u’,

some tedious manipulation yields assumptions (ii), (v), and
(vi) in Theorem 10. Further, notice that 1/2 € X such that
a(Q(1/2),P(1/2)) = «(1/4,1/16) > 1 and sup{D(Q(1/2),
Pv):ve X} < oo.

Claim 1. P is triangular «-admissible with respect to Q.

Let u,v,w € X. Assume that «(Qu,Qv) > 1. Then,
W e [0,1/4] and Qu = u? # 0or Qv = v = 0.
Accordingly, u,v € [0,1/2], and u # 0 or v = 0. It follows
that u*,v* € [0,1/16], and Pu = u* # 0 or Pv = v* = 0.
Therefore, a(Pu, Pv) > 1.

Next, assume that a(u, w) > 1 and a(w, v) > 1. It can be
observed that if w = 0, then v = 0, and if w # 0, then u # 0.
That is, u # 0 or v = 0. Therefore, o(1, v) > 1. Thus, we have
Claim 1.

Claim 2. (P,Q) is an («, 3, y)-contraction with respect to D,
where 8 € B and y € Y are as follows:

y(t) =

L
2
and B (t) = {

fort € [0, 0c0].

0<t<l, (33)

N

1

, t>1
2 +2
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Given u,v € X, if «(Qu,Qv) = 0, inequality (4) holds.
Assume that «(Qu, Qv) > 1. Similar as above, u, v € [0, 1/2].
Consider the following cases.

Case 1. Qv = 0. We have that

IN

_Pul2 Wt 1 (W
o (Qu, Qv) y (D (Pu, Pv)) = — =751 (X) .
= (D (Qu,Qv))y (D (Qu,Qv)).

Case 2. Qv # 0. Then, Qu # 0. Consider

Pu+Pv ut+t

2

« (Qu, Qv) y (D (Pu, Pv)) =
(35)

2 2
= 211 (u ;V ):'B(D(Q”’QV))Y(D(Q%QV)).

Therefore, (P, Q) is a («, 3, y)-contraction with respect to D.

Claim 3. P : (X, D) — (X, D') is Q-Cauchy on X.

Notice that D < D', Suppose that {u,} < X such that
{Qu,} is D-Cauchy. Let € > 0. There is a k € N so that, for all
m,n > k, we have that

ufl + ufn = D (Qu,,Qu,,) < % (36)
With this k,
D' (Pu,,Pu,) <L (ufl + ufn) <L (ufl + ufn) <e  (37)
for any m, n > k. This completes Claim 3.

Thus, by Theorem 10, P and Q have a coincidence point,
precisely, 0.

Example 14. Let X = [0, 1]. Therefore, (X, D) is D-complete,
where D is the generalized metric as defined in Example 13.
Suppose that « is a function as follows:

1, u#0orv=0,
o (u,v) = (38)

0, otherwise.

Define self-mappings P and Q on X by

P(u) =

+6 (39)

and Q (u) =

Wit v

Note that P(X) <€ Q(X) and Q(X) is D-complete. Moreover,
we have 1 € X such that «(Q1, P1) > 1 and sup{D(Q1, Pv) :
v e X} < oo.

Claim 1. P is triangular «-admissible with respect to Q.

Let u,v,w € X. Assume that a(Qu, Qv) > 1. Then, Qu #
0 or Qu = 0. That is, u # 0 or v = 0. Thus, Pu # 0 or Pv = 0.
Therefore, a(Pu, Pv) > 1.

Applied Principles of Mathematical Analysis

Similar as in the proof of the previous example, if
o(u,w) > 1 and a(w,v) > 1, then a(u,v) > 1. Therefore,
Claim 1 is obtained.

Claim 2. (P,Q) is an (a, 3, y)-contraction with respect to D,
where 8 € B and y € Y defined by 5(¢) = 1/2 and y(t) = /2
for t € [0, co], respectively.

Suppose u, v € X. If a(Qu,Qv) = 0, then inequality (4)
holds. Assume that a(Qu,Qv) > 1. Consider the following
cases.

Case 1. Qv = 0. We have that

o (Qu, Qv) y (D (Pu, Pv)) = T2 _ %( u >

2 2(u+6)
(40)
= % (%) = B(D(Qu,Qv)) y (D (Qu,Qv)).
Case 2. Qv # 0. Then, Qu # 0. Consider
o (Qu, QV)Y(D (Pu, Pv)) = PM;PV
B R/ S W o TR (1)
_2(u+6+v+6)32<6+6>

= B(D(Qu,Qv))y (D (Qu,Qv)).

Therefore, we have Claim 2.

Next, let {u,,} € X such that, for anyn € N, a(u,,, 14,,,,) >
1. Assume that {u,} € C(D,X,c) for some ¢ € X. By the
definition of «, for eachn € N, u,, # 0 or u,,,; = 0. Fixn e N.
If u, # 0, then a(u,,c) > 1. Assume that u, = 0. Suppose
that ¢ # 0. Then, D(u,,c) = D(0,c) = ¢/2 # 0. Thisis a
contradiction since {u,} € C(D, X, ¢). Thus, ¢ = 0. Therefore,
we get that «(u,,,c) > 1. Since n is arbitrary, this is true for
every n € N. Hence, by Theorem 11, ¢ = 0 is a coincidence
point of P and Q.

3. Application

We wish to apply our finding to the existence problem of a
solution to the integral equation. This is one of the crucial uses
of fixed point theorems that can be found in the literatures
(see [10-13]).

T

u(t) = j p(tsu(s)ds+b(t) (42)

0

fort € [0, T], where T is a real number such that T' > 0.
Suppose that X = C([0,T], R) and

D (u,v) = max |u(t)| + max |v (¢
) tE[O‘Tll O te[o,T]l 0l (43)

for u,v € C([0,T], R). We have that (X, D) is a D-complete
JS-metric space. The following theorem shows when the
equation (42) has a solution if the integral equation is
homogeneous.

Theorem 15. Consider equation (42). Suppose that
(i) p: [0, T] x [0,T] x R — R is continuous;
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(ii) forany u,v € R, ifu < v, then p(t,s,u) < p(t,s,v) and

In (1 + |u| +|v])

T , (49

lpts,w)| +|p(ts,v)| <

where s,t € [0,T];

(iii) there is a u, € X, uy(t) < IOT p(t, s, uy(s))ds, where
t e [0,T];

; T
(iv) sup{max;¢ (o | JO p(t,s,v(s))ds| : v e X} < c0.
Then, the integral equation (42) has a solution.

Proof. Define the self-mappings P and Q on X as follows:

T

Pu(t) = J p(t s, u(s))ds, (45)

0

and Qu(t) = u(t) foru € X and t € [0,T]. Suppose that
a: X x X — Risafunction defined by

1, u(t)<v(t) foranyte[0,T],
a(u,v) = (46)
0, otherwise.

Clearly, P(X) <€ Q(X), and P and Q are continuous mappings
that commute. Moreover, by assumptions (ii7) and (iv), it is
straightforward to show that condition (iii) of Theorem 11 is
satisfied. Our problem reduces to show that the pair (P, Q) is
an («, f3, y)-contraction with respect to D for some 8 € %
andy € Y.

First, we establish that P is triangular-«-admissible with
respect to Q.

Assume that «(Qu, Qv) > 1. Then, Qu(t) < Qv(t); that is,
u(t) < v(t) for any t € [0, T]. By assumption (ii), p(t,s,u) <
p(t, s, v). Therefore,

T T
Pu(t) = L pt,s,u(s))ds < .[o p(t,s,v(s))ds @)

=Pv(t).

That is, a(Pu, Pv) > 1. It is simple to show that the second
condition of Definition 7 holds. Thus, P is triangular-«-
admissible with respect to Q.

Finally, it remains to prove inequality (4).

If u(t) > v(t) for some t € [0,T], we are done. Suppose
that u(t) < wv(t) for all t € [0,T]. From assumption (ii),
consider

|Pu (£)] + |Pv (t)]

T
< L lp (& s, u ()| +[p (15, v(s))| ds
(48)

1 (T
< T L In(1+|u(s)|+1v(s))|ds

< ln(l + max |Qu (t)| + max |Qv(t)|>,
t€[0,T] t€[0,T]

and, then,

In (|Pu(t)| + |Pv(t)| + 1)
T
< ln(L |p (t,s,u(s))| + |p(t,s,v(s))|d5+ 1)

< ln(% JTln(l +u(s)| +|v(s))|ds+ 1)
0

(49)
<In <ln (1 + max |Qu (t)| + max |Qv (t)|> + 1>
te[0,1] te[0,T]

_In (In (1 + max, o7y [Qu ()] + max,e (o 1Qv (£)]) + 1)
In (1 + max,cp 7 |Qu (t)] + max, (o7 Qv (£)])

-ln(l + max |[Qu (t)] + |Qv (t)|>.
te[0,T]

This gives us the desired inequality for y(t) = In(¢ + 1) and

In(In(1 +¢)+1)
In(1+1¢)
k, t=0

, t>0,

B() = (50)

for some k € [0,1), where t € [0,00). Thus, (P,Q) is an
(«, B, y)-contraction with respect to D.

Hence, there exists a coincidence point of P and Q which
is a solution to the integral equation (42). O
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We investigate semianalytical solutions of Euler-Bernoulli beam equation by using Laplace transform and Adomian decomposition
method (LADM). The deformation of a uniform flexible cantilever beam is formulated to initial value problems. We separate the
problems into 2 cases: integer order for small deformation and fractional order for large deformation. The numerical results show
the approximated solutions of deflection curve, moment diagram, and shear diagram of the presented method.

1. Introduction

The Euler-Bernoulli beam theory states that the action load
produces the bending moment M(x) € C([0, L]) which is
proportional to deflection characteristics of the beam. The
equation of this law can be written as follows:

' M o
RO

where y € C2([0, L)) is deflection curve of a uniform beam,
the modulus of elasticity E, and the moment of inertia I. We
note that E and I are both constant and the product of E and
I is called beam stiffness. In a case of small deformation, we
assume that y'(x) is infinitesimal. Equation (1) is reduced to
the well-known fourth-order linear differential equation:

4 2

dy _dM @
dxt  dx?

In this study we consider the uniform flexible of cantilever

beam; see Figure 1. The parameters L and A are unde-

formed length and horizontal displacement, respectively.

The deformed length of beam is verified by the integral

f;[l + (y")*1"?dx, where [ = L — A. Tt was shown in [1]
that the slope of deflection curve represents the following

equation y'(x) = G(x)/[1 - G*x)]"?, where G(x) =
(Li M(s)ds)/(EI) for the known function M. The deflection

curve in Figure 1 corresponds to initial value problem of the
geometric problem:

y'" (x) M%)
R
y(0) =0, 3)
) G (0)
0)= ———,
) [1—G2(0)]1/2

where M(x) = Px. If the slope is very small, the linear Euler-
Bernoulli beam theory [2] governs the problem

d4y
Elﬂzo, XE[O,L],

Ely" (0) = -PL,
EIy? (0) = -P, (4)

pr’

L)=—,

y (L) 3Bl

y' (L) = 0.

WORLD TECHNOLOGIES




66

F1GURE 1: Cantilever beam with a concentrated load at the free end.

The solution of the problem (4) is

_ Px* PL’x

_ e Plix 5)
6EI 2EI

y(x)

Our method proposes to reform problem (3) in a sense of
fractional calculus without linearization. Because fractional
calculus is the great idea to describe behavior in nature, for
example, force response of viscoelastic material [3, 4], fluid
flow [5], and fitting experimental data [6]. For convenience,
we set k = —P/EI and c = G(0)/[1 —GZ(O)]I/Z. We develop (1)
to deal with fractional order « € (1, 2]; system (3) becomes

Dyy(x) = kx [1 + (y' (x))2]3/2, x €[0,1],
y(0) =0, ©)

y' 0)=c.

We use Adomian polynomial to approximate a nonlinear
term and derive a semianalytical solution by use of Laplace
transform for the initial value problem (6).

2. Preliminaries

In this section we introduce some definitions and theory of
fractional calculus and Laplace transform which are used in
our method. See [7] for more details.

Definition 1. The Riemann-Liouville fractional integral oper-
ator of order « > 0 is defined as

t
Iy (x) = ﬁ L t-7)"" f (1) dr. 7)

Definition 2. The Caputo fractional derivative of order « > 0
is defined as

DEF 0= g |, -0 S @ o

n=la].

Applied Principles of Mathematical Analysis

Theorem 3. If p > 0 and q > 0, then (DEDIf)(x) =
DF¥ f(x).

Theorem 4. The Laplace transform of the Caputo fractional
derivative is given by

L{Dyy (0} = s"L{y ()} - Y s**yP ),  (9)

k=0
where n = |« and k is a nonnegative integer. The inverse
Laplace transform of power function is given by
L (T(p+1)
1 — P
L {T =t5, p> -1. (10)

3. Semianalytical Solution via LADM
To formulate the general solution of problem (6), we replace
y' with u in the equation of problem (6) and applied
Theorem 3. We obtain

DY 'u = kx [1 + u2]3/2. (11)
Taking Laplace transform of (11) gives

a-1 213/2

L{D§ u}:kL{x[1+u] } (12)

Using Theorem 4 and replacing y'(0) by ¢, we can rewrite as

Liu} = E 4 ks L {x[1+u2]3/2}. (13)

We take inverse Laplace transform of (13), and the following
operator equation is obtained:

u=c+kL™? {sl_“L {x[l +u2]3/2}}. (14)

We apply Adomian polynomial [8, 9] to approximate a non-
linear term of (14), by setting
Nu =1 +uz]3/2 =Y A, w);
n=0
(15)
IS d'Nu
An (u) = E (;c(v,n) W) .

Equation (14) becomes

u=c+kL™’ {SIO‘L <leZO:An (u)H» . (16)
n=0

Assume that the solution of (11) can be writtenasu = Y 2, u,,.
From the combination of Laplace transform and Adomian
decomposition method, we obtain the formulation of LADM

for fractional order of cantilever beam deflection equation:

OZO:un =c+kL! {slaL {XOZO:An (”)H’ . 17)
n=0 n=0
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In this work, we apply the first four terms of LADM which are
provided from following recurrence:

Uy = ¢,
Uy = kL7 {s' L {xA}}, (18)
fori=0,1,2,
where
Ay = Nuy,
oy A(Nug) (19)
=Uu —_—,
L
d(N Td* (N
142 =u, ( uo) ﬂ ( 2”0)' (20)
duy 21 dug
The components of adomian polynomial are given by
Ag=(1+ ué)m,
A = 3uyu, (1 + ué)l/z,
(21)

Ay =3ugu, (1+ ué)l/z A %uf (1+ uﬁ)l/z
+ % (utguy)* (1 + ué)fl/z,

The iteration results of recurrence (18) are shown as follows:

Uy = ¢,
Ay = (1 + 62)3/2,

k(l + c2)3/2 N

u, = kL™ {sH"L {xAO}} T Tiiw

3ck(1+c2)2
TQta-1""

1=

3k (1+8) T2+ a)
IFr1+a)T(1+2x)

uy = —kL™" {sl_aL {xAl}} =

20

- X ,
a 9c2r(2+oc)+3(1+262) e+e)”
2\ I1+2q)  2M(1+a) I(1+a)
'XZ“,

uy = —kL™" {sl_“L {xAz}}

=_<962F(2+a) +3(1+262)>

I'(l+2x) 2I' (1 + )

T(2+20)k (1+ c2)5/2 .

TA+a)T(1+3x)

(22)

The first four terms’ approximate solution is u = uy+u; +u, +
Uus:

k(l + c2)3/2 N

w) = T

3ck? (1 +c2)21"(2+<x) -
IFrl+a)l'(1+2x)

_<9CZF(2+(X) +3(1+252)>

T'(l+2x) 2T (1 + &)

(23)

T (2+2a)k (1 +c2)5/2
T+ (1+3)

3a

Since u = y' and y(0) = 0, thus y(x) = on u(s)ds. This yields

k(l + c2)3/2
Tr2+a) x

1+a

y(x) =cx—
3ck? (1 +c2)2F(2+oc)
IFrl+a)T'(2+2x)

_<962F(2+(x) +3(1+2c2)>

T'(l+2a) 2T (1 + &)

1+2a

(24)

T(2+2a)k (1 +c2)5/2
T+ T(2+30)

1+3a

3.1. Integer Order for Small Deformation. We simulate some
deflection curve of the results in (24) and (5) which are
solution of LADM and classical method, respectively. The
parameters are L = 100in., A = 0in., E] = 1.8 X 10° kip in2,
o = 2,and P = 1kip. Figure 2 shows the deflection
of cantilever beam, obtained by using classical method and
LADM. LADM has accurate slope around the free end of the
beam as well as classical method. Moreover LADM shows
that the deflection curve remains nearly straight line in the
case of small deformation.

The effects of various loads influencing maximum deflec-
tion at the free end and length of the deformed beam
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TABLE 2: Values of slope at 840 in. and maximum vertical displace-

ment for various fractional orders.

Fractional order Slope at 840 in. Deformed length (in.)
1.56 —0.185702 768.244392
1.55 -0.102380 798.176219
1.54 —-0.023820 829.711010
1.53 0.050256 862.954991
1.52 0.120111 898.022706

TABLE 3: Numerical results of slope deflection.

68
LADM
25 ¢
2t USSR Classical
15¢ T
. -
0.5 F
20 40 60 80 100
FIGURE 2: Small deflection curve.
TaBLE 1: Numerical results under various load testing.
Linear LADM
Load
(kip) Vrmax Curve length Vrmax Curve length
(in.) (in.) (in.) (in.)
0.1 0.1852 100.0002 0.2770 100.0004
0.2 0.3704 100.0008 0.5525 100.0015
0.3 0.5556 100.0019 0.8264 100.0034
0.4 0.7407 100.0033 1.0989 100.0060
0.5 0.9259 100.0051 1.3698 100.0094
1 1.8519 100.0206 2.7020 100.0365
5 9.2593 100.5125 12.0619 100.7396
10 18.519 102.0283 20.0049 102.2721
50 92.5926 140.3049 = —
100 185.1852 216.3719 — -

x (in.) Pseudolinear (in.) LADM (in.)
0 1.1049 1.2630
100.0 1.0698 1.2132
200.0 0.9720 1.1186
300.0 0.8360 0.9943
400.0 0.6822 0.8460
500.0 0.5232 0.6773
600.0 0.3632 0.4903
700.0 0.2009 0.2862
800.0 0.0304 0.0679
816.9 0 0.0294

are presented in Table 1. We observe that the calculation
of nonlinear integer order deformation via LADM fails at
P = 50kips and P = 100kips. Since G(0) > 1 thus
integral of bending moment is greater than stiffness of the
beam. This yields large deformation, large rotation, and large
strain, namely, some concept of large deformation. Not only
does LADM fails, but also classical method does, because it
contradicts the assumption that the lengths of deformed and
undeformed beam are identical. This is the motivation for
reform in fractional order model.

3.2. Fractional Order for Large Deformation. There are many
methods for describing a large deformation of a beam, for
example, the Laplace-Padé coupling with NDHPM and HPM
[10], VIM [11], and pseudolinear system [1]. In this section, we
introduce the process of investigating semianalytical solution
via LADM and some numerical results of pseudolinear
system in [1].

To illustrate the numerical results we suppose that hor-
izontal displacement A = 40. The beam parameters are
L = 1000in. and EI = 1.8 x 10° kip in.%. The fact from our
assumption is

' (840) = 0. (25)

In this case we fixed the concentrate load P = 0.4 kip.
We get the deformed length I = 840 and initial condition

¢ = y'(0) = 12626 Fractional order is determined by
simulating the results of slope at 840 and deformed length.
Table 2 shows that order a = 1.54 is given, y'(840) = —0.0238
and y'(829.711) = 0, which is the most accurate for the
fact in (25). We design order « = 1.54 for this problem.
Using the first four terms’ approximation, the deflection is
shown in Figure 3(a). The slope deflection of psudolinear
system and LADM are presented in Table 3. Moment diagram
(M,) can be computed from the deflection curve as follows:
M, (x) = EIy"(x)/[l + (y'(x))z]3/2 and V(x) = Mé(x)
for shear diagram. The results of both moment and shear
diagram are shown in Figures 3(b) and 3(c), respectively.

4. Conclusion

In this study, we use Euler-Bernoulli beam equation for
describing the uniform flexible cantilever beam with a con-
centrated load. The initial conditions are given by calculating
slope of the beam. We use LADM to determine the semi-
analytical solution. LADM with integer order system can
approximate solution without cancellation a nonlinear term
in the case of small deformation. For the large deformation,
we reform the problem to fractional order system and
estimate fractional order « which conserves the fact from the
assumption. Finally, we show that LADM gives the solution as
a polynomial expression which is the advantage for analyzing
moment and shear diagrams. LADM may be a powerful
and successive method for solving nonlinear science and
engineering problem.
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FIGURE 3: Numerical results of deformation via LADM (4 terms).
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Numerical experiments with smooth surface extension and image inpainting using harmonic and biharmonic functions are carried
out. The boundary data used for constructing biharmonic functions are the values of the Laplacian and normal derivatives of the
functions on the boundary. Finite difference schemes for solving these harmonic functions are discussed in detail.

1. Introduction

The smooth function extension problem is a classical problem
that has been studied extensively in the literature from
various viewpoints. Some of the well-known results include
Urysohn’s Lemma, the Tietze Extension, and Whitney’s
Extension Theorem (see, e.g., [1-9]).

Inpainting was first introduced in [10] and then has been
studied extensively by several authors (see, e.g., [11, 12]).
Although smooth image inpainting is a smooth function
extension problem, the most common approach in image
inpainting so far is to use the solution to some PDE which
are obtained from minimum-energy models as the recovered
image. The most commonly used density function for these
energy models is total derivation.

In [12], by considering smooth inpainting as a smooth
surface extension problem, the author studied methods for
linear inpainting and cubic inpainting. Error bounds for
these inpainting methods are derived in [12]. In [13], several
surface completion methods have been studied. An optimal
bound for the errors of the cubic inpainting method in
[12] is given. Applications to smooth inpainting have also
been discussed in [13]. There, error bounds of completion
methods are derived in terms of the radius of the domains
on which the functions are completed. In one of the methods
in [13], the author proposed to use p-harmonic functions for
smooth surface completion and smooth surface inpainting.
Later in [14], p-harmonic functions are also studied for

smooth surface completion and inpainting. The differences
of the method using p-harmonic functions in [13, 14] are as
follows: the method in [13] uses Aiuls, i=01....,p—-1,
as boundary data while the method in [14] uses (0 JoN )y o
i=0,1,..., p—1,as boundary data to solve for a p-harmonic
function. Here, u is the function to be inpainted and S is the
boundary of the inpainted region.

The goals of this paper are to implement and compare
the performance of the two surface completion schemes in
[13, 14]. In particular, we focus our study on smooth surface
completion and smooth surface inpainting by biharmonic
functions.

2. Surface Completion by
Biharmonic Functions

Let D be a simply connected region in R* with C'-boundary
S = 0D and d be the diameter of D. Let u, be a
smooth function on any region containing D. Assume that
u, is known on a neighbourhood outside D. The surface
completion problem consists of finding a function u on a
region containing D such that

u=u, outside D. )
There are several ways to construct the function u so that (1)
holds. For smooth surface completion, one is often interested
in finding a sufficiently smooth function u satisfying (1).
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An application of smooth surface completion is in
smooth image inpainting. In smooth image inpainting, one
has a smooth image 1, which is known in a neighbourhood
outside of a region D while the data inside D is missing. The
goal of image inpainting is to extend the function u over the
region D in such a way that the extension over the missing
region is not noticeable with human eyes.

In image inpainting, an inpainting scheme is said to be of
linear order, or simply linear inpainting, if, for any smooth
test image 1, as the diameter d of the inpainting region D
shrinks to 0, one has

lu = w]|p = O (%), )

where u is the image obtained from the inpainting scheme.
Here, || - |, denotes the L°°(D) norm. Here and throughout,
f = 0O(g) it |fl/lgl is bounded uniformly by some constant
C>0.
Note that harmonic inpainting, that is, the extension
found from the equation
Au=0 in D,
(3)

ulg = uols >

is a linear inpainting scheme [12].
In [12], the following result for cubic inpainting is proved.

Theorem 1 (cubic inpainting, Theorem 6.5 [12]). Letu, be the
harmonic inpainting of u,. Let u, be a linear inpainting of Au,
on D (not necessarily harmonic), and let u(x) be defined by

u(x)=u, (x)+uy(x), xeD, (4)
where u, solves Poisson’s equation
Au, =u,, inD,
@)
s = 0.

Then, u defines a cubic inpainting of u,; that is,
4 = ol = O (%) (6)

Remark 2. 1If u, is the harmonic inpainting of Au in D, that
is, u, solves the equation
Au, =0 in D,
(7)

“e|s = A”0|s>

then the element u defined by (4) is a biharmonic function
which solves the following problem:

Ay = 0,
Aulg = Augs, (8)
ulg = ’/‘ols-

In [13], this result is generalized to a multiresolution
approximation extension scheme in which the Laplacian

is replaced by more general lagged diffusivity anisotropic
operators. It is proved in [13] that if u solves the equation

A"u=0 in D,
o ©)
Au|s= Alu0|s, i=0,1,....,n-1,
then
e = ug] , = O (d*). (10)

A sharper error bound than (10) is obtained in [13].
Equation (9) can be written as a system of Poissons
equations as follows:

vy =0, in D,
Av;=v;, in D,
Vil = A", & (11)
i=12,...,n
u=yv

-
Thus, the problem of solving (9) is reduced to the problem of
solving Poisson’s equations of the form
Au=f in D,
(12)
ulg = g.
Numerical methods for solving (12) have been extensively
studied in the literature. S
Note that the normal derivatives (0'/ON")u,|g are not
presented in (9). Thus, extension using (9) may not be differ-
entiable across the boundary S. To improve the smoothness
of the extension across S, it is suggested to find u from the
equation

A'u=0 in D,

ai ai (13)
—u=——=u, i=01,...,n-1
aN’ aN’ 0> » Ly >

It is proved in [14] that if u is the solution to (13), then (10)
also holds.

Equation (13) cannot be reduced to a system of Poisson’s
equations as (9). In fact, to solve (13), one often uses a
finite difference approach which consists of finding discrete
approximations to the operators A" and o /ON ii=1,...,n-
1. For “large” n, it is quite complicated, though possible, to
obtain these approximations.

As we can see from the above discussions, (9) is easier
to solve numerically than (13). However, scheme (9) does
not use any information about the normal derivatives of
the surface on S. Thus, the extension surface, obtained from
scheme (9), may not be smooth across the boundary S. On
the contrary, (13) uses normal derivatives as boundary data
and, therefore, is expected to yield better results than scheme
(9) does.

In the next section, we will implement and compare
the two surface completion schemes using (9) and (13). In
particular, we focus our study on biharmonic functions which
are solutions to (9) and (13) for n = 2.
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3. Implementation

Let us discuss a numerical method for solving the equation

A*u=0 in D,
ulg =g.

To solve this equation, one often defines v = Au and solves
for u from the following system:

Av =0,
Vs = (15)
Au=v,
ulg = g.

Thus, the problem of solving (15) is reduced to the problem
of solving the following Poisson’s equation:

Au=f; inD,

ulg = gy-

(16)

To solve (16), we use a 5-point finite difference scheme to
approximate the Laplacian operator. This 5-point scheme is
based on the following well-known formula:

1
1
Agus= oz (1 -4 1 u=AMu+0(1).  (7)
1

Here, h is the discretization step size. This scheme is well
defined at points P, whose nearest neighbours are interior
points of D. If P has a neighbour Q € 0D, then we use a stencil
of the form

1
Asu(P) = % 41 |u(p)+ ”;l?)
1 8)
=Au(P)+0(h).

In the above formula, Q is the nearest neighbour to the left of
P. Similar formulae when Q is the nearest neighbour on the
top, in the bottom, and to the right of P can be obtained easily.

In our experiments, we choose D as a square and the
solution u on the computation grid is presented as a vector.
Using the 5-point finite difference scheme, (16) is reduced to
the following algebraic system:

Au=<f1—%>, (19)

Applied Principles of Mathematical Analysis

where A is the 5-point finite difference approximation to the
Laplacian and g, is a vector containing boundary values of
u on S at suitable entries. Matrix A is a tridiagonal matrix;
that is, all nonzero elements of A lie on the main diagonal
and the first diagonals above and below the main diagonal.
Matrix —h* A can be obtained by the function delsq available
in Matlab.

Let us discuss a numerical method for solving the equa-
tion

A*u =0,
ule = f’ (20)
uls = g.

For a discrete approximation to the bi-Laplacian, we use a 13-
point finite difference scheme which is based on the following
formula (see [15]):

1
2 -8 2
Au=21 1-82 -81 |u
13 _h4
2 -8 2 (21)
1
:A2u+O(h2).

This stencil is well defined for a grid point P if all its nearest
neighbours are in the interior of the domain. If P has a
neighbour Q € 0D and Q is on the left of P, then we use the
following formula:

1
2 -8 2
A% u(P) ==% 820 -8 1 |u(P) ”Nth)
2 -8 2 (22)
1
+ 4@Q = A2u+O(h_1).

I

Using the above finite difference scheme, (20) is reduced
to a linear algebraic system of the form Au = b, where A is
a five-diagonal matrix. Numerical solutions to u on the grid
can be obtained by solving this linear algebraic system.

Before we proceed with numerical experiments, we need
the following.

3.1. Quantitative Comparisons. It is constructive to provide
quantitative correlations between original and processed
images and in particular code to compare figures such as
those below. In order to calculate these required correla-
tions (and many are provided), we refer the reader to a
free access code for our method in scikit-image processing
in python unit completely at the disposal of the reader
which readily provides quantitative correlations—in partic-
ular for the figures. The scikit-image processing package
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is at http://scikit-image.org/ and is a collection of open
access algorithms for image processing with peer-reviewed
code.

For our method, see http://scikit-image.org/docs/stable/
api/skimage.restoration.html?highlight=biharmonicskimage
.restoration.inpaint-biharmonic.

Moreover, for the benefit of the reader, many comparison
methods with associated code are given in this unit; see some
below, but see the full package for alonger list with references.

(i) Denoise-bilateral (see [16]).
(ii) Denoise-nl-means (see [17-19]).

(iii) Denoise-tv-bregman, denoise-tv-chambolle, denoise-
wavelet, estimate-sigma, inpaint-biharmonic (the
present paper), nl-means-denoising, richardson-lucy,
unsupervised-wiener, unwrap-phase, Wiener-Hunt
deconvolution.

4. Numerical Experiments

4.1. Smooth Surface Completion. Let us first do some numer-
ical experiments with smooth surface completion. In our
experiments, we compare numerical solutions from the three
surface completion methods: the method with harmonic
functions, the method with biharmonic functions in [12, 13],
and the method with biharmonic functions in [14].

The function u to be completed in our first experiment is

u(xy)=xy+x*(y+1), x,yeD=[-1,1]. (23)

Note that this function is a biharmonic function. The domain
D is discretized by a grid of size (n+ 1) X (n+ 1) points. In the
first experiment, we used n = 50.

In our numerical experiments, we denote by u;; the
extension by a harmonic function, by u; the biharmonic

extension from [13], and by u, the biharmonic extension
from [14].

Figure 1 plots the original function and the error of
reconstruction by a harmonic function. Figure 2 plots the
errors of surface reconstructions by biharmonic functions
from [13, 14].

From Figures 1 and 2, one can see that the biharmonic
reconstructions from [13, 14] are much better than the
reconstruction by harmonic functions. The method in [13]
in this experiment yields numerical results with accuracy a
bit higher than the method in [14]. However, this does not
imply that the method in [13] is better in terms of accuracy
than the method in [14]. In the condition number of A,
the finite difference approximation to the bi-Laplacian in
this experiment is larger than that of the finite difference
approximation to the Laplacian. Due to these condition
numbers, the algorithm using the method in [13] yields results
with higher accuracy than the algorithm using the method
n [14]. As we can see in later experiments, the method
in [14] often gives better results than the method in [13].
The conclusion from this example is that both methods in
[13, 14] yield numerical solutions at very high accuracy. The
harmonic reconstruction in this experiment is not very good.
This stems from the fact that the function to be reconstructed
is not harmonic.

In the next experiment, the function to be reconstructed
is chosen by

(1+cos(x)) (1+cos(y))
4 ’ (24)
x,y€[-1,1].

u(xy) =

This function u(x, y) is not a biharmonic function.
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Figures 3 and 4 plot the errors of harmonic and bihar-
monic reconstructions. From these figures, it is clear that the
method in [14] yields the best approximation. The harmonic

reconstruction is the worst amongst the 3 methods in this
experiment.

4.2. Image Inpainting. Let us do some numerical experiments
with image inpainting.

Figure 5 plots a damaged image and a reconstructed
image by harmonic functions. Figure 6 plots restored images
by biharmonic functions following the methods from [13, 14].

It can be seen from Figures 5 and 6 that the biharmonic
extension method from [14] yields the best reconstruction.
Although the biharmonic extension method from [13] is
better than harmonic extension in our experiments with
smooth surface completion, it is not as good as the harmonic
extension in this experiment. This is understandable since our
image contains edges and is not a smooth function. It can
be seen from the restored image by the method in [13] in

Figure 6 that the reconstruction may not be smooth, or even
differentiable, across the boundary.
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FIGURE 5: Damaged image and restored image by harmonic functions.
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FIGURE 6: Restored image by biharmonic functions.
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Harmonic inpainting

FIGURE 8: Restored image by biharmonic functions.

TABLE 1: Results for D, = [-27,27] x [-27/,27] fori = 0, 9.

i logfug-ul, g fu -, log, uy s,
0 2.36 0.37 ~1.46
1 0.50 -3.48 -5.34
2 ~1.46 —7.44 -9.32
3 ~3.45 ~11.44 ~13.31
4 ~5.45 ~15.43 -1731
5 ~7.45 ~19.43 -21.31
6 ~9.45 -23.43 -25.31
7 ~11.45 ~2743 -29.31
8 ~13.45 ~31.43 -33.34
9 -15.45 ~35.46 -38.54

Appendix

Table 1 presents numerical results for the function u defined
by (24) and on the domain D; = [-27",27'] x [-27%,27"],
i = 0,9. The diameter of D;is d; = 27", From Table 1,
one can see that the harmonic reconstruction has an order of

accuracy of 2 while the biharmonic reconstruction methods
have an order of accuracy of 4. This agrees with the theoretical
estimates in [12-14].

Figures 7 and 8 plot a damaged picture of peppers
and reconstructed images by the 3 methods. From these
figures, one gets the same conclusion as in the previous
experiment. The biharmonic reconstruction in [14] yields the
best restoration while the biharmonic reconstruction in [13]
yields the worst reconstruction.
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A new SEIRS epidemic model with nonlinear incidence rate and nonpermanent immunity is presented in the present paper. The
fact that the incidence rate per infective individual is given by a nonlinear function and product of rational powers of two state
variables, as well as the introduction of an epidemic-induced death rate, leads to a more realistic modeling of the physical problem
itself. A stability analysis is performed and the features of Hopf bifurcation are investigated. Both the corresponding critical regions
in the parameter space and their stability characteristics are presented. Furthermore, by using algorithms based on a new symbolic
form as regards the restriction of an n-dimensional nonlinear parametric system to the center manifold and the normal forms of
the corresponding Hopf bifurcation, as well, the associated bifurcation diagram is derived, and finally various emerging limit cycles
are numerically obtained by appropriate implemented methods.

1. Introduction

The realistic modeling of epidemic models constitutes an
important issue of modern research as it can contribute to
both a better understanding and more accurate modeling of
the actual dynamics and the interrelation of the populations
involved. Nonpermanent immunity leads to SEIRS or SIRS
models which have been studied with respect to the effects
of the epidemiological parameters, with bilinear (see, e.g.,
[1]) or nonlinear incidence rate (see [2, 3] and the references
therein). In particular, in [3] the writers investigate the
stability of both the disease-free equilibrium and the endemic
one. Also, they determine conditions regarding the existence
and stability of Hopf-bifurcated limit cycles with respect to
the latter, concerning both SEIRS and SIRS models. The
nonlinear incidence rate offers a deeper insight into the actual
relation between the populations of susceptible and infective
individuals. Furthermore, we introduce an additional death
rate solely due to the disease, and hence the SEIRS model is
enriched with new nonlinear terms.

Let us now present the specifics of the aforementioned
model, described by the following 4D differential system:

S=rN-dS+eR-h(S,I)I,

E=—(d+0)E+h(S,D]I,

. €]
I=-(y+d+a)l+0E,
R=yI-(d+¢&)R,
N =rN -dN —al, (2)

where S, E, I, R, N denote the number of susceptible, exposed
(incubating), infective, and recovered individuals and the
total population, respectively, while h(S,I) represents the
incidence rate per infective individual and v, d, ¢, 0, &, y stand
for the system parameters. As regards their physical meaning,
r denotes the birth rate, d denotes the physical death rate, ¢
denotes the rate of loss of immunity, o denotes the rate of
incubation, « is the additional death rate due to the epidemic,
and y denotes the recovery rate. Then by normalizing with

WORLD TECHNOLOGIES



http://orcid.org/0000-0001-7762-8339
http://orcid.org/0000-0002-1234-6469
https://doi.org/10.1155/2018/1467235

Hopf Bifurcation Analysis of a New SEIRS Epidemic Model with Nonlinear Incidence Rate and Nonpermanent... 79

respect to the total population N = S + E + I + R which is
considered constant and taking into account (2), the system
becomes

x=r—rx+ez+axy—h(xy)y,

w=—(r+o)w+awy+h(xy)y,

(3)
y=ow-(r+y+a)y+ay’,
z=yy—-(r+e)z+ayz

with
S
xX=—,
N
E
w=—,
N
_ I (4)
)’—N’
R
z=—,
N

xX+tw+y+z=1

Now, by eliminating z = 1 —x — w — y, system (3) is reduced
to the following three-dimensional one:

5c:r+s—(r+s)x—sw—£y+ocxy—z(x,y)y,
w=—(r+o)w+awy+h(xy)y (5)
y=ow-(r+y+a)y+ay’.
By setting
h(xy) ="y, (6)

where f3, m are positive constants and s > 1, (5) takes the final
form

x=r+e—(r+e)x—ew—ey+axy—px"y’,
w=—(r+o)w+awy+ x"y, (7)
y=ow-(r+y+a)y+ay’.

The analysis is multiparametric in that the parameter space of
the system is structured by three varying parameters. Thus in

Section 2 a stability analysis of the system is performed, where
the active parameters are determined and various graphical
representations are obtained concerning the critical (with
respect to Hopf bifurcations) values of the varying parame-
ters, as well as the critical, noncritical, and stability regions
in the parameter space considered. Then, based on a new
proper symbolic form as regards the center manifold analysis
(see [4]), the basic features and steps of which are generally
presented in Section 3, effective algorithms are implemented,
by using symbolic computational software, which result in
the associated bifurcation portraits throughout the regions of
the parameter space under consideration. These portraits are
presented in Section 4, together with limit cycles correspond-
ing to the cases resulting from the respective analysis and
obtained by use of a custom orthogonal collocation method
on finite elements. Finally, Appendices A and B include
algebraic manipulations and formulae related to the analysis
carried out throughout this work.

2. Stability Analysis-Hopf Bifurcation

Final reduced system (7) possesses two types of equilibria: a
disease-free one, namely,

2y =(1,0,0), (8)

and an endemic one of the form Zl(xo, yo,zo) with yo +
0 obtained after some tedious algebraic manipulations (see
Appendix A), as

1 3 2
XO = m [062 (yO) — 0Ky (}/O)
)
+ (k5 + 0€) yO — oxo] ,
Bo (xo)m (yo)s_l =’ (y0)2 —ai,—€)y’ +x,
(10)
- &K,,
w’ = é [—oc (yo)z + szo] , (11)

wherex) =r+ &K =r+e+0,K =1+ +a, K3 = KK,,
and x, = K, + k,. We focus on the endemic equilibrium
¥ = (xo,yo,wo) with xo,yo,wo given in (9)-(11), since it
corresponds to persistence of the disease.

As regards the local stability of £, taking into account (7),
(10), and (11), the Jacobian matrix evaluated at ¥; becomes

0
0 m,y o_ S
ay —Ky— —A— —€ —e+ax — —A
O PR o
]0: yO 0 04 0 2 0 N > (12)
;AF ay —K; +e ;[—oc(y) +K2y]+gA
0 o ZOCyO—KZ
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where
¥ =y (raea Bms),

0_ 0[O0,
X =X y))))r)“)sio >

. (13)
A= A(y ;y,r,(x,s,a)
2
=’ (yo) —a(iy— €)Y’ +1x; — ex,.
The associated characteristic equation is
A’ +B,\* +BA+ B, =0. (14)

Now, by considering the well-known Routh-Hurwitz neces-
sary and suflicient stability conditions, namely,

B, > 0,
B, >0, (15)
B,B, - B, >0,

related to the equilibrium %, we conclude with the formulae

B, = 5 (Pyo +Pyyx°),

B, $ (P +Pyx°),

B; = B,B, - B

1 2

= m (P30 + P31x0 + P32 (xo) ) ,

where P; = ﬁj(yo;y, r,a,&0,m,s),i=0,1,3,j=0,1,2, are
polynomials with respect to °.

Moreover, by solving the equation B; = 0 (resulting from
(14) for A = iw) with respect to yo (after substitution of the
right-hand side of (9) for x°, we finally evaluate the real roots
of a 9th-degree polynomial numerically), we further evaluate
x° and w’ by substituting the obtained root of B; into (9) and
(11), respectively. Then, taking into account the fact that x, >
«, we arrive at w” > 0 by means of (11) in the case where
0 < y° < 1. Thus if

0<x0<1,

0<y0<1,

w0<1, (17)
B, >0,

B, >0

then (x°, yo, w?) represent the critical values (x(c)r, ygr, wgr).

Then, by solving (10) with respect to 3 and considering
(y,0, B) varying parameters of the problem we obtain the
critical value

2
2 0 0
_ @ (ycr) —06(K4—8)ya,+K3—8K2

:Bcr - (18)

m s—1
o (x)" (5%)

Applied Principles of Mathematical Analysis

provided that 0 < fB, < 1, with x°,y° being the
aforementioned critical equilibrium of the system (7). Thus
a critical surface ., = B (y,0) is generated in the parameter
space (y,0, 3) (we have ygr = ygr(y, o) and due to (9) we also
have xgr = xgr(y, g, ygr(y, 0)), with r,«, &, m, s being fixed),
defined over the area of the parameter plane (y, ), where the
critical values of 3 are obtained via (17) and (18); we call this
area critical region. Moreover, we differentiate B, given by
(16), with respect to the active parameters p (p = y,0,f3),
namely,

1 2
= (Paop + Paipx® + Py (x°)
o® (x°)

+ (P31 + 2P32x0) xop) - % (8x0 + oxop) ,
(19)
5= 1, p=o
0, p=pp

0 .
Py = fajpt f30) p =012,

where 0, = d0/dp and O 0 = 00/9y°, and also xop and
y° p denote the partial derivatives of x° and y° with respect
to p, provided in Appendix A (A.2). Then by introducing the
critical equilibrium (x2.(y? ), y°.) and taking into account the
fact that y°. is a numerically obtained root of a high degree
polynomial, we conclude that by setting the right-hand side
of (19) equal to zero, no explicit relation can be extracted
involving the parameters of the system. Furthermore, for any
fixed values of r, &, &, m, s, we numerically compute

BS,p (Y’ o, ﬁcr’ xgr’ y((:)r) #0, (20)

everywhere on the critical surface. Thus, considering (17) and
(20), according to Liu criterion [5] J, has a pair of purely
imaginary eigenvalues together with a negative real one on
this surface; the transversality condition (see Appendix B,
(C1-2)) holds, as well. Hence, a Hopf bifurcation occurs
at the critical equilibrium. Graphical representations of 3,
(evaluated by using (18)) versus y (for different values of o,
with 7, a, ¢, m, s being fixed), versus o (for different values
of y, with #, &, &, m, s being fixed), and versus s (for different
values of y, with r,«,¢,0,m being fixed) are presented in
Figures 1(a), 1(b), and 1(c), respectively, while critical regions
are obtained in the parameter plane (y, o) for fixed values of
7, a, &, m, s in Figures 2(a) and 2(b).

We should note that variation of the values of fixed
parameters does not affect the number of critical values
as regards f3. Thus, in any case, the expression (17), under
restrictions (18), yields zero or at most one critical value (0 <
B < 1). Additionally, we note that an increase in s or m gives
rise to an expansion of the zero region, namely, the area of the
parameter plane (y, o) where no critical values of 3 exist.

Furthermore, the status of the equilibrium points corre-
sponding to the values of § in the range (0,1) is shown in
Figures 3(a) and 3(b). More precisely, after the right-hand
side of (9) has been substituted for x°, by using standard
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andm = 0.5and (a) s = 1.2 and (b) s = 1.6.

numerical computation routines, (10) is solved with respect
to y° for any given value of 8 and fixed values for the
other parameters. Then x° and w’ can be obtained by means
of (9) and (11), respectively, and finally the coeflicients B,
i = 0, 1,2 of the characteristic equation (14) are determined.

Thus, concerning the critical pairs (y, o) (the points of the
critical region), we focus on the slope of the real part of the
complex conjugate eigenvalues of the Jacobian as a function
of B, inside an interval (S, —d,, B, +d,), dy,d, > 0 (wherea
pair of complex eigenvalues exist), in order to determine the
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FIGURE 3: Stability features regarding the critical (green) and the zero (black and red) regions. Green denotes the negative slope of the real part
of the complex eigenvalues versus f3, around f,, red indicates the existence of unstable endemic equilibria for 3 € (6, 1), and black outlines
the pairs (y,0) for which no endemic equilibria arise in the whole range (0,1) for . The parameters are defined as r = 107, & = 107%,

e=10",andm = 0.5and (a) s = 1.2 and (b) s = 1.6.

direction and stability of the occurring codimension 1 Hopf
bifurcation (see Appendix B). As regards the zero regions (no
B..), one investigates the existence of equilibrium points, as
well as their stability, as 3 varies within the range (0, 1).

As a result, we conclude that regardless of the parameter
values, the real part of the complex eigenvalues transverses
the S-axis (at 8,) with negative slope, all over the critical sur-
face (for f lying into the aforementioned “complex” interval,
the sign of the real eigenvalue is always negative). Moreover,
we encounter an unstable endemic equilibrium depending on
B in the zero regions, for this active parameter lying inside
an interval (6,1), 6 = 8(y,r,a,¢,0,m,s) > 0 (we have no
equilibria at (0,6)), with § notably sensitive to y-variation,
in the sense that as y increases, § shifts rapidly towards
unity, shrinking the (unstable) “equilibrium” - interval.
Additionally, by increasing s or m, a “0- equilibrium” region
emerged inside the zero region (there exist no equilibria in
the whole range (0, 1)), getting larger as these two rational
exponents (especially s) increase.

3. Analytical Formulae for a Parametric
n-Dimensional System

3.1. Reduction to an (n + 2)-Dimensional Coordinate Space.
Now, we briefly discuss the basic features of a new formula-
tion regarding a parametric n-dimensional nonlinear system
analysis. The procedure adopted is presented in detail in [4,
Section 2], resulting in the derivation of the two-dimensional
restriction to the center manifold of the system, as well as in
the fast numerical computation of the Lyapunov coefficients
associated with simple or degenerate Hopf bifurcations of
the system. Thus considering a smooth continuous-time
three-parameter system with smooth dependence on the
parameters, namely,

dx
— = f(xa),
dt (21)

X € [Rn, a= (al,a,l,a3)T € R3, f: Rn+3 — Rn, f € COO

(for SEIRS system (7) we have that (a,,a,,a;) = (y,0,f)),
then expansion around the equilibrium path yields

d
B @EFEa, E=x-X@, @)
with J,(a) = D, f (x°(); a) being the Jacobian matrix eval-
uated at this equilibrium path. The smooth vector function
F : R™ — R" represents the nonlinear terms; that is,
F = O(|lx|I*) and

F(§a) = §:£;FW°<&.U,&a), (23)

m=2""""

ol (lu, ... ,’"u;a)

oy (24)

L " f (x;a)
-y gL

'a.xjm

x=x"

with ‘u = (u,...,'u )" € C", i = 1,...,m. Additionally, if
a critical triplet a, = (a,y, ay, a59) exists, where ], has a pair
of pure imaginary eigenvalues A,, = *iw; w, > 0, while
the real part of the rest of the eigenvalues is negative, then
a Hopf bifurcation occurs at a,, leading to a family of limit
cycles. This implies that J, has a pair of complex conjugate

eigenvalues A(a), AMa)ina region around a,, with
A(@) = p(a) +io(a),
#(ap) =0, (25)
w(ay) = wy > 0.

We also note that the classic Hopf theory additionally
demands that, at a,, A(a) cross the imaginary axis with
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nonzero speed (transversality condition). Moreover we con-
sider the normalized complex eigenvectors g(a) € C" and
p(a) € C"of ], and J,7, respectively, having the properties

Joq = Aq;

Jo'p=2Ap,
(26)

(pa)= Zﬁiqi =1
i=1

(pgq) =0.

Also, the two-dimensional parameter-dependent real
eigenspace (corresponding to A, X) (spanned by {Reg(a),
Img(a)}), is denoted by T'(a) (which becomes critical at
ay: T° = T(ay)), and the (n — 2)-dimensional (n > 2) real
eigenspace, corresponding to all eigenvalues of ], other than

A, A, is denoted by T*“(a). Finally, the following Lemma ([6],
Lemma 5.4) holds.

Lemmal. y € T* ifand only if (p, y) = 0.

Then, based on the decomposition

x—x0=£=zq+z_q+y,
(27)
xeR", zeCl, yeR"NTY, zq+zq €T,

by means of the third and fourth relation of (26), the last
equation yields

z=(p.§),
y=&—(p.&a-(p.&)7q

(28)

Thus taking into account (22) and the first and second
equation of (26), as well as (27), differentiation of (28) results
in the reduced form of system (22) in the (n+2)-dimensional
coordinate space (z, y):

z=Aa)z+g (2% y;a), (29)
y=Jy(@)y+F(zq+zq+ y;a)-g(z.7 y;a)q
(30)
-9(z% y:0)q,

where the dot (-) denotes differentiation with respect to ¢t and

9(z:z.y;a) = (p.F(zq +zq + y;a)) . (31)
Systems (22) and (29)-(30) are in fact dimensionally equiva-
lent, due to the two real constraints imposed on y by means
of Lemma 1.

3.2. A New Symbolic Representation of the System. By express-
ing the complex function g(z,z, y) in the form

1 2 1 3
g= zgoo( . ggoo( e
1 1
<g10 + 910 @4 3910(3) + ) z
(32)
1 1 _
<901 + 901 S 3901(3) + ) z+ 9(2)
+ g(3) oo,
where
9" (2,7, y)
1 1 Lo,
= Z k'l' <9k1 + g+ gkl '+ 59K )
-zkEl,
") (33)
m
Gij ()
= <p,F(l”+'" ) <q,...,q,q,...,q, Y .- y>>
i ] mt
0
Gkl = gkl( )
with g, € Cm = 2,3,..,i+j = 0,1,2,...,m" =
0,1,2,...,then (29) and (30) become
o1 2y 1 3 1 2
z= Egoo( '+ ggoo( = </\ +910 "+ 910( )
1 & 1 1
+ 8910( e ) (901 + 901 '+ 901 @ (34)

+--~>E+g(2)+g(3)+--~,

2

, 1 1 1 o
)’:]o(a)y"LE”oo +g”oo()+"'_<zgoo()

1 1
+ggoo(3)+"')q (900 + 900(3) )q

1 1
o, 1l @, 3710(3)+'“

+ [7'10 >0

1 1
(910 + 910( )+ 5910(3) + ) q
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m,1l. @, 1 @ )
(901 T390 T g T >Q]Z+ [7'01
1 @ 1 @
+§r01 )+87‘01 )+"
1
901 +2901 6901 g
- o, 0 i —E)
(910 + 910 gg + )q]z+r
+r®
(35)
where
m ([, = 1 )
rm (Z,Z,)/) = Z k|l| |:rkl +rkl + rkl
k+l=m
[ NG
+-ry )+
L
1
gk1+9kz = gkl 69kz g
(36)
l_ ) 1_ k=l
lk+91k 9 89 q|z'z,
(m*)(y):F(i+j+m+) <q’.”’q’q’“.)q’&“’y>’
i j mt
0
T = rkl()
with gi]-(m+ as in (33), r;; M) e Cm o= 2,3,...,i +j =
0,1,2,..., m —012....

Now, by introducing the center manifold expression

y=V(z2) = Z > k'l'wklz z, (37)

m=2 k+l=m

withwy, € C", k+] =2,3,...and (p, w;) = 0,and combining
(37), as well as the invariance relation y = V,z+V;z, with (34)
and (35), the analysis proceeds according to the steps figured
out in [4, Subsection 2.3]. Thus after extensive algebraic
manipulations combined with computer assisted calculations
carried out by use of the symbolic mathematical compu-
tational software Mathematica 7, the necessary (depending
on the considered bifurcation codimension) center manifold
coeflicients, as well as the coeflicients of the system restricted
to the center manifold, are derived as explicit and implicit
expressions of the parameters involved. Finally, the corre-
sponding Lyapunov coefficients are numerically evaluated
fast, not only at the critical parameter values, but throughout
the whole parameter space, as well, and consequently the
respective bifurcation portraits can be constructed.

4. Bifurcation Results-Discussion

After setting r = 1005 a=10"%e=10",m=051s=12
regarding the values of the fixed parameters, by following the

Applied Principles of Mathematical Analysis

procedure developed in [4] (briefly discussed in Section 3 of
the present paper), we arrive at the bifurcation portrait of
the system with respect to the X, equilibrium path, presented
in Figure 4. Regarding the sign of the Lyapunov coefficient,
it remains strictly negative on the whole critical surface
Ber = B (y, 0). Thus stable limit cycles are generated through
supercritical Hopf bifurcations, arising for (y, o) taking values
in the critical region and < f.(y,0) (the real part of
the complex conjugate eigenvalues is a decreasing function
of B around f3; see Section 2). Since the critical Lyapunov
coeflicient /; never becomes zero, the system undergoes solely
a codimension 1 Hopf bifurcation, for any critical triplet of the
active parameters (hence, in Appendix B, we only refer (after
a general inspection) to the features of the third-order normal
form of the planar equation).

The fact that the limit cycles bifurcated are stable means
that the phenomenon is persistent; that is, the flows in a
nearby neighbourhood of the limit cycle are attracted by
the cycle itself, leading to the corresponding disequilibrium
fluctuations defined by the periodic trajectory, as expected
in a considerable number of epidemics. The bifurcation
results are verified by the computation and presentation
of one cycle for specific values of the parameters by use
of a custom algorithm of orthogonal collocation on finite
elements, shown in Figures 5(a), 5(b), and 5(c) and a family
of limit cycles obtained for different values of the epidemic-
induced parameter &, shown in Figures 6(a), 6(b), and 6(c),
where the corresponding f3.. and also the period T of the
periodic orbits increase with «. The stability of the obtained
cycles is additionally verified by numerical computation of
the respective Floquet-multipliers and exponents. For the
limit cycles presented in Figure 5, let the Floquet-multipliers
be y; = M7, i = 1,2,3, with A, = (1/T) - In(y;) being the
respective exponents and T being the fundamental period of
the cycle, computed as follows: y; = {1,0.82,1.1 x 107"}
and A; = {0,-4.7 x 107%,-0.095}, respectively. Moreover
we note that the same cycles are generated by the variable-
step, variable-order Adams-Bashforth-Moulton predictor-
corrector method of orders 1 to 12, which is the standard
integrated Matlab routine used to solve nonstiff ODEs, noted
as “odell3” in the graphs illustrated in Figures 5 and 6.

As regards the role and significance of the introduction
of the additional epidemic-induced death rate, a, apart from
the fact that it contributes to a more accurate and realistic
description of the occurrence of the epidemic, which leads
to the de facto increase of the mortality rate of infected indi-
viduals, it also offers the opportunity for a more detailed and
richer parameterisation as well as the effect of the epidemic
on the dynamics and interrelation between the populations
involved, especially in aggressive diseases. Evidently, the
introduction of a gives rise to new nonlinear terms involved
in all four equations of the original system, as shown in (3),
and has an important effect on the numeric value of the
fundamental period of the bifurcating cycles, which would
have been overseen, otherwise. Moreover, the introduction
of the above-mentioned parameter could also contribute to
making estimations of the additional resources needed, based
on the changes in the duration of critical phases and stages
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FIGURE 4: Bifurcation portrait as regards the supercritical Hopf bifurcation for r = 100 a=10%e=10>m=0.5ands = 1.2. Negative
sign (blue region) of the first Lyapunov coefficient at the critical surface 3., = B (y, 0), in the parameter plane (y, o) (no f3., in the gray region).
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FIGURE 5: Stable cycle generated by supercritical Hopf bifurcation in xy (SI), wy (EI) planes and in 3D (SEI), respectively, for
(r,a,e,m,8,9,0,08) = (1074, 107%,107%,0.5,1.2,0.042, 0.5, 0.328525) (B, = 0.338525), determined by a custom orthogonal collocation on

finite elements algorithm. Unstable endemic equilibrium (red marker): (% w®, yo) =(0.073948,0.001986, 0.023535). Period: T = 410.572533
days. odell3: Adams-Bashforth-Moulton PECE solver of orders 1 to 12 (Matlab).
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0.09 Limit cycles for different values of “a”
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FIGURE 6: Stable cycles generated by supercritical Hopf bifurcation in xy (SI), wy (EI) planes and in 3D (SEI), respectively, for
(r,e,m,s,9,0,08) = (1074, 107%,0.5,1.2,0.0548, 0.24, 0.46825), « € [5 - 1072, 1073], determined by a custom orthogonal collocation on finite

elements algorithm. min B_, = 0.51825 (& = 5 - 107°). Periods: Ty,

= 410.414990 days (a = 5-107°); T, = 441.550487 days (« = 107°).

odell3: Adams-Bashforth-Moulton PECE solver of orders 1 to 12 (Matlab).

during an epidemic cycle and the maximum number of
infected individuals (i.e., estimating the additional cost and
health resources needed), thus making it possible to manage
and control the epidemics more effectively, efficiently, and
with a better allocation of available resources.

Concerning the results presented in [3] with respect to
SEIRS model, especially the ones related to Hopf bifurcation,
firstly we would like to note that in the system investigated
therein an equilibrium status between the birth and the death
rate is considered, without taking into account the aforemen-
tioned pure epidemic-induced death rate introduced herein.
Furthermore, the bifurcation analysis in [3] is performed
in a two-dimensional parameter space. More precisely the

respective diagrams are obtained with respect to the rational
power s and the parameter ¢ = Bo/[(o + r)(y + )] (called
“contact number”; see [7]). We believe that the analysis
and hence the results which are established in a higher
dimension parameter space, like the three-dimensional one
structured in the present work (with y, o, 8 considered as the
varying parameters of the system), enhance the parametric
“resolution,” that is, the physical insight into the dynamics
associated with the interaction of the parameters involved
in the physical background. Therefore, taking into account
these essential differences, we see that, in [3], depending on
the parameter values and hence the sign of the first Lyapunov
coefficient, either only a subcritical bifurcation (positive sign)
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or an alternation (due to multiple sign changes) of subcritical
and supercritical (negative sign) bifurcations occurs, located
by the corresponding critical curves in the parameter plane

(s, ¢).

5. Conclusion

In the present paper a new SEIRS epidemic model with
nonpermanent immunity, nonlinear incidence rate, and an
additional disease-induced death rate is presented. Then as
regards the characteristic equilibrium equation, by means
of the Liu criterion we conclude with the determination of
critical loci in the parameter space, where a Hopf bifurcation
associated with the endemic equilibrium occurs. In addition,
athree-dimensional parameter space structured by the recov-
ery, incubation, and transmission rate forms the basis of the
dynamic analysis, where we proceed by using a new symbolic
form introduced by the writers in a previous work, applicable
in any multidimensional and multiparameter system.

Therefore we believe that the adopted general form of the
system combined with the dimension of the active parameter
space satisfies the demand for a more realistic modeling and
offers a deeper insight into the dynamic behaviour of the
epidemic, with respect to the interaction of the populations
involved. Additionally, due to the lengthy expressions derived
in the treatment of the dynamics concerning the restriction
of the system to the center manifold and the associated
normal forms, as well, the algebraic platform mentioned
above is proved to be appropriate in manipulating a large
amount of analytical data. Thus constructing algorithms of an
implicit structure, by use of chain numerical computations,
all the quantities associated with the bifurcation analysis are
evaluated fast and the bifurcation diagrams of the system can
be obtained throughout the whole parameter space under
consideration, for any values of the fixed parameters.

We should further note that variations of the fixed param-
eters change the shape and the size of the critical and zero
regions, without affecting the qualitative profile of the results.
In particular, increase in the rational exponents involved in
the incidence rate, especially in that concerning the infective
individual, results in a shrinkage of the critical region, while
the zero region, as well as the nonequilibrium area inside
that region (as regards the endemic one), expands towards
lower values of the recovery rate. Finally, the algorithm
of orthogonal collocation on finite elements with Legendre
orthogonal polynomials is proved to be excellent in the fast
and precise numerical computation of the bifurcated stable
limit cycles.

Appendix
A. Algebraic Treatment of System (7)

A.1. Algebraic Manipulations Leading to the Final Form of
System (7). System (7), with yO # 0, results in

r+e—(r+e)x’—ew’ —g +ax’y’

-B()" () =0

—(r+o) w’ + awoyo + ﬂ(xo)m (yo)s =0

awo—(r+y+(x)y0+a(y0)2 =0.
(A1)

By replacing the second equation of (A.1) with the sum of the
last two ones, we get

r+e—(r+e)x’ —ew’ —ey’ +ax’y°
-B(")" (") =0

—rul — (r+y+a)y’ +au’y’ +a(y°)
+B(x")" () =0

awo—(r+y+oc)y0+a(y0)2:0.

(A.2)

Then, by multiplying the second relation of (A.2) by o and the
last one by » and adding them up we obtain

r+s—(r+s)x0—ew0—sy0+ax0y0

()70 =0

—(r+0)(rey+a)+aow’ +a(r+o)y’
o () <o

awo—(r+y+oc)y0+a(y0)2:0.

(A.3)

By further multiplying the last relation of (A.3) by —a and
adding it to the second one, we obtain

r+s—(r+s)x0—sw0—8yo+ax0y0
()" () =0

—r+o)(r+y+a)+arro+y+a)y’
—a () + B ()" () =0

awo—(r+y+oc)y0+a(y0)2:0.

(A4)

Moreover, by multiplying the first relation of (A.4) by o and
the third one by € and adding them up we get

o(r+e) —a(r+e)x0 —asyo +aax0y0
—s(r+y+oc)y0+sa(y0)2
o) () 0
(A.5)
Bo (xo)m (yo)yl - a (yo)z +a(r+o+y+a)y’
—(r+o)(r+y+a)=0

Gwo—(r+y+oc)y0+a(yo)2=0.
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Then by multiplying the second relation of (A.5) by y° and by
adding the first two relations we finally obtain

o(r+e)—o(r+eg) x° —Geyo +0ax0y0 —a? (y0)3

+a(2r+o+y+oc+s)(yo)2

—(r+o+e)(r+y+a)y’ =0
(A.6)

Bo (xo)m (yo)s_l -a* (yo)2 ta2r+o+y+a) yo

—(r+o)(r+y+a)=0
owo—(r+y+oc)y°+a(y0)2 =0.
The latter system yields (9)-(11).

A.2. Derivatives of %0, yo with respect to the Varying Param-
eters. The derivatives of x°, y°, with respect to the varying
parameters of the problem (y,o, ), are involved in the
transversality condition associated with the emerged Hopf
bifurcation (see relation (Cl-2) in Appendix B), as well as
in the equivalent (according to Liu criterion) derivatives of
B; = B,B, — B, (see (19)). Thus taking into account the fact
that yo and x are obtained from (10) and (9), respectively, as

¥’ =y (18,0, ),
(A7)

0_ .0[/ 0,
X =X y,y,r,“,e,a >

then by differentiating (9) and (10), and by denoting the
partial derivative of x° with respect to »°, (x°) 40 and the
partial derivatives of x° and y° with respect to the parameters
p(p = p.0.B, xop, and »° p» Tespectively, the following
formulae are obtained:

0 1

yﬁ?d{xl—s—cxyo

5 [ o]

2
0 _ (.0 _‘x(yo) +K1y0
xy_(x)y0y7+ SZ

0 _L{K gt MDA
ya_Yd 2 Y o

T [0 + (a0 =}
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(A.8)
where
mA (xo) (
0 s—1)A
Y;= 0 A 30 —20%y°
+a(k,—¢€), (A.9)
(XO) 0= % 0‘021'
S S,
A(Y°;y,7,a, ¢ 0) is given by (13) and
So (%5 1> 8,0 = 30 (y°)2 —2ak,y° + i + 0€
S (Yspraeo)=a’ (yo)3 - aK, (y0)2
(A.10)

+ (k5 + 0€) y° — 0%,

S, (yo;y, r, 0, &, 0) = a(ocyo - KO).

B. Normal Forms

B.1. Poincaré Normal Forms for the Planar Case (n = 2). In

this case the terms gij("’+) withi+j=0,1,2,...,m" =1,2,...
in the first part of (33) and in (34) vanish. Moreover, (35) does
not exist. Now, in order to obtain the desired normal form, we
first introduce the transformation

z=w+h? W)+ +h*" (w, ),
n, €N,
1 i (B.D)

m=2,...,2n, +1,
the inversion of which is given by (see [6, Section 3.8])
w=z-h?(z,z) - - (z,7)
(B.2)
+0(l21"*?).

Then by differentiating (B.2) with respect to t and substituting
the right-hand side of (29) for z (with g = g(z) + g(3) +--0),
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as well as the corresponding conjugate equation for z, by
keeping terms up to 2n, +1 order with respect to |z|, we obtain

W= /\Z+g(2) Fee +g(2"r+1)
2n,-1
= Y [z + g® 4o g g O
m=1
B (XZ 4 g(z) 4. g(Zn +1— m)) H(m)] )tZH(an)

- AzH® +0(|z"*), (B.3)

oh" Y (2, z)

m)
(2,2) = 3
— oh"*V (2,%)
H™ (z,2) = ———,
(22) oz

m=1,...,2n

e

Finally substitution of the transformation (B.1) for z (as well
as the respective conjugate relation for z) in (B.3) yields

w= /\(a)w+1<(2) 4o K@D +O(|w|2nr+2))
K™ (w,w;a)

= Z Kkl (A’X’hkl’gkl’hz]’hl]’gzj’gtj)wkwl’

k+l=m

(B.4)

m=2,...,2n.+1, i+j=2,....,m—1,

where terms up to 2, + 1 order with respect to |w| have been
evaluated. Now, by setting K;;, k+1'= 2,...,2n, + 1 equal
to zero we define the coeflicients hy; of transformation (B.1),
while the rest of the resonant terms of the odd order, ¢; =
K1 1 = 1,...,n,, constitute the desirable normal form of
(29). Furthermore, by substituting the obtained expressions
of hy, hy; involved in ¢; (k + 1 = 2,...,2i) and then by means
of computer calculations we arrive at the analytic formulae of
the normal coefficients

G=6 (/\’ A, gi+1,i’gst>§st)’ (B.5)

s+t=2,...,2i, i=1,...,n,

which are lengthy for i > 2.

B.2. Normal Form of the Third Order (n, = 1). In this case,
the above procedure results in the third-order normal form:

w=A@w+c (@wlw+0(lw), (B.6)

where ¢, (a)w*w represents the cubic resonant term, due to
the term (A + A)h,, included in K, (we set h,; = 0). Then by
means of the linear time scaling

0=wla)t (B.7)
and the nonlinear time reparameterisation
I
do=[1- MA@ 2l (B.3)
w (a)

(B.6) becomes
Zl: b+w+l (@wlwf +0(Jwl*),
- ZEZ; | (B.9)
W@ =St b e,

where the parameter function [;(a) represents the first
Lyapunov coefficient. If there exist critical values a, of the
parameters, where

b( ()) _ (a()) =0,
“ (C1-1)
l ( 0) _ RCCI (aO) +0,

)

then by the linear local (around a,) transformation w =
u/ll, (@)%, (B.9) yields

du

= (B.10)

=(b+i)u+sulul®+ O(|u|4) ,
with s = +1 = signl,(a,) = signRe[c,(a,)]. According to [6]
(Lemma 3.2, valid for both supercritical and subcritical case)
the terms which are higher than the third order in (B.10) do
not affect the bifurcation behaviour of the system near x°, and
thus we consider the locally topologically equivalent system
(B.10), where the O(|u|*) terms have been dropped. Moreover,
if the transversality condition holds at the critical values of the
parameters, that is,

ob
0a; |, o

1 ou
w, 0a;

#0, i=1,23, (C1-2)

a=a,

then one limit cycle is bifurcated from the equilibrium x° at
a,. By using polar coordinates u = pe'?, the equivalent system
(B.10) (without the O(|u|*) terms) gives dp/dt = p(b F p*),
s = ¥F1, corresponding to the well-known supercritical (s =
-1,b > 0 — u > 0) and subcritical (s = 1,6 < 0 — pu < 0)
cases of the Hopf bifurcation. We call x°(a) a Hopf point of
codimension I (HI point).

In the case where [;(a,) = 0, we proceed to higher order
normal forms.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.
Acknowledgments

P. S. Douris is pleased to acknowledge his financial support
from “Andreas Mentzelopoulos Scholarships for the Univer-
sity of Patras.”

WORLD TECHNOLOGIES




90

References

(1]

(3]

H. M. Yang and A. S. B. Silveira, “The loss of immunity
in directly transmitted infections modeling: Effects on the
epidemiological parameters,” Bulletin of Mathematical Biology,
vol. 60, no. 2, pp- 355-372,1998.

W. M. Liu, S. A. Levin, and Y. Iwasa, “Influence of nonlinear
incidence rates upon the behavior of SIRS epidemiological
models,” Journal of Mathematical Biology, vol. 23, no. 2, pp. 187-
204, 1986.

W.-M. Liu, H. W. Hethcote, and S. A. Levin, “Dynamical
behavior of epidemiological models with nonlinear incidence
rates,” Mathematical and Computer Modelling, vol. 51, pp. 810—
822, 2010.

M. P. Markakis and P. S. Douris, “On the computation of
degenerate hopf bifurcations for n-dimensional multiparameter
vector fields,” International Journal of Mathematics and Mathe-
matical Sciences, vol. 2016, Article ID 7658364, 12 pages, 2016.
W. M. Liu, “Criterion of Hopf bifurcations without using
eigenvalues,” Journal of Mathematical Analysis and Applications,
vol. 182, no. 1, pp. 250-256, 1994.

Y. A. Kuznetsov, Elements of Applied Bifurcation Theory,
Springer, New York, NY, USA, 3rd edition, 2004.

H. W. Hethcote, “Qualitative analyses of communicable disease

models;,” Mathematical Biosciences, vol. 28, no. 3/4, pp. 335-356,
1976.

WORLD TECHNOLOGIES

Applied Principles of Mathematical Analysis




12

A New Approach to Approximate Solutions for
Nonlinear Differential Equation

Safia Meftah

Operators Theory and DPE Foundations and Applications Laboratory, Science Exact Faculty,
Echahid Hamma Lakhdar University, P.O. Box 789, El Oued 39000, Algeria

Correspondence should be addressed to Safia Meftah; safia-meftah@univ-eloued.dz

Academic Editor: Theodore E. Simos

The question discussed in this study concerns one of the most helpful approximation methods, namely, the expansion of a solution of
a differential equation in a series in powers of a small parameter. We used the Lindstedt-Poincaré perturbation method to construct
a solution closer to uniformly valid asymptotic expansions for periodic solutions of second-order nonlinear differential equations.

1. Introduction

In the last few years, the study of approximations methods
for systems of differential equations has been extensively
developed; see, for example, [1]. This technique, known as
the perturbation method (see [2]), has many applications
in the theory of fractional differentiation operators (see
[3]), in reaction-diffusion equations, stochastic stability, and
asymptotic stability (see [4-9]), and for some numerical
considerations (see, for example, [10-12]).

In current applications, some considerations require only
the use of a small number of terms in the perturbation
expansion, but the simple application of the perturbation is
problematic if we want to calculate a uniformly valid solution.

Therefore, to structure a uniformly valid solution, one
must look for an approximation that eliminates the terms
causing the problem (secular terms). A technique to avoid
the presence of these terms has been developed by Lindstedt.
The principle of the Lindstedt method is to find approxima-
tions for periodic solutions, by convergent series using the
expansion theorem and the periodicity of the solution [13, 14].
This method has various applications and properties; see,
for example, [15]. Later, Poincaré proved that the expansion
obtained by the Lindstedt technique is both asymptotic and
uniformly valid.

The aim of this work is to present an analytical approx-
imation study of periodic solutions for systems of second-
order nonlinear differential equations. Although our analysis

is based on the Lindstedt method, nevertheless the chosen
development is according to a different approach from the
one usually used. Thus, we recover an improvement in the
process of the approximation.

Our paper consists of three sections. In the first section
we present the general framework of our study. In the second,
we recall most of the preliminary notions and the necessary
definitions, and we prove the third approximation in the
general case. Finally, in Section 3 we define and study the
approximations of a new nonclassical equation.

2. Preliminaries and Definitions

In this section, we present an approximation method, based
on the expansion of a solution of a differential equation
in a series in a small parameter. It is used to construct
uniformly valid periodic solutions to second-order nonlinear
differential equations in the form

2
Z—t{(t,e)+y(t,e):eF<y(t,e),%(t,e)>, 0

0<e<<l,

with y(0,e) = A, (dy/dt)(0,€)(0) = 0, where 0 < € << 1
means that the positive parameter € is small enough to be
close to zero and F is supposed to be an analytical function of
y(t,€) and (dy/dt)(t,€).
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If € = 0 we obtain the following nonperturbed problem:

2

d
Eg(uoy+yam)=a )

Before we discuss our subject, we present some basic con-
cepts concerning the perturbation theory. Then we introduce
the Lindstedt method, which we use to determine uniformly
valid solutions, in order to find a closer approximate solution
for (2) (y** is closer to y than y* means that |y — y**| <
|y = ¥*]). For further developments concerning the Lindstedt
method see [16, 17].

2.1. Approximation Technique. We assume that the (n + 1)th
approximate solution of (1) can be written as

y(t€) = Zemym (t,0) +O(€"+1). 3)

m=0

The general procedure of the simple approximation is to
substitute (3) into (1), develop in powers of €, and put all
coeflicients of the powers of € equal to zero. This gives a
system of linear nonhomogeneous differential equations that
we can solve recursively.

But the simple approximation takes us on a problem, if
we need to calculate an analytical approximations of periodic
solutions of nonlinear differential equations in the form given
by (1). We illustrate this type of difficulty in the following
example.

2.1.1. Example. We apply the simple approximation to the
following equation:

2 2
d_tg/ (t,e) + e<% (t,e)) +y(te)=0, 0<e<<1, (4)
with the initial values y(0,€) = A, (dy/dt)(0,¢) = 0.

The fourth approximate solution of (4) is y(t,e) =
Yo(t,0) + ey, (t,0) + ezyz(t, 0) + €3y3(t, 0) + O(e*). After
substituting and calculating, we find

A2
y(t,€) =Acosz‘+e?(—3+4c:03t—~:0521‘)+e2

A3
" (—48 + 61 cost — 16 cos 2t + 12t sint
23 659 1
—3cos3>t)+e3A4 <—— + —— cost — = cos 2t ()
24 540 3
1 3 1 . I .
+ — cos 3t — cos4t + —tsint — —tsm2t>
12 1080 3 18
+ 0(64).

We remark that the terms y,(t,0) and y;(, 0) are nonpe-
riodic and unbounded as t — +00. This leads to the notion
of secular terms.

Applied Principles of Mathematical Analysis

2.2. Secular Terms. The conservation of a finite numbers
of terms on the right-side of expansion (5) determines a
function that is not only nonperiodic, but also unbounded
ast — +00.

Definition 1. Terms such as t" cos(pt) or t" sin(nt) where
m,n e N¥, p € Nare called secular terms.

These expressions appear because expansion (5) is not
uniformly valid. The existence of such expressions destroys
the periodicity of expansion (5) when only a finite number
of terms is conserved. Therefore, to obtain a uniformly valid
solution, we must look for an approximation that eliminates
secular terms. A technique to avoid the presence of secular
terms and allows for an approximation that is valid for all time
has been developed by Lindstedt-Poincaré as described above
in what follows.

2.3. Lindstedt-Poincaré Method. The substance of this
method is to introduce a new independent variable linearly
linked to the old independent variable. This transformation
completely eliminates the secular terms. The basic idea came
from the astronomer Lindstedt, based on the change of
variable 0 = w(e)t with w, = w(0) = 1,w(e) # 1, and both
(0, €) and w(e) are expanded in powers of € as follows:

y(0,€) = y,(0,0) +€y, (6,0) +...+€"y,(6,0) +...,
(6)

wE)=1+ew; +...+€w, +...,

and we note that, in this step, w; are unknowns; we obtain
them by elimination of the secular terms.

First, we introduce the following notations:

. _dy
=009
L dy
7= G @
. (7)
F( w):aF(y(6’€)>y)
y )0y = Ay (6, ¢€)
OF (y(6,¢), )
F, ). =,
5 (12 9) o
and (1) becomes
W'y +y=€eF(y0y), 0<e<<l, (8)

with y(0,€) = A, y(0,€) = 0. When we substitute expansion
(6) into (8) we have

2 3 2
(1+ew1+e w, +€ w3+...)

-()'/'0 + €y, +62)72 +€3)73 +...)+y0+ey1 +62y2
3 )

20F (0, o) L&
2

+€y,+...=€F(yp, ) +€ 2

‘azF()’oJ)o) +
Oe?
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Then we put all different powers of € to zero, and we obtain
(10), (11), (12), (13), and (15), such that

Yot Yo =0, (10)
Y+ ¥ = =205 + F (30, ) = Gy (3 (6,0),
Yo (, 0)) =G ),

(1)

o+ ¥, = =20, — (0] +20,) Jiy + F, (yo, Yo) 11
+F; (0> Yo) (@1)g + 51) = G, (19 (6,0), 1 (6,0), (12)
Yo (6,0), 5, (6,0)) = G, (0),

Vs + ¥3 = G5 (1 (6,0), ¥, (6,0), 3, (6,0); 5, (6,0),

(13)
¥1(6,0), 5, (9>0)) =G5 (0),
......... (14)
yn +yn = Gn (yO (9:0)’)/1 (6)0)’”'>yn71 (9’0))
(15)

Y0 (6,0), 1 (6,0) ..., 9y (6,0)) = G, (0);

note here that G;,i = 1,..,n, is also an analytical function of
Yor Yo+ Yiets Yoo V1o -5 Vic1»

To calculate an approximate periodic solutions of (8), we
must solve (11), (12), (13), and (15). The following proposition
gives the general formula of periodic solutions. Although
these results are in [17], they are not detailed.

Proposition 2. We consider the following equation:

y+y=G@),
(16)
y(0) =0, 7(0) =0, with G(6) # 0,
and the solution of problem (16) is
0
y(0) = J sin (8 — 7) G (1) dr. (17)
0

Moreover, problem (16) has a periodic solution y,(0,0) if and
only if

2
J F(Acos6,—Asin0)sin0do =0,
i (18)

2
270, A + J F (A cos§, —Asin6) cos 0.d6 = 0.
0

Proof. We know that the solution of (16) is y(0) = C, cos0 +
C,sin6 + yp(O) such that yp(O) = C,(0) cos @ + C,(0) sin 0.
By variation of constants we find

C; () cos O + C; (0)sin 0 = 0,
~C! (8)sin 0 + C}, () cos 0 = G (0)
i}
~C! () = —sin0G (0) =
0

C,(0) = —J sin 7G (1) dT,

. (19)

C,(0)=0,

~C}, () = cos 0G (0) =
0
C, ) = J- cos G (1) dT,

0

C,(0)=0

= ¥,(0) = (- joe sintG(7)dt) cos  +
(_[06 cos 7G(1)dT) sinf = Ij(— sin 7 cos 0+ cos 7 sin 0)G(7)dr.
= y,(0) = If sin(0 — 7)G(1)dt = y(0) = C, cosb +

C,sin6 + I: sin(6 — 7)G(t)dt with the initial values y(0) =
0, y(0) = 0; we have C; = C, = 0, so we deduce that problem
(16) admits (17) as a solution.

Moreover, (16) gives

Y=
V== +G(1).

(20)

On the other hand, the condition of periodicity for the
new variable 0 can be expressed as y(0) = y(0 + 2m), so
the corresponding conditions for y,(0) are y,(0) = ,(0 +
2m),n=1,2,...

{yl 2m) =y,(0)=0
= (21)

¥, (2m) = y,(0) =0

which yields to the periodicity condition I: o sin(6 -
7)G(t)dT = 0,

2
j c0s6G (6)d6 = 0,
9 (22)

= 2
J §in 0G (6) dO = 0.
0
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According to (11) we have G(0) = —2w, ¥y + F(¥p> Yo)>» Vo =
A cos 0; we rewrite (22) as

e
j cos O [2w, A cosB + F (Acos6,-Asin6)] db = 0,
1)

ad 2
j sin 6 [ZwlA cosO + F (AcosB,—Asin 6)] do =0,
o (23)
20w, A + J cosOF (AcosO,—Asinf)do = 0,
== (o 0
J' sin OF (A cos0,—Asin0)do = 0,
Lo
which is required. O

2.3.1. Example. We apply the method of Lindstedt to (4) with
the initial values y(0,e) = A, y(0,¢) = 0, and we calculate
¥;(6,0),i = 1,2,3 according to Proposition 2. Thus, we find
that the fourth approximation of the periodic solution of (4)
is

2
y(6,¢) :Acos@+e(%>(—3+4c050—c0529)

+€2<A?3) [—2+ <%)cos@— <§)c0529

- (l) cos 30] +é —éA4 + @A4 cosf (24)
8 24 540

1 At 13
— —A*c0s20 + = cos30 - —— A" cos 40
3 12 1080

+O(e4),

wit}}l 0 = w(e)t such that w(e) = 1 — €2(A%/6) — €2 ((2/9)A3) +
O(e).

Remark 3. Although the calculation of y;(0) is very long,
usually in applications, the fourth approximation is among
the high orders that are often useful. For this reason, we give
its equation in the next proposition.

Remark 4. The Lindstedt method gives only periodic solu-
tions.

3. Our Results

3.1. General Formula. Practically, for many considerations
we are forced to use a small number of terms in the
perturbation expansion. We note here that the second and
third terms are determined by (11) and (12) in [17]. In the
following proposition, (13) which determines the fourth term
is explicitly stated.

Applied Principles of Mathematical Analysis

Proposition 5. The general formula of (13) is

Vs + ;=G5 (0)
= 2w, Y, - (‘Uf + 2“’2) N

- (2w; + 2w, w,) yiy + »nFE, (Vo> o)
2
y .
+ TIFyy (yO’ yO) (25)
+ 4y (@ ¥ + yl)ij/ (¥o> o)

+ (w0 + @i 3y + 9,) F, (Yo ¥o)

1 SN2 .
+ 5 (w1 Yo + 31) Fy, (¥o» Yo) -
Proof. First, (9) gives

e (J73 + 3+ 209, + (w12 + 2‘02) 4!

iazF(}’oJ}o) -

+ (2w; + 2w, w,) )’1’0) =3 2

(26)
Y3+ Y3 = 2wy, = (“)12 + 2“’2) ¥ = (205 + 2w, w,)

- lazF (Yo> Yo)
Yo 2 0€e?

such that

PROw) 0 (3 oRwy)
0€? T Oe

" 9e \ 0y de 0y Oe

_ al(ia_F>+
~ 0e \ Oe dy

RO (i@) ;
Oe \ Oe 0y

#yor
0e? dy

d*wy OF
o€ 0y

62y

0y (0°Fdy O°F owy
- de?

e (W& i ayay'ﬁ) !
dwy
Je2 FJ"

Py (PP v
Oe \ 0ydy oe 0y* Oe

(27)

+

'\’ dy dwy oy
(), 225k + 2 2F
<ae> wt Je Oe T de 7

dwy dwy \*
b (5) B
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with

2
Ey, = a_F’
0y?
*F
F, = R 28
0°F
vy ayay

On the other hand, in the third order we have

yEYoten ey +ey, =

dwy

0
B_)e} =¥ +2ey2+362y3 =
2

a2 - (2w, + 6ew,) (yo ey, + ey, + 63))3) +2 (yl +2€y, + 362y3) (wl + 26w, + 362(03)
€

+ (29, + 6€3) (1 +ew, + €W, + e3w3) =

1 O*F (yo> Jo) )’1
2 o€

+ )F, (Voo o) + (w39 + @Y1 + 3) F, (Yo» Yo) +

and when we substitute (31) into (26), we get (25). OJ

3.2. Main Result. In this essential part of our work, we deal
with some nonclassical equations, more general than (1), and
also different from the equation studied in [2]. We consider
equations in the following form:

ﬁ(t e)+y(te) = (€)F< (ts 6) (t ))
arz JaLs g y (32)

0<e<<l,

with 7(0,¢€) = A, (dy/dt)(0,€) = 0, where € is a small positive
parameter and F is supposed to be an analytical function of
y(t,e) and dy/dt(t, e).

To compute an uniformly approximate periodic solution,
a new variable & = @t is introduced, and both 7 and @ are
expanded in powers of € as follows:

7(6:¢) = 7(6,0) + €7, (6,0) +... +€"5,(8,0)
(33)
+...,
with
@E)=1+ed;, +...+€ D, +.... (34)

We note that, in this step, @; are unknowns, and we obtain
them by elimination of the secular terms.

F,, (Yo» o) + (@199 + Y1) 7

8_6)2/ =2y, + 6¢eys,
(29)
and
= (wl + 2ew, + 362603) (yo +ey, + ez)}z + 63)}3) (30)
+ (yl +2€ey, + 362)}3) (1 +ew; + ezw2 + 63w3),

and also
(31)

Fyy ()’o’))o)

(w9 + J)l)z Fy, (¥o» Yo) »

To use the uniformly approximate periodic solution (33),
we give firstly the general formula of %,(8,0), ¥,(8,0), and
7,(8,0) in the following proposition.

Proposition 6. The terms 7,(6,0), ,(8,0) and 7,(6,0) are,
respectively, solutions of (35), (36), and (37) such that

Yo + Vo =0, (35)
¥y +3 =G, (0), (36)
¥, +5,=G, (5)’ (37)

with G, (0) = —2@, ¥, + ¢, F(5,(8, 0), 7,(6, 0)),

G, (0) = -2@,5, + ¢, F (5, (6,0), %, (6,0))
- 2‘7’1;1 - (‘T’f + 2‘7’2)5’0

++q (FJ7 ()70 (é, 0) (

)) (38)
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Proof. Equation (32) will be written as

_ dy(0,e
- e<k§06kck+1F ( 7(B.€), Eit ) )) (39)

where K is an analytical function of y and dy/dt.
Substituting (33) into (32), we have

2 /e . .
(1 +€ew, + 62([)2 + 636)3 + ) (70 +€ey, + 62372

3 =, o~ 2~ . 3-
+e y3+...)+y0+ey1+e Pt €Y ...

=eK ()70 )7 ) +é . (}70’%) + éaZK ()70’);/0)
= > Yo

Je 2 0e?
. OF (7,7
+...,:661F()70,y0)+62 [cl% (40)

+oF (}70’);’0)] T = ech()70>j’o)

then we put all different powers of € to zero, and we obtain
(35), (36), (37), and so on. O

The aim of this study is to construct a new approach to
(2), which gives a closer approximate solution of (2) more
than an approximate solution of (1). The relations between an
approximate solution of (32) and that of (1) are determined
by the following lemma.

Lemma 7. Ifthe function g(e) is expanded in powers of € with

g(0) =0ie gle) = Yy e*¢,, where ¢ are real constants, we
have

(1)7(6,0) = ,(6,0).
2)7, (€> 0) =y (q) 0). N
(3)7,(6,0) = ¢} ,(8,0) + ¢, ,(6,0).

Proof. (1) Equation (35) gives )70(5, 0) = Acosf =
A cos(@(0)t) = Acost = Acos(w(0)t) = AcosO = y,(0,0).
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(2) When we apply the periodicity condition (22) to (36),
we have

2

cos0G, (é) do =o,

s

0

2

sin 551 ) d6 = 0.

s

0

2 _

cos B [-2@, 5, + ¢, F (7 3,)] 46 = 0,

—_— =

’ (41)
21

sin @ [-2@, 7, + ¢, F (7 3,)] 46 = 0.

5

0

=

_ —c 2n - . ~
o, = ﬁ L cos OF (yo,yo)de = qw,,

rﬂsinéF(%,j}O)d@: 0.
0

On the other hand, according to (17) the solution ¥, (6,0) of
(36) is given by

7 (6,0) = J sin(6 - 7) G, (7)d7
(42)
9 ~ —~
= Cl J Sin(@—f)Gl (f)d%: Clyl (9,0)
0

(3) When we apply the periodicity condition (22) to (12), we
have

rﬂ cos 0G, (é) do =o,

0

2 — _
j sin0G, (6) dd = 0,

0

il

2
8[c2G, (8) + o F (7.5 )] d0 = o,
JO c0s0[¢G, (0) + . F (7. 7o) (43)

[ sind[cc. (8) + oF (0 50) 4B = 0.
0

il

_ 2
W) = (W, + 6wy,

rﬂ sin OF ( 7y, ) d6 = 0.
0
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On the other hand, according to (17) the solution j/‘z(é, 0)
of (11) is given by

7,(6,0) = r sin (0 - 7) G, (7) d7
0
2 0 n
= JO sin (0-7) G, (9 d »
é ~ . .
+6 L sin (0 - 7) [-2@, 3, + &, F (7, ¥, ) | dT =

¥, (6, 0) = clzyz (5, 0) +6) (5,0).
O

Theorem 8. If the function g(e) is expanded in powers of €
with g(0) = 0 i.e gle) = Yo, é*c,, where ¢ are real constants,
so one has the following:

(D) If ¢ # 0,with |¢| < 1, the approximate solutions of
(32) are closer to the solutions of (2) more than the approximate
solutions of (1).

(2)If¢, = 0and |c| < 1,with ¢, # 0, the approximate
solutions of (32) are closer to the solutions of (2) more than the
approximate solutions of (1).

Moreover, the approximate solutions of (32) are closer to
the solutions of (2) more than the approximate solutions of (1)
where ¢, = 0,¢, # 0.

Proof. According to the results given by Lemma 7, we have

the following:
(1) If [¢] < 1and ¢ # 0 we have

170 6,0) - 7(B.¢)|
= [706.0 - 3 (8.0) ~€7,(8.0) -0 €)|
= [e7, (6,0) +o(e)| = |ciey, (6:0) +o(e)]  (45)
= |ai| ey, (6,0) + 0(e)| < |ey, (6,0) + 0 (e)|
=[5 0.0~y (B.e)|.

So )7(5, €) is an approximation to y,(6, 0) closer than y(é, €).
(2)If ¢, =0 and || < 1 with ¢, # 0, we have

6.0~ 7(B.¢)|
= 30 (6.0) - 3, (8,0) - €7 (8,0) - o (¢")|
= [€72.(0.0) + o ()] = [e?eurn (8:0) + o (€?)]
= lal [¢°71 (8,0) + o (¢")] (46)
= lal € (70 6,0) - y (B.e) + €23, (8,0)))|
<|e (50,0 - y (B.€) + €, (8,0)))|

<€y, (6,0) - y (6,¢)| +€' |y, (8,0)|.

Since |y, (0, O)—y(é, €)| = o(e), for e small enough, there exists
a positive real constant C such that | y,(0,0) — y(é, €)| < Ce.
Let h be a function defined by h(e) := (€ - 1)C +
e3|y2(§, 0)|. So, h is continuous with #(0) = —C < 0, then
Je, > 0 such that Ve €]0,¢,[, we have h(e) < 0.
Therefore, for all € € ]0, ;[ we get

(1) 0.0 - (@) &' E.0)
Se((ez— 1)C+e3 |y2 (é,O)D =¢€h(e) <0

which implies from what precedes that |y,(0,0) — )7(5, e)| <
195(8,0) — (8, €)]. So (B, €) is an approximation to y, (6, 0)
closer than y(g, €).

Moreover, if ¢, = 0 and ¢, # 0, then Jey(< 1/[g|) > 0
such that, Ve €10, ¢,

16,0 - 7(8.¢)|
= [%0(6,0) - 3, (8.0) - €7, (8,0) o (¢*)|
=17, (6.0) +0(¢')] = 'y (6.0) + o (7))
=elg|ley; (8,0) + 0 ()|
=ele| |y 0,00 = y (8,¢)|

< 'yO(O,O)—y(é,e)'.

(48)

So 7(6, €) is an approximation to y,(6, 0) closer than y(8, €).
O

Remark 9. Let g be a real function such that g(e) =
€"h(e),m € N*, where h(e) can be expanded in powers of
€ as h(e) = Y., € ay, with g, real constants.

(I) If m = 1 or 2, according to the conditions of
Theorem 8, we conclude that )7(§, €) is an approximation to
¥,(0,0) closer than y(§, €).

(2) If m > 2 (in the case where m = 3, the fourth term
is given by Proposition 5), we can expect that y(0,¢) is an
approximation to y,(6,0) closer than y(d, ¢).

Remark 10. We note here that, in the fractional case, the
existence of a positive solution of (32) is studied in [18].

Remark 11. Although the Lindstedt-Poincaré method gives
uniformly valid asymptotic expansions for periodic solutions
of weakly nonlinear oscillations, ie, 0 < € < Cj, the
technique does not work if the amplitude of the oscillation
is a function of time (see [16, 17]).
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We derive conditions on the parameters p, b, and ¢ so that the function zw,; (2), where w,, (2) is the normalized form of
generalized Struve function, belongs to the class S; (). Also, some sufficient conditions for the function zw,,; (2), to be in the

class Z(A), are obtained.

1. Introduction and Preliminaries

Let U == {z : |z| < 1} denote the unit disc in the complex
plane C and let &/ denote the class of functions which are
analytic and of the form

f@)=z+ Zanz” 1)
n=2

and normalized by the conditions f(0) = 0 and f "(0) = 1.
Let & denote the class of functions such that

S ={f:f € and f univalentin U}. (2)

Suppose that f and g are two analytic functions in U, and g
is univalent in U. We say that f is subordinate to g, written
f(z) < g(z) or f < g,ifand only if f(0) = g(0) and f(U) c
g(U).

A function f € o belongs to the class of starlike functions
of order « denoted by S* («) if

Zf'(Z))
Re( ) >a, zel. (3)

A subclass of the class of starlike functions denoted by S («)
for 0 < « < 1 consists of functions for which

zf' (2)
f @)
We also note that S;(0) ¢ S*. In [1-3] the authors have dis-
cussed the coefficient bounds and other extremal properties

of the class S7 («).
For 0 < A < 1, consider the class

A (\)

-1l<l-a zel. (4)

()

2
= ed: z)'—l<)tfre}.
{f&i(}c(z)f(z) orzelU

From [4], we have the strict inclusion %(1) := % c §. Very
recently, Obradovi¢ et al. [5] have discussed the geometric
behaviour of functions in %(A). Also the class has been widely
studied by many authors in [4, 6-8].

Let us consider the following second-order linear nonho-
mogenous differential equation (for more details see [9, 10]):

2*u" (z) + bz (z) + [c22 - p2 +(1-b) p] u(z)

_A(z/2)P! (6)
T AT (p+b/2)
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where b, p,c € C. The function u,; (z) which is called
the generalized Struve function of order p is defined as a
particular solution of (6) and has the series representation as
follows:

up,b,c (Z)
_ (_1)" (C)” E 2n+p+l
_nzzor(”+3/2)l"(p+n+(b+2)/2)(2) ()
z € C,

where T stands for the Euler gamma function.

Now, we consider the function w,,;, .(z) defined in terms
of the generalized Struve functionu,,, .(z) by the transforma-
tion:

b+2

Wy (2) = 27/AT ( p+ T) 2Py (VZ). (8)

By using the well-known Pochammer symbol (or the shifted
factorial) (y), defined for y,n € C in terms of the Euler T'-
function, we have

I'(x+n)
(X)”:W

9
1, ifn=0, yeC", ©)
x(x+1)---(x+n-1), ifneN, yeC.

We obtain the following series representation for the function
Wy, given by (8):

(_C/4)n n
Wype (2) = ) o2 s 10
poe @ = 2 G2, 1
where k = p+ (b +2)/2 # 0,-1,-2,.... Also, this function
is analytic on C and satisfies the following second-order
inhomogeneous differential equation:

470" (2) + 2 (2p+b+3)zw (2)
(11)
+(cz+2p+b)w(z)=(2p+b),

where p,b,c € C.

Recently, the class %(A) and its generalizations have been
widely studied by many authors [4-8, 11]. By applying the
admissible function method authors in [12] have obtained
conditions on the triplet a, b, and ¢ such that zF, ; (z) is in
the class %, where F,;, () is the confluent hypergeometric
function. In [13], the authors have derived conditions on the
parameters a, b, and ¢ such that the function z,F, (a, b, c) is
in S (0), where , F,(a, b, ¢; z) is the Gaussian hypergeometric
function. Moreover, in [9, 10] Yagmur and Orhan have
obtained sufficient conditions for the generalized Struve
function to be convex, starlike, and univalent. Most of these
results were motivated by the research on geometric proper-
ties of Gaussian and confluent hypergeometric function.

Motivated by the above-mentioned works, in this paper
we use the method of differential subordination to show that
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zw,;, (2) is in the class $*(«) and also we provide sufficient
conditions for the function zw,,;, () to be in the class % and
hence univalent.

To prove our main results, we will need the following
lemmas.

Lemma 1 (see [14]). Let (nonconstant) function p(z) be

analytic in U with p(0) = 0, p(z) # 0 (z € U).
If | p(z)| attains its maximum value on the circle |z| = r < 1

at a point z, € U, then
R(1+ zop" (2) > k 12)
=) )7

where k is a real number and k > 1.

ZOP, (20) = kp (20) »

Lemma 2 (see [15]). If an analytic function f has the form

f(z) = z+a,z* + -+, z € U and satisfies the condition
2 rl
Z{(z)—l‘<l (13)
f? @)

then f is univalent in U.

Lemma 3 (see [15]). Let 8 be a complex number, R(f) > 0,
and let « be a complex number, || < 1, a # -1, and h(z) =
Z+a,z* +--- a regular function on U. If

a2l + (1 - [21*F) 7;;1, ((;) <1 (14)
for all z € U, then the function
z 1/
Fs (2) = < B[ dt)
2a
=Z+ (1 +2ﬁ) 22 (15)

+< 3a; +2B(1_ﬂ)a§>zs+m
2+ (,8+1)3

is regular and univalent in U.

Lemma 4 (see [16]). Let QO ¢ C and let q be analytic and
univalent on U except for those § € dU for which lim,¢q(z) =

00. Suppose that v : C* x U — C satisfies the condition

v(q0),miqd (©).0%q" (©)32) ¢ O, (16)

where q(z) is finite, m > n > 1, and |&| = 1. If p and q analytic
inU, p(z) = p(0) + p,z" +---, p(0) = q(0), and further if

v(p(2),2p' (2),2°p" (2);2) € Q (17)

then p(z) < q(z) in U.
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Suppose that p(z) is analytic in U with p(z) = p,z" +
pnﬂz”+1 +--+ and q(z) = Mz. Then the condition (16) reduces
to a simple form:

v (M, Ke®, L;z) ¢ Q (18)

whenever K > nM, Re(Le ™) > (n— 1)K, z € U, and 0 € R.

2. Main Results

Theorem 5. Let § > 0, p,b € R, and ¢ € C such that |c|0 <
3[(2p +b) + 2] — |c|S; then

lc| &
3[2p+b) +2] = |c| &

|wp,b,c (6z) - 1| < zelU. (19)

Proof. Let p(z) = wy,(6z) — 1,8 > 0; then p(2) is analytic
in U with p(0) = 0. Since the function w,, (z) satisfies the
differential equation (11) and wp)b,c(8z) = p(z) + 1, p(2)
satisfies the following inhomogeneous differential equation:

2.1

42°p" (2) +2(2p+b+3)zp' (2) 00
20
+(cdz+2p+b)(p(z)+1)=(2p+b).

Using Lemma 4, we will show that [p(z)| < M, where
M = [c|6/3[(2p + b) + 2] — |c|d. For this, if we let
v(r,s,t;2) =4t +2(2p+b+3)s
(21)
+(cdz+2p+b)(1+1)— (2p+D)

and QO = {0}, then it is sufficient to prove that y(Me”,
Ke 1;z) ¢ Q whenever K > M, Re(Le™) > 0,z € U,
and 0 is real, we have that

v (Me®, Ke®, L;iz)| = [4L + 2 (2p + b + 3) Ke”
+(cdz+2p+D) (1 +Mei9) -(2p+ b)' = '4Le”€
+2(2p+b+3)K+(c8z+2p+b)(M+e_i9)
~(2p+b)e |2 4Re(Le ™) +2(2p+b+3)M
+Re ((c6z +2p + b) M) (22)
+Re ((c6z +2p+Db) e’ie) ~Re((2p +b) ef"e)
>[2(2p+b+3)+(2p+b)| M —Re (c8ze_i9)
—Re(cdzM) 2 3[(2p +b) + 2] M — |c| SM — |c| &
=0.

In the last stage of the inequalities we have used the
definition of M and shown that

v (Meig,Keie, L;z) ¢ Q= {0} (23)

whenever K > M, 0 is real, and z € U. Hence, |p(z)| < M.
O

101

Choosing § = 1 in the above theorem we have the

following Corollary.

Corollary 6. Let p,b € R, and ¢ € C be such that 3[(2p+b) +
2] = 2|c| > 0; then

lcl
3[(2p+b)+2] - lel’

|wp,b’c (z) - 1| < z e l. (24)

The next results give sufficient conditions for the function
9pc(2) = zw,,;, (2) to be starlike and univalent in the open
unit disc.

Theorem 7. If p,b € R, and ¢ € C such that 2|c| < 3[(2p +
b) + 2] and

(2p+b)|c| L
[3[(2p+Db) +2] -2]cl] (25)

<(1-a)[2Q2p+b+3)-4(1-a)],
then the function gp,byc(z) belongs to the class Sj (a).

Proof. For gp,b)c(z) = zwp,b,c(z) to be in the class S} («) we
need to prove that

M—1<(1—oc), zel. (26)
gp,b,c
Upon setting
!
Eope @ q(2) (27)

wp,b’c (Z)

we observe that g(z) is analytic in U and §(0) = q’(o) -1=0.
Also

2wy, (2) = G(2) wyy, (2),
2. n (28)
Zwy, (2) = [(G(2) - 1) (2) + 24 (2)| wpp ().

Now, since w,,;, .(z) satisfies the inhomogeneous differential
equation (11), in terms of g(z) we see that g(z) satisfies the
following equation:

v(7(2),27 (2)52) =0, (29)
where
y(r,sz)=4[r(r-1)+s]+2Q2p+b+3)r
1 (30)
Ipie (2)

+(cz+2p+b)-(2p+D)

Now, we claim that [g(z)] < 1 - «, 0 < a < 1. By using
Lemma 4 with Q = {0}, n = 1, and gq(z) = (1 — &)z, we need
to show that

y((1-we’ Kez) ¢ Q, (31)
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where Oisreal, K > (1 — «),and z € U:

Applied Principles of Mathematical Analysis

In order to establish that we need the following results which
state that for r < 1 and |w — 1| < r if and only if

v (1 -’ Kez) =°C-D, (32) 1 .
"
— - . 37
where w 1-712 -2 (37)
C=4 [(1 _a) [(1 e - 1] N K] In particular, |w — 1| < r implies that
1 r
) ot e (38)
+2(2p+b+3)(1-a), (33) w l1-r
| When r = [¢|/(3[(2p + b) + 2] — |c]), we have
D=Q2p+b -1 -cz
Go+b) [gp,b,c (2) ] L |c| (39)
Gppe () 1-r 302p+b)+6-2]c|
Also, when & = 1 in Theorem 5 we have that if 2|c| < 3(2p + .
b) + 6 then Using the last inequality, we have
|c|
|wp(z)—1| <———— || <L (34) IDI<(2p+b = 1| +lcl 2|
3(2p+b)+6 (2p+b) Gpie @)
(40)
Also,
@p+b)ld
ICl>ReC>4(1-a)[(1=a)e” - 1]+ (1=a)4 3[2p+b)+2]-2]c]
+2(2p+b+3)(1-a) = (1-a)[4(1 - a)cosd and so we have |D| < f8 provided that
“4(l-a)+4(1-a)+2(2p+b+3)] > (1 - ) ) (2p+b)Id +lcl<B (41)
B 3[(2p+b) +2] -2]c|
w holds, where f8 is given by (35). And, we observe that the
[2(2p+b+3)-4(1-a)] = B, say. above condition is stated in the theorem. Thus, |§(z)| < (1-«)
_ in U and hence 9p pe(2) belongs to ST (). O]
Now, if we show that |D| < 3, then we have B
; Theorem 8. Let p,b € R, and ¢ € C. If g,,,, .(2) satisfies any
i6 ,bsc
v (r,5:2)] = |e C- D, 2 [Cl - D] = 0. (36) e of the following inequalities: 3
g, (2) [ (2 . (2) ! 224 (z)-
gp,b,c ~ ( g[[),b, ) _ gp,b,c <1 (Z c V), (42)
[gp,b,c (z)] i gp,b,c (2) Ipbe (2) |
[956c @] [ [20p0c @] 2200, @ ]| 1
2P ’l:’c f’b’c s <= (zel), (43)
2" pbe (2) Ipbe (2) Ipbe (2) 4
n
2Gpie @] 1Gppe (2) =229, (2) Gy, (2)
[ Ip,b, ] Ipb, gp,h,2 Ip,b, < % (z ), (44)
Zzg;))b’c (Z) / (gp,b,c (Z)) - 1
Zzgpbc (2) [ngbc (Z)]” /g;;bc (2) - zzg;bc (2) /gpbc (z)
Re — = = — — <1 (zel), (45)
(9ppe @) 220h 4. (@) [Gpee (2)]

then g,,. is in % and hence g, (z) is univalent in
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Proof. Define a function p(z) by
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and then p(z) is analytic in U and p(0) = 0. Differentiating
(46) gives

[20,0c @] 2200 2 ()

Zzg;,b,c (2) g;bc (2) Gpie (2) C1+p(2) 47)
— 5 =1+p() (z€l), (46) ”
[g pbc (Z)] Hence, from (46) and (47), we have
E, (z) = Zzg;,b,c (2) [zgp,b,c (z)]" ) ZZg;,,b,c (2) _ zp' @)
O @)\ e ® 9@ ’
E, (z) = (996 @)’ [ [29pc )] 2290, @) )\ 2/ (2)
? Zzg‘;,b,c (2) 9},5,5 (2) Ipbc (2) (1+p (z))z’
; (48)
E,(z) = [ng,b,c (Z)] / g;),b,c (2) - 2Z9;,b,c (2) g, (2) _ zp' (2) 1
’ 29,1, (@) (Gppe (z))2 -1 r@ (+p@)
E (Z) _ Zzg;,b,c (Z) < [ng,b,c (Z)]” /g‘,o,b,c (Z) y zzg;,b,c (Z) /gp,b,c (Z) ) - ZP, (Z)
4 - = .
(9poc @) 224!, @1 (Gpne @) -1 p(2)

Now suppose that there exists z, € U such that

max |p(2)| = |p(2o)| = 1, (49)

[zl<lz|

and then from Lemma 1, we have
ZOP’ (2) = kp (2)) - (50)

Therefore, letting p(z,) = ¢ in each of (48), we obtain that

B, (20l = Jeop (20)| = [ke”] > 1.

zop' (2o) k 1
E = = <
e ey e T
, (51
|E (Z )I _ ZOP (ZO) 1 _ k >l
2 p(zo) 1+p(z)| [1+€® 2’

Re {E, (z,)} = Re {Z‘;f’éz(oz)())} —k>1,

which contradicts our assumption (42)-(45), respectively.
Therefore, |{w(z)| < 1 for all z € U; then from (46) we have

Zzg;,b,c (Z) _
(gp,b,c (Z))2

which implies g,,, . is in the class % and hence univalent. [

1= jw(z) <1, (52)

Theorem 9. Letc > 0, d > 0, such that c + 2d < 1. Ifgp,b,c(z)
satisfies the inequality

[ng,h,c (Z)]" ) ZZg;,h,c (2) < c+d (53)
gp,b,c (Z) gp,b,c (Z) (1 + C) (1 - d)

then g, .(2) is univalent in U.
Proof. Define a function g(z) as follows:

zzg;),b,c (2) _ 1+aq(z)
(gppe @) 17042

We see that g(z) is analytic in U and g(0) = 0. Differentiation
of (54) gives

(z e ). (54)

"
[zgp,b,c (Z)] _ zzg;,b,c (Z)
Gy (2) Ipie (2)

(55)
_ (et d)zd ()
(1+¢q(2))(1-dq(2))

Now suppose there exists z, € U such that

= E; (z), say.

max |q(2)] = |9 (z)] = 1. (56)

|z]<|zo]

Then from Lemma 1, we have

Zoq’ (20) = kq(z). (57)
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Now letting g(z,) = ¢, (6 € [0,27]) in (55), we have

Re (Es5(zy)) =k(a+b)

Re q(2o) _
. ((1+cq(zo))<1—dq(zo>>) -

1
=k
C(l+cq (Zo))>
1+ ce® ) (58)

1+ c2+2ccosB

l—dq (2))

=k

1 - de’
1+d?-2dcosf

2+ ( —1)/(1—dcos€)

1
_2+(c2—1)/(1+cc036)>’

where 0 # cos '(~1/c) and 6 # cos '(1/d). Since k > 1 we
have

c+d
Re (E _—. 59
(EG)> G0 &2
This contradicts the hypothesis and therefore |g(z)| < 1 for
all z € U. Thus,

(c+d)q(z)

c+d
<1
1-dq(2)

1-d

Zzg;,b,c (Z) B 1‘ 3

(9pe @) (60)

(z el).

In view of Lemma 2 it implies that g, is in % and hence
univalent. O

Theorem 10. Let M > 1, v be a real number such that v >
2M + 1 and let y be a complex number which satisfies the
inequality

ly| < 1—7—1}(2M+1). (61)

If gpp,c is univalent inU and |g,,, (2)| < M for allz € U, then
the function

z 1/v
E(z) = {v JO ! g}”h’T‘:(t)dt} (62)

is univalent in U, where the values of the complex powers are
taken with their principal values.

Proof. Define a function

P()—J gpbtc() " 63)

Then we have p(0) = p'(O) -1=0.

Applied Principles of Mathematical Analysis

Also

gp,b,c (Z)) (64)
z

P (z) =

Zpll (Z) _
P (2)

From (65), we have

Zg;),h,c (Z) _

65
gp,h,c (Z) ( )

zg ;J,b,C (Z)

Zp” (z) g
- gp,b,c (Z)

P’ (2)

21
z gp,b,c (Z)

(gp,b,c (Z))z

From the hypothesis, we have | I (2 < M (z € U); then,
by the Schwarz Lemma (cf [17], we obtain that

|96 @) < Mlzl  (z€U). (67)

(2)
gp,b,c 41
z

Now, since g,,;, (%) is univalent in U

" 224 (2)
zp, (2) < Ipbc M1
P (Z) (gp,b,c (Z))
(68)
24 (2)
< |2 MMM L
(gp,b,c (Z))
Using (68), we have
" "
2y P (Z) 1 Zp (Z)
< -
Yz ( |Z| ) VP (z) |)/| + v Vp’ (2)
69)
< |y|+l(2M+1).
B
So, from (61) we have
"
2y 2y ZP (Z)
1- <1 70
ylel® + (12| )vp,(z) (70)
Applying Lemma 3, we obtain the function E(z) defined by
(62) which is univalent in U. O
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Let C and Q be closed convex subsets of real Hilbert spaces H; and H,, respectively, and let g : C — R be a strictly real-valued
convex function such that the gradient Vg is an 1/L-ism with a constant L > 0. In this paper, we introduce an iterative scheme using
the gradient projection method, based on Mann’s type approximation scheme for solving the constrained convex minimization
problem (CCMP), that is, to find a minimizer g € C of the function g over set C. As an application, it has been shown that the
problem (CCMP) reduces to the split feasibility problem (SEP) which is to find g € C such that Aq € Q where A : H, — H,
is a linear bounded operator. We suggest and analyze this iterative scheme under some appropriate conditions imposed on the
parameters such that another strong convergence theorems for the CCMP and the SFP are obtained. The results presented in this
paper improve and extend the main results of Tian and Zhang (2017) and many others. The data availability for the proposed SFP

is shown and the example of this problem is also shown through numerical results.

1. Introduction

Throughout this paper, we always assume that C be a closed
convex subset of a real Hilbert space H with inner product
and norm are denoted by (:,-) and || - ||, respectively. Let g :
C — R be a strictly real-valued convex function.

Consider the following constrained convex minimization
problem (CCMP):

min g (x). 1

xeC

Assume that (1) is consistent (that is, the CCMP has a
solution) and we use % to denote its solution set. If g is
Fréchet differentiable, then the gradient projection algorithm
(GPA) is usually applied to solving the CCMP (1), which
generates a sequence {x,} through the recursion:

Xp1 = Pc(I-AVg)x,, ¥n=0,1,2,..., (2)
or more generally,

Xy = Pc(I-1,Vg)x,, Yn=0,1,2,..., (3)

where the initial guess x, € C is chosen arbitrarily, the
parameters A or A, are positive real number, and P is
the metric projection from H onto C. It is well known
that the convergence of algorithms (2) and (3) depends on
the behavior of the gradient Vg. It is known from Levitin
and Polyak [1] that if Vg is a-strongly monotone and L-
Lipschitzian, that is, there exists the constants &« > 0and L > 0
such that

(Vg(x)-Vg(y).x-y) zalx-y|*, VxyeC
and
IVgx)-Va(n<Llx-y], vxyeC (5
respectively, then, for 0 < A < 2a/L?, the operator
T = P (- AVg) ©
is a contraction; hence, the sequence {x,} defined by the GPA
(2) converges in norm to the unique minimizer of the CCMP

(1). More generally, for 0 < A, < 2a/L* foralln = 0,1,2,...,
the operator

Gn :PC (I_/\nvg) (7)
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is a contraction; if the sequence {A,} is chosen satisfying the
property

0< linriio%f/\" < h,?fgop A, < i—?, (8)
then the sequence {x,} defined by the GPA (3) converges in
norm to the unique minimizer of the CCMP (1). However,
if the gradient Vg fails to be a-strongly monotone (it
means that the gradient Vg only satisfies the L-Lipschitzian
condition), then the operators T and G,, defined by (6) and
(7), respectively, may fail to be contraction; consequently, the
sequence {x,} generated by algorithms (2) and (3) may fail to
converge strongly (see also Xu [2]) in the setting of infinite-
dimensional real Hilbert space, but still converge weakly as
the following statement.

Theorem 1 (see [1, 2]). Assume that the CCMP (1) is
the unique consistent. Let the gradient Vg satisfy the L-
Lipschitzian condition and the sequence of the parameter {A,,}
satisfies the following condition:

2
0<as/\nsb<z, 9
foralln = 0,1,2,..., where a and b are the constants. Then

the sequence generated by the GPA (3) converges weakly to the
minimizer of the CCMP (1). Indeed, the results of this theorem
still hold on the gradient Vg which satisfies an 1/L-inverse
strongly monotone with L > 0 (in brief, we denote 1/L-ism),
that is, (Vg(x) - Vg(y).x - y) = (D)IVg(x) - Vgl
for all x,y € C, because the class of L-Lipschitzian mapping
contains the class of 1/L-ism mapping.

We observe from Theorem 1 that if the parameter {1}
converges to A € (0,2/L) such that {A,,} satisfies the condition
(9) then g € C solves the CCMP (1) which is the unique
consistent if and only if g solves the fixed-point equation

q="Pc(I-AVg)q. (10)

It is well known that the gradient-projection algorithm is
very useful in dealing with the CCMP (1) and has extensively
been studied (see [1-9] and the references therein). It has
recently been applied to solve the split feasibility problems
(SFP) (see [10-15]) which find applications in image recon-
structions and the intensity modulated radiation therapy (see
[13-18]). We now consider the following regularized mini-
mization (that is, the CCMP (1) has the unique minimizer
solution) problem:

. /3n 2
= L 1
min gy (x) = g (x) + 5 =l (11)
where 3, > Oforalln = 0,1,2,...and g : C — Riisa
continuous differentiable function, and we also consider the
regularized gradient-projection algorithm which generates a
sequence {x,} by the following recursive formula:

Xn1 = PC (I - /\vgﬁ,,) Xn

=P-(I-A(Vg+B,0))x, Yn=0,12,....

(12)

Many researchers studied the strong convergency the-
orems for solving the CCMP (1) using the sequence {x,}
which is generated by algorithm (12) for their proposal on
the gradient Vg which is the class of nonexpansive mapping
and the class of L-Lipschitzian mapping (see [19-25]) and in
case the gradient Vg is the class of 1/L-ism mapping such
that L > 0, Xu (2010) introduced the sequence {x,} which is
generated by algorithm (12), and he proved that this sequence
{x,} converges weakly to the minimizer of the CCMP (1)
in the setting of infinite-dimensional real Hilbert space (see
[15]) under some appropriate condition.

Recently, Tian and Zhang (2017) introduced the sequence
{x,} generated by algorithm (12), and they proved that this
sequence {x,} converges strongly to the minimizer of the
CCMP (1) in the same setting of infinite-dimensional real
Hilbert space (see [26]) under the control conditions:

(1) 0 <A <2/(L+2).
(i) {B,} < (0,1),lim,_, B, =0and Y > B, = co.
(iif) Zﬁi’o |Bri1 = Bul < 0.
In this paper, under the motivated and the inspired by
above results, we introduce new iterative scheme, based on
Mann’s type approximation scheme for solving the CCMP

(1) in the case of the gradient Vg being the class of 1/L-ism
mapping such that L > 0 as follows:

x € C,
Xp1 = 0 Xy + (1 _an) PC (I_ A(vg+ﬁnI)) Xn> (13)
Vn=0,1,2,...,

under the mild some appropriate conditions of the parame-
ters {«,}, {3,,}, and A, we obtain a strong convergency theorem
to solve the CCMP (1), in which condition (iii) Yo 18,1 —
B, < co of Tian and Zhang to be removed. In Section 4 of
the applications, it has been shown that the CCMP (1) reduces
to the split feasibility problem (SFP) and the data availability
for the proposed SFP is shown in Section 5, and the example
of this problem is also shown in Section 6 through numerical
results.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert
space H. If g : C — R is a differentiable function, then we
denote Vg the gradient of the function g. We will also use the
notation: — to denote the strong convergency, — to denote
the weak convergency, and Fix(T) = {x : x = Tx} to denote
the fixed point set of the mapping T

Recall that the metric projection P : H — C is defined
as follows: for each x € H, P-x is the unique point in C
satisfying

|x - Pox| = inf {|x - y| : y € C}. (14)

Let g : C — R be a function. Recall that the function g is a
strictly real-valued convex function if

gAx+(1-1)y) <Ag@)+1-1g(y), )
VA e [0,1], Vx,y € C,
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such thatx # y. We collect together some known lemmas and
definitions which are our main tool in proving our results.
Lemma 2. Let H be a real Hilbert space. Then, forall x,y € H,

o+ I = el + 2 G ) + (16)

Lemma 3 (see [27]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Then,

z=Pxe(x-z,z-y)>0, VxeH, yeC. (17)

Definition 4. Let H be a real Hilbert space. The operator T :
H — H is called

(i) L-Lipschitzian with L > 0 if

|Tx-Ty| <L|x-y|, Vx,yeH, (18)

(ii) k-contraction with a positive real number k such that
ke (0,1)if

|Tx-Ty| < k|x-y|, Vx,yeH, (19)

(iii) nonexpansive if

[Tx-Ty| <|x-y|, Vx,yeH, (20)

(iv) monotone if

(Tx-Ty,x—y) 20, Vx,ye€H, (21)
(v) a-strongly monotone if
(Tx-Ty,x—y) > a|x-y|°s VxyeH, (22)
(vi) a-inverse strongly monotone («-ism) if
(Tx - Ty,x - y) > «|Tx-Ty|", Vx,yeH, (23)
(vii) firmly nonexpansive if

Tx Tyl < |x-y|F - |U-T)x - I -T)y|*,
I v < fx -yl - )| 24)
Vx,y € H.

Lemma 5 (see [27]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Then, for x, y € C and & € [0, 1], we
have

Jowx + (1= ) y[* = el + (1 = ) ]

—a(l-a) fx -y
Lemma 6 (see [28]). Let H be a real Hilbert space and

T : H — H be an operator. The following statements are
equivalent:

(i) T is firmly nonexpansive,

(ii) || Tx — TyII2 <{x-y,Tx-Ty),Vx,y € H,

(iii) I — T is firmly nonexpansive.

Applied Principles of Mathematical Analysis

Lemma 7 (see [28]). Let H and K be two real Hilbert spaces
and let T : K — K be a firmly nonexpansive mapping such
that |(I-T)x| is a convex function from K to R = [-00, +00].
Let A : H — K be a bounded linear operator and f(x) =
(1/2)(I = T)Ax|? for all x € H. Then,

(i) Vf(x) = A*(I-T)Ax for all x € H where A™ is adjoint
operator of A,

(ii) Vf is ||A||2—Lipschitzian.

Lemma 8 (see [29, 30]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let {T,,} and ¢ be two classes
of nonexpansive mappings from C into C such that

0 # Fix(p) = [ |Fix(T,). (26)

n=0
Then, for any bounded sequence {z,,} C C, we have

(i) if lim,_,llz,~T,z,|l = 0thenlim, ., lz,-Tz,|l =0
for all T € ¢, which is called that the NST-condition(1),

(ii) if lim,  lz,.; — T2, = O then lim, Iz, -
T,z = 0 for all m € N U {0}, which is called that
the NST-condition (II).

Lemma 9 (see [31] (demiclosedness principle)). Let C be a
nonempty closed convex subset of a real Hilbert space H and
let S : C — C be a nonexpansive mapping with Fix(S) # 0. If
the sequence {x,} C C converges weakly to x and the sequence
{(I = S)x,,} converges strongly to y. Then, (I — S)x = y, in
particular, if y = 0 then x € Fix(S).

Lemma 10 (see [32]). Let {a,} be a sequence of nonnegative
real number such that

a,,<(1-y)a,+y0,, ¥Yn=012,.., (27)

where {y,} is a sequence in (0,1) and {0,} is a sequence in R
such that

@) Zﬁio VYn = O0;

(i) limsup,,_, 8, < 00r Y20 [7,8,] < co.

Then, lim a, =0.

n—oo "n

3. Main Result

Throughout this paper, we let C be a nonempty closed convex
subset of a real Hilbert space H. First, we will show that G,
which is defined by

Gyx=0,x+(1-a,) P (I-A(Vg+B,I))x,
(28)
VxeC, n=0,1,2,...

has the unique fixed point under the conditions 0 < A <
2/(L+2),0<a,<land0< B, < 1whereg:C — Rbea
strictly real-valued convex function such that Vg is 1/L-ism
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with L > 0. Since, Vg is 1/L-ism and the nonexpansiveness of
Pc. Then, for each x, y € C, we have

[P (1= A (Vg + B,D)) x - Po (T = A (Vg + B,1)) [
<|(1-A (Vg +B0)x - (I~ (Vg + D)y}
=[(1-28,) (x = ») = A (Vg () - Vg ()
= (=28 x =y + AV (%) - Vg ()|

—20(1-2B,) {(x - », Vg (x) - Vg (»))
<=8 =P+ X Vg 0 - Vg O
- %A (1-28,) Vg () - Vg (»)|°
- (1-28, - o >
+ </\2 - %)L (1- Aﬂn)> IVg (x) - Vg ()|
<(1-28,)" |x -y’
+ </\2 - %A + %AZ) IVg ) - vg ()|
= (1=28.)" |x - yI’
~A(Za-0-2) Vg6 - Vg O
<(1-2B,) <=
Therefore,

|Pc(I=2(Vg + B.I)) x = Pc(I=A(Vg + B,I)) ¥ o)
< (1-2B,) Jx =]
It follows that, for x # y, by (30) we have
Gyt = Gyl = ety

+(1-a,) Po (I = A (Vg + B,I)) x) = (e,
+(1-a) P (1= A (Vg + B,D) y)] = o, (x
)+ (1) (B (T A (Vg + B,D)) x
—P.(I-A(Vg+BD) ¥ <e,|x-y|+(1 (3D
—a) [P (1= A (Vg + B,D) x — Po (I

_A(Vg"—ﬁnl))y” S(xn”x_y”—'—(l_ocn)(l

=AB) x =yl < o fx =y + (1=e,) [ - y]
=[x -]
That is,
1Gx =Gyl < x=yl, vx#y. (32)

So, G, is a contraction, therefore, by Banach’s contraction
principle, G,, has the unique fixed point. Therefore, G,, is well-
defined.

Let % be the solution set of the CCMP (1). It is clear that
% is a closed and convex sets. We now ready to present my
main results as follows.

Theorem 11. Let C be a nonempty closed convex subset of a
real Hilbert space H, g : C — R is a strictly real-valued
convex function such that the gradient Vg is 1/L-ism with L >
0. Assume that % + 0 and let {x,} C C be a sequence generated

by
x5 € C,

“n) PC (I_ A(Vg+ﬁr11)) Xn> (33)
Vn=0,1,2,...,

Xpp1 = O Xy + (1 -

where A € (0,2/(2 + L)) and {«,,}  [0,1),{f,} € (0,1) satisfy
the following conditions:

(i) «, < B such that m > 1 foralln=0,1,2,..,
(i) lim,, B, = 0 and Y¥,°0 B, = 00,

then the sequence {x,} converges strongly to q € U, which is
the unique minimizer of the CCMP (1).

Proof. We divide the proof into 4 steps.

Step 1. We will show that {x,} is bounded. Let p € %. By
the strictly convexity of g, we have that % is a singleton set.
Noticing from 1/L-ism of Vg that Vg is L-Lipschitzian. So, by
(10), we have p = Po(I — AVg)p. Therefore, by (30), we have

%01 = ol = (e,

+(1-a,) Po (I =2 (Vg + B,I)) x,) - pl

o,) Po (I-2 (Vg + BuI)) x,)

= (o + (1 =) pf| = v, (3, = p) + (1 - ax,)
(Pc(I=A (Vg + BuI)) %, = p)|| = |l (x, = p)

a,) (Pc (I=A(Vg+ B,I)) x,

—P(I-AVg) p)| < &, [x, - p + (1 - o,

[Pc (1= A (Vg + BuI)) x, = Pc (I - AVg) p|
< a, |x, = pf + (1 -a,)

([Pc (I =2 (Vg + B.I)) x,

~Pc(I-A(Vg+B.D)pl

+[Pc(I=A(Vg +BI)) p - Pc(I-AVg) p|))

= || (e, x, + (1 -

+(1-

S ||x p||+(1—(X ) Aﬁn) "X p”
+”(I_/\ Vg+,3,,1))p—(1—)tvg p" :“n"xn
= pl+ (1= a,) (1= AB,) % = pll + AB 1)
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= a, |x, = pll + (1 - a,) (1= AB,) |x, — pl| + (1
= a,) ARy ol = (e, + (1 - ) (1= AB,)) |1,
=pl+ (=) A8, |pl = (1= (1 -a,) AB,) |,
= pll+ (1 =) AB, |l < max{|x, - o[ | o]}

< max {|x, - p[., o}
(34)

It follows that {x,} is bounded, and so are {P(I — A(Vg +
B,D)x,} and {P-(I — AVg)x,}.

Step 2. We will show that lim,,_, llx,, — Po(I = AVg)x,,|l = 0.
Since,

%1 = Po (I = AVg) x| = flotyx,, + (1 - o)

“Po(I=A (Vg +BuI)) x, = Pc(I-AVg) x,
= logyx, + (1= 1) Po (I = 2 (Vg + B.I)) %,
= (o, + (1= a,)) Pc (I=AVg) x,
= [, (x, = P (1 - AVg) x,,) + (1 - &,)
“(Po(I=A (Vg +BuI)) %, = Pc (I =AVg) x,)|  (35)
< a, [x, = P (1= AVg) %, + (1 ~a,)
[ Pc(I-A (Vg +B,I)) x,
= Po(I-2Vg) x| < a, |x, = Po (I - AVg) x, |
+(1=a,) [(I=A (Vg +B.I)) x, = (I-AVg) x,|
= a, X, = Pc (1= AVg) x| + (1= o) AB, [Ix,] -

Therefore, by conditions (i) and (ii), we have

lim |x,,; — Pc (I -AVg)x,| = 0. (36)

Since, Vg is 1/L-ism, then we have
|Pc (1= AVg) x - P (1 - AVg) y|’
< (1= Avg) x (I - AVg) y|’
= (x- )= A (Vg ) - Vg ()|’
= |x = y* - 24 (x - 1, Vg (x) - Vg (»))
+ A2 |Vg (x) - Vg ()|
<o - 2 Vg - Vg O

+ A |Vg () - Vg )I’

Applied Principles of Mathematical Analysis

2
~Jx =y -2 (7 -2) Vg0 - Vg (I

2
<=
(37)

Hence,
|Pc(I-AVg)x~Pc(I-AVg) y| <|x-y].,  (38)

that is, Po(I — AVg) is a nonexpansive. Therefore, by (36) and
NST-condition (II) in Lemma 8, we have

Tim (1 - Po(1-19g)) x|

(39)
= lim [x, - Pc(I - AVg) x,[ = 0.
Step 3. Let g € %. Since, % is a singleton set, we have
(-g:9-y) =0, Vye. (40)

Therefore, by Lemma 3, we have g = P,(0). We will show that
lim sup, (-9, %,,; — q) < 0. From (10) we have

q="Pc(I-2Vg)q. (41)

Since {x,} is bounded, we consider a subsequence {x, }

i

of {x,}; there exists a subsequence {x, } of {x,} which
1 Ij 1

converges weakly to z. It follows by the demiclosedness to the
zero in Lemma 9 and (39) that z = P(I — AVg)z. So, by (10)
we have z € % (indeed, z = g). Therefore, by (40), we have

lim sup (~q, x,,; = q) = lim sup <—q, Xy 41 = q>
n—oo j—00

= max{(—q,z —q) : for all Xy, —Zasj— oo} (42)

<0.
Step 4. We will show that {x,} converges strongly to g. By

(30), Lemma 5, condition (i), and the linearity orthogonal
projection of P, we have

[%s1 = all” = o, + (1= ;) P (1= A (Vg + B, 1)
%, =’ = ax, + (1-,) P (1
~ A (Vg + Bu0)) x, - (&, + (1 - a,)) g
= o, (%, - q) + (1 - a,)
(P (I-A (Vg +B.D) %, ~ 9" < e, 1%, - gl
+(1-a,) [P (1= A(Vg + BuD)) %, - g
= o, %, — gl + (1= @) (P (1 = A (Vg + B,1)

'xn_Q’PC(I_A(Vg+ﬁnI))xn_q> =0y “xn
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“alf + (1) (B (-2 (Vg + B.D) %, -4

Xn1 — KXy

— — 2 —
L0 g) = gl + (1-a,)

1
(2 Re1-2g + 1) %, - a5,

Xn

-q)+ (Pc(I-A(Vg+B,0)x,~q.q

1-«a,
“x)) = o =l + (B (T-2(Vg + £,1)

<%, = Po (I =AVg) 4, X1 — q) + 0, (P (1

- A (Vg +BuD)) X, — 4. q = %,) < &, |x, —q
+(Pc(I=A (Vg +B.0)) x, — Pc (I

= A(Vg+B.D)) a4 xpr —q) + (P (I

- A(Vg+B.I))qa-Pc(I-AVg)q x,1 — q)
+a, [P (1= A (Vg +Bu1)) x, — g - g = ]

< a, [lx, =l + |Pc (T= A (Vg + B,1)) %,

=P (I-A(Vg+B.I))al-[x. - al + 2B, (-4
Xpa1 = 4) + 0 [Pc (1= 2(Vg + B,1)) %, — ql - |lq
=, < B In =l + (1= AB) ey — al - 1%
=l + 2By (-4 X1 — @) + By [P (I

- A (Vg + B.D)) %, —dll - la ==l = B %, - all

1-1A8,
+ T ("xn - q“2 + ”xn+1 - qllz - ("xn - q"

- "xn+1 - q”)z) + /\ﬁn <_q’ Xp+1 — q) + ﬁ;” ||PC (I

~A(Vg+BD) %, —al - la x| < B |x, —al’

1-A 1
2 e gl 4 L -l + A6, (g

X1 = q) + By [Pc(I=A(Vg + B.D) x, — 4| - [|q

- xn" >
(43)

and, therefore,
s = all® < 287 | = all* + (1 = 2B,) |, — all
+ 208, (= X1 — Q)
+ 2B, [P (= A (Vg + B,D) x, =l - lg = .|

= (1=2AB,) [n = all + A8, (2’8;

2
< = al

+2(=q, X1 — q)

8
+ A ”PC (I_/\(Vg+ﬁn1)) xn_q"

Ja- xnu) = (=) Ju—al + vt

(44)
where y, = A3, and
2 m—1
b= P e, 2 (a5 -a)
28! (45)
+ A ”PC (I_/\(Vg+ﬁn1)) xn_q"
g =
It is easy to see that Y .> ¥, = oo and limsup, 5, < 0.

Therefore, by Lemma 10, we obtain {x,} converges strongly
to q. This completes the proof. O

Notice that when o, = 0 for all n = 0,1,2,... then the
result of Theorem 11 can be reduced into the result of Tian and
Zhang [26] without the control condition Y |81 — B, <
00 as follows.

Corollary 12 (see [26]). Let C be a nonempty closed convex
subset of a real Hilbert space H and g : C — R be a strictly
real-valued convex function such that the gradient Vg is 1/L-
ism with L > 0. Assume that % # 0 and let {x,} c C be a
sequence generated by

xy € C,
(46)
Xp1 = Pc(I-A(Vg+B,I)x, ¥Yn=0,1,2,...,

where A € (0,2/(2+L)) and{f,} (0, 1) satisfies the following
conditions: lim, . B, = 0 and Y,° B, = oo, then the
sequence {x,} converges strongly to q € U, which is the unique
minimizer of the CCMP (1).

4. Applications

Let C and Q be closed convex subsets of real Hilbert spaces H,
and H,, respectively, and A : H; — H, be a bounded linear
operator. We now consider the split feasibility problem (SFP)
which introduced in 1994 by Censor and Elfving [13], where
this problem is to find an element g € C such that Aq € Q.
Define the convex function g : C — R as follows:

1
g(x) = 3 [Ax - PQAx”Z. (47)

It follows by Lemma 7 that the gradient of g as Vg = A™(I -
Py)Awhere A" is the adjoint operator of A, and Vg is 1/|IAl1%-
ism. We have the consequence results as follows.

Theorem 13. Let C and Q be closed convex subsets of real
Hilbert spaces H, and H,, respectively, and let A : H, —
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H, be a bounded linear operator. Suppose that the SFP has a
nonempty solution. Let {x,} C C be a sequence generated by

xg € C,

Xn+1

=0, X, (48)
+(1-a,)Pc(I-A(A"(I-Py)A+B,I))x,
Yn=0,1,2,...,

where A € (0,2/(2 + |AlI%)) and {a,} € [0,1),{B,} c (0,1)
satisfy the following conditions:

(i) «, < B such that m > 1 foralln =0,1,2,...,
(11) hmn—woﬁn =0and ZEZO ﬁn =00,

then the sequence {x,} converges strongly to q, which is the
unique minimizer of the minimum-norm solution of the SFP.

Corollary 14. Let C and Q be closed convex subsets of real
Hilbert spaces H, and H,, respectively, and let A : H, —
H, be a bounded linear operator. Suppose that the SFP has a
nonempty solution. Let {x,} € C be a sequence generated by

x5 € C,
Xn+1 = PC (I_A(A* (I_PQ)A-'—ﬁnI))xn’ (49)
Vn=0,1,2,...,

where A € (0,2/2 + |Al*)) and {B,} < (0,1) satisfies the
following conditions: lim,__,.,f3, = 0 and ¥.,°, 3, = 00, then
the sequence {x,} converges strongly to q, which is the unique
minimizer of the minimum-norm solution of the SFP.

5. Data Availability

In order of the feasible solution, all algorithms of the
iterations have to compute many inner iterations to find the
appropriate result, and stack overflow often occurs in which
a computer program makes too many subroutine calls and its
call stack runs out of space when the parameters of iterations
have using many stack arrays to compute the feasible solution.

To avoid the stack overflow, we introduce how to do the
mathematical programming without using the stack arrays
of its parameters for solving the SFP of the algorithm in
Corollary 14. Indeed, the situation of the stack overflow may
have occurred from calculating the floating point numbers
or the significant decimal digits; to avoid it we ought to
be careful of that by always using digit precision command
such as the command N[expr_] in Mathematica, and the
command digits(num_) in Matlab, and also define all matrix
in the regular command type without using the matrix palette
to avoid it.

Some mathematical software has a command to give
the total number of seconds of CPU time used and the
total number of seconds since the beginning of compu-
tation in the session such as the commands TimeUsed|]

Applied Principles of Mathematical Analysis

and AbsoluteTime[] in Mathematica, respectively, and the
commands cputime and tic/toc in Matlab, respectively.

We now give the formulation of orthogonal projection P
where C is a simply closed convex sets as follows, and in the
case that C is not a simply closed convex sets, for instance, C
is a halfspace, we can found more the formulation in [33].

Proposition 15. For x € RN we have
(i) ifC= RY then Pex = x,
(ii) if C = {b} such that b € R™ then Pox = b,
(i) if C={x € RN . llxll, < p, p > O} then

px
) X ¢ C>

Pex = 1 x> (50)
X, x €C.

Proof. Obviously, the results (i) and (ii) hold by the definition
of orthogonal projection of P, and the result (iii) also holds
by the normal vector of the boundary points set of C. O

We are ready to introduce how to do the mathematical
programming without using the stack arrays of its parameters
for solving the SFP of the algorithm in Corollary 14 as follows.
Suppose that the SEP has the unique consistent. Taking H, =
(R, || - |I,) and H, = (R™,| - |,) into Corollary 14. Let
the sets C and Q, the operator A, the sequence {x,}, and the
parameters {f3,}, A satisfy the conditions in Corollary 14. We
have that {x, } is a convergent sequence, and so it is a Cauchy
sequence. Hence, we can choose the stopping criteria € > 0
which satisfies |x,,; — x,ll, < € for stopping the program,
and also the approximate solution refers to the last iteration.
Steps of the mathematical programming of the algorithm in
Corollary 14 are shown as follows:

Mathematical programming for the split feasibility
problem

Finding the solution of an augmented matrix equa-
tion A v Xnxi = By

Step 1. Declare of all parameters A ;x> Byxp»> the starting
point xStarty,; and €.

Weset M =3,N =3and b = By,.

The example of the commands in Mathematica is shown
as follows.

A= {{1>2> _1}) {1> 1, _1}) {17 _2) 1}}>b = {{1}) {0}) {3}}7

xStart = {{0}, {0}, {O}};€ = 1075

Step 2. Define the formulations of the orthogonal projections
of P and P, where

C={xeRY:|xl, < p.p>0},
(51)
Q={xeRY:|x|, <0,0>0}.

If we choose C = RN and Q = {b} such that b € R™ then the
orthogonal projections of P and P are easy to calculated,
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and, hence, we do not need to define its formulations in this
step, and we can put directly its formulations to process.

The example of the commands in Mathematica is shown
as follows.

Pclu_] = If[Normlu] > p,pu/(Norm[u]//N),ul;
Pqlu_] = If[Norm[u] > o,0u/(Norm[u]//N),ul;

Step 3. Set the starting index n = 0 and fix parameter A €
(0,2/(2 + [IA]l*)). If the parameter A is not a fix number such
that it is a sequence, then we must lie it in the while loop of
step 4.

We set A = 2/((2 + | Al%) + 10%).

The example of the commands in Mathematica is shown
as follows.

n=0; A=2/(2+(Norm[A]//N)) +10%);

Step 4. Start to calculate the iterations of the sequence {x,}
such that

Xy =Pc(I-A(A" (I-Py) A+ B,I))x, (52)

using the while loop. Set the parameter {$,} < (0,1) for all
n = 0,1,2,... into the while loop such that it satisfies the
following conditions: lim, _, f, = 0 and };° B, = co. If
1,1 —x,ll, < € then we break the while loop for approximate
feasible solution, which is referred to in the last iteration.

It well known that, in the case of finite-dimensional real
space, A* = AT where AT stands for matrix transposition of
A, and, hence, the algorithm in Corollary 14 can be reduced
to

P (xn - AT Ax, + /\ATPQAxn - Aﬁnxn) for the closed balls C and Q,

Xpi1 = 1 P (x, - AATAx, + AATb - AB,x,,)

x, - AATAx, + AATb ~ AB,x,

whereb € RM.Wesetﬁn =1/(n+2)foralln=0,1,2,...and
instead of x,, and x,,,, with the variables xOld and xNew,
respectively, and also instead of 8, with f in the while loop
for avoidance using stack arrays of the parameters.

The example of the commands in Mathematica is shown
as follows.

xOld = xStart;
While[True, B = 1/(n + 2);

(* We set C = RN and Q = {b} whereb ¢
RM )

xNew = xOIld — A((Transpose[ A].A).xOld) +
MTranspose[Al.b) — A 3 xOld;

Print["x[",n + 1" ="
Transpose[ xNew] //N/|MatrixForm,",

Error =", ScientificForm[Norm[xNew -
xOld]]];
If[Norm[xNew — xOld] < e,

Print]" - — —Conclusion — ——"1;

Print["Starting point x[0] ="

, Transtose[xStart] //MatrixForm];
Print[" Approximate Solution x["',n  +
1,1 =", Transpose[xNew]//N//
MatrixForm)];

Print]" TimeUsed =
, TimeUsed[]," second";

Print["- - —End - --"];

Break[],

(* Goto Next Loop )

x0Old = xNew;n + +;

n

for the closed ball C and Q = {b}, (53)
for C = RY and Q = {b}

Step 5. Clear memory of the system.

The example of the command in Mathematica is shown
as follows.

Quit|[];

6. Numerical Results

In this section, we give some insight into the behavior of the
algorithm presented in Corollary 14. We implemented them
in Mathematica to solve and run on a computer Intel(R) Core
(TM) i3 processor 2.00 GHz. We use [|x,,; — x, [, < € as the
stopping criteria.

Throughout the computational experiments, the param-
eters used in those algorithms were sets as € = 107%,8, =
1/(n+2) and A = 2/(2 + |AI*) + 10%) for all n =
0,1,2,...,where A is abounded linear operator. In the results
report below, all CPU times reported are in seconds. The
approximate solution is referred to the last iteration.

Example 1. Find the solution of linear equation system as
follows:

x+2y-z=1,
x+y-z=0, (54)
x=2y+z=3,

where x, y,z € R.
2 -1

LetH, = Hy = (R, |- I,). Take A = (1 1 ~1),C = R’

andQ = {b:b=(1,0,3)"}into Corollary 14. We have chosen
x, € C arbitrarily and

WORLD TECHNOLOGIES




114

Applied Principles of Mathematical Analysis

TABLE 1: Results for Example 1 using algorithm in Corollary 14.

Starting points x, Number of iterations CPU(s) Approximate solution q

(0,0,0)" 6015 2.393 (1.999190, 0.997529, 2.995430)"
(1,1,)7" 5986 2.293 (1.999180,0.997518, 2.995410)"
2,2,2)" 5954 2.333 (1.999180, 0.997506, 2.995380)"
2,3, 1)" 5963 2.543 (1.999180,0.997509, 2.995390)"
3,2,1)" 5970 2.533 (1.999180,0.997512,2.995400)"

Xy = Po(I=A (AT (I-Py) A+ BI)) x,
= x, - AMA"Ax, + AA"PoAx, - AB,x, (55
= x, - AT Ax, + AATb - AB,x,,

where b = (1,0,3)T foralln = 0,1,2,.... Asn — 00, we
have x,, — g such that g is the our solution. The numerical
results are listed in Table 1.

7. Conclusion

In this paper, we obtain an iterative scheme using the gradient
projection method based on Mann’s approximation method
for solving the constrained convex minimization problem
(CCMP) and also solving the split feasibility problem (SFP)
such that another strong convergence theorems for the
CCMP and the SFP are obtained.
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We obtain necessary and sufficient conditions so that every solution of neutral delay difference equation A(y, — Zl;:l p{; ynfmj) +

3,.G(Ys(m) = f, oscillates or tends to zero as n — oo, where {g,} and {f,} are real sequences and G € C(R,R), xG(x) > 0, and
my,m,, ..., my are positive integers. Here A is the forward difference operator given by Ax,, = x,,,; — x,,, and {0,} is an increasing
unbounded sequences with ¢, < n. This paper complements, improves, and generalizes some past and recent results.

In addition to the above we assume some new conditions
on p) (see (12), (22), (26), and (30) in next section). It is
important to note that our results hold good for the solutions
of the neutral equation

A()/n_zpitynmj>+zqizG(y0j(n)) :fn (2)
j=1 j=1

under the assumption

1. Introduction

Consider the neutral delay difference equation of first order

k .
A (yn - Zpiynmj> + qnG (yo(n)) = fn (1)

j=1

where A is the forward difference operator given by Ax, =

Xpe1 — X 4y and f, are members of infinite real sequences,
Lo j

and m; are positive integers. Further, assume {p;} are real

sequences for each j € 1,2,...k and that G ¢ C(R,R) o (1 )
and o(n) < n are monotonic increasing sequences which are Z qi = 00, qi >0 (3)
unbounded. n=no \ j=1

We study the oscillatory behavior of solutions of neutral

difference equation (1) under the following assumptions.

(H1) xG(x) > 0 for x + 0.

(H2) There exists a bounded sequence {F,} such that AF, =
J
(H3) The sequence {F,} in (H2) satisfies lim,_, F, = 0.

(H4) q, > 0, .2, q, = 0.

instead of (H4). The following neutral difference equa-
tions/delay difference equations are obtained as particular
case of (2).

l .
A (yn - Pnyn—m) + Zin (yaj(n)) = fn’ (4)
=

A (yn - pnynfm) + qnG (yG(n)) = frn (5)
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l .
A (yn) + zqizG (yaj(n)) =0, (6)
j=1

and

A (yn) + qnG (yo(n)) =0. (7)

The neutral difference equations (5) are seen as the
discrete analogue of the neutral differential equations

(YO-p®OyE-1)+q®OG(y(t-0)=f@t). ®

The oscillatory and asymptotic behavior of delay difference
equations and neutral difference equations have been inten-
sively studied in recent years due to its various application in
different field of science and technology [1]. It is observed that
several articles (see [2-4]) exist in literature for the study of
neutral difference equations/delay difference equations with
several delay, i.e., for (4) or (6), respectively. However study
of neutral equations with several delay term under A symbol,
i.e., (1) or (2), seems to be relatively scarce in literature. Use
of lemmas from [1, Lemma 1.5.1 and 1.5.2] or its discrete
analogue (see [5]) plays an important role in studying (4) [6],
(5) [7], and (8) [8]. In this context, one may note these lemmas
cannot be applied to the study of (1) or (2). Hence study of (1)
and (2) needs a different approach.

The work in this paper complements and generalizes the
work in [3, 9]. This can be verified that the results in [3, 9]
which are concerned with the study of (6) and (7) cannot be
applied to the delay difference equation

Ay, +(e? =€)y, =0. ©)

which has a solution y, = e " tending to zero. It is because
the primary assumption,

k-1 1
lim inf Z q; > —, (10)

k—00 e

i=o(k)

is not satisfied. However, note that (10) implies (H4) and (H4)
is satisfied in (9) and hence the results of this paper give
an answer to the behavior of solutions of neutral equations
like (9). While working on nonlinear neutral equations most
of the authors [7, 8, 10-12] assume the condition that G is
nondecreasing unlike this paper.

Let n, be a fixed nonnegative integer. Let max{my;,
My, ...,m} = mand p = min{o(n,), n, — m}. By a solution
of (1) we mean a real sequence {y,} which is defined for all
positive integers n > p and satisfies (1) for n > n,,. Clearly if
the initial condition

Yo =a, forp<n<ny, (11)

is given then (1) has a unique solution satisfying the given
initial condition (11). A solution {y,} of (1) is said to be
oscillatory if, for every positive integer #n, > 0, there exists
n > ny such that y,y,,, < 0; otherwise {y,} is said to
be nonoscillatory. In the sequel, unless otherwise specified,
when we write a functional inequality, it will be assumed to
hold for all # sufficiently large. Here we assume the existence
of solution of (1) and study its oscillatory and asymptotic
behavior.

2. Sufficient Condition

In this section we present some results which prove that
(H4) is sufficient for any solution of (2) to be oscillatory or
tending to zero asn — 0. Moreover we give some examples
to illustrate and signify our results. Our first result and the
subsequent ones are as follows.

Theorem 1. Suppose that (H1)-(H4) hold. Assume that there
exists a positive constant p such that the sequences {p]} for j =
1,2,...,k satisfy the condition

pf; >0, foreveryj=1,2,...,k

k _ (12)
and Zlim suppl < p< 1.

j=1 oo

Then every solution of (1) oscillates or tends to zero asn —
0.

Proof. Let y = {y,} be any solution of (1) for n > n,, where n,
is a fixed positive integer. If it oscillates then there is nothing
to prove; otherwise, it leads to two distinct possibilities, either
y, > 0or y, <0.forn >mn; >n, Consider the first one, i.e.,
y, > 0 eventually. There exits positive integer n, > n,; such
that y, > 0s Yypm, > 0 for each j, and y,,) > 0 for n > n,. For

n=n,,let
k .
Zp = Yn— Zp;llynfmj’ (13)
=1
and
w,=2,—-F, (14)

From (1), (13), and (14), it follows due to (H1) that

Awn = _qnG (ya(n)) <0. (15)

Then there exists n; > n, such that w, is monotonic
and is of constant sign for n > n;. For the sake of a
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contradiction assume that y, is not bounded. Then there
exists a subsequence {y, } such that

n, — 00,
Yp, = OO (16)
as r — 00,
and
y(n,) = max{y, :ny<n<n}. 17)

Since o(n) — 00 as n — 00, we may choose r large enough
so that o(n,) > n;. For 0 < ¢, because of (H3), we can find a
positive integer n, such that n > n, > n, implies |F,| < €. As
(12) holds, then using (13), (14), and (17) we obtain

k k
Wy, :yn,_zpiyn,—mj_Fn, 2 I_ZP,{, yn,_e
j=1 (18)

j=1

>(1_p)yn,_€'

Taking r — o0, we find lim, , w, = oo, a contra-
diction as w,, is monotonic decreasing. Hence y, is bounded
which implies w,, and z,, are bounded and lim, _,  w,, exists.
Further it follows that liminf, ¥, and limsup,_,_ v,
exist. We claim liminf, _, ¥, = 0. Otherwise, let y, >« > 0.
Next boundedness of y, yields y, < . Hence we have 0 <
a < y, < f3, which will be used for bounding the G term in
(1) from below.

From the continuity of G and assumption (HI) it follows
that there exists a positive lower bound m for G on [«, f3].
Hence there exists 75 such that G(y,,)) > m > 0 for n > ns.
Then summing (15) from n = n5 to s — 1 we obtain

s—1 0
w,, —w,= 3 4G (o) 2m Y 4. (19)

j=ns J=ns

Since the left hand side is the member of a bounded
sequence, while the right hand side approaches +0c0, we have
a contradiction. This yields liminf, ,  y, = 0. From (H3),
monotonic nature of w, and (14), it follows that lim z,
exists finitely. Let lim z, =0.1f§ > 0, then

n—~oo

n—=oo
k .

0 < ¢ =liminfz, =liminf| y, - Z‘i j Yn-m,
=

n—:oo

k
< linnljonof ¥, + lim sup (—Z p,]; Vo, >
=1

Applied Principles of Mathematical Analysis

k k
= —l}ll’ilo%f (ZPZ!}’H—WU) < _Zhnnl}glof (pi;yn—mj)

j=1 j=1

k
< - (liminf pf; liminfy, . ) <0,
j:l ( n—=oo ) ( n—aoo ])
(20)
a contradiction. If § < 0 then
k .
0>6 =limsupz, =limsup| y, - Zpilyn,m,
n—00 n—0o0 i1 /
k .
> lim supy,, + lim inf —Z Pl Ynem,
n—00 n—aoo ]:1
k .
> lim supy, — limsup ( > ply,
n—00 n—oo \ i3 /
(21)

k .
> limsupy, - Zlim sup (P;Jq}’nfmj)
n—00 j=1 n—:oo

k
> limsupy, - Zlim supp;, lim sup Ynm,
n— ]=1 n n—oo

k
> limsupy, < 1- Zlim suppi)
n—~oo —>00

="

> limsupy, (1-p).

Hence limsup,_, , < 0, by (12), which implies the desired
result lim, ¥, = 0.If y, < 0 for n > n; then proceeding
as above we can arrive at lim,,_, ¥, = 0. Thus the theorem
is proved. O

Theorem 2. Suppose that (H1)-(H4) hold. Assume that there
exists a positive constant p such that the sequences {p]} for j =
1,2,...,k satisfy the condition

Z;SO> for every j=1,2,...,k

k , (22)
and Zhnnljo%fprjt >-p>-1.
j=1

Then every solution of (1) oscillates or tends to zero asn — oo.

Proof. Proceeding as in the proof of Theorem 1 and setting z,,,
w,, as in (13) and (14), respectively, we obtain (15) and further
prove y, is bounded with liminf, |y, = 0. From (H3) and
the fact that w, is monotonic it follows that lim w, =

n—oo"n
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lim, .z, =0 € R.Asz, >0,s008 > 0. We claim 8 = 0; if k j
not then § > 0, and this implies = limsupy, + 11m 1nf Z (_Pn) Yn-m;
n—aoo i=1
ko !
8 = liminf z, = liminf | », = " P}V, K
j=1 > limsupy, + llrllg}nf (( -p, )ynfmj)
ko n—>>00 =1
< lim infy, + lim sup —jzzlpiynfmj
T (T
< ) limsup (—p/ ) limsu -
j:1 n—>oop pn n—>00p yn mj
k =limsupy, = a,
— _ 1. . f J l. n—:oo
j:zl im inf (p} ) lim sup (Yo, ) 05)
=P h,?is;p () < pa. a contradiction, due to inequality (24). Hence we conclude
0 =0and fromz, > y,, it follows that lim,_, _y, < 0.Hence
Hence we get lim y, = 0.
- ) s The proof for the case y, < 0 for large # is similar. Hence
«= ; >0 (2% the theorem is proved. O
Again Remark 3. Theorems 1 and 2 hold good for k = 0 and
k = 1. Hence these results could be compared with results
& = limsupz, = hm sup < y, - z Pn Yo ) concerned with the difference equations (4), (5), (6), and (7).
n—aoo ] 1
K Theorem 4. Suppose that (H1)-(H4) hold. Assume that there
> lim supy, + lim inf ( an)’n —m; > exists a positive constant p such that the sequences {p/} for j =
neo j=1 1,2,...,k satisfy the condition

pf; <0 forevery j=1,2,...,k and there exists, i € {1,2,3,...,k} such that hm suppn lem 1nfpn < -1 (26)
J#i
Then every solution of (1) oscillates or tends to zero asn — oo. < 11m supy, + Z lim sup ( Pl ) lim sup (J’n o )
]¢11 n—=oo n—:oo
Proof. Proceeding as in the proof of Theorem 1 and setting
z,, w, as in (13) and (14), respectively, we obtain (15) and . I o
further prove y, is bounded with liminf, v, = 0. From = h,?l?;lop ) |1 ;hnnl}o%fp n-
(H3) and that w,, is monotonic it follows that lim,,_,  w, = !
lim, , z,=6 € R. Asz, >0,508 > 0. Weclaimé = 0. If (27)
not, then § > 0, and this implies Again we have
o . : j 6 =limsupz, —hmsup<yn anyn —m; >
8 = liminf z, = liminf | , - j:zlpnyn_m,. n—co p=
k .
>hm1nf +limsup | =) ply, .
< 11m msup ( Vo + Z pn j— > I n—>oop j:zlp”y" ™
J#i
. =1 + lim inf
+l}lrllo%f (_p;yn_mi) lmsup( pnyn mz) 1m1n ;( pnyn m; )
< hm supyn + lim supz pnyn - > limsupy,_ - hm 1nf( pn)
n—~oo J#l n—~oo
o L
+ lim sup ( Pl )11m inf (yn . ) + Zl}{ilol},f (( »}) yn—mj)
n—00 J#i
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> limsupy, <—lim sup p;)
+ gl}lri icr)lof (— pfl) l}{& icr)lof Vn-m;
J#i

> limsupy, <—lim sup p;) .
n—:oo

n—o0

(28)

pf; >0 forevery j=1,2,...,k and there exists, i €

For that purpose we give an example which would lead us to
our next result.

Example 5. Consider the first-order neutral delay difference
equation with several delays and variable coefficients

A [yn - (1 + 2—") Yn-1— (4 + 2—") yn—Z]

31
+ 2(2n+1)/3yn_4 - 0.

Note that p/ satisfy (30) for the above neutral delay dif-
ference equation (31). This neutral delay difference equation
has an unbounded solution y, = 2" tending to co as n — ©o
unlike other results presented so far.

The above example is the motivating point to the state-
ment of our next result. Since the proof is almost similar to
that of Theorem 4, it is omitted.

Theorem 6. Suppose that (H1)-(H4) hold. Assume that there
exists a positive constant p such that the sequences {pl} for
j = 1,2,...,k satisfy the condition (30). Then every bounded
solution of (1) oscillates or tends to zero as n — ©0.

Remark 7. 'The above Theorems 4 and 6 hold for k = 1 but not
for k = 0. Hence these results can be compared with results
concerned with neutral delay difference equations (4) and (5).

Few examples are noted below to illustrate our results and
establish its significance.

Example 8. Consider the first-order neutral delay difference
equation

) 97
A(yn_prllynfl_Pnynf4)+ 60—3 =0, n>5, (32)
yn—2
where
.. .
—, if nis odd,
1_ )4
pn - 1 (33)
> if »n is even,

Applied Principles of Mathematical Analysis

From (27) and (28), it follows that
lim supy, ( (Zlim infpi) - 1-1lim suppi) <0 (29)
n—00 pre n—aoo n—00

Using (26), we obtain lim, , y, = 0. Thus the theorem is
proved. O

Next, we intend to present a result where pJ, j =
1,2,3,...,k, satisfy the following condition:

{1,2,3,...,k} such that lilnliol})fp; - Zlim suppzl > 1. (30)

j#i T

and

) , if nis odd,

Pn= (34)

, if n is even.

N =W

The neutral delay difference equation (32) satisfies all the
conditions of Theorem 1. As such, it has an oscillatory
solution y, = (-1)".

Example 9. Consider the first-order inhomogeneous neutral
delay difference equation

1 2 3 -4 3
A(yn+pnynf4+pnyn75)+ ZZ" Vn-3
3 ; (35)
= _2n+1 B 22n—2’ nz>5,

where p} =27"+1/16and p = 27" +1/32. This neutral delay
difference equation satisfies all the conditions of Theorem 2.
As such, it has a bounded positive solution y, = 27" tending
to zero as n — 0. Note that, no result in the papers cited
under reference can be applied to the neutral delay difference
equations (32) and (35).

Remark 10. Results of [3, 9] cannot be applied to the delay
difference equation (9), because the condition (10) is not
satisfied. However, due to Remark 3, Theorem 1 can be applied
to the delay equation (9) as all the conditions are satisfied and
as such the delay equation has a positive bounded solution
e " tending to zero as n — 0. Thus our work complements
the work in [3, 9]. Further, since we do not assume G is
nondecreasing, our Theorems 1, 2, 4, and 6 improve and
generalize the results in [7].

3. Necessary Conditions

In this section we show that (H4) is necessary for every
solution of (1) to be oscillatory or tending to zero as n — ©co.
For this, we need the following lemma.

Lemma 11 (Krasnoselskii’s fixed point theorem [13]). Let X
be a Banach space and S be a bounded closed convex subset of
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X. Let A, B be operators from S to X such that Ax + By € S for
every pair of x, y € S. If A is a contraction and B is completely
continuous then the equation

Ax+ Bx =x (36)

has a solution in S.

Theorem 12. Assume that (H2) holds. Further, assume that
one of the conditions of (12) and (22) hold. Then (H4) is a
necessary condition for all solution of (1) to be oscillatory or
tending to zero as n — 00.

Proof. Suppose the condition (12) holds. The proof for the
case when (22) holds would follow on similar lines. Assume
for the sake of contradiction that (H4) does not hold. Hence

> g, < co. (37)
n=n,

Thus, all we need to show is the existence of a bounded
solution y, of (1) with liminf, v, > 0. From (H2), we
find a positive constant ¢ and a positive integer n; > 1, > 0
such that

|F,| <¢ forn=n,. (38)

Choose a positive constant L such that L > 5¢/1 — p. Since
G e C(R,R), let

y=max{|G(x)|:c<x <L} (39)
Let
1 = max {my,m,,...,m}. (40)

Then using (37) one can fix n, > n, such that for n > n, it
follows that

[ee]
uyq; <c. (41)
i=n
Choose N, > n, such that
Ny = min{o (N;), N, - n}. (42)
Let X = EOI\;U, Banach space of real bounded sequences x =
{x,} with x; = x, = -+ = xy, and supremum norm
lxll = sup (|x,| : n > Ny). (43)
Define
S={yeX:c<y,<Lnx>N,}. (44)

Clearly S is a bounded closed and convex subset of X. Now we
define two operators A and B : § — X as follows. For y € S,
define

'(Ay)Nl’ N()SnSNl
Ay) =4 k
(y)” zpfjaynfm~+Fn+3C> n> Nj.
Lj=1 !
(45)
(By)Nl’ NoSnSNl
(By), =1
Zin(ya(i))’ n = Nj.

First we show that if x, y € S then Ax + By € S. Hence, for
x ={x,}and y = {y,} € Sand for n > N, we obtain

k 0
(Ax)n + (By)n < prtxn—mj +3c+ qu |G (yo(i))|
i=n

j=1 (46)
+|F,| < pL+5¢c< L.
On the other hand
o0
(Ax)n + (By)n >3c— z% |G (yu(i))l - |Fn|
i=n (47)
>3c-c—c=>c.
Hence
c<(Ax),+(By), <L fornz=N,. (48)

Thus, we proved that Ax + By € S for any x, y € S. Next we
show that A is a contraction on S. In fact for x,y € S and
n > N, we have

X —
H—H’Ij yﬂ—m]'

k .
lax), - (ap), ) < Y ||
(= (49)

<plx-yl

This implies A is a contraction because 0 < p < 1. Next
we show that B is completely continuous. For this as a first
step we show that B is continuous. Suppose the sequence
X = {qu} — x = {x,} in S as | — oo (with [ taken from the
index set). Since S is closed then x € S. For n > N; we have

|(Bxl)n _ (Bx)n| < Zqi |G (xfy(i)) -G (xa(i))| (50)

Since G is continuous, therefore |G(x£,(i)) = G(x,0))| — Oas
I — 00. Hence Bis continuous. Next what remained to show
is BS is relatively compact. Using the result [14, Theorem 3.3],
we need only show that BS is uniformly cauchy. Let x = {x,,}
be a sequence in S. From (H2) and (37), it follows that, for
€ > 0, there exists N* > N, such that, forn > N*,

< €
Z% |G (x,0))] < 7 (51)

Then for ny > n, > N* we have

|(Bx),,, - (Bx),,

Thus BS is uniformly cauchy. Hence it is relatively compact.
Then by Lemma 11, we can find x° in S such that Ax° + Bx® =
x°. Clearly, (x"), is a bounded, positive solution of (1) with
limit infimum greater than or equal to ¢ > 0. Thus the
theorem is proved. O

<€ (52)

Theorem 13. Assume that (H2) holds. Further assume that
one of the conditions of (26) and (30) holds. Then (H4) is a
necessary condition for all solution of (1) to be oscillatory or
tending to zero as n — 0.
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Proof. Suppose that p, satisfies (30). The proof for the
case when (26) holds is similar. Assume for the sake of
contradiction that (H4) does not hold. Hence (37) holds.
Thus, all we need to show is the existence of a bounded
solution y, of (1) with liminf, |y, > 0. From (H2), we
find a positive constant L and a positive integer n; > n, > 0
such that

|F,| <L for n>n,. (53)

By (30), we can find a small positive real €, a lower bound ¢
for p!, and upper bounds d; for pl(j#iand 1< j<k)such
thatc—} d;-1=e.Let} d; =d.Hencec=d +1+e. Next
choose an upper bound b for p; such that b < (¢? - ¢)/d. The
nonexistence of such an upper bound for p; would lead to the
fact that, forall 8 > 0,b = c+dand b > (¢* - ¢)/d. Taking
8 = €, we have €2 + € < 0, a contradiction. Choose a real A as

Applied Principles of Mathematical Analysis

From (54) and (55) it follows that

y_Hd+L+e (56)
c
Since G € C(R, R), let
p=max{|G(x)|:1<x<H}. (57)

Let # = max{m,, m,,...,m}. Then using (37), one can fix
n, > n; such that for n > n, it follows that

(e8]
uyd; <e. (58)
Choose N, > n, such that
N, =min{o (N;),N, -n}. (59)

Let X = €Yo, Banach space of real bounded sequences x =

follows: {x,} with x; = x, =--+ = xy, and supremum norm
0o L+edrc-D(+Lre) 50 IxIl = sup (|x,| : 7> N). (60)
= -
c? - (bd +¢) Define
Let S={yeX:1<y,<Hn>Ny}. (61)
Clearly S is a bounded closed and convex subset of X. Now we
H = bA+L+e (55) define two operators A and B : S — X as follows. For y € S,
c-1 define
[(4y)y, » Ny<n<N,
(Ay)n = yﬂ””i Zj# Piﬁmiyn—mﬁm,- bA Fn+m,~
i i to T 2 N;.
L Pn+m,~ Pn+m,~ Pn+m,~ Pn+m,~
(62)
'(By)Nl, Ny <n< N,
(BY),=1-32.... 4G (30)
i=n+m; 4 Vo ()
j n+mi j o(j ) > Nl.
pn+m,~

Proceeding as in the proof of above theorem we show that (i)
if x, y € Sthen Ax + By > 1 by (56) and Ax + By < H by
(55), so that Ax + By € S, (ii) [[Ax,, — Ay, || < [(d+ 1)/c]lx, -
y,ll, hence A is a contraction on S, and (iii) B is completely
continuous. This completes the proof of the theorem. O

Remark 14. For the results in this section, we assume none
of conditions (H3), G is nondecreasing, and xG(x) > 0,
whereas the authors [7, 8] assumed these three conditions in
their corresponding results. Hence the results of this article
generalize and improve the corresponding results of these
papers.

Combining all the above results, i.e., Theorems 1, 2, 4, 6,
12, and 13, we obtain the following theorem.

Theorem 15. Suppose that (H1)-(H3) hold. Assume p} in (1)
to satisfy one of the four conditions (12), (22), (26), and (30).
Then (H4) is both necessary and sufficient condition for every
solution of (1) to be oscillatory or tending to zero as n — ©o.

Remark 16. The results of this work hold for G(x) = x and
f(x) = 0,1i.e., for thelinear homogeneous equation associated
with (1).
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In this work, we search the existence shifting compliance optimal form of some boundary membrane, which is not elastic and not
isotropic, generating nonlinear PDE. An optimal form of the elastic membrane described by the p-Laplacian is investigated. The
boundary perturbation method due to Hadamard is applied in Sobolev spaces.

1. Introduction and Preliminaries

In this work we will study the geometric shape optimization
of forms, where the main idea is to vary the edge position
of a form, without changing its topology which remains the
same. We use a membrane model as shown in Figure 1. At rest
the membrane occupies a reference domain ) whose edge is
divided into three disjoint parts:

0Q=TUlyuTy @

where T is the free variable part, I, is the fixed part of the
boundary (Dirichlet boundary conditions), and Iy is also
the free part of the boundary on which we apply the efforts
geLr (FN)N (Neumann boundary condition). The three of
parts of the boundary are supposed to be nonzero surface
measurements, as we suppose that the free boundary variable
I' responds to homogenous Neumann condition. So the verti-
cal displacement u is the solution of the following membrane
model:

-Au=0 inQ
u=0 onlp
ou (2)
— = onT
n g N
ou
— =0 onT
on

We want to minimize the compliance defined by J(Q) =
Ir gudx whenever x € Q.

The shape optimization problem is infq ., J((2) where it
remains to define the set of admissible forms.

1.1 Existence under a Condition of Regularity. The main idea
of this section is to apply a regularity constraint on all the
admissible forms U,;, to demonstrate a result of existence
of optimal forms. The results and demonstrations are mainly
due to F. Murat and J. Simons [1, 2]. It rests on a very signi-
ficant restriction of U_y; in other words, Q is obtained by
applying a regular diffeomorphism T to the reference domain
Q. We first define a diffeomorphism set:

T= {T such that (T - Id)
3)
e Wh (RN, RY); (17" - 1d) e W (RY, RY)

Then we define a set of the admissible forms obtained by
deformation of Q:

C(Qy) ={Qsuch that IT e ;A =T(Qy)}  (4)
Finally we introduce a pseudo-distance on C(Q,):
d(0,,0,) = inf (I(T = 1d)lyres v o)
Ter/T(Q,)=0 3)
-1
+ "(T - Id)||wlm(RN,RN))
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FIGURE 1: Membrane.

Thus, we introduce a condition of uniform regularity of the
permissible forms, that is to say, Q) open sets close to Q) in
the sense of pseudo-distance; for each R > 0 we pose U,
={Q € C(Qy) such that d(Q, Q) < R;Tp UTy c 9Q and
jﬂ dx = V,} where V| is an imposed volume. The result is the
following theorem.

Theorem 1. For all objective functions, the shape optimization
problem inf ., J(Q) admits at least a minimum point.

1.2. Derivation from the Domain. The boundary variation
method that we study is a classical idea well known and used
before by Hadamard [3] in 1907 and many others as [4-
12]. We will adopt the same representation as F. Murat and
J. Simons [1]. In fact, let Q; be an open regular bounded
referential domain of R™ and the admissible form class C( Q)
composed of the open sets such as Q = T(Q,) where T is a
Lipschitz diffeomorphism and

T=1d+6

(6)
with 8 € Wh® (IRN, IRN)

where Id is the identity application, and we note Q = (Id +
0)(Q,) defined by

Q= {x+0(x) such that x € Q} (7)

Lemma 2 (See [13]). For all 6 € W'°(RN,RY) satisfying
[0lly1e0 @y vy < 1, the application T = Id + 0 is a bijection

of RN and T e 7.
Definition 3. Let ] be application from C(Q),) to R. One says

that it is differentiable with respect to the domain at €}, if the
function

® — J((Id +6) (Q)) (8)

is Frechet differentiable at 0 in the Banach space WI’OO(RN,
RM). ie., 3L, a linear continuous form on W (RN, RY),
such that

J(UId +0) (Qg)) = T (Q) + J (Q) +2(6),
o (0) )

with lim =0.
6—0]|]ly1e0

The linear form J'(Q),) depends only on the normal compo-
nent of 6 on the boundary of Q.

Proposition 4. Let Q, be a regular bounded open set of
RN. Let ] be a differentiable application on Q. If 6,,02 €
WEO(RN, RN are such that 0, — 8, € C' (RN, RN) such that
0,.n = 0,.n on 0Q, then the derivative J'(Q,) is verifying:

J' (Q) (6,) = J' (Q) (6,) (10)
1.3. Derivation of Integrals. Since the compliance ] is defined

by surface or volume integrals then its differentiation devotes
the following tools.

Lemma 5 (see [1,7]). Let Q, be an open set of RN. Let T € 1
and 1 < p < +00.Then f € LP(T(Qy)) iff foT € LP(Qy) and
one has

j fdx = J foT |det VT| dx
T(Q) Qq
(11)
and | fla@ry x| forax
T(Qp) Qp

On the other hand f € W"P(T(Qy)) iff foT € W"P(T(Q))
and one has

(Vf)oT = (V1)) (VfoT) (12)

Proposition 6 (See [13]). Let Q) be a regular bounded open set
of RN. Let f € WM(RN) and ] be an application from C(Q)
to R defined by J(Q) = jQ f(x)dx. Then ] is differentiable in
Q, and

7' (Q0) 6) = jQ div (6 (x) f (x)) dx

_ j 0 (x)n(x) f (x)dS (13)
20,

with @ € W™ (IRN, RY )

Now we move to a lemma on the change of variables in
surfaces integrals.

Lemma 7 (See [1, 7]). Let Q be an open set of[RN. LetT et

be a class " diffeomorphism of RN, and 1 < p < +00.Then
f € LP(T(Qy)) iff foT € LP(Qy,) and one has

J-amo fas = Jaao foT 'det (VT)il' '((VT)il)t n’RNdS (14)

where n is the external normal to 0€),.
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The surface integral derivative of a function with respect
to the domain is given by the following proposition.

Proposition 8 (See [13]). Let Q) be a regular bounded open set
of RN. Let f € W' (R™N) and J be an application from C(Q)
to R defined by J(Q)) = jQ f(x)dx. Then ] is differentiable in
Q, and

7' (Q0) 6) = LQ (V£0 + £ (div (0) - Vonn))

= LQO 0n<% + Hf> ds (15)

with 6 € €' (RN, RY)
where H is the average curvature of 0Q), defined by H = divn.

1.4. Derivation of a Domain Dependent Function. In this
section we try to derive a function depending on the domain;
for this we use the Eulerian U or Lagrangian L derivative. The
second is a more reliable concept than the first. Let u(x, Q)
be a function defined for all x € Q and depending on Q.
It represents a solution of an PDE posed in Q. In a point x
belonging to both Q0 and Q = (Id + 0)(€},), we can calculate
the differential u(Q), x):

u((Id+0)(Qq),x) =u(Qq x) +U (6, x) +0(60)

16
such that lim lo ©) =0 10
o—o 6]

U is a linear continuous form in 6; it represents a directional
derivative in the direction 0. This definition makes sense in
the case where x € Q, but it poses a problem if x € Q. Then
in this case we use the Lagrangian derivative; for this we build
the transported 7(0) on Q.

By changing variables we obtain %u(0,x) =
0)(Qy)o(Id + 0)) = u((Id + 0)(Qy), x + O(x)).

To arrive at the derivative Lagrangian by drifting (0, x)
with respect to 0

u((Id +

u(@,x)=u(@,x)+L6O,x)+0(0)

0(0 (17)
such that lim o O] =0.

o—o 0]
L is a linear continuous form in 6; it represents a directional
derivative in the direction 6.

There is a relation between these two derivatives L(6, x) =
U(0, x) + 0.Vu(Q, x).

Proposition 9. Let Q be a regular bounded open set of RY.
Let f(Q) be an application from C(Q) to L'(R); one defines
its transpose from WERH(RN) to LI(IR)?(B, x) = f(Ud +
0)(Qy)o(Id + 0)) which we suppose to be derivable in 0 and L
is considered as its derivative. So the application J, from C(€),)
to R defined by J,(Q) = IQ f(Q)dx is differentiable in O, and
for all @ e W (RN, RN) one has

@)@ = [ (F(@)div®+LO)ds  (9)

oQ

Applied Principles of Mathematical Analysis

In the same way, if £(6) is derivable as an application from
& (RN, RY) to L' (9€Y,), so the application J, from C(Q,) to
R defined by J,(Q) = .[aQ f(Q)dx is differentiable in Q) and
forall0 € L (RN, RYN) one has

T (90) ©6)

19)

= [ (@) @ (©) - Vonn+y ©)as
0Q

2. Deriving an Equation
with respect to the Domain

2.1. Dirichlet Conditions. We consider the following equation
with Dirichlet boundary conditions:

-A, (u) = f inQ
(20)
u=0 onoQ

With Q a regular bounded open set in RY, f ¢ W"P(R")
and A () = div(|Vul?*Vu) with 1 < p < co.
Equation (20) admits a unique solution in WO1 P(Q).

Remark. For p = 2 we obtain the linear operator “Laplacian”.
The variational formulation of problem (20) is as follows:
Vv € Wol’p(Q) we have jQ “A,uy = jﬂ fvor div(f.F) =
Vf.F + fdiv(F); it implies that
fdiv (F) = div (f.F) - V£.F
SOJ -Auy = J ~div (|Vul?> Vu) v
g = [ v (v

(21)
= J —div (v. |Vu|P2 Vu)
Q

+ J ViVl vy
Q
Using the Green formula we obtain
= J v. |[VulP 2 Vu.ndS + J [VulP% Vuvy (22)
20 Q

butv € Wo1 PQ); it implies that v = 0 on 0Q). So the first term
equals zero. Then

= L [Vu|?2 VuVy = L fv Wwew,t(Q) (23)

Proposition 10. Let Q) = (Id + 0)(Q); u(Q) is the solution of
the problem (20). We define its transported on Q, by
40 =u(Id+0)(Q)o(Id+60) eW,?(Q,) (24)

Then the application 8 — u(®) from W(RN,R") to
WUP(Q) is differentiable in 0 and its directional derivative
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called Lagrangian derivative L =< 1'(0), 0 > is the unique
solution of

~A,L ~div [, VL (0, x)]

—div (IVL (6, x)|P Vi (0,x)) = g’ + div (f.6)

(25)
in Q)
L=0 ondQ
with g' = =div[(A(yg) + o, pe) VEi(0, x)].
Proof. We consider a test function w = v o (Id + 0) €

WEP(Qp) = v = wo (Id+60)" € WHP(Q). Let U ¢
WO1 P(€),) such that u is a solution of problem (20) satisfying

u=Uo(Id+60)"". We remark that w and U are independent
of 0. By a change of variable x = T'(y) and the Lemma 5, (23)
becomes

(23) =

J [VulP 2 VuVvdx = J frdx &=
T(€y)

T(Q,)

j Vit o TIP2 (Vut) o T (V) o T |det VT| dy
QU
=J |foT|.(veT)|detVT|dy &
QO

j 0 ‘((VT)*l)t oV (1o T)|p_2 (VD)) V @woT)
(VD)) V (ve T) [det (VT)| dy
_ LO |f o T|. (v T) |det VT| dy
(23) = (26)
Jo, vy @™ oy
A((vD)) V @ Vw |det (VT)] dy

= J' |f o T| w|detVT|dy
Q
J |det (VT)] |((VT)*1)t v (a)'p vy
Qo
-((VT)“)’V (@) Vwdy = j |f o T|.w|detVT|dy
Q

We pose A (0,) = |det (VT))| |((VT)_1)t v (a)|P N
v () V@

and since T = Id + 0 we have VT = I + V0, it implies that

A(0,7) = |det (I + VO)| |((1 +vo))'v (a)|p_2
(27)

T+ Vo) (1 +ve) ) V@)

Then (23)— IQ A0, u)Vwdy = IQ |f o Tl.w|det VT|dy;
then we drift with respect to 6 in 0.

On the other hand the application 6 — A(6,u) from
WhRRN RN) to L°(RN, RYN) is differentiable in 0.

In fact det(I + VO) = 1 + div(0) + o(6) with limy_, (]l o
(Ol oo @y /Oy @V gvy) = 0. Therefore | det(I + VO)| =
1 + div(6) + o(0) because 0 is small enough.

We have (I+V0)' =1-V0+o(0)
and ((I+V6)™) =1- (V) ++(6)
(28)
And u(0,x) =u(0,x) + L (0,x) +°(0) =

Vii (6, x) = Vii (0, x) + VL (6, x) + o (6)
By using [14] we find
(1 =vey v = |[1- vy +-(6)]
(Vi (0,x) + VL(8,x) + - @] = |vii (0. )
~ (VO)' Vi (0,x) + VL6, %) + - 6)|" = B@6.w) 2
= Vi (0, 01" = |(vO) Vi (0,x)|"
+|VL(B,x)P* +0(0)
On the other hand |det(I + VO)|(I + VO) (I + Vo))" =

(1 + div(0))I — VO — (V)" + o(6).
Thus

A(6,1) = B(6,%) [(1+div (6)) I - VO - (V6)'
+9(0)] [V2 (0, x) + VL (6, ) + (6)] = B(6,1)
- [Vi (0, x) + VL (8, x)
+(divOI - VO - (V6)") (Vi (0, x) + VL (6, x))
+9(0)] = B(6,) [V (0, x) + VL (6, x)
+(divOI — VO — (V6)") Vii (0, x) +  (6) ]
= V& (0, x)|P"% Vi (0, x) + |V (0, x)|P 2 VL (6, x)
+(div (8) I - VO — (V6)") |Vii (0, )" Vi (0, x)
~|(vey va (0,x)[" v (0. )
~ |(ve) vii (0,)|" " VL (6, )

~ |(vey v (0.x)|" " (div (6) I - V6 - (V6)')
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-V (0, x) + |[VL (6, x)|P % Vi (0, x)

+|VL (6, )" VL (8, x) + |VL (6, )" (div (6) I
- VO - (V0)") Vi (0, x) + < (6) = |V (0, %)
VI (0, x) + |[VL (6, x)|P* VL (6, x)

~|(v6) vz (0, )| Vi (0, %) + VL (6, )12
-V (0,x) — |(VO) Vaz (0,x)| (div (6) I - VO

— (V6)") Vi (0,x) + [VL (6, x)|P~* (div () I - VO
— (V6)") Vi (0, x) + V& (0, )" > [VL (6, x)
+(div (8) I - VO — (V6)") Vii (0, )]

~|(v6) Vi (0,x)|" " VL(8,x) + = (6)

(30)
Therefore, we have
LO A(6,7) Vw — J 0 |V (0, x)|° % Vi (0, x) .Vw
- J IVL (6, x)|” > VL (6, x) Vw + (|va (0, x)|P~>
- |(vey va (0,0 ’2) VL (6, %)
+[IVL (@)1 (1 + div (6) I - V0 - (VO)') (31)

~|(vey va (0, (1 +div(6)I - Ve - (ve)')

+ [0, %)~ (div (6) I - V6 - (ve)f)] Vi (0, x)
. J div (£.0) .w
Qo

Then afterwards we put

po = div () — VO - (VO)'
Mg = |(V0) Va1 (0,
= |Vz (0, )P

And g = —diV [(A(xﬂ) (I + Pg) + “xpg) Vu (O, X)]

Thus J A0,u)Vw

Q

- J |V (0, x)|P7% Vi (0, x) .Vw

Qo

- J VL (6, )P 2 VL (6, x) Vw

0

Applied Principles of Mathematical Analysis
A,(xg) VL (6 x) Vw

s

+j [IVL (8, )P (I + py)| Vii (0, x) Vw

2

J (M) (I + pg) + ot pg) Vi (0, ) Vw + < (6)
QO

=J div (f0) w+ o+ (6) —
Qo

Joo ~A,Lw+ J —div [(

0

& = Aep) VL (0, )] w

+ j —~div (|VL (6, x)|P"> (I + py) Vi (0, x) w

0

+ JQ gw= L div (f.0) w
0 0 (32)

Thus Vw € WO1 P(Q) L the Lagrangian of 7 is a solution of the
following differential equation:

—A,L —div [(a; = A(,.9)) VL (6, %)]
— div (VL (6, x)|P (I + pg) Vi (0, %) = g (33)
+div(f0) in Q
L=0 ondQ
O

Remark 11. When p > 2 we will have:
() A(x0)-VL(O, x) = o(0)
(ii) |L(B, x)|P 2 py = ()
(111) A(x,f))'/)f) = 0(6)

Then L, the Lagrangian of &, will be solution of the following
reduced differential equation:

-A,L~div [e, VL (0, x)]

— div (IVL (6, x)1P 2 Vi (0, %)) = g’ + div (f)
(34)
in Q

L=0 onoQ

with g' = =div[(A(yg) + o, pp) VU(0, x)]

2.2. Neumann Conditions. We consider the following equa-
tion with Neumann boundary conditions (see [15]):

A, (u)+ [ulP?u = f inQ
(35)

[Vu |PZa =g ondQ
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where Q) a regular bounded open set in RY, f € W"P(RN),
g € WP(RY), and A ,(u) = div(|VulP*Vu) with 1 < p <
0.

The variational formulation of problem (35) is to find u €
WPP(Q) such that Vv € W"P(Q) (v represents a test function)
jQ —A ,(u).vdx + jQ [ulP2uvdx = fQ fvdx or div(f.F) =
VEF + fdiv(F).

It implies that fdiv(F) = div(f.F) — Vf.F:

Then J —div(|Vu|P_2Vu) .vdx+J [ulP 2 uvdx
Q Q

= J fyvdx =
¢ (36)

J |Vu|P_2Vu.Vv—J div(leulp_ZVu)
Q Q

+ J [ul? ™% uvdx = J fvdx.
Q Q
By using the Green formula we find

J |VulP~* Vu.Vvdx — J v |Vul?~* Vu.ndS
Q

0Q

+ J [ulP 2 uvdx = J fvdx =
Q Q
(37)
J |VulP~* Vu.Vvdx + J [ul? % uvdx = j fvdx
Q Q Q

+ J g.vdS and Vv € wh? (Q)
20

Proposition 12. Let Q) = (Id + 0)(Q); u(Q) is the solution of
problem (35). We define its transport on Q, by u(0) = u((Id +
0)(Qy) o (Id +6) € Wy (Q).

Then the application 8 — u(0) from € (RY,RN) to
Wh(Qy) is differentiable in 0 on the direction 0 and its
directional derivative called Lagrangian derivative of u is L =<

u'(0),0 > where L € WYP(Q) is the unique solution of
—A,L+|VL(0,x)P*VL(6,x) = F
+div (&, = A ) VL (6, %))
+div [[VL (6, x)[P7 (I + py) Vii (0, x)]
—|L.(6, )" % (0, x) - [1£ (0, %)|"* L (6, x)

— ([0, )P +|VL (6, x)"?)

(38)
(@0, +L(6,x)div0 in Q
oL (6, _
Gy — (= Aixp)) é 20 IVL (6, x)|"
ou (0, x) _, 0L (6, x)

(1 — LG, x))P* —2=0

(I+pp) o IL (6, x)| 3
on 0Q)

where F = —div((A(,,0)(I + pg) + 0, pp) Vui(0, x) — £.0).

Proof. We make a change of variable x = y + 6(y) where y €
Q, and x € Q in the variational formulation (37). We pose
w(y) = v(x) = w(y) = v(Id+0)(y) = v=wo(Id+06)"
noticing that w does not depend on 6. Thus by drifting the
variational formulation, we obtain by using Lemmas 5 and 7

(37) =

J A(0,u) Vwdy
Qo

N j 76, %)P 2% (6, x) w |det VT| dy
QO

(39)
=j (f o T) w|det VT dy
QU
+J g TwldetvT| (V1)) ] ds
20 RN
Or
J A(0,u) Vwdy
QU
i j IV (0, x)|P~2 Vi (0, x) .V
Qo
; J VL6, %)|”2 VL (6, x) Vw
Qo
(40)

I
I,

- JQ (Aot (I + po) + ot pg) Vii (0, x) Vw

& = A(ep) VL (0, x) Vw

(
[IVL (6, )P (I + py)| Vi (0, x) Vw

0

+0(0)
We have by using [14]

LO 70, )P 27 (6, ) w |det VT| dy
= L 1% (0, x) + L (6, x)|"
@0, %) + L6, %) w. (1+div (8)) dy +  (6)
=LJW@@W%M@MWQ
@0, %) + L6, %) w. (1+ div (6)) wdy + o (6)

- J 170, )22 (0, %) wdy + J L@, x)|P
QU QO
L0, x) wdy + j IL(6, %)[P 7 (0, x) wdy
QU

+ J |u (O,x)lp_2 L (0, x) wdy
Q

WORLD TECHNOLOGIES




130

+ L (170, )17 + |L(6, x)7?)

(@ (0,x) + L (0, x)) .w.div (0) wdy + o (6)

(41)
And also J (foT).w|detVT|dy — J fwdy
QO QO
. J div (£0) wdy + - (6)
Q
Then J g Tw|detvTl|((vT) ") | ds (42)
90 R
- J gwdsS = J (Vg + g (divl — VOn.n))
20, 20,
-wdS + o (0)
And
J A(0,7) Vwdy + J 7 (6, %)
Qp Q,
-u (0, x) .w|detVT|dy
- J [ (6, x)|P~* Vi (6, x) .Vw — J [ (6, x)|P~*
Q Qo
(6, x) wdy = J VL (6, %)° 2 VL (6, x) .V
- J L6, %) L (6, x) wdy
Q,
+J x@) VL(B x)Vw
+I IVL (6, )P (I + py)| V5 (0, x) Vw (43)
Q

L o) (I + pg) + o, pg) Vit (0, x) Vw

S

+J IL (6, x)|P*%(0,x) wdy+J 7 (6, x)|P*
Q Q

L6, %) wdy + j (17 (0, )12 + L6, %))

Q

(@ (0,x) + L (6, x)) .w.div(0) wdy = J div (£.6)
Q

‘wdy + J (Vg6 + g (divd — VOn.n)) wdS
20,

+0(60)

For

j —APL.wdy+J L (6, x)|"~* L (6, x) wdy
QO Q0

- J div (et — A(0)) VL (6, X)) wdy
Qo

Applied Principles of Mathematical Analysis
- L div (VL (6, x)|P7 (I + py) Vi (0, x) ) wdy
+ LO div (A0 (I + pg) + e pg) Vit (0, x)) wdy
+ L IL (6, )P 1 (0, x) wdy + L |7 (6, x)|P
L6, %) wdy + J (150, )17 + 1L (6, )|P?)

(@ (0,x) + L (6, x)) .w.div (0) wdy — J div (f.0)
Q,

‘wdy = J (Vg6 + g (divh — VOn.n)) wdS
20,

L@ 220

g e S
Lo

wdS

wdS

j VL (6, )P (I + py)

ou (0, x)
50% on

ou (O x)

+J IVL (0, )P (I + py)
0,

wdS

ou (0 X)

+

wdS$

J (Ao (I + po) + aepp)
50,

0

JL (6, x)
[Ge a = Axp) o

— VL (8, )P (I

+ o) PO 1 0,2 )
-wdS
(44)
We note Gy = Vg0 + g (divh — VOn.n) + (A 4 (I
3 (0, x) (45)

+ pp) + &y Pp) on

So the transported derivative of z(6, x) at 0 in the direction 0

is the Lagrangian L=< u/(0),6 > which is the solution of the
following equation:

~A,L+|VL(6,x)|"*VL(6,x) = F
+div ((a, = A 9)) VL (0, %))

+div [|VL (6, )P (I + py) Vii (0, )]

— L (0, )P % (0, %) — |6 (0, )P > L (6, x)

— ([ (0, )P + VL (6,x)|")

(w0, 0P +L(6,x))dive in Q
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oL (0, x)
Gg — (“x - /\(x,e)) on

— VL (8, x)[P~*

ou (0, x) p20L(6,x)

(I + py)

—|L (0, x)]| 0

on 0Q)
(46)
where F = —div((A(,0)(I + pg) + a,.pp) Vu(0, x) — £.0). O

3. Optimality Condition

To calculate the optimality conditions of the following prob-
lem infoey; J(Q) with U,y = {Q € C(Q) and [ dx =
Vo}, where C(Q)) is the set of admissible forms obtained by
diffeomorphism, the cost function J(Q) is the compliance
defined by

J(Q) = JQ |u (Q) - u(Q,)|" dx (47)

to reach a target displacement u(Q,) € L” (RM) where the
function u(Q)) is solution of the boundary problem posed
(resp., Dirichlet or Neumann boundary conditions).

We consider the following boundary value problems.

Dirichlet Boundary Condition
A, (u)= f inQ

(48)
u=0 onoQ
where f € W'P(RY).
Neumann Boundary Condition
—A, (u)+ [ulPu =f inQ
|VulP2 8_1:1 =g ondQ )

where f € W"P(RY) and g € W>P(RY).
The problems admit a unique solution u(().

Theorem 13. Let Q) be a regular bounded open set. The cost
function J(Q) is differentiable and its derivative is

J'(Q) (0) = JQ lu(Q) - u0|p_2 div (0)

0

e plu (@) -l (@) -w)
(L -6.Vuy) dx
L is the Lagrangian derivative and also solution of
~A,L ~div [a, VL (0, x)]
—div (IVL (8, x)|P Vi (0, x)) = g’ + div (f.6) -

in Q)
L=0 onodQ
with g' = =div[(A(yg) + &, pe) V(0 x)].

Proof. By applying Proposition 4 for the compliance we ob-
tain

J'(Q) (6) = L |u (Q) - u0|P72 div (9)
+ J u(Q) - u0|P0
Qo
J'(Q) (6) = L} u(Q) - u0|p_2 div (9)

o (@) -ul @) -w)
- (Vu - Vuy) dx

T (Q) 6) = L lu (Q) — 1157 div (0)

+plu(Q) - ’/‘olpi2 (1 () — up)
(L -6.Vu,) dx

where L is the Lagrangian derivative, solution of the PDE. [

Remark 14. From extensive literature which deals with opti-
mum condition calculus for problemsas inf o, 4/ (€2) we can
cite

(i) J1(Q) = [0, 1(Q) = ug|PdlS
(ii) J,(Q) = jmo [Vau(Q) - Vi | PdS + jaao [u(Qy) — 14| dS

So, to calculate the gradient of each compliance we use the
same argument by the propositions [13].
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Consider Krein spaces % and % and let %, and % be regular subspaces of % and ¥, respectively, such that %, ¢ % ., and
Hie € Ky (k€ N). Foreach k € N,let A, : %, — H be a contraction. We derive necessary and sufficient conditions for the
existence of a contraction B :  — % such that Bl = A,. Some interesting results are proved along the way.

1. Introduction

A number of extensions and generalizations of classical func-
tion theoretic interpolation problems are driven by factors
such as applications in systems and control theory. Many such
extensions and generalizations make use of the commutant
lifting theorem in one way or another. In particular, the
commutant lifting theorem in the Hilbert space case which
was obtained by Sz.-Nagy and Foias has been used to
solve extension problems like the ones of Nevanlinna-Pick,
Nudelman, Nehari, and many others. Extensions of this
theorem to an indefinite setting are given in [1-5]. In [6]
(see also [7, 8]), a time-variant version of the commutant
lifting theorem is developed. This time-variant version is
called the three-chain completion theorem and is used to solve
a number of nonstationary norm constrained interpolation
problems on Hilbert spaces. Recall (see [6]) that the given
data for the three-chain completion problem are bounded
linear operators

A, — KoM, (keZ), (1
where %, ¢ % and M, ¢ K < Y for k € Z are Hilbert
spaces satisfying the inclusion relations

Hy C I
My < My

Hyy C Fy
(kez).
2)

Given operators (1) and tolerance y the problem is to find an
operator B : % — % such that || B| < y and

B#, c X,
(T-Py,) B, = A 3)
(ke Z?).

As far as we know, no extension of this theorem to an
indefinite setting has been developed so far.

The three-chain theorem mentioned above is the moti-
vation for the extension problem considered in this paper.
For k € N, consider a sequence of Krein space contractions
Ay + Xy — K, where #) and F are nested regular
subspaces of some Krein spaces % and %, respectively. The
problem is to find a contraction B :  — % such that

Bh = Akh (4)

forall h € ;.

In order to keep this paper as self-contained as possible,
we briefly outline some definitions and some elementary facts
about Krein spaces and bounded linear operators defined
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on them. This is done in Section 2. Some important results
are stated and proved in Section 3. An extension theorem is
considered in Section 4 while Section 5 contains some simple
application of the extension theorem discussed in Section 4.

2. Preliminaries

In this section we recall some definitions and basic notions of
indefinite metric space theory. More details can be obtained
from [2, 9-12].

Let % be alinear space and let (-, -) be a sesquilinear form
on . This sesquilinear form is called an indefinite metric on
K. 1f K admits a direct orthogonal sum decomposition

K=K oH (5)

in which (#*,+(,-)) are Hilbert spaces, then % (or
(H, (-,+))) is called a Krein space. Decomposition (5), which is
not unique in general, is called a fundamental decomposition
and gives rise to orthogonal projections from % onto F#*,
which we denote by P*, respectively. The self-adjoint and
unitary operator / on J defined by J = P* — P7, is called
a fundamental symmetry on K.
The space % with the inner product

[, y] = (Jx, ) = (xpo i) = (x5 p-) ©
X,y €K'

is a Hilbert space. This inner product is used to define the
norm of an element x of the Krein space F# by

Ixl® =[x ] . (7)

Topological notions such as convergence and continuity are
understood to be with respect to this norm topology. The
inner product [-,-] in (6) depends on decomposition (5), as
does the norm ||-|| in (7), but the norms generated by different
decompositions of % are equivalent. We will denote the norm
[+ 1in (7) by || - [|; where clarity is needed.

An orthogonal projection in a Krein space is a bounded
self-adjoint operator R in % such that R* = R. Note that the
norm of an orthogonal projection in a Krein space need not
be less than 1. The range . of an orthogonal projection R in
a Krein space # is a closed subspace of # and the space #
can be decomposed as

H =M M, (8)

where 4" = {I € X (I,m) = 0Vm € M}
On the other hand, given a closed subspace # of H
such that decomposition (8) holds, then . is the range of
an orthogonal projection in #. In this case, (A, (-,-)) is
again a Krein space. Unlike in the Hilbert space case, the
decomposition (8) need not hold for a given closed subspace.
Closed subspaces for which this decomposition holds are
referred to as regular subspaces.

Let # and # be Krein spaces and let T : # — H be a
bounded linear operator. We say that T is a contraction if for
allx € 7, (Tx, Tx) 5 < (x,x) . It both T and its Krein space
adjoint T™ are contractions, then T is called a bicontraction.

Applied Principles of Mathematical Analysis

Let # and # be Krein spaces and let T € B(%, %), the
space of bounded linear operators from % into #. A column
extension of T' is an operator of the form

()

where & isaKrein spaceand E € B(%', &). By arow extension
of T we shall mean an operator of the form

x
L=(T E);(%>_>5z, (10)

where & is a Krein space and E € B(&,%). It is shown
in [2] (see also [3]) that if T is a contraction, then there
exist contractive row and column extensions of T' where the
extension space is a Hilbert space. Contractive 2 x 2 matrix
extensions of a contractive operator T' : # — J# where the
extending space & is a Hilbert space are thoroughly discussed
in [2] where Lemma 1, Theorem 2, and Lemma 3 can be found.
Results more general than those provided by Lemma 1 and
Theorem 2 can be found in [1] while Lemma 3 can also be
found in [4].

Lemmal. Let % and  be Krein spaces and let'T € B(#, K)
be a contraction. Let

T _
Cz(E*>eB(Z’,%®%) (11)

be a contractive column extension of T with & a Hilbert space.
If norms are computed relative to some fixed fundamental
decompositions of Z and K and the induced fundamental
decomposition of # & Z, then

ICI* < 1+2T)7. (12)

The above norm estimate enables one to fix a bound for
the norm of the operator C. The following lemma is helpful
in finding 2 x 2 matrix extensions of a contractive operator T
See [13] for a similar result in a Hilbert space setting.

Theorem 2. Let %, K, and & be Krein spaces and let & be a
Hilbert space. Assume that

(Cyy Cp): (Z) — X,

()

are contractions. Then there exists an operator C,, : & — &

such that
Cc, C H F
C=< 1 12):< )_} 7 (14)

is a contraction. If
(Cu Cn) (15)

is a bicontraction, C,, may be chosen such that C is a bicontrac-
tion.
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We conclude this section by stating the following lemma.

Lemma 3. Let W'\, N,,... be regular subspaces of a Krein
space I such that ¥\ > N, D> ---. Suppose that the
projections Py, P,, ... of # onto the subspaces V|, N 5, ... are
uniformly bounded. Then

N=[|r

_8

n
1

=
Il

(16)
M =span N,

n=12,...

are regular subspaces of # with /= M*. If P is the projection
of Z onto N, then P = lim,_, P, with convergence in the
strong operator topology.

3. Some Preliminary Results

In this section we prove some useful results regarding
sequences of regular subspaces. See [4, Corollary 3.3 and
Lemma 3.4] for closely related results.

Theorem 4. For n > 1, let &, be a sequence of regular
subspaces of a Krein space # such that &, ¢ £, n € N.
For each n € N, let P, be the projection of # onto Z,,. If the
projections P, are uniformly bounded then & = span %, is a
regular subspace of .

Proof. Set N\ = &y, N, = Ly,.... Then V|, N5,...isa
sequence of regular subspaces of # such that /| > J/, >
-+, Let Q,,Q,, ... be the projections of Z onto the subspaces
Ny, Ny Then Q, = (1 — P))and so [|Q,l < 1+ ||P,]|.
Since the projections P, are uniformly bounded we see that
the projections Q,, are also uniformly bounded. Hence & isa
regular subspace of # by Lemma 3. O

Theorem 5. Forn > 1, let Z,, be regular subspaces of a Krein
space Z such that &, ¢ £,.,,. Let P, be the projection of
onto £, If £, = &) & &, is a fundamental decomposition
of £, we denote by Q. the projection of £,, onto £~ Let

Z =spanZ,,. (17)
Then the following are equivalent:

(1) &Z is regular and there exists a fundamental symmetry
J on & such that ] | &, is a fundamental symmetry
on<Z,.

(2) There exist fundamental decompositions &, = &L} &
%, such that

() &, c &

n+l1’

(b) suplQ, B,ll; < oo,
where ] is any fundamental symmetry on K.

Proof. Suppose that (1) holds and let & = &, & &_ be
the fundamental decomposition of & which gives rise to the
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fundamental symmetry J = Q, —Q_ with the stated property,
where Q. = Z,. Then] | £, = Q' - Q, where Q. %, =
3:. To show that (a) holds, we let x € 3; Then

X = QZx -Q,x=Jx= Q:Hx - QX (18)
Hence x = Q,,,x—Q,,,xand so (I -Q,,,)x = —Q,,, x. This

means that Q, ,.x = —Q,,,x and that Q,,,x = 0. Therefore
x = Q,,x € & . Similarly, we have that &, ¢ &, .

n+l*

Hence (a) holds. To show that (b) also holds, we let
yexX=2,0(ZeZ,)eL". (19)
Let], =17 | gn,fn =] | (Ze%Z,)andlet ], beafundamental

symmetry on Z*. Then J := J+], isa fundamental symmetry
on #. Now,

Iyler = Ty y)
= <7(xn+yn+zn)’(xn+yn+zn)> (20)

= <]nxn’xn> + <7nyn’yn> + <]J_zn>zn> >

where y = x, + y, + 2, withx, € Z,, y, € (£ o Z,) and
z, € &*. Therefore

1QPN = Qi = (1Qixw Qi)

= {Qux Q) = (Q % X)

= <(Q: - Q;)xn>xn> + <Q;xn’xn>
(21)

< <(Q: _Q;)xn’xn> = <]nxn’xn>
< <]nxn’xn> + <fnyn’ yn> + <IJ_Zn’Zn>

2
= Iyl -

Hence |Q; P, || < 1. Similarly |Q, P,|| < 1.

Conversely, assume that (2) holds. We start by showing
that & is regular. To do this we note that P, = (Q) + Q,)P,.
So [Pl < Q. Pl +1Q,P,Il < M, for some constant M, > 0.
Hence £ = span Z,, is regular by Theorem 4.

Next set , = (Z!)" and let R, be the projection
of # onto W, = (£)*. Then R, = I - Q!P,. Hence
IR, < 1+ QP < M, for some constant M, > 0
since (2) holds. Hence #™" = (\#, and /" = span ¥,
are regular subspaces by Lemma 3. Let x € .#". Then
there exists a sequence x,, € span ¥} such that x, — x.
Hence (x,,x,) — (x,x). This means that (x,x) > 0 since
(x,,x,) > 0. Hence /" is regular and nonnegative and so
it is a uniformly positive subspace of Z. Similarly /™~ =
span <, isa uniformly negative subspace of #. We now show
that

L=M" M. (22)
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Let x € .". Then there exists a sequence x,, € span &,
such that x, — x. If y € /" then there exists a sequence
¥, € span &, such that y, — y. Hence (x, y) = lim(x,,, y,,)
= 0. This implies that 4% 1 .4~ . Next, assume that u €
oMo M) Thenu L M and u L 4. This in turn
means thatu L &) andu L Z, andsou L Z,. Letv € Z.
Then there exists a sequence v,, € span Z,, such that v, — v.
Hence (u,v) = lim(u,v,) = Oforallv € £ andsov = 0.
Hence & = " & . This implies that .#" is maximal
positiveand .#~ is maximal negative. Hence .4 is a maximal
uniformly positive space and .~ is a maximal uniformly
negative space. Since 4" L ", #" is uniformly positive
and "~ is uniformly negative, there exists a fundamental
decomposition & = &£, & &_ such that #4* ¢ Z,. But
JA* maximal implies #* = #,. Hence & = M* & M~
is a fundamental decomposition of Z. This decomposition
gives rise to a fundamental symmetry ] = Q, — Q_ where
Q. &L ="

We show that ] | £, = Q) - Q,.Letx ¢ &, ¢ Z.
Then x = x, + x_,x, € &, C span¥, = JM*. Hence
Q.x =Q,(x, +x_) = x, = Q,x. Similarly, Q_x = Q, x and
so] 1 Z,=Q) -Q,. O

Corollary 6. For n > 1, let %, &£,, &, and P, be as in
Theorem 5. Then there exists a fundamental symmetry ] on K
which commutes with the projections P, onto &, if and only if
Z is regular and there exists a fundamental symmetry J' on &
such that J' | £, is a fundamental symmetry on £,

Proof. Suppose that Z is regular and J' exists which has the
stated property. Let & = £, @ & _ be the fundamental
decomposition which gives rise to J ' Since & is regular there
exists a fundamental decomposition # = F#, & F_ such
that &, ¢ . This gives rise to J on # such that J | &, isa
fundamental symmetry on &, Let f € #.Then f = f,+f,
where f, € &, and f;" € &, . Now, JP,f = Jf, = fI - f.
(where f € &7, £, =1 &Z,). On the other hand,

PJf = PJ (fu+ £7)
=PJ (i + f)+ (i + 1))
=P, Uy + )+ (" + 1)
=P, (fyi ~ )+ B - f) = £ - 1

(23)

Hence JP, = P,]J.

Conversely, assume that there exists a fundamental sym-
metry J on % that commutes with the projections P,. To show
that P,’s are uniformly bounded we consider the fundamental
decomposition # = HF, & F_ which gives rise to the
fundamental symmetry J. Let

A AR\ (s <,
Pn = N — 8 (24)
A21 A22 K - gn

Applied Principles of Mathematical Analysis

be the matrix representation of P, with respect to these
decompositions. Then the commutativity condition

1 0 AN AL Al AL\ /1 0
= (25)
n n n n
0 -1/ \ A} A}, A AL, ) \0 -1

implies that A", = A", = 0 and so the matrix representation
of P, is diagonal; that is to say,

(o) ()= ()
P, = : — . (26)
0 A%, K _ <,

Since |AT, | < 1and A%l < 1 foralln € N, we see that
P ’s are uniformly bounded. The uniform boundedness of P,’s
implies that & is regular. From the matrix representation of
P, above we see that A}, = Q,P, and A’), = Q,P, and so
supIIQ:PnII < 00. Hence condition (b) in Theorem 5 holds.
Since, for each n € N, Z, is a regular subspace and &, ¢
Z,.1>» we have that, for any fundamental decomposition
&, =% & Z,, there exist a fundamental decomposition

“(Znﬂ = g:ﬂ ® g;ﬂ 27)

such that .,?i C gi ,1- Hence condition (a) in Theorem 5 also

holds. This shows that part (1) of Theorem 5 holds and this
completes the proof. O

4. An Extension Theorem for
a Sequence of Contractions

In this section, we formulate and give a proof of an extension
theorem for a sequence of contractions defined on a nested
sequence of regular subspaces. Please refer to [14, Lemma 3.1]
and [5] for closely related results.

Theorem 7. Let % and Y be Krein spaces and let #, C U and
Fi ¢ Y, k eN, be sequences of regular subspaces satisfying

K C >
(28)
K € K-
Let Py, and Py, be the orthogonal projections of % onto

and Y onto K, respectively, and let F = span ). and H =
span K. Assume that there exist fundamental symmetries |
on % and J' on Y such that ] commutes with P%k and J'

commutes with Py, and that % © HYH, Hy 0,
and K, © K, are all Hilbert space.
Foreach k € N, let

Ak:%k_)‘%k (29)

be a contraction. Then there exists a contraction B : U — Y
such that

Bly, =Ap keN, (30)
if and only if
Ak+l|%k = Ak’

(31)
sup [|Ax| < co.
keN
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Proof. First, let us assume that such an extension B ¢
B(%, %) exists and take h, € . Since #, C ¥, and
(30) holds, we have that

Aphy = By = Ay (32)

and therefore Ay, ,l5 = Aj. Hence the first condition in
(31) holds. To show that the second condition also holds, we
first note that since J and J' commute with P%k and Py[k,
respectively, Corollary 6 ensures that the subspaces % and
H are regular and that there exist fundamental symmetries
J on % and ]L on F such that Jo | % is a fundamental

symmetry on % « and ]~ | H is a fundamental symmetry
on #.Leth e 7. Then we have that A, hBh. Hence,

[4ihlz = 4kl = (TzAh A
(33)
= (JBh, Bh) = |Bhllz = |B| [l .

Hence, |A, |l < ||B]l for all k € N and so the norms of A,’s are
uniformly bounded.

Conversely, let A, : #), — K, k € N, be contractions
satisfying both conditions in (31). Since Ay ylg, = Ay, we
can decompose the operator

7 ) (34)

A cH e —
kﬂl%k ¢ ('%kﬂ o Fy

as Aply, = (‘%" ) The fact that A, is a contraction and
H 1.1 © X is a Hilbert space implies that the operator

(A 0) ( 7k ) H (35)

Kk 0): — K 3
H 41 © X

is a contraction. Since Ay, |y, = (’?)k) is a contraction,

Theorem 2 implies that there exists a bounded operator ¢,, :
%k+l e%k - ‘%k+1 G%k such that

= (0 o) (o) = (o) 0
“1\o &) \Hp 0%, F i © Fy

is a contraction. For each k = 0,1,2,...,
clearly a contractive extension of A.

We now show that, for k = 0,1,2,..., the contractive
liftings Cy.,;’s of A’s are uniformly bounded. Let M be the
bound for the norm of A;’s. Then || (A, 0) [l = Al < M
and so Lemma 1 implies that [|Cy, I><1 +2||Ak||2 < 1+2M>.
Hence Cy,,’s are uniformly bounded.

Define an operator C  : span %) — span % by C._x =
Cyy1x for x € . The operator C._ is well defined. To see
this, assume that x € % and x € ;. Then C, x = Cj,,x
and C, x = Cp,,x. Fork < I, Cile, = Allg, = Ax =
Cis1l%, - The operator C., is bounded since the contractions
Cy,; are uniformly bounded. To see that this is the case,
consider x € #;. Then

the operator Cy,, is

[x, x]5 = <]%x3 x>% = (]y?x,x>%k = <]7ka’ x>%k

(37)
=[x, x] %, -
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Hence for x € span %, we see that

|Cioliz = ICkoixl = ICkuxlr, < ICkalixlz,
= ||Ck+1|| ”x”%
and so C., is a bounded operator. Since it is defined on

a dense set we can extend it by continuity to a bounded

operator Co, : # — K. The operator C,, is clearly an
extension of A, for each k > 0 since Cy,, is an extension
of Ay for each k > 0. To show that C_, is a contraction, let

x € . Then there exists a sequence x,, € span % such that
x, — x. Since the inequality

<C;Oxn,C;Oxn> < (X, %,) (39)
holds for each n we have
(Coox: Coox) = lim <Coo X (')Oxn>
(x,x) .

< Jim (5,) =

Hence C, : F — F is a contraction.
Define a new operator B :  — % by the matrix

C, E 4 F
0 X U H Yo

(Co E) (42)

where

is any contractive row extension of C,, and X € B((% o
), (% o F)). Since Y o F is a Hilbert space, Theorem 2
guarantees the existence of X such that B is a contraction.
Note that since % © # is also a Hilbert space we may set
E = 0, the zero operator, in the matrix representation of B
and the above result still holds.

Clearly, B | ', = A and so B is the required extension.
O

5. Applications

In this section we use Theorem 7 to solve a nonstationary
extension problem in a Krein space setting. Let %, and
¥ (jok € N) be Krein spaces with fixed fundamental
decompositions

U =U, U,
. B (43)
?j = ?]‘ & ?]‘
and let
fix U —Y; (44)

be bounded operators with matrix representations

fik fii) (%) <%>
= ) : T — : (45)
T (ff,k 2) \u, Y;
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with f}}c =0for j > kand sz}c = 0 for j > 0. Define the Krein
spaces % and ? by

(46)

~ Jao Sa0 fao fro foo
’ f4,1 f3,1 f2,1 f1,1 fO,l
G= f4,2 f3,2 f2,2 f1,2 fo,z
’ f4,3 f3,3 f2,3 f1,3 fo,3

Consider the decompositions

EY, - - + +
U=---0U U SU, U, &,
(49)

Y=Y oYy ioYio- .

With the above decompositions, the operator G takes the
form

11 11

L0 0lo 0 0 0
11 11 11

1,3 1,2 1,1 0 0 0 0 0

G= ol el | p2 f12 f12 f12
03 Jo2 Jo1 Joo|Joo Jo1 Joz2 Jo3

21 (21 (21 (21| (22 (22 22 22
03 Jo2 Jo1 Joo|Joo Jo1 Joz2 Jo3

11 11 11 Il | 22 (22 (22 (22 |
13 Jiz Jir Jio | Je Jin Ji2 Ji3

(50)
u; 88
U 8
; 0
Z, || %
U 8
%, %,

Applied Principles of Mathematical Analysis

andlet G : 7 to ? be a bounded operator such that

Py G|, = fix (47)

We use Theorem 7 to establish conditions under which such
an operator G is a contraction. Equality (47) implies that the
operator G is of the form

%
2, 7,
%,
LEI . . (48)
2, Y5
%, Y,
%0

For each k € N, let A, denote the operator

Ak
oo 0 0]o o o0 o
1
e fly 0 00 0 0 0
11 11 11
w o Shp hp 00 0 0 0
- 11 pll 1l 1| 12 pl20 120 pl2
0,k 0,2 0,1 0,0 0,0 0,1 0,2 0,3
21 . 21 21 21| 220 22 22 22
0,k 0,2 0,1 0,0 0,0 0,1 0,2 0,3
21 g2l 21 g21 | g220 220 220 22
1.k 1,2 1,1 1,0 1,0 1,1 1,2 1,3
(51)

%k ?k

+ +

u, 2

+ +

%1 ?1

+ — +

% 70

u, %,

%1 ?1

%, %,

With these notations, we are in a position to state the
following theorem.

Theorem 8. Let %, and ¥ ; be Krein spaces with decomposi-
tions (43) with operators fj,k C U — ?J- in (44). Then there

exists a contraction G : % — ? satisfying (47) if and only if,
for each k € N, the operator A, in (51) defines a contraction
whose norm has an upper bound independent of k.
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— —
Proof. Assume that a contraction G : % — ¥ satisfying (47)
exists and consider the operator matrices (50) and (51). We
see that, for k € N,

A= P%kG'%k, (52)

where
Uy

u;
=1 % |

(53)

+
1

K, = +
k 0

i
8

R
Since % © K is a Hilbert space, we see that ||sz | €1and
SO

lAl < |Px, ] 1GI < G (54)

This shows that the operators A are uniformly bounded.

=

Since G is a contraction and % © % is a Hilbert space, (52)
implies that A is a contraction for each k € N.

To prove the reverse implication, we assume that for each

k € N the operator A, : #), — X is a contraction of

—

norm at most y where 0 < y < oco. Since span &, = %

—

and span %, = %, it follows that span %’ and span % are
regular subspaces. By construction, the subspaces #; and
H . satisty the conditions of Corollary 6 and hence do satisfy
all the conditions specified in Theorem 7. Since, for each
k € N, the operators

Ak:%k%’%k (55)

are defined by (51) and are assumed to be uniformly bounded,
condition (31) in Theorem 7 is also fulfilled (it can be easily
seen that the first condition in (31) is satisfied by the operators
Ay). Since (31) is satisfied for all k € N, it follows that there
exists a contraction B satisfying (30) and therefore must be of
the form (50). This concludes the proof. O
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In this paper, a new type of non-self-mapping, called Berinde MT-cyclic contractions, is introduced and studied. Best proximity
point theorems for this type of mappings in a metric space are presented. Some examples illustrating our main results are also given.
Our results generalize and improve some known results in the literature.

1. Introduction and Preliminaries

Several problems in a real world can be modeled in the
form of operator equations. An equation Sx = x, which
is called the fixed point equation, is one of the important
means for solving some problems among them. Fixed point
theory is then considered as an important tool for solving
such problems. The well-known fixed point theorem for
contraction mappings was given by Banach [1]. It is known as
the Banach contraction principle. This principle guarantees
that each contraction mapping from a complete metric space
X into itself always has a unique fixed point.

In 2004, Berinde [2] introduced and studied the concept
of weak contraction mappings in the context of a complete
metric space. Let (X, d) be a metric space. A mapping S :
X — X is called a weak contraction if there exist a € (0, 1)
and L > 0 such that

d(Sx,Sy) <ad(x,y)+Ld(x,Sy), forallx,ye X. (1)

A fixed point theorem of this type of mapping was proved in
[2]. It extended and generalized that of the Banach contrac-
tion principle and others; see [2] and references therein.

On the other hand, if the fixed point equation Sx = x
does not have a solution, then d(x,Sx) > 0 for all x € X.

In this situation, it is natural to ask whether we can find an
approximate solution x such that the error is

d (x,5%) = mind (3, Sy). )

In order to have a concrete lower bound, let us consider
two nonempty subsets W and V of a metric space X and a
mapping S : W — V. It is observed that d(x, Sx) > d(W, V)
for all x € W, where d(W,V) = inf{d(x, y) : x € W and y €
V}. So we are interested to find a point x, € W such that

d (x¢,Sxy) =d (W, V). (3)

Such point x, is called a best proximity point of the mapping S,
and d(x,, Sx,) is called the global minimum value of d(W, V).

The best proximity point theorem was first studied by Fan
[3], in 1969. He proved that if W is a nonempty compact
convex subset in a normed space X and S : W — X is
a continuous mapping, then there exists u € W such that
llee = Su|l = d(Su, W) where d(Su, W) := min{||Su —all : a €
W 1. Especially, if S(W) € W, then we get that u is a fixed point
of S.

Several years later, the above result has been studied and
generalized by many researchers, such as Reich [4], Sehgal
and Singh [5], Vetrivel et al. [6], Anuradha and Veeramani
[7], Basha [8, 9], Kirk et al. [10], Raj [11], Gabeleh [12], Abkar
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and Gabeleh [13], Eldred and Veeramani [14], and Du and
Lakzian [15] and references therein. Some recent research
papers worth mentioning are [16-19].

Throughout this paper, we denote by W and V nonempty
subsets of a metric space (X, d). We also require the following
notions:

dW,V)=inf{d(x,y):x € W and y € V},
Wy={xeW:d(x,y)=d(W,V) for some y € V}, (4)
Vy={yeV:d(x,y)=d(W,V) for some x € W}.

A mapping S : WUV — WUV is called a cyclic mapping
it S(W) € Vand S(V) € W. And a point x € W UV is said to
be a best proximity point of S if d(x, Sx) = d(W, V). In 2006,
Eldred and Veeramani [14] introduced the concept of cyclic
contraction and proved the existence of a best proximity point
for this type of mapping on a complete metric space.

Definition I (see [14]). A mapping S : WUV — W UV is
called a cyclic contraction if the following conditions hold:

(i) Sis a cyclic mapping;

(ii) there exists k € (0,1) such that d(Sx, Sy) < kd(x, y) +
(I-k)dW,V)forallx e W,y e V.,

The concept of MT-function was used by Reich [20] and
Mizoguchi and Takahashi [21] to define a class of multivalued
mappings which is more general than that of contraction
mappings. After that Du [22, 23] studied the class of mul-
tivalued mappings generated by Mizoguchi and Takahashi
functions (or MT-functions) and gave characterizations of
MT-functions.

Definition 2 (see [22]). A function ¢ : [0, 00) — [0, 1) issaid
to be an MT-function (or R-function) if limsup,_,+¢(s) < 1
forall t € [0,00).

Theorem 3 (see [23]). Let ¢ : [0,00) — [0, 1) be a function.
Then the following statements are equivalent.

(a) @ is an MT-function; i.e., limsup,__,+¢(s) < 1 for all
t € [0,00).

(b) For each t € [0,00), there exist v, € [0,1) and g > 0
such that ¢(s) < r, forall s € (t,t +¢,).

(c) For any nonincreasing sequence {x,},cy in [0,00), 0 <
sup,,n@(x,) < 1.

It is clear that if ¢ is a nondecreasing function or a
nonincreasing function, then ¢ is an MT-function. For more
examples and details, see [15, 22, 23].

Consequently, Du and Lakzian [15] introduced MT-cyclic
contractions with respect to ¢ and proved the existence and
convergence theorems for this type of non-self-mapping in
metric spaces.

Definition 4 (see [15]). Ifamap S : WUV — WUV satisfies
the following: then S is called an MT-cyclic contraction with
respect to g on W U V.

(i) S is a cyclic mapping;

(i) there exists an MT-function ¢ : [0,00) — [0,1)
such that d(Sx,Sy) < o@(d(x,y)d(x,y) + (1 -
o(d(x, ¥)))d(W,V) forallx e Wand y € V.

It is obvious that if ¢(t) = k with k € [0,1), then S is
a cyclic contraction, and, hence, an MT-cyclic contraction
with respect to ¢ which is more general than that of cyclic
contraction. For example of an MT-cyclic contraction with
respect to ¢, but is not a cyclic contraction, see [15].

In 2009, Suzuki et al. [24] introduced the concept of the
property UC of two nonempty subsets of a metric space as
follows.

Definition 5 (see [24]). Let (W, V) be a pair of nonempty
subsets of a metric space (X,d). The pair (W, V) is said to
satisfy the property UC if {x,} and {z,} are sequences in W
and {y,} is a sequence in V such that

Jim d (x,,y,) =dW,V) = lim d (2,0 3), (5)

and then lim d(x,,z,) = 0.

n—~oo

Later, in 2011, Kosuru and Veeramani [25] introduced the
concept of semisharp proximal pair of two nonempty subsets
of a metric space. This concept is again more general than that
of the property UC.

Definition 6 (see [25]). Let (W, V) be a pair of nonempty
subsets of a metric space (X, d). The pair (W,V) is said to
be a semisharp proximal pair if for each w € Wandu € V
there exist at most one x € V and y € W such that d(w, x) =
dW,V) = d(y, ).

Example 7. Consider the space X of all real valued continuous
functions on [0, 1] with the supremum norm; ie., X =
(CIO, 1], I - llog)- Set

W= {f,:te[0,1]}

(6)
and V ={g, : t € [0,1]},
where
. [ 1]
t+x, if x € 0,5 ;
i) = 2 7)
t—-x+1, ifxe|=,1],
L2
and
. [ 1]
t+x+1, ifxe 0,5 ;
g, (x) = 1 (8)
t—-x+2, ifxe 5,1 .

It is easy to show that || f, — g, = 1 and || f, — gill > 1 for all
t # k € [0,1]. Hence d(W, V) = 1 and (W, V) is a semisharp
proximal pair.

Note that the property UC implies semisharp proximality.
In 2015, R. Espinola, et al. [26] introduced the concept of
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a proximally complete pair (W,V) of subsets of a metric
space. They proved existences and convergence theorems of
best proximity points for cyclic contraction mappings. They
obtained a useful theorem presented as follows.

Theorem 8 (Espinola et al. [26, Theorem 3.3]). Let (W, V) be
a pair of complete subsets of a metric space satisfying the UC
property. If {x,} is a sequence in W UV with x,, € W and
Xyn41 €V, foralln € N, then the sequences {x,,} and {x,,,}
have convergent subsequences in W and V, respectively.

By those works mentioned above, we aim to introduce a
new type of single-valued, non-self-mapping which is more
general than that of contractions, cyclic contractions, and
MT-cyclic contractions. The best proximity point theorems
for this type of mappings in metric spaces will be investigated.
Our main results extend and generalize those of Du and
Lakzian [15], Eldred and Veeramani [14], and others.

2. Main Results

By using ideas of cyclic contractions, MT-functions, and
weak contractions, we shall first introduce Berinde MT-cyclic
contractions with respect to ¢ and prove the existence and
convergence theorems for this type of non-self-mapping in
metric spaces.

Definition 9. Let S : WUV — W UV be a cyclic mapping.
The mapping S is said to be a Berinde MT-cyclic contraction
with respect to ¢ if there exists an MT-function ¢ : [0, 00) —
[0,1) and L > 0 such that

d(Sx,Sy) < ¢ (d (x, y))d (xy)
+(1-¢(d(x))dW,V) ©)
+ Lmin{d (y,8x),d (x,Sy)},
forallx e Wand y e V.

It is easy to see that a Berinde MT-cyclic contraction with
respect to ¢ can be reduced to an MT-cyclic contraction with
respect to ¢.

Remark 10. If S : WUV — W UV is a Berinde MT-cyclic
contraction with respect to ¢, then S satisfies the following
condition:

d (Sx,Sy) <d(x,y) + Lmin{d (y,Sx),d (x,Sy)}, (10)

forall x € W and y € V. To see this, we can write (9) in the
form d(Sx, Sy) - d(W,V) < g(d(x, y)[d(x, y) - dW, V)] +
Lmin{d(y, Sx),d(x,Sy)}, for all x € W and y € V. Because
of p(d(x, y)) < 1, it follows that

d(Sx,Sy) —d (W, V)
<d(x,y)-d(W,V) (1)
+Lmin{d(y,Sx),d (x,Sy)},

and, for all x € W and y € V, hence (10) is satisfied.

Applied Principles of Mathematical Analysis

Example 11. Let I be the metric space consisting of all
bounded real sequences with supremum metric d, and let
{e,,} be the canonical basis of ¢, where ¢ is the space of all null
sequences. Let {7,} be a sequence of positive real numbers
satisfying 7, = 7, and 0 < a < 71,,, < T, forn > 2
and for some positive real number a. Thus {7, } is convergent.
Put x, = 1., forn € Nand let X = {x,x,,x5,...}.
Then X is a bounded and complete subset of I°°, and hence
(X,dy,) is a complete metric space with d,(x,,x,,) = T, if
m > n.

Let W = {x,,x5,%5,...}, V = {x;,%,,%,,...} and let S :
WUV — WUV be defined by

X ifn=1,2;
Sx, = (12)

n
X, fn>3,

and define ¢ : [0, 0c0) — [0,1) by

@(t)

Tn+3
= Tn
0

Then d(W,V) = 0 and S(W) < V, S(V) < W. Since
limsup,_,-¢(s) = 0 < 1 forall ¢t € [0,00), we have that
¢ is an M T-function. Next, we show that S is a Berinde MT-
cyclic contraction with respect to ¢. Obviously, d(Sx, , Sx;) for
i=1,23,... satisfy (9) with L > 1. We will consider three
cases as follows.

if t = 7, for some n € N with n>3; (13)

otherwise.

Case 1. For i > 3 and x; € W, we have

d (Sx,,Sx;) = d (x;, %) = 7, < L1,
= ¢ (d (x2x;)) d (x, ;)
+(1-¢(d (x5 x;))) d (W, V) (14)
+ Lmin{d (3, %,15) ,d (x5 %,)} »

for L > 1.
Case 2. Fori >4 and x; € V, we get

d(Sx5,5x;) = d (xg X113) = T
< 1o+ Lmin {d (x3x;,5)  d (3 x5)}
= ¢ (d (x3%;)) d (x3,x;)

+(1-¢(d(xnx))dW,V)

(15)

+ L min {d (X3, xi+3) 5 d (xj7 x6)} >

for L > 0.

WORLD TECHNOLOGIES




Best Proximity Point Theorems for a Berinde MT-Cyclic Contraction on a Semisharp Proximal Pair 143

Case 3. For j >i>4and x;, x; € W UV, we have

d (Sxi>sxj) =d (xi+3>xj+3) Tivs
<7

i+3

+Lmin{d( ]+3)
:‘P(d(xi’ )
+ (1 —q)(d

+ Lmin {d (x ]+3)

(x> %)}
) (xx;) (16)
(

X5 x]))) d(W,V)

d (. %15)}

for L > 0.

From all of the above cases, we can now conclude that § is a
Berinde MT-cyclic contraction with respect to ¢ and L > 1.
We note from Case 1 that S is not an MT'-cyclic contraction
with respect to ¢.

Proposition12. Let W and V be nonempty subsets of a metric
space (X,d) andS : WUV — W UV be a Berinde MT-cyclic
contraction with respect to . Then starting with any given x,, €
W UV, define a sequence {x,} in WUV by x,.., = Sx,, for all
n > 0; we have d(x,, x,,,,;) — d(W,V) asn — 0.

Proof. Let x, € W UV be given. Define a sequence {x,} in
WuV by

X, = Sx,, for each n=>0. 17)

Suppose that x, € W (when x, € V is similar); then x; =
Sx, € V, and so, x, = Sx; € W. Since S is a Berinde MT-
cyclic contraction with respect to ¢, we have

d (xy,x,) = d (Sxg, Sx;)
<@ (d(xpx,))d (x0>x1)
+(1 -9 (d (x0,%1))) d (W, V)
+ Lmin{d (x;,5%,),d (x,, Sx,)}
=¢(d (xO’xl))d(XO’xl) (18)
+(1 -9 (d(xpx,))) d (W, V)
+ Lmin {d (x1,x;),d (x4, x,)}
=¢ (d (xO’ xl)) d (x0>x1)
+ (1= (d(xp 1)) d (W, V).
Again, since x, € W and S is a cyclic mapping, we get x; =
Sx, € V. By the Berinde MT-cyclic contraction with respect
to ¢ of S, we have
d (x3,x3) = d (Sx,,8x;)
<@ (d(x1x,))d (x1,%,)

+(1-¢(d(x1,x,))) d (W, V)

+ Lmin {d (x,,Sx,) »d (%, Sx;)}
= (d(x1,x,))d (x1,x,)

+(1-¢(d(x,x,)))d (W, V)
d (x, )}
= (d(x;,%,))d (31 x,)

+ Lmin{d (x;,x;),

+(1-9(d(x,x,))) d (W, V).
(19)
By induction, we can show that, for each n > 1,
d (xn’ xn+1) < ¢ (d ('xn—l’ xn)) d ('xn—l’ xn)
+ (1= (d (%1 %,))) d (W, V).
By Remark 10, we have
d (xn’an) =d (anfl’sxn)
< d (xnfl’ xn)
(21)
+ Lmin {d (x,_,Sx,),d (x,,Sx,_;)}

=d ('xn—l’ xn) 4

for all n > 1. It means that {d(x,, x,,,)} is a nonincreasing
sequence. By Theorem 3, we get 0 < sup, .\ @(d(x,, x,,,,)) <
1.

Put k == sup,\@(d(x,, x,,,)). Thus 0 < @(d(x,, x,,,,)) <
k < 1, for all n > 1. It follows from (20) that

d( n+1)<kd(xn X )+(1_k)d(WV)

(22)
for all n > 1.
Hence for each n > 1, we have
d (x,, x41) < kd (x,_1,x,) + (1 —k)d (W, V)
<k[k(d(x,_x,)+ 1 —-k)dW,V))]
+(1-k)d(W,V)
(23)

=k (d (x, 00 %,1) + (1= k) d (W, V))

<K"(d(x0, %) + (1 =K")d (W, V)).
Since d(W,V) < d(x,,x,,;) and k" — 0asn — 00, by
taking n — o0 in the above inequality, we obtain that

d(x,, xy4,) — d(W, V), asn— oo. (24)

The proof is now completed. O

Example 13. Let 7, = 1/3 + 1/n for all n € N. Then
lim T, = 1/3. Put x, = 1,e, forn € Nand let X =

n—~oo
{x1, x5, x3,...} beabounded and complete subset of [°. Then
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(X,d,,) be a complete metric space with d(x,,x,,) = T,
ifm > n. Set W = {x,,x5,%5,...} and V = {x,,x,,x,...}.
Solim, ., d(x,,x,,,) =lim, 1, =1/3 =dW,V).Let
S:WnNV — WnNYV bedefined by

Sx, =x,,, forallneN. (25)

It is easy to see that S(W) = V and S(V) ¢ W and so S is
a cyclic mapping. Define ¢ : [0,00) — [0, 1) as

Tl if t = 7, for some n € N;
pt)=1q ™ (26)

0 otherwise.

Then ¢ is an MT-function. Now, we will show that S is a
Berinde MT-cyclic contraction with respect to ¢. For m,n €
N with m > #,

d (an’ Sxm) = Ty+1

1 T,
<Tn+1+g<1—:—+l>
n

+ Lmin{d (x,,8x,,),d (x,,Sx,)}
= 9 (d () d (5, %,,)

+ (1= (d(x, %)) d (W V)

+ Lmin{d(x,,Sx,,),d (x,, Sx,)} -

(27)

Hence S is a Berinde MT-cyclic contraction with respect to ¢.
Therefore, all the assumptions of Proposition 12 hold.

The following result is obtained immediately from Propo-
sition 12 because every nondecreasing function or nonin-
creasing function is an MT-function.

Corollary 14. Let W and V be nonempty subsets of a metric
space (X,d) and S : WUV — WUV be a cyclic mapping. Let
X, € W be given and define a sequence {x,} inWUV by x, ., =
Sx,, for alln > 0. Suppose that there exists a nondecreasing (or
nonincreasing) function 1 : [0,00) — [0, 1) such that for all
xeWandyeV

d(Sx,Sy) <n(d(x.y))d(x,y)
+(1-n(d(x.y))dW,V) (28)
+ Lmin{d (y,8x),d (x,Sy)}.
Then lim,, o, d(x,, X,,,) = d(W, V).

By Proposition 12, if S is a cyclic contraction or an
MT-cyclic contraction with respect to ¢, then we obtain
directly the following results which were proved by Eldred
and Veeramani [14] and Du and Lakzian [15], respectively.

Corollary 15 (Eldred and Veeramani [14, Proposition 3.1]).
Let W and V' be nonempty subsets of a metric space (X, d) and
S: WUV — WUV be a cyclic contraction. Then starting
with any x, € W and defining a sequence {x,} in W UV by
Xp41 = SX,, for alln > 0, then lim d(x,, X,,1) =dW, V).

n—oo
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Corollary 16 (Du and Lakzian [15, Theorem 2.1]). Let W and
V' be nonempty subsets of a metric space (X,d) and S : W U
V. — W UV be an MT-cyclic contraction with respect to ¢.
Then starting with any x, € W UV, define a sequence {x,} in
WUV byx,,, =Sx, foralln > 0; we have d(x,, x,,,) —
d(W,V) asn — oo.

Observe that if W and V are nonempty subsets of a metric
space (X,d)and S : WUV — WUV isa cyclic mapping with
Xy € W, define a sequence {x,} in WUV by x,,,, = Sx,,, forall
n > 0; then {x,,} and {x,,,,} are subsequences of {x,} in W
and V, respectively. Similarly, if x, € V, then {x,,} and {x,,.,}
are subsequences of {x,} in V and W, respectively. Moreover,
dW,V) <d(x,,x,,,), foralln > 0.

Theorem 17. Let W and V' be nonempty subsets of a metric
space (X,d) and S : WUV — W UV be a cyclic mapping.
Let x, € W be given and define a sequence {x,} in W UV by
Xp41 = SX,, for alln > 0. Suppose that the following conditions
hold:

(i) d(Sx,Sy) < d(x, y) + Lmin{d(x, Sy), d(y, Sx)} for all
xeWandy eV withL > 0;

(ii) {x5,} has a convergent subsequence in W;
(iii) lim,_ . d(x,, X,,,;) = d(W,V).

Then there exists x € W such that d(x, Sx) = d(W, V).

Proof. Let x, € W and {x,,, } be a subsequence of {x,,} such
that

lim x
k—o00

om, = %, for some x € W. (29)

In fact, for each k € N,

dW,V)<d (x, x2nk,1)
(30)
<d (x, xz,,k) +d (xan,xan,l) .

It follows by (iii) that

lim d (x, xan,l) =d(W, V), ask-—oco. (31

—>00

From (i), for each k € N, we have

d(W,V) <d(Sx,%,, ) = d(Sx,5x,, ;)

<d (x, xz,,k,l)

(32)
+ L min {d (x, xz,,k) ,d (x2nk_1, Sx)}
<d (x, xz,lk_l) +Ld (x, xz,lk) .
Taking k — o0 in the above inequality, we obtain that
d(x,5x) = lim d (x,,,Sx) =d(W,V).  (33)
The proof is completed. O

Using the same proof as Theorem 17, we obtain a similar
result.
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Theorem 18. Let W and V' be nonempty subsets of a metric
space (X,d) and S : WUV — W UV be a cyclic mapping.
Let x, € W be given and define a sequence {x,} in W UV by
Xp41 = SX,, for alln > 0. Suppose that the following conditions
hold:

(i) d(Sx,Sy) < d(x, y) + Lmin{d(x, Sy),d(y, Sx)} for all
xeWandyeVwithL > 0;

(ii) {x,,,,,} has a convergent subsequence in V;

(iii) lim, d(x,, X,,1) = dW, V).

Then there exists y € V such that d(y,Sy) = d(W, V).

Applying Proposition 12 and Theorems 17 and 18, we
establish the following new best proximity point theorems for
a Berinde MT-cyclic contraction with respect to ¢.

Theorem 19. Let W and V' be nonempty subsets of a metric
space (X,d) and S : WUV — W UV be a Berinde MT-cyclic
contraction with respect to ¢. Let x, € W be given and define
a sequence {x,} in WUV by x,,, = Sx,, foralln > 0. If {x,,}
has a convergent subsequence in W, then there exists x € W
such that d(x, Sx) = d(W, V).

Theorem 20. Let W and V. be nonempty subsets of a metric
space (X,d) and S : WUV — W UV be a Berinde MT-cyclic
contraction with respect to ¢. Let x, € W be given and define a
sequence {x,} in WUV by x,; = Sx,, for alln > 0. If {x,,,,}
has a convergent subsequence in'V, then there exists y € V such
that d(y,Sy) = d(W, V).

By Theorems 19 and 20, we obtain the next result.

Corollary 21. Let W and V be nonempty subsets of a metric
space (X,d) andS : WUV — W UV be a Berinde MT-cyclic
contraction with respect to ¢. Let x, € W be given and define
a sequence {x,} in WUV by x,,,,; = Sx,, for alln > 0. Suppose
that W or V' is compact. Then there exists x € W UV such that
d(x,Sx) = d(W,V).

Theorem 22. Let W and V be nonempty subsets of a metric
space (X, d) such that (W, V) is a semisharp proximal pair and
S: WUV — WUV isa Berinde MT-cyclic contraction with
respect to @. Let x, € W be given and define a sequence {x,,} in
WUV byx,,, =Sx,, foralln > 0. If {x,,} has a convergent
subsequence in W, then the following hold:

(i) there exists x € W such that d(x,Sx) = d(W,V);
(ii) x and Sx are fixed point of S* in W and V, respectively.

Proof. By Theorem 19, there exists x € W such thatd(x, Sx) =
d(W,V) and it follows that

d(W,V) <d (Sx,S’x)
<@ (d(x,Sx))d (x,Sx)
+(1 - (d(x,5x)))d (W, V)

+ L min {d (x, Szx) ,d (Sx, Sx)}
=@ (d (x,Sx)) d (x,Sx)
+(1- ¢ (d (x,8x) d (W, V)

=d(W,V).
(34)

Hence d(Sx, $*x) = d(W, V). In the semisharp proximality of
(W, V), we have §?x = x. Consider

d (x, s? (Sx)) =d (x,S (Szx)) =d (x,Sx)
(35)
=d(W,V),

which implies that $%(Sx) = Sx. Therefore, x and Sx are fixed
points of S* in W and V, respectively. O

Using the proof of Theorem 22, we obtain the following
result.

Theorem 23. Let W and V be nonempty subsets of a metric
space (X, d) such that (W, V) is a semisharp proximal pair, and
S: WUV — WUV isa Berinde MT-cyclic contraction with
respect to ¢. Let x, € W be given and define a sequence {x,} in
WUV byx,,, =Sx,, foralln > 0. If {x,,.,} has a convergent
subsequence in'V, then the following hold:

(i) there exists x € V such that d(x,Sx) = d(W,V);
(ii) x and Sx are fixed point of S in V and W, respectively.

By using Theorem 8, we have the following corollary.

Corollary24. Let W andV be nonempty complete subsets of a
metric space (X, d) such that (W, V) satisfies the property UC,
and S : WUV — W UV is a Berinde MT-cyclic contraction
with respect to ¢. Let x, € W be given and define a sequence
{x,} inWUV byx,,, =Sx,,foralln> 0. Then the following
hold:

(i) there exists x € W such that d(x, Sx) = d(W,V);
(ii) x and Sx are fixed points of S* in W and V., respectively.

We have discussed that, under some specific conditions,
a Berinde MT-cyclic contraction with respect to ¢ can be
reduced to a cyclic contraction or an MT-cyclic contraction
with respect to ¢. Thus, Theorems 17 and 19 are generaliza-
tions of the results proved by Eldred and Veeramani [14] and
Du and Lakzian [15], respectively. Hence, the three following
corollaries are obtained directly from those theorems.

Corollary 25 (Eldred and Veeramani [14, Proposition 3.2]).
Let W and V be nonempty closed subsets of a complete metric
space X. Let S : WUV — W UV be a cyclic contraction,
x, € W, and define x,,., = Sx,, for alln > 0. Suppose that {x,, }
has a convergent subsequence in W. Then there exists x € W
such that d(x, Sx) = d(A, B).

Corollary 26 (Du and Lakzian [15, Theorem 2.3]). Let W and
V' be nonempty subsets of a metric space (X,d) and S : W U
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V. — W UV be a cyclic mapping. Let x, € W be given and
define a sequence {x,} in WUV by x,,, = Sx,, foralln > 0.
Suppose that the following conditions hold:

(i) d(Sx,Sy) < d(x,y) forallx e Wand y € V;
(ii) {x,,,} has a convergent subsequence in W;

(iii) lim,_, o d(x,, x,.1) = AW, V).
Then there exists x € W such that d(x, Sx) = d(W, V).

Corollary 27 (Du and Lakzian [15, Theorem 2.4]). Let W
and V' be nonempty subsets of a metric space (X,d) and S :
WUV — W UV bea MT-cyclic contraction with respect
to ¢. Let x, € W be given and define a sequence {x,} in
WUV byx,,, = Sx, foralln > 0. Suppose that {x,,} has
a convergent subsequence in W. Then there exists x € W such
that d(x,Sx) = d(W, V).
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In the present paper, new type of extension of classical beta function is introduced and its convergence is proved. Further it is used to
introduce the extension of Gauss hypergeometric function and confluent hypergeometric functions. Then we study their properties,
integral representation, certain fractional derivatives, and fractional integral formulas and application of these functions.

1. Introduction and Preliminaries

No doubt the classical beta function B(«, f3) is one of the most
fundamental special functions, because of its precious role
in several field of sciences such as mathematical, physical,
and statistical sciences and engineering. In many areas of
applied mathematics, different types of special functions have
become necessary tool for the scientists and engineers. Dur-
ing the recent decades or so, numerous interesting and useful
extensions of the different special functions (the Gamma and
beta functions, the Gauss hypergeometric function, and so
on) have been introduced by different authors [1-6].

In 1997 Choudhary et al. [1] introduced the following
extension of classical beta function defined as

B, (o, B) = B (o B p)

bl B-1 p
:Lt (1-t) exp(—t(l_t)>dt, @

(R(p)20).

Further Chaudhry et al. [7, p. 591, Egs. (2.1) and (2.2)]
made use of the extended beta function Bp(oc, B) in (1) to
extend the Gauss hypergeometric function and confluent
hypergeometric function as follows:

0o B, (b+n,c—b)z"
N L v E
Fp@biciz) = ’;(“)ﬂ B(bc-b) n!’ )

(lzl < 1, R(e) >R (b) >0; R(p) 20)

and

®© B, (b+n,c-Db) "
@, (bsc;2) = zp—
n=0

(lzl < 1, R(@©) >R B)>0; R(p) =20).

>

B(b,c-b) n! 3)

and present their Euler type integrals as follows:

1

F,(a,b;cz) = ———
p(@bi62) = g

1
: J 1= (1= 20 exp [ P
0

B (4)
t(1-1) ] at,

(p>0; p=0, larg(1-2)| < R(c)>R(b) >0)

and

1

(DP (b;C;Z) = m

Y b1 p )
-Lt (1-1) exp[zt—t(l_t)]dt,

(p>0; p=0; R(c)>R()>0).
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If we choose p = 0, the above definitions given in (1), (2),
(3), (4), and (5) reduce to the following form, respectively:

B(af) = Ll TR § S L 2

(6)
(R >0, R(B)>0).
R Bb+nc-b)z"
F@baz) = n;)(a)” B(b,c-b) n!’ )
(lzl <15 Rc) >R (b) >0).
o °°B(b+n,c—b)£
q)(b,C’Z)_nZ:‘) B(b,C—b) n!’ (8)
(lzl <1; Rc) >R b)) >0).
F(a,b;c;z)
_ 1 ! b-1 c-b-1 —a
= m JO t (1 - t) (1 - Zt) dt, (9)
(Jarg(1=2)| < 1R () > R(b) > 0).
D (b;c;2)
_ 1 L c—b-1
= m JO t (1 - t) exp (Zt) dt, (10)

R@>R (D) >0).

Gauss hypergeometric function and confluent hypergeo-
metric function are special cases of the generalized hyperge-
ometric series ,F (p,q € N) defined as (see [8, p.73]) and [9,
pp. 71-75]:

04 I ) AP
PFq 1 g
B s By

= qu(“p--~

@ ((xl)n...(%)n 2
Z] ;;)(ﬁl)n"‘(ﬁq)n N
, P;[Sl,...,ﬁq;z),

where (£), is the Pochhammer symbol defined (for € C)
by (see[9, p.2 and p.5])

1 (n=0)
&), = (12)
EE+1)...E+n-1) (neN)
r .
_ (FE(;”) (EeC\Z5), 13)

and Z; denotes the set of nonpositive integers and I'(§) is
familiar Gamma function.

The Fox-Wright function ¥, is defined as (see, for
details, Srivastava and Karisson [10])

(al,ocl),...,(ap,ocp);
Y [z] = ¥
r ! ql: (bl’ﬁl)""’(bq’ﬂq);
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_ oy [ (ai’(xi)l,P; z]
P (b By), s
© 12T (g +am) 2"
(14)

where the coefficients «;,...,a,, fi,..., B, € R" such
that

q p
1+ Y B- Y20 (15)
j=1 i=1

Motivated from the above literature, we introduce new exten-
sion of classical beta function in (16) and its convergence is
studied in Theorem 1 in Section 2. Using MATLAB(R2015a),
the numerical results and graphs are presented in Section 3
and also radius of convergence of new extension of classical
beta function is discussed on the basis of numerical results
established by using MATLAB software. We establish the
integral representations and study the properties of new
extension of classical beta function.

Using the new extended beta function, extension of
the beta distribution is also introduced; Gauss hypergeo-
metric function and confluent hypergeometric function are
extended by employing the new extension of classical beta
function. Then we have studied the generating relations,
extension of Riemann-Lioville fractional derivative operator.
Fractional integrals of extended hypergeometric functions
and their image formulas in the form of beta transform,
Laplace transform, and Whittaker transform have been
also established. The solutions of fractional kinetic equa-
tions involving extended Gauss hypergeometric function and
extended confluent hypergeometric function are established.
The numerical results and graphical interpretation have made
it easier to study the nature of these fractional kinetic
equations.

2. Extension of Beta Function

In this section, we introduce new extension of classical
beta function. Its convergence is proved mathematically;
then numerical results are established for different values of
parameters involved.

We introduce new extension of classical beta function as
follows:

1
MCBm ((x) ﬁ) _ J t(x—l (1 _ t)’B_l emt(l—t)dt, (16)
0
where R(x) > 0,R(B) > 0,m € C;|m| < M (where M is
positive number).

Theorem 1. If R(a) > 0, R(B) > 0,m € C;|m| < M (where
M is positive number), then the new extension of the classical
beta function in equation (16) is convergent.

WORLD TECHNOLOGIES




New Extension of Beta Function and Its Applications

Proof. We can write (16) as follows:

“p,@p)= [ e - SISO,
0

n=0 n!
17)

o0 n

_ m_ Jl t(x+n—1 (1 _ t)/3+n—1 dt,
0

|
n=0 n.

and further, using the definition of classical beta function
(6), (17) reduces to

(o]

MEB (a, B) = Z n:—:lB (a+n,B+n). (18)

n=0 """

In the above equation, “B, (a,p) is in series form
involving B(ew + n, 3 + n) (where n = 0,1,2,...) and in
each term of the series, B(a + n, § + n) is convergent, since
R(ax+mn)>0and R(B +n) > 0for R(«) > 0 and R(B) > 0,
which implies that each term of the series (18) exists.

Now we shall prove that B, (a, ) is convergent. m
may be greater than or less than 0, so there are two cases as
follows.

Case 1. If m > 0, then we need to prove that M°B, (a, f) is
convergent.

Equation (18) can be written as

[ee]
MCBm (“’ B) = zaﬂ’
n=0

(19)
mn
where a,, = EB(oc+n,ﬁ+n).
Further,
lim =00 > 1. (20)
n—:oo a

n+1

By ratio test for positive series, “°B, («, ) is convergent
form > 0.

Case 2. If m < 0, then we need to prove that the extension of
classical beta function B,,(«, f8) is convergent.

To prove this case, let m = —p (where p > 0); then (18)
becomes

MCBm (e, B) = OZ<):%B(()c+n,[3+n). (21)

Equation (21) can be written as

(o]

MCB,, (@ B) ==Y (-1)" b,
n=0 (22)

where b, = p—'B((x+n,[3+n).
n!

The series (22) is an alternating series; therefore

(1) b, >0,Vp>0,R(x, ) >0
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2.2 — oc:ﬁ:Z,S
2.3

bt

F1GURE L: Graph of new extension of classical beta function for fixed
valueof a, fandm = -2 : .5: 2.

(2) b,—b,,, = (p"[n))Bla+n, B+n)[1-(a+n)(f+n)/(a+
B+2n)(a+ f+2n+1)] >0 = b, is decreasing

(3) lim,,_, b, =0if p <2 (p"/n! — 0asn — oo only
iftp<2and B(a +n,B+n) — 0asn — 00)

All the conditions of Leibniz’s test for alternating series have
been satisfied; therefore B, («, ) is convergent for 0 < p <
2 ie —-2<m<0.

From Cases 1 and 2 it is implied that the power series in
(18) is convergent. ([

3. Numerical Results and Graphs of New
Extension of the Classical Beta Function

The numerical results of new extension of classical beta
function have been calculated in this section. For this purpose
we choose the values of variables «, 3 and parameter m as
«, B € [0,10] and m € [-2.0335,2.0335]. All the numerical
values of new extension of the classical beta function are
presented in Tables 1 and 2, from which we can easily observe
that M°B, («, 8) does not exist at « = B = 0 and it is also
investigated that ““B, (a, B) does not exist for m < —2.0335
and m > 2.0335 M°B,(a,f) — oo asaf — 0and
MCB (a,B) — 0as a, f —> 00, which implies that the
behaviour of new extension of classical beta function is the
same as that of classical beta function.

We also check the effect of m on the new extension of
classical beta function. For this purpose, we fix the values
of « and 8 as shown in Figure 1, then we plot the graph
which depicts that M°B, («, B) is an increasing function as
the values of m increase. It is very clear from Figure 1 that
for the graph of classical beta function, new extension of
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TaBLE 1: Numerical values of new extension of classical beta function ™°B, («, f5).
o B m = -2.0335 m=-2.0 m=-1.0 m = 0.0
0.00 0.00 NaN NaN NaN NaN
0.01 0.01 198.27177610 198.29548624 199.06411204 199.96757732
0.02 0.02 98.27460320 98.29781890 99.05065967 99.93608768
0.03 0.03 64.94418565 64.96691911 65.70435720 66.57217010
0.04 0.04 48.28052079 48.30278382 49.02519017 49.87579792
0.05 0.05 38.28360599 38.30541007 39.01314459 39.84694542
0.06 0.06 31.62010537 31.64146162 32.33487366 33.15225447
0.07 0.07 26.86144500 26.88236422 2756179291 28.36312969
0.08 0.08 23.29333673 23.31382939 23.97960405 24.76526226
0.09 0.09 20.51895277 20.53902903 21.19146950 2196180446
0.10 0.10 18.30019555 18.31986529 18.95928227 19.71463949
1.0 1.0 0.72102562 0.72477846 0.84887277 1.00000000
2.0 2.0 0.11166177 0.11238923 0.13665458 0.16666667
3.0 3.0 0.02163870 0.02179192 0.02692731 0.03333333
4.0 4.0 0.00455690 0.00459058 0.00572283 0.00714286
5.0 5.0 0.00100158 0.00100918 0.00126512 0.00158730
6.0 6.0 0.00022592 0.00022766 0.00028649 0.00036075
7.0 7.0 0.00005185 0.00005225 0.00006594 0.00008325
8.0 8.0 0.00001205 0.00001214 0.00001536 0.00001943
9.0 9.0 0.00000283 0.00000285 0.00000361 0.00000457
10.0 10.0 0.00000067 0.00000067 0.00000085 0.00000108
TABLE 2: Numerical values of new extension of classical beta function "B, («, f).
o B m = 0.0 m=1.0 m=2.0 m = 2.0335
0.00 0.00 NaN NaN NaN NaN
0.01 0.01 199.96757732 201.03554301 202.30476477 202.35127432
0.02 0.02 99.93608768 100.98330172 102.22848838 102.27412810
0.03 0.03 66.57217010 67.59910183 68.82077895 68.86556756
0.04 0.04 49.87579792 50.88290361 52.08158267 52.12553836
0.05 0.05 39.84694542 40.83466875 42.01084757 42.05398809
0.06 0.06 33.15225447 34.12102693 35.27519021 35.31753282
0.07 0.07 28.36312969 29.31337104 30.44599075 30.48755229
0.08 0.08 24.76526226 25.69738092 26.80891675 26.84971362
0.09 0.09 2196180446 22.87619790 23.96709764 24.00714582
0.10 0.10 19.71463949 20.61169459 21.68239456 21.72170964
1.0 1.0 1.00000000 1.18459307 1.41068613 1.41909001
2.0 2.0 0.16666667 0.20385173 0.25000000 0.25172603
3.0 3.0 0.03333333 0.04133360 0.05133577 0.05171118
4.0 4.0 0.00714286 0.00892526 0.01116423 0.01124846
5.0 5.0 0.00158730 0.00199311 0.00250456 0.00252383
6.0 6.0 0.00036075 0.00045452 0.00057299 0.00057746
7.0 7.0 0.00008325 0.00010515 0.00013287 0.00013392
8.0 8.0 0.00001943 0.00002458 0.00003112 0.00003137
9.0 9.0 0.00000457 0.00000579 0.00000734 0.00000740
10.0 10.0 0.00000108 0.00000137 0.00000174 0.00000176

classical beta function remains concave upward (or convex  curve up or drags down the curve from the curve of the
downward) for different values of «, 3, and m. The value  classical beta function. In Figure 2, Mesh-Plot is established
of m does not affect the nature of classical beta function; of new extension of classical beta function, which can be
the main effect of the value of m is that it just pushes the  easily interpreted.
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FIGURE 2: Mesh-Plot of the new extension of classical beta function.

From the above proof of radius of convergence of series
and further numerical investigation of the power series in
Tables 1 and 2, we find that the interval of convergence of the
series is [-2.0335,2.0335], which implies that McBm(oc, B)is
convergent for [m| < M, where M is positive number not
greater than 2.0335.

Note 2. From the above discussion, it is easy to conclude that
the value of R(m) lies in the interval [-2.0335,2.0335]; i.e.,
~2.0335 < R(m) < 2.0335.

Note 3. In the sequel of this paper, |m| < M represents the
circle of convergence and M is the radius of convergence of
(16), where M is not greater than 2.0335.

Remark 4. For R(a) > 0, R(B) > 0,m € C;|m|l < M
(where M is positive number not greater than 2.0335), the
new extension of classical beta function can be presented in
the relation Fox-Wright function (see (14)) as follows:

Xm"T(a+n)T(B+n)

Y B = Y T pr )

n=0

()

The above result is obtained from (18).

(23)

4. Integral Representation of the New
Extension of Classical Beta Function

The integral representation of the new extended beta function
is important both to check whether the extension is natural
and simple and for later use. It is also important to investigate
the relationship between the classical beta function and
the new extension of the classical beta function. In this

connection, we first provide a relationship between them. The
following integral formula is useful for further investigation
[11]:

_ )
npr”’

(wherey = m—+1> and R (B) > 0.
n

JOO x™ exp (—-Bx") dx
' (24)

Theorem 5 (relation between new extension of the classical
beta function and the classical beta function). IfR(a+s) > 0,
R(B+s)>0,meC;|m| <M (where M is positive number
not greater than 2.0335), then we have the following relation:

J m! MCBm (o, B) dm
0

=(-1)'T(s)B(a+spB+s).

(25)

Proof. Multiplying both sides of (16) by ", then integrating
with respect to m from m = 0 to m = 0o, we have

J m*! MCBm (o, B) dm
0

B .[000 e “ol -

-exp (mt (1 -1)) dt] dm,

(26)

and interchanging the order of integration, (26) reduces
to

ro m ' MCB (&, B) dm = jl R R
0 0
- (27)
) [J m* " exp (mt (1 —t)) dm] dt,
0
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and further using the formula given in (24), after simpli-
fication, (27) reduces to

JOO m* ' MCB («, B) dm
0
: (28)
= (-1)°T (s) J £ (- P gy,
0

and using the definition of classical beta function, we have the
required result. O

Remark 6. By setting s = 1, the result in (25) reduces to

JOOMCBm (e, B)dm=-B(a+1,B+1),
0 (29)

R(x)>-1, R(P) > -1

which gives the interesting relation between classical beta
function and new extended beta function.

Remark 7. All the derivatives of the new extension of classical
beta function with respect to the parameter m can be
expressed in terms of the function as

%MCBM ((x) ﬁ) =B ((X + n,ﬁ + 7’1) 5 (30)

R(a+n) >0, R(B+n)>0.

Theorem 8 (integral representations of the new extension of
the classical beta function). If R(«) > 0, R(f) > 0, m € C;
|m| < M (where M is positive number not greater than 2.0335),
then we have the following relation:

/2
MCB (@, f) =2 J cos™ 0 sin* ' exp (m cos’0 sinZG) de, (31)

0

MC e u! ( mu )
By () = Jo (1 +u)*F P (1+u)? it (32)
YCp (af) =+ jm ARV, ( mu )du (33)
m 2 e (1wt P (1+u) ’
MCB,, (@ B) = (c—a)™*F
[ 0 e e (U0 (34)
L (u-a)" (c-u) exp( ap du,
YCB,, ()
1-# (35)
:21—¢x—ﬁJ’1 (1+t)a_1 (l—t)ﬁ_l exp(”’l( t )>du)
1 4
"°B,, (@)
_ peap [ _ m dx (36)
) Jﬁmexp [(oc B)x+ 4cosh2x] o

Applied Principles of Mathematical Analysis

B, (@ p)
o (37)
_rap H (o m dx
2 L cosh (&= B) x) exp [4cosh2x] (cosh x)‘”ﬁ’
M°B,, (a, B)
 ap 00 l B m dx (38)
=2 J—m P [2 (o= B+ 2 cosh X] (cosh x/2)**P '
M°B,, (a, B)
(39)

ocap [ cosh((a - B)x/2) m
=2 .[0 (cosh x/2)%F P [2 coshx] dx

Proof. The result (31) can be easily obtained by setting ¢ =
cos?6 in (16); to prove (32) choose t = u/(1 + u); (33) can be
easily obtained by applying the symmetric property in (32)
then adding new one and (32); the result in (34) is obtained
by taking t = (u — a)/(c — a), and setting a = —1,¢ = 1 in
(34) gives the result in (35) and to prove the result in (36) put
u = tanh x in (35). The results in (37), (38), and (39) can be
easily obtained from the result (36). O

Remark 9 (useful inequalities). If R(a) > 0, R(B) > 0, then
we have the following inequality

B, (e, B)| < 1.6626B (a, B) (40)

follows from the integral representation (32), since the func-

tion exp(mu/(1 + u)%) attains its maximum value 1.6626 at
u = 1and m = 2.0335.

5. Properties of the New Extension of
the Classical Beta Function

Theorem 10 (functional relation). If R(«x) > 0, R(B) > 0,
m € C; |m| < M (where M is positive number), then we have
the following relation:

MCB (a,B+1)+ M°B,, (a+1,8) = VB, (o, f). (41)
Proof. Using the definition of new extension of beta function,
LHS of (41) is equal to

1
J frra-of vt q-pf e ar, (42)
0
and after simplification (42) reduced to
1
J {t(x—l (1 _ t)ﬁ—l} emt(l—t)dt _ MCBm ((X,ﬁ) ) (43)
0
O

If we choose m = 0, we get the usual relation for the beta
function from (41).

Theorem 11 (symmetry). If R(x) > 0, R(B) > 0, m € C;
|m| < M (where M is positive number), then we have the
following relation:

VB, (0. ) = "B, (B,1). (44)
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Proof. From (18), we have
MCB (o, B) = E%B (a+nB+n), (45)

and since usual beta function is symmetric, i.e., B(e, ) =
B(f, &), using this property in the right-hand side of (45),
then we have

MEB (a, B) = im—:lB(ﬁ+n,(x+n)
n=0 " (46)
= MCBm (ﬂ’ (X) . O

Theorem 12 (first summation relation). If R(«x) > 0, R(1 -
B) > 0,m € C; |m| < M (where M is positive real number),
then we have the following relation:

MEB (a1 - ) = i%MCBm (a+m1). (47)
n=0 :

Proof. The LHS of (47) can be written as

MCBm (“’ 1- ﬁ)

1 (48)
_ J 71 (12 ) B exp (mt (1 = 1) d,
0

and using the binomial series expansion (1 — t)’ﬁ =
Yo o((B),/n))t" in (48) and then interchanging the order of
summation and integration, the above result (48) reduced to
the following form:

Y°B,, (@ 1-B)
0 49
= Z ([:1?” _[01 gl exp (mt (1-1t))dt = 49
n=0 °
MR (a1-B)=Y @Mcsm (@+n,1). (50)
n=0 n: O

Theorem 13 (second summation relation). If R(x) >
0,R(B) > 0,m € C;|m| < M (where M is positive number),
then we have the following relation:

MOB,, (. f) = Y MB, (a+mB+1). (51)
n=0
Proof. The LHS of (47) can be written as
1
MCB (a, ﬁ):J N1 -0 exp mt (1 - 1) dt, (52)
0
and using the binomial series expansion (1 — t)ﬁ_1 =
(1 - 0)*Y2,t"(Itl < 1) and interchanging the order of
summation and integration, (52) reduces to
MCB,, (@, B)

0 1 (53)
D J (1= P exp (mt (1 - 1)) dt =
0

n=0

153
MeB ()= D MOB, (a+nB+1). (54)
n=0 |:|

Theorem 14 (separation). If R(a) > 0, R(B) > 0, m € C;
|m| < M (where M is positive number), then MCBm((x, B) can
be separated into real and imaginary parts of m as follows:

MCBrcosB ((X’ﬁ)
1 (55)
= J 71 (1= 1)P exp (rt (1 - t) cos 0) dt,
0
MCBr sin 6 (OC, ﬂ)
(56)

1
= J - t)ﬁ_1 exp (rt (1 —t) sin 0) dt,
0

where r = \/x2 +y2=|m| < Mand6 =tan"'y/x.

Proof. Since m € C, soletm = x + iy, where x, y € R and

also let x + iy = rcosf +irsinf = r = /x> + y? and
0= tan_ly/x; then from (16), we have

MCB(x+iy) ((X, ﬂ)

1 . (57)
= J TR e exp (re’et (1- t)) dt,
0
and after simplification (57) reduces to
MC
B(rc056+irsin6) (06, ﬁ)
1
= J 71 (1= 0)F exp (rt (1 - t) cos ) dt (58)
0

1
+ ij 71 (1=1)P exp (rt (1 - £) sin 0) dt.
0
Equating the real and imaginary parts of m only, we have the
required results. O

6. Applications of New Extension of the
Classical Beta Function

It is expected that there will be many applications of the new
extension of the classical beta function, e.g., new extension
of the beta distribution, new extensions of Gauss hyperge-
ometric functions and confluent hypergeometric function,
generating relations, and extension of Riemann-Liouville
derivatives. All these have been introduced in the following
subsections.

6.1. The New Extension of the Beta Distribution. One appli-
cation that springs to mind is to statistics. For example, the
conventional beta distribution can be extended, by using our
new extension of the classical beta function, to variables p and
q with an infinite range. It appears that such an extension may
be desirable for the project evaluation and review technique
used in some special cases.
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We define the extension of the beta distribution by

1@

tP1 (1 =) exp (mt (1 - t))

= MCB,, (p.q)
0, otherwise.

, O0<t<l1 (59)

A random variable X with probability density function
(pdf) given in (59) will be said to have the extended beta
distribution with parameters p and g, —co < p,q < 00, and
|m| < M where M is positive number. If v is any real number
[12], then

MCB, (p+7.q)

E(X") = : (60)
MCB,, (p.q)
In particular, for v = 1,
MC
B, (p+14)
pu=E(X) = (61)
MCB,, (p-q)
represents the mean of the distribution and
o’ = E(X*) - (E(X))’
(62)

_ "B, (p.9) B, (p+2,9) - "B, (p+1,9)
MCBL (P a)

is a variance of the distribution.
The moment of generating function of the distribution is

i t"E(X")

n!

M (t) =
n=0 (63)

1 ot
= WZ—'MCB,H (p+ngq).

© MC ny— n

Applied Principles of Mathematical Analysis

The commutative distribution of (59) can be written as

MC
B ,
F(x) = 7MC];":(§:)), (64
where
MCB,r (P 9)
= rtp* (1-1t)T " exp (mt (1 - 1)) dt, (65)
0

|m| < M, —o0 < p,g< 00

is the new extended incomplete beta function. For m =
0, we must have p,q > 0 in (65) for convergence, and
MCBO,X( p>-q) = B.(p,q), where B.(p,q) is the incomplete
beta function [11] defined as

B, (p,q) = "B, (p.q)
xP (66)
- ?2F1(P’1_q5p= Lx).

It is to be noted that the problem of expressing
MCB,. (p,q) in terms of other special functions remains
open. Presumably, this distribution should be useful in
extending the statistical results for strictly positive variables
to deal with variables that can take arbitrarily large negative
values as well.

6.2. Extensions of Gauss and Confluent Hypergeometric Func-
tion Using the New Extension of Beta Function. In this
section, we extended the Gauss hypergeometric function
and confluent hypergeometric function via new extension of
classical beta function, which is defined as follows:

(67)

lz| < 1; R(y)>R(B)>0; |m| <M (where M is a positive real number).

oo MC ny— "
Mcq’m(ﬁ;y;Z) — Z Bg,(([[;;_g) B) =

(68)

lz| < 1; R(y) > R(B) >0; |m| < M (where M is a positive real number) .

We call MCFm(a, b; c; z) new extension of Gauss hyper-
geometric function and MC(Dm(b; c;z) new extension of
confluent hypergeometric function.

Note 15. If we choose m = 0, the above two new extensions
in (67) and (68) reduce to Gauss hypergeometric function

and confluent hypergeometric function given in (7) and (8),
respectively.

6.3. Numerical Results of New Extension of Gauss Hypergeo-
metric Function and New Extension of Confluent Hypergeo-
metric Function. intoHere, we present the numerical values
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TABLE 3: Numerical values of new extension of Gauss hypergeometric function MCFm(Z, 1;3; x).

X m=-2 m=-1 m=0 m=1 m=2
0.0000 0.7248 0.8489 1.0000 1.1846 1.4107
0.1000 0.7734 0.9080 1.0721 1.2728 1.5188
0.2000 0.8308 0.9778 1.1572 1.3768 1.6463
0.3000 0.9000 1.0618 1.2594 1.5017 1.7993
0.4000 0.9855 1.1653 1.3853 1.6552 1.9870
0.5000 1.0947 1.2972 1.5452 1.8495 2.2240
0.6000 1.2410 1.4730 1.7572 2.1061 2.5356
0.7000 1.4512 1.7236 2.0570 2.4664 2.9701
0.8000 1.7914 2.1235 2.5295 3.0270 3.6382
0.9000 2.4976 2.9335 3.4632 4.1089 4.8982
1.0000 6.7829 7.5302 8.4142 9.4648 10.7195

TaBLE 4: Numerical values of new extension of confluent hypergeometric function ™ F, ,(1;3; x).

X m=-2 m=-1 m=0 m=1 m=2
0.0000 0.7248 0.8489 1.0000 1.1846 1.4107
0.1000 0.7478 0.8769 1.0342 1.2264 1.4620
0.2000 0.7721 0.9064 1.0701 1.2704 1.5159
0.3000 0.7976 0.9374 1.1080 1.3167 1.5726
0.4000 0.8245 0.9701 1.1478 1.3654 1.6324
0.5000 0.8528 1.0045 1.1898 1.4167 1.6953
0.6000 0.8826 1.0408 1.2340 1.4707 1.7616
0.7000 0.9141 1.0790 1.2806 1.5277 1.8314
0.8000 0.9473 1.1194 1.3298 1.5879 1.9051
0.9000 0.9824 1.1620 1.3817 1.6513 1.9828
1.0000 1.0195 1.2070 1.4366 1.7183 2.0649
of new extension of Gauss hypergeoemtric function and new MC N 1 ! B-1 a-y-1
. ) N F,(aBy;2) = ————— (1+u)
extension of confluent hypergeoemtric function in Table 3 B(B.y-PB) Jo (70)
and Table 4 for m = -2 : 1 : 2. Further their graphs are ,
plotted in Figure 3 and Figure 4, respectively. When m = 0 1+ (1 -z)u) ™ O gy,
we have the values of Gauss hypergeoemtric function and
confluent hypergeoemtric function. MCE (o, Biys 2) = _ 2
B(B.y-B)
6.4. Integral Representation of New Extension of Gauss Hyper- /2 — 71
: X X _ 02510 cos? 2519 (1 — 2 sin%0 (71)
geometric Function and New Extension of Confluent Hyperge- sin cos Zsin
ometric Function. The new extension of Gauss hypergeomet- 0
ric function and new extension of confluent hypergeometric . /msin’0cos’® g9
function can be provided with an integral representation by
using the definition of the new extension of classical beta
function (16); we have the following. Proof. Equation (67) can be written as
Theorem 16. For the new extension of Gauss hypergeometric .
. e M
function MCF, (a, B;y;2), we have the following integral MCE (a, Biysz) = i (@) B, (B+ny-p) Z"
representations: m &P Y3 2) = B(B,y-p) n!
1
MC 1 -1 —p-1 Z (@),
Ey, (B y52) :=7I -t B(ﬁy Bz
B (ﬁ’ Y- ﬁ) 0 (69)
! pn-1 B-1_mt(1 2"
. +n— _ p\y-p-1 mt(l-t) <
(11— Zt)—a emt(l_t)dt, J;) t (1 t) e ol dt
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12 T T T T

10 +

MCE (2,1;3:2)

— m=-2.0 —— m=0.5
— m=-1.5 — m=1.0

m=-1.0 —— m=1.5
—— m=-0.5 —— m=2.0
—— m=0.0

FIGURE 3: Graph of the new extension of Gauss hypergeometric
functionfora« =2,8=1,y=3,andz=0:0.1: 1.

1

B(B.y-B)

1 . e | (00 t n
J (B (1 = pyr B g t)z (@), (tz) dt
0 n=0 n!

1

B(B.y-Pp)

1
: J P =P (1 = tz) MO,
0

(72)

Setting u = t/(1 — t) in (69), we have the required result
(70).

Again if we choose t = sin?6, we obtain the result (71).

O

Remark 17. Choosing z = 1 in (69), we have the following

relation between new extensions of Gauss hypergeometric
function:

MCE,, (o B ys 1)

1 ! B-1 —a—p-1 _mt(1-
[ t 1_tyal3 mt( t)dt
o] S 73

_ "B, (By-a-p)
B(B.y-P)
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18 T T T T
16 +
LA
I2F- oo e o)
‘ ‘ ‘ ‘ //
& 10} '/
=) "/
g
S 8t s
O %
= //
6+ s -
///
4t L _
2k . = = i
e
0 1 1 1 1
0 1 2 3 4 5
z
— m=-2.0 —— m=0.5
— m=-1.5 —— m=1.0
m=-1.0 —— m=1.5
— m=-0.5 —— m=2.0
—— m=0.0

FIGURE 4: Graph of the new extension of confluent hypergeometric
functionfor =1,y =3,andz=0:0.1:1.

Theorem 18. For the new extension of confluent hypergeo-
metric function MC®, (o B; x), we have the following integral
representations:

Mo, (Bysz) = -
m (B y32) 5y p)
) (74)
J (1 (1 = gy B ot gy
0
MCy, (/3‘ V; z) — ;
T B(By-B)
. (75)
. J u/3—1 (1 + u)—y ezu/(1+u)emu/(1+u)2du,
0
MC(D (ﬂ v Z) — #
e B(B.y-P)
(76)

/2 2B-1 2y-2B-1p zsin’0 _msin’Ocos’0
. J sin“"™ 0 cos™ 0e=" Ve do.
0

Proof. The proof of this theorem would run parallel to those
of Theorem 16, so we skip the proof of this theorem. O

6.5. Differentiation Formulas for the Representation of the New
Extension of Gauss Hypergeometric Function and New Exten-
sion of Confluent Hypergeometric Function. In the present
section, by using the formulas B(S, y—f8) = (y/B)B(S+1,y-f)
and («),,; = a(a + 1),, we obtain new formulas including
derivatives of the new extension of Gauss hypergeometric
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function and new extension of confluent hypergeometric
function with respect to the variable z; we have the following.

Theorem 19. If &, 5,y € C; R(y) > R(B) > 0and |m| < M
(where M is positive real number), then we have the following
result:

;; {Y°F,, (& B y;2)}
_ (ﬁ)n (“)n MC
(1),

Proof. Taking the derivative of M“F, (a, B;y; z) with respect
to z, we have

jz {Y°F,, (@, B y;2)}

(77)
EF, (a+nB+my+nz).

= 020: o Y°B,, (B+ny-p) 7%
= B(By-p) -1V
and replacing n — n + 1, (78) reduces to

d

—{"F, (B2}
pa "B, (B+n+1y-p)

== 1

& TS EEm Gen 7)
B mc

=—""F (a+1LB+Ly+1z),
4

and with recursive application of this procedure in (79), we
have the desired result (77). O

Theorem 20. If B,y € C; R(y) > R(B) > 0and |m| < M
(where M is positive real number), then we have the following
result:

;Zn "o, (By:2)}

_ (ﬂ)n (“)n MC " "
—7()})” O, (B+my+nz).

(80)

Proof. The proof of Theorem 20 is as that of Theorem 19, so it
can be omitted here. O

6.5.1. Generating Relations Associated with Hypergeometric
Functions

Theorem 21. If , B,y € C;k € R; R(y) > R(B) > 0 and
|m| < M (where M is positive real number), then the following
generating functions hold:

Z (@), MCF

=(1-1)" MCFm <oc, Bs s %

(a+n, By z)
(81)

—t), (¢ < 1).

157

Proof. Let the left-hand side of (81) be denoted by &’; then
using the definition of new extension of Gauss hypergeomet-
ric function, we have

S

_oo I MCBm(ﬁ‘I'k,)/—ﬁ)zk " (82)
—g(a>n[g)(a+n)k 5By f) K|

Upon reversal of the order of summation and then using
the identity (), (& + 1), = (@) (« + k),,, (82) reduces to

S

_S </3+ky p)
-%( )k B (.7 [ZO(

and further using the definition of binomial (1 —¢
Zzzo(oc +k), (" /nl), (t] < 1) in (83), we have

S MB, (Brky-p) 42

S = m 1-0) k= (84
go(oc)k 5057 F) =n"F o (89)

g k (83)
+k), —] z

)—oc—k —

and interpreting the above equation with the view of (67),
we have the desired result (81). O

Theorem 22. Ifa, 3,y € C;k € R; R(y) > R(B) > 0 and

|m| < M (where M is positive real number), then the following
generating functions hold:

a+k—
Z ( )MCFm,k (o +k Brysz)t*

=(1-07"“ MCFm,k <oc, Bs y;% - t), (It < 1).

Proof. For convenience, let the left-hand side of (85) be
denoted by 7. Applying the series of (67) to 7, we get

g Z(oc+k—1)
.{OO MCBm(B+n,y—[3)z_”}tk

(85)

(86)

a+k
2@ e p

By changing the order of summation in (86) and using the
known identity ([13, p.5]), namely,

@\ I'(x+1)
n) nl(a-n+1)

then, after little simplification, we obtain

(neNjsaeC), (87)

7= @,
"B, (B+ny-p) {""(M””‘ k} (88)
56r-p & )
il
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Further, upon using the generalized binomial expansion, we
find that the inner sum in (88) yields

® k-1
Z(aﬂl; )t"=(1—t>(“*’”, (It <0). (89)
k=0

Finally in view of (88) and (89), we get the desired assertion
(85) of Theorem 1. O

A further generalized Gauss hypergeometric function
(67) is given in the following definition.

Definition 23. Let us introduce a sequence {{ ,(:x’p '} defined by
C(“P)( ) = C(“P) ((X>ﬁ§]/§z)

=Yk, (A (pa+k), By z)

where o, 3,y € C;k € R;p € N; R(y) > R(B) > 0and
|m| < M (where M is positive real number); for convenience,
A(p; o) abbreviates the array of p parameters

(90)

ax+l a+2
P e T p
Now, we prove the following result, which provides the

generating functions for the Gauss hypergeometric function
defined above.

a+p-—1

, (peN). (91)

Theorem 24. For each p € N, the following generating
functions hold true:

00 1+ k-
Z(M i l)c‘“‘”( s
k=0
(92)
=(1-0"" (“P)<(1_Zt)p>’ (It < 1)

wherea, B,y € Cik €e R;p e Ns1 e Ny R(y) > R(B) > 0and
|m| < M (where M is positive real number).

Proof. Using the definition introduced in (90) and the new
extended Gauss hypergeometric function introduced in (67);
then changing the order of summations, the left hand side of
(92) (say I) leads to

. oc+l> <(x+l+p—1>
I= b Y L
.MCBm(ﬁ+n,y—ﬁ {i((x+l+np+k—l> (53)

B(B.y-P)

k=0

Now taking (90) into account, one can easily arrive at the
desired result (92). O

Remark 25. It may be noted that if we set p = 1 and replace
a by o — 1 in (92), we are easily led to the result (85).
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6.6. Extension of Riemann-Liouville Fractional Derivative.
In this section, we introduce new extension of Riemann-
Liouville fractional derivative operator:

MeDET (£ (2))
1 u-1 mt(z t)/z (94)
- T )jf(ﬂ(z oy dt
andforn—1<Ru) <n,n=1,2,.
MEDET ()} = LMD £ (2))
a1
T dzt |T (~p+n) (95)

. J f (t) (Z _ t)—y+n—1 EMt(Z_t)/szt} ,
0

where the path of integration is a line from 0 to z in
complex t—plane. For the case m = 0, we obtain the classical
Riemann-Liouville fractional operator.

We start our investigation by calculating the extended
fractional derivative of some elementary functions.

Lemma 26. Let &,y € C;R(E) > -1, R(y) < 0and Im| < M
(where M is positive real number); then we have

MCBm (E + 1) —[/l) E-u
— LK
T(-p)

Proof. Employing the definition given in (94) in the left-hand
side of (96), we have

MCppem iz} = (96)

MCDy,m{ z’;} !

‘ T ()

Choosing t = zu, (97) reduces to

J- t{; (Z t) u-1 mt(z t)/2* dt. (97)

MCD;Z4,m {ZE}
1 1
= J (zu)E P ) MW 2 ay
L(=p) Jo
g 1 (98)
I J ut (1-u)*?! A0 gy
T (=) Jo
_ MCB (£+1 #) { ‘u
T(-p)
O

Lemma 27. Let &, o, p € C;R(E) > 0,R(ar) > 0,R(p) < 0,
|z| < 1and|m| < M (where M is positive real number), then
we have
MEpEEm Lzt —1(1-2)}
NE3) (99)

—— () lMCF ( E.”s )
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Proof. Employing the definition given in (94) in the left-hand
side of (99), we have

MC ~é—um [ _E -a) _ 1
D; z2-1(1-2) "=
{ } T(u-9)
(100)
: J 71 (1 = 1) @ mEDE (e gy
0
Choosing t = zu, (100) reduces to
-1
MC yE-um [ & oy 2
D; z2-1(1-2) "=
{ } T(u-9)
1
. J £ (1-uz)*(1 - w)t st =) gy,
’ (101)
Z#!
S T(u-9)

1
. J £ (1-uz)*(1 - w)t st g gy
0

and further employing the result in (69), after simplification,
we have the required result (101). O

Theorem 28. Let f(z) be an analytic ﬁmctzon in the disc |z| <

p and it has the power series f(2) = Yo, a,2"; then we have
the following result:
MCD};,m{ f(z)} MC !””{ E- lza Z }
n=0
(102)
E pu=1 MC
2 B E )2

where &, u € C;R(E) > 0, R(y) < 0and |m| < M (where M
is positive real number).

Proof.

YD (e f (2)) = MCHm1EIZaz}

n=0
__ 1 ‘ 57100 no_ \-p-l mt(z-t)/2

"o Lt ;ant (z-t)*'e dt
(103)
1 -1 _-p-1 —p-1
F(M)j @ 2 (1-9)

M) Zan (z&)" z dE.
n=0

The series Y., a,(z€)" is uniformly convergent in the
disc |z] < pfor 0 < & < 1 and the integral
jol |E51(1 — £)F LU0 E s convergent provided that
RE > 0,R(u < 0and [ml < M (where M is
positive real number), therefore we can interchange the order
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of integration and summation; after simplification, above
equation (103) reduces to

MCD,AZJ,m {folf (Z)}

E-pu-1 oo 1 (104)
_z n E4n—1 —u=1_mé&(1-¢)
— ) a,z & 1-¢& e dé,
F(—#);} Jo

and interpreting (104) with the view of the definition of new
extension of classical beta function (16), we have the required
result. O

Theorem 29 (linear generating function). Let «,f3,&, €
CGRE) > 0,R(P) > R(w) > 0and |m| < M (where M is
positive real number), such that |x| < min{1, |1 — t|}; then we
have the following result:

Z(E)"MC E+nafx)t"
(105)
—(1-p)tMCy
- (1- 0 F, (§asp ).
Proof. Let us consider the elementary identity
&
RS SR 3 R
(=% -t =1 -1 [1 = ] (106)

Expanding the left-hand side of (106) for |t| < |1 - x|, we have
SOy L)
= n! 1-x

X ]‘5
1-tl -
Further, multiplying both sides of (107) and then applying
the new extension of fractional derivative operator Dz_ﬁ ™ on

both sides, we have
R4 t >n a-1
*) < 1-x * }

MC ~a—pm OO@
DY {;) o

_ -&
_ —& MC . @Bm oc—l[ x ] }
=(1-t D 1-—| t.
(1-1) N {x T

Interchanging the order, which is valid for R(«) > 0 and
[t| < |1 — x|, we have

(107)
=(1-0" [1 -

(108)

Z (E)nMC o ﬁm{ a—1 (1 _ x)—E—n} e

- -£
_ —E MC & Bm | g1 X
_(1—t) Dx {x [1—:] }

Now applying the result established in (99) in (109), after
simplification, we have the required result (105). O

(109)
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6.7. Transformation Formulas

Theorem 30. Let o, 3,8, € C;R() > 0,R(B) > R(a) > 0
and |m| < M (where M is positive real number), then we have
the following transformation formula:

MO, (a, B y32)
_ _ —-a MC QoA z
=(1-2) F,, (oc,y B B —(z D ) , (110)

arg (1-2)| < m,

MCE, (06, Bsys1— l)
z (111)

=z"F (ay-Bipi1-2), |ag(2)|<m,
MC 2
o)
=(1+2)*MF, (0y-B:B2), (12)

arg (1 + 2)| < 7.

Proof. To prove the theorem, we consider the following
identity:

[1—z(1—t)]‘“=(1—z)“"<1+lit)_“. (113)

-z

Replacing t into 1 — t, then using the result (113) in (69),
after simplification, we have

(1-2)"°
B(B.y-PB)

1 -0
J P (1 - )P <1 + Lt) M g,
0 1-z

YO, (a, By ys2) =
(114)

further interpreted with the view of (69), we obtain the
desired result (110). O

7. Fractional Integration of New Extension of
Hypergeometric Functions

The concept of the Hadamard products (see [14]) is very
useful in our investigation.

Definition 31 (Hadamard products [14]). Let f(z) =
Yoo a,2" and g(z) = Y20 b,z" be two power series whose
radii of convergence are given by R; and R, respectively.
Then their Hadamard product is power series defined by

f*g)(z)= Za b,z", (115)

whose radius of convergence R satisfies R;.R, < R.

Applied Principles of Mathematical Analysis

In particular, let us consider the function ij(frf 92 b].
Its decomposition is illustrative. That is

Xireeer X
Fﬁfpf)[ 1 P ;z;b]
Yoo Vpir

1
= IFr[ ;z;b] (116)
Yireeor)
Xiheor X
* ng(:a’ﬁ;P’E)[ 1 P ;z;b].
y1+r"">yp+r

The above-mentioned detailed and systematic investiga-
tion by many authors (see, for example, [4, 15]) has largely
motivated our present study. Therefore, the results established
in this paper are of general character and hence encompass
several cases of interest.

In this section, we will establish certain fractional integral
formulas involving the new extension of Gauss hypergeomet-
ric function and new extension of confluent hypergeometric
function. To do this, we need to recall the following pair of
Saigo hypergeometric fractional integral operators.

For x > 0,¢,{,77 € C and R(£) > 0, we have

x 5%
(15577 ) () =
L&) (117)
. L (x - t)f‘l ,F, <£ + 061 - é)f(t)dt
and
(JErf0) === t-x0""
© ) N

AR (4 genE1 - T) o

where the function ,F,(.) is a special case of the gen-
eralized hypergeometric function, the Gauss hypergeometric
function.

The operator I () contains the Riemann-Liouville

Rg, () fractional 1ntegra1 operators by means of the following
relationships:

(RS f ) ) = (I2""f ) )
(119)
F(E)j (x—t)" f(t)dt
and
(WE o f 0) ) = (J557F () ()
1 (120)

- %J (t-x)"" f (o) dt.
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Itis noted that the operator (118) unifies the Erdelyi-Kober
fractional integral operators as follows:

(ES1F ) @) = (1527 ) )

e (121)
&-n rx
T ), oo
and
(KZLf () () = (J221f () (%)
0 roo (122)
- % L (t - ) N (1) dt.

The following lemmas proved in Kilbas and Sebastin [16]
are useful to prove our main results.

Lemma 32 (Kilbas and Sebastian 2008). Letting&,{,n € C be
such that R(&) > 0, R(p) > max[0, R({ - n)], then
T r -
(1557 () = P Lptn-0
’ T(p-OT(p+&+n)
Lemma 33 (Kilbas and Sebastian 2008). Letting&,(,1 € C be
such that R(E) > 0,R(p) < 1 + min[R (), R(n)], then
(Jesme™) ()

_ _T@=pt)I=p+l) o
T(1-p)T(E++n-p+1) '

The main results are given in the following theorem.

Pl (123)

(124)

Theorem 34. Let &,{,1, p, o, B, p.m € C;R(E) > ;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ — 1)]; then

(1541719, (o, Biys1) ) ()
et L(P)T(p+n-0)
=x
L(p-OT(p+&+1)
x MCF, (a, By x)
# B (pp+n-Gp-Cp+E+mx).
Proof. For convenience, we denote the left-hand side of the
result (125) by .#. Using (67), and then interchanging the

order of integration and summation, which is valid under the
conditions of Theorem 34, then

(125)

o) MC _
a z ((X) Bm (B +ny ﬁ) l (If,(,ntr&p—l)

0,x

B(By-p) n (126)
- (x).
Applying the result (123), (126) reduced to
& MCB (Brny-p)
j — m
2. E iy
(127)

T(p+mT(p+n-G+n) xPm !
T(p-C+n)T(p+&E+n+n) n
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After simplification, (127) reduces to
0 MC
B + > -
7= x"’(’lz (a), m (/3 n,y /3)
n=0 B (ﬁ’ Y- B)
(128)

L(p+m)I(p+n-C+n) x
T(p-C+mT(p+E+n+n)nl

Further using (a),, = I'(a + n)/I'(a), (128) reduces to the
following form:

5 =xP!

L(p)T(p+n-0) <
T(p-¢)T( P+E+ﬂ)z()

YB, (Brmy=B)  (p(p+n-9),

« (129)
B(By-p) (P=0),(p+&+m),
xﬂ
E;
= xP!
T(p)T |
(P)L(p+tn-0) MC B (wBppty (130)

T(p-O)T (p+E +1)

-Gyp-Cp+&+mx),

and interpreting the above equation with the help of the
concept of Hadamard given in (116), we have the required
result. O

Theorem 35. Let §, 0,1, p, o, B, p,m € C;R(E) > O;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R((), R(n)]; then

<]ii=(’)7tp—lMCFm <OC, ﬁ; s %)) (x) — xP—(—l

CT-p+I(n-p+1)
T(1-p)T(E+(+n-p+1) (131)

XMCFm(“’ﬁ;V;x) * 2F2(c_P+1,1’]—p+1;1

-pE+l+n-p+1;x).
Theorem 36. Let &,(,1,p,3,y.m € CR(E) > O;R(y) >

R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ —n)]; then

(15" M0, (Biyit)) (x)

pto1 L(p)T(p+1-0)
T(p-OT(p+&+n)

* B (pp+n—-Gp-Cp+Etmx).

"o, (fiyix) (132
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Theorem 37. Let &,(,n,p,5,7.,m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R((), R(n)]; then

<]§:i=c’)7t.0—lMCq)m <ﬁ’ ¥; %)) (x) — xP—(—l

CTE-p+)I(n-—p+1)
T(1-p)T(E+C+n-p+1)

* B ((-ptLn-p+L1-p&+{+n-p

x M0, (By%) (133,

+1;x).

Proof. The proofs of the Theorems 35, 36, and 37 are the same
as those of Theorem 34. O

7.1. Some Special Cases of the above Fractional Integral For-
mulas. By assigning the suitable values to the parameters
involved in the results established in Theorems 34-37, we
have the following special cases.

By putting { = &, the Saigo hypergeometric fractional
integrals operators reduces to Riemann-Liouville fractional
integral operators; then the results in (125), (131), (132) and
(133) reduce to the following form.

Corollary 38. Let &, p, o, B,p,m € C;R(E) > O;R(y) >

R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R(-E)]; then

(RS MCF,, (@ Byp3t)) (%)

_ xp+£—1 r (P)
T(p+8)

# 1 F (prp+&x).

MCE,, (o B ys x) (134)

Corollary 39. Let &, p,a, B, y.m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1 + R(E); then

(WiootpflMcFm <(x, Bsys %)) (x)

_ o1 T8 P
r(1-p)

# B (1-8-p1-p;x).

F,, (@ Bsy; x) (135)

Corollary 40. Let & p,B,p,m € CR(E) > OR(Yy) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max [0, R(=&)]; then

(R.t7 M, (B y:1)) (x)

_x+£—1 F(P) MC Sy x
= x” T(p+8) (Dm(ﬂ,y, )

# 1 F (prp+&x).

(136)
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Corollary 41. Let &, p, B, y,m € C;R(E) > 0;R(y) > R(P) >
0 and |m| < M (where M is positive real number), such that
R(p) <1+ R(); then

(metf”lMC@m < B:v; % )) (x)

:xp+£—1r(1_E_P)MC Sy x
F(l—p) (Dm(ﬁ’y’ )

# Fi(1-8-p1-ps;x).

By putting { = 0, the Saigo hypergeometric fractional
integrals operators reduce to the Erdélyi-Kober fractional
integral operators; then the results in (125), (131), (132) and
(133) reduce to the following form.

(137)

Corollary 42. Let &, n,p,0, B, 7,m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R(-n)]; then

(E17YCE, (o B y51) ) (0)

1 T(p+1) wmc o
= T(p+E+n) Fun o0 Bs75:)

* B (p+mp+E+mx).

Corollary 43. Let &1, p, 0, B,y,m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1 + min[R((), R(n)]; then

(Kﬁzgot”‘lMCFm (oc, By %)) (x)
p-1 T(n=-p+1) umc
F(E+n-p+1)

* FE(n—-p+LE+n-p+Lix).
Corollary 44. Let &, n,p,3,7,m € CR(E) > 0;R(y) >

R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R(-»)]; then

(B Mo, (Byst)) ()

(138)

(139)

F,, (e B ysx)

ol T(p+1) mc
=X _—
T(p+&+n)

s Fi(p+mp+E+mnx).

Corollary 45. Let &1, p,B,p,m € CR(E) > 0;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R((), R(n)]; then

(Kﬁ:ﬁot”’lMccbm < B s % )) (x)

@, By x) (140)

1 T=p+1) e .
TGy BT

* FL(n-p+LE+n-p+1Lx).

(141)
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If we choose m = 0, then new extension of Gauss
hypergeometric function and new extension of confluent
hypergeometric function reduce to Gauss hypergeometric
function and confluent hypergeometric function; then from
the formulae establisehd in (125), (131), (132) and (133), we
have the following results.

Corollary 46. Let &,{,n,p,a, B,y € C;R(E) > OR(Yy) >
R(B) > 0, such that R(p) > max[0, R({ — n)]; then

(I(ff;”tp‘l ,F

(o By t)) (x)

pc1 L(p)T(p+1-70)
T(p-OT(p+&+n)

# B (pp+n-Gp-Cp+E+nx).

x o F) (o, Brys x) (142)

Corollary 47. Let §,{,n,p,a, B,y € C;R(E) > O;R(y) >
R(B) > 0, such that R(p) < 1+ min[R({), R(y)]; then

_ 1 e
<]§:{o’<’>7tp 12Fl <“>/3$Y§?)>(x) = x” o

CT@-p+)I(n=p+1)
T-p)TE+{+n-p+1) |

#* 5 (-p+Ln-ptLl-pE+C+n—p

2 l(a’ﬂ;y;x) (143)

+1;x).

Corollary 48. Let &,,n,p, 5,y € CGR(E) > 0GRy >
R(B) > 0, such that R(p) > max[0, R({ - n)]; then

(157 o (B 1)) (00

ptc1 L(p)T(p+1-70)
T(p-0T(p+&+n)

« By (pptn-Gp-Lp+tmx).

(144)

@ (Bsysx)

Corollary 49. Let §,(,n,p,8,y € CGRE) > OR(y) >
R(PB) > 0, such that R(p) < 1 + min[R(), R(y)]. Then

(figtpﬂq’ <l3; Vs %)) (x) = xP¢7!

CTE-p+)I(n-—p+1)
T(1-p)TE+C+n-p+1)

* 2F2(C_P+1;”]—p+1;1—p,§+(+,7_p

D (B 5 x)

(145)

+1;x).

8. Beta Transform

The Beta transform of f(z) is defined as follows [17]:

B{f (2) : a,b} = Ll 27 (1-2"" f(2)d (146)
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Theorem 50. Let &,(,1,p, 3, 7,m € CR(E) > O;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ — 1)]; then

B {(Ig”i’y'tpflMcFm (o, B ys t)) (x):1, m}

T(p)T(p+n-)
T(p-OT(p+&+n)

MCF,, (., B y; x)

* 3B (pp+n-CLp-{p+&+nl+mx).

=T (m)x"*!

(147)

Proof. For convenience, we denote the left-hand side of the
result (147) by 9. Using the definition of beta transform, the
LHS of (147) becomes

1
B = J 21—z (Ig:i’"tp_lMcFm (e, Bs ys tz))
0

- (x)dz,

(148)

and further using (129) and then changing the order
of integration and summation, which is valid under the
conditions of Theorem 1, then

B = x4

TP)L(p+n-0) <
T(p=0)T( p+E+f1)Z()

OB, (Brmy-P) (P (p+n-1),
B(B.y=PB)

X(p—()n(p+5+n)n
xi’l

1
= J 2N (1 - 2" dz,
n. Jo

(149)

Applying the definition of beta transform, (149) reduced
to

T(p)T(p+1-{)
T(p-OT(p+&+n) 2 Z( n

B, (Bmy=P) (p)(p+n-0),
B(By-B) (p=0),(p+&+n),

" F(l+n)F(m)x_"
T(l+m+n) n’

B = 5P

(150)

and interpreting the above equation with the help of (67),
we have

B =T (m)xP*!

T(p)T(p+n-{) mc
T(p-OT(p+&+n)

-0y, p-Cp+E+nl+mx).

sFms3 (% B.ppt+n (151)

Further, interpreting (151) with the view of the concept of
Hadamard (116), we have the required the result. O
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Theorem 51. Let &,{,n,p,B,y.m € CR(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R((), R(n)]; then

B {(]iﬁt"’lMcFm <cx, By %)) (x) : l,rn} =T (m)

T((-p+1)I(n—p+1)
T(1-p)T(E+(+n-p+1)

MEE (o0 Bsysx) = 5By (- p+Ly—p+ 1,51

Pl
x (152)

-pE+l+n-—p+Ll+mx).

Theorem 52. Let &§,(,1,p,3,7,m € C;R(E) > 0;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ — n)]; then

B{(15" 0, (Byst)) () : Lm
L(p)T(p+n-{)
T(p-OT(p+&+n)
Yo, (By:x)
* 3B (pp+n-Chp-Cp+E+nl+mx).

Theorem 53. Let &,(,n,p, B, .m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R((), R(n)]; then

B {(J,i;‘og?tf’*wc@m (/3; " %)) (x) : z,m} — T (m)
pti1 T(E-p+1)T(n=p+1)
T(1-p)T(E++n—p+1)
Mo (Bysx) * sFs((-p+Liy—p+ 1,51

-pE+l+n-p+1L,l+mx).

Proof. The proofs of the Theorems 51, 52, and 53 are parallel
to those of Theorem 50. O

=T (m)x"*!

(153)

(154)

9. Laplace Transform

The Laplace transform of f(z) is defined as follows [17]:

L{f (2)} = J e f(z)dz.
Theorem 54. Let &,(,n,p, 3, 7,m € CR(E) > O;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ — 1)]; then
L {zH (Ig,’i’”tp*lMcFm (. B ys tz)) (x)}

T(p)T(p+n-2)
s T(p=OT(p+&+n)

MCE (o B y;x)
« 3B (pp+n-0hp-Cp+Etmx).

(155)

A

(156)
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Proof. For convenience, we denote the left-hand side of the
result (156) by Z. Then, applying the Laplace, we have

<

o I-1 (&< 1MC 57)
— JO e szz (I():x,rltp Fm ((X, ﬂ, Vs tZ)) (x) dZ,

and further using (129) and then changing the order
of integration and summation, which is valid under the
conditions of Theorem 1, then

T'(p)T(p+1-)
T(p-OT(p+&+n) = Z( n

(p), (p+n-0),
(p=0),(p+&+n),

P = xP*(*I

B, (Brny-B)
B(B.y-P)

n

(o)
. x_J efszszrlfldz.
n! 0

(158)

After simplification, (158) reduces to

o0

_ 1 _L@T(p+n-0)
7 T(p=¢)T( P+E+ﬂ)z()

MO, (B+my=B) (p),(prn-0), x"

BBy-B) (p-0),(p+E+n), n
.F(n+l)

Sn+l

. (159)
=X

T(p)T(p+n-0)T 1) pe
T(p-0T(p+&+n)

-{Lp-Cp+E+nyx),

3Ep2 (B pp+1

and interpreting (159) with the view of the concept of
Hadamard (116), we have the required the result. O

Theorem 55. Let £,,1,p,3,.m € C;R(E) > OR(y) >

R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1 + min[R (), R(n)]; then

Lo (S, o) )

X T(C-p+ )T (g-p+1)
s T(A-p)TE+{+n-p+1)

(160)

MOF, (o Bsysx) * 5Fy ((=p+1,n—p

+LL1-pE+{+n-p+1;x).
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Theorem 56. Let &,(,1,p, 5, 7,m € CR(E) > O;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) > max[0, R({ — 1)]; then

L{7 (58 o, (B yitz)) (0}

_ T T (e+n=0) ey,
§ T(p-OT(p+é+n) |

x 3B (pp+n-0lhp=-Cp+Etmx).

@, (fiyix) 060

Theorem 57. Let &,{,1n,p,B,p,m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number),
such that R(p) < 1+ min[R (), R(n)]; then

(g8 o (sn )] -

. TC-p+I(n—p+1) rc
T1-p)T(E+{+n-p+1)

* B ((-p+Ln—p+1,51-

xpfl

@, (Bsysx) (162)

pE+l+n—p
+1; x) .
Proof. The proofs of Theorems 55, 56, and 57 would run

parallel to those of Theorem 54, so the proofs of these
theorems are omitted here. O

10. Whittaker Transform

Theorem 58. Let &,(,n,p, 3, y.m € CR(E) > O;R(y) >
R(B) > 0and |m| < M (where M 'is positive real number)
and R(o + w) > —1/2, such that R(p) > max[0, R - n)l;
then

() —{-1
J 27 le% ZWT’w (k2) W, (z)dz = xpo_l
0 K
T(P)T(p+n-80) wmc X
.T(p—C)T(p+€+n) Fm(mﬁ’y’;)

(163)

1
<p,p+r] C St@to,c —wtoip
—C,p+5+11,%—1+0;£),

where Wy(2) = (1517 CF, (&, i y52)) (%)}.

Proof. For convenience, we denote the left-hand side of the
result (163) by 7. Then using the result from (128), after
changing the order of integration and summation, we get

_ ot LT (ptn=0)
v I'(p-0)1( P+E+'1)Z()
MeB, (B+ny—p)
B(B.y-B)
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P lptn=0),
(p=0),(p+&+n), n!

(o)
: J e P (kz) de.
0

(164)

By substituting xz = ¢, (164) becomes

T(p)T(p+n-0) S
T(p-)T( p+€+ﬂz()

B, (Brny-B)  (p.lprn-9),
B(B.y - B) (p=0),(p+E+n),

n [eS)
J Cn+a_le_</2WT,w (C) dC-
0

W= xP!

(165)

X 1

n! Kn+a— 1

Now we use the following integral formula involving
Whittaker function:

JO e W, (t) dt

_ Ir12+w+»)IT1/2-w+v)

r{a/2-r+v ’ (166)
(91(viw)>_71>.
Then we have
_ X TP (p+n-9)
ok T(p=)1( P+€+ﬂz()
B, (Brmy-B) (p),(p+n=0),
BBy-B)  (p=0,(p+&+n), (67

XF(1/2+w+cr+n)r(1/2—w+a+n)
T'(1l/2-1+0+n)

i(5)
nl\x/’

and interpreting (167) with the help of (67), then, with the
concept of Hadamard (116), we have the desired the result.
O

Theorem 59. Let &,(,n,p,3,y.m € CR(E) > O;R(y) >
R(B) > 0and |m| < M (where M is positive real number)
and R(o+w) > —1/2, such that R(p) < 1+min[R(),R(#)];
then

p—C-1
L 27 e Py W, , (k2) W, (2) dz = xK

-1

CT@-p+)I(n-p+1)
T(1-p)T(E+{+n-p+1)
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X
‘MCFm<“’ﬁ;Y;;)* 4F3<C_P+1>’7_P
1 1
+1,5+w+0,5—w+0;1—p,f+f+n—p

1 x)
+1,——1+0;,— |,
2 K

(168)
where W, (z) = {(]fcf)’:]tpf1 MCFm(oc, Bsys z/t))(x)}.

Theorem 60. Let &,(,1,p,3,7.m € C;R(E) > OGR(y) >
R(B) > 0and |m| < M (where M is positive real number)
and R(o + w) > —1/2, such that R(p) > max[0, R - n);
then

o p=C-1
S X
L 27 e PW, (k2) W (2) dz = pr

L(p)T(p+n-¢) Mcq)m(ﬁ;y;f)

T(p-OT(p+E+7) (169)

1 1
*4F3<p,p+;7—(,5+w+0,5—w+a;p
1 X
—-6ptSt+tn, - —T+05— |,
Gpt&tns -1 UK)

where Wy (2) = (1517 MCa,,(B; y3£2))(x)}.

Theorem 61. Let §,{,n,p, 3, p,m € C;R(E) > OR(y) >
R(B) > 0and |m| < M (where M is positive real number)
and R (o +w) > —1/2, such that R(p) < 1+min[R((),R(n)];
then

p—(-1

& o—1 —6z/2 X
L z e W, o (k2) W, (2) dz = )

CTE-p+D)T(n=—p+1) M X
TP TE+Ctn—pr1) @, (B7:) o

1 1
* 4F3<C—p+1,11—p+1,§+a)+o,§—w

x
-T+0;— |,

1
31_ > - 1;_
+o1-p¢+l+n—p+ 5 ”

where W,(z) = {35007 M0, (B ys 2/)) ()}

Proof. The proofs of Theorems 59, 60, and 61 would run
parallel to those of Theorem 58, so the proofs of these
theorems are omitted here. O

11. Fractional Kinetic Equations

The importance of fractional differential equations in the
field of applied science has gained more attention not only
in mathematics but also in physics, dynamical systems,
control systems, and engineering, to create the mathematical
model of many physical phenomena. The kinetic equations
especially describe the continuity of motion of substance. The
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extension and generalization of fractional kinetic equations
involving many fractional operators were found in [18-31].

In view of the effectiveness and a great importance of
the kinetic equation in certain astrophysical problems the
authors develop a further generalized form of the fractional
kinetic equation involving new extensions of Gauss hyperge-
ometric function and confluent hypergeometric function.

The fractional differential equation between rate of
change of the reaction, the destruction rate, and the produc-
tion rate was established by Haubold and Mathai [23], given
as follows:

X =N+ p(N), a7

where N = N(t) the rate of reaction, d = d(N) the rate of
destruction, p = p(N) the rate of production, and N, denotes
the function defined by N,(t*) = N(t - t*),¢" > 0.

In the special case of (171) for spatial fluctuations and
inhomogeneities in N(t) the quantities are neglected, that is,
the equation

dN
G N, 172
dt Cz 1() ( )

with the initial condition that N;(f = 0) = Nj is the
number density of the species i at time t = 0 and ¢; > 0.

If we remove the index i and integrate the standard kinetic
equation (172), we have

N () - Ny =—oD;'N(t), (173)

where D, is the special case of the Riemann-Liouville
integral operator (D,” defined as

-V _L ! At
oD SO = 155 Jo (L= S G)ds (174)

(t>0,R(v)>0).

The fractional generalization of the standard kinetic
equation (173) is given by Haubold and Mathai[23] as follows:

N (t)- N, =~ oD;'N (t) (175)

and obtained the solution of (175) as follows:

N(t) =N, ii (ct)™
- N, . (176)
k=0

—T'(vk +1)

Further, (Saxena and Kalla [27]) considered the following
fractional kinetic equation:

N({#)-Nof (t)=-c"oD,"N (), (R¥) >0, 177)

where N(t) denotes the number density of a given species
at time t, Ny, = N(0) is the number density of that species at
time t = 0, ¢ is a constant, and f € Z(0, 00).
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By applying the Laplace transform to (177), we have

o~ F)
L{N(t); p} = NOW
=No (Z (=) P””) F(p), (178)
n=0
(n € N, < < 1).
p
Where the Laplace transform [32] is given by
F(p)=L{N(@®);p}= J e P f () dt,
0 (179)

(% (p)>0).

11.1. Solutions of Generalized Fractional Kinetic Equations. In
this section, we investigated the solutions of the generalized
fractional kinetic equations involving the new extension of
Gauss hypergeometric function and confluent hypergeomet-
ric function.

Remark 62. The solutions of the fractional kinetic equations
in this section are obtained in terms of the generalized

167

Mittag-Leftler function E, p(x) (Mittag-Leftler[33]), which is
defined as

o0 Zﬂ

Eup(2) =) 70
b n;) T (an+p)
Theorem 63. Ifa > 0,d > 0,v > 0; o, B, 7,m € C; R(y) >
R(B) > 0and |m| < M (where M is positive real number),
then the solution of the equation

R (a) >0,R(B)>0. (180)

N () - N™F, (« Biy;d’t") = —a” \D;’N (1)~ (181)
is given by the following formula:
MC v, V\N
o B, (B+ny-p)(dt
N(t):NOZ (“)n m(ﬁ V ﬁ)( ')
o, B(By-B) n! (182)

‘T(m+1)E,,,,., (-a't").

Proof. Laplace transform of Riemann-Liouville fractional
integral operator is given by the following (Erdelyi et al. [34],
Srivastava and Saxena[35]):

L{oD,"f ®);p}=p F(p),

where F(p) is defined in (179). Now, applying Laplace
transform on (181) gives

(183)

L{N (t); p} = NoL{MF,, (a.b;:d’t"); p} = @’L{,D;"N (t); p} (184)
© . MOB, (Bmy-B) (@)
ie. N(p)=N, J ey (), m dt—a’p N (185)
(P)=No ] ™), 5By B PN (p)
and interchanging the order of integration and summation in we have
(185), we have
N(p)+a’p "N (p)=No), (@), 1 5 M By f) @)
n= LN (p)} = No, (e), —2
My | ’ (186) OVIZO B(By-p)  n! 190)
B +m,y=B) (@) (® _; .
. 1’; P r=h){ ,) J e P dt r NI - 1) gt p- D+l
B.y-Pp) n Jo xT (vr+1) l;( Ya'p
MC n
S B, (B+ny-p)(d) Tomn+1)
=N,y (o), —2 . (187) ie. N(t)
2 B(By-p) ot pm -
. 0 MC Ly — d n
e e
oS, OB, (Brmy-p) (@) "
N (p) - NOZ (“)“ B (ﬁ _ ﬁ) n! © tv(n+l)
n=0 ¥ ' (188) xT(vm+1) {Z(—l)l aVli}
- o = T(v(n+)+1)
.T 1 —(vn+1) [_ E ] )
On 1) {P l:zo < a > N5 @ Y°B, (B+ny-p) (&)
-0 n
Taking Laplace inverse of (188), and by using n=0 B(By-F) " (192)
LNy ) = ! R 0 (189) xT(vm+1) i(—l)lwvftv)l
{r ’t}_I‘(v)’ (R(»)>0), = Tv(n+D)+1)|°
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Equation (192) can be written as

MB, (B+ny—B)(dt)
B(B.y-PB) nl

‘T(m+1)E,,,,., (-a't").

N(t)=Ny) (),
0,;) : (193)

O

Theorem 64. Ifa > 0,d > 0,v > 0; o, 3,p,m € C;R(y) >
R(B) > 0and |m| < M (where M is positive real number),
then the solution of the equation

N () - N, (By;d’t) =—a’ (D'N(t)  (194)
is given by the following formula:
MC n
N = B) (d't”
N () = N By (Brmy—p)(dt) T (vn+ 1)
= B(By-p) n! (195)

' Ev,vn+1 (_avtv) .

Theorem 65. Ifd > 0,v > 0; , B, y,m € C;R(y) > R(P) >
0 and |m| < M (where M is positive real number), then the
solution of the equation

N (1) - NMCF, (a Bsysd’t) = -d” (DN (£)  (196)
is given by the following formula:
MC v Y\
. B, (B+ny=p)(d't
N(t)zNOZ(“)n m(ﬁ y ﬁ)( ')
n=0 B(By-p) n. (197)
T(m+1)E,,, ., (-d't").

Theorem 66. Ifd > 0,v > 0; , 3, y,m € C; R(y) > R(P) >
0 and |m| < M (where M is positive real number), then the
solution of the equation

N () - N, (a, fsy;d’t") = -d” (D;’N (1) (198)
is given by the following formula:
MC Vv \1
< Y= B) (d’t
N =N, Y By (Brmy =B )
=  B(By-p) nl (199)

' Ev,vnﬂ (_dvtv) .

Theorem 67. Ifd > 0,v > 0; o, B, y,m € C; R(y) > R(B) >
0 and |m| < M (where M is positive real number), then the
solution of the equation

N () - NMF, (a Biyst) = —d" (D’N (1) (200)
is given by the following formula:
N ()
00 MC _ (201)
B +n, " -
- NOZ (“)“ - (ﬁ 4 ﬁ)t Ev,nJrl (_d t )
n=0 B (ﬁ’ Y- ﬂ)
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N(t)

—— 1=0.2 —+— v=0.6

—— =04 —+— v=0.8

FIGURE 5: Solution of fractional kinetic equation given in (182) for
Ny=lLa=2,B=1y=3m=2,d=1,a=2,v=0.2:.2:08.

Theorem 68. Ifd > 0,v > 0; a, 3,y,m € C; R(y) > R(P) >
0 and |m| < M (where M is positive real number), then the
solution of the equation

N () - N0, (a Biyst) = -d” DN () (202)
is given by the following formula:
B +n,y -
N(t) = NOZ n(Btmy ) t"E, . (-d't"). (203)

n=0 B(ﬁ>)"ﬁ)

Proof. The proofs of Theorems 64, 65, 66, 67, and 68 are the
same as those of Theorem 63, so we skip the proof of these
theorems. O

1111 Numerical results and their graphs of solution of
fractional kinetic equation. In this section, we present the
numerical results in Table 5 for Ny = 1, a =2, =1,y = 3,
m=2,d=1a=2andv = 02 : 1 : 42 of equation
(126) and the graph of solution of fractional kinetic equation
given in (126) are presented in Figures 5, 6 and 7 for N, = 1,
a=2,B=1y=3m=2,d=1,a = 2;the values of
vare chosenasv = 02 : .2 : 0.8, v = 1.2 : .2 : 1.8 and
v =2.2:.2: 2.8, respectively. Figure 8 presents the Mesh-plot
of the same solution fractional kinetic equation. For different
values of the parameters, it can be easily interpreted and
can be observed that N(t) > 0 for different values of the
parameters. As the solution of fractional kinetic equations
are presented in the form of summation. For the numerical
results and their graphs, sum first 500 terms have been taken.
If we choose more than 500 terms the results are same.
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TABLE 5: Numerical values of solution of fractional kinetic equation given in (182) for Ny = L,a =2,8=1,y=3,m=2,d = l,a = 2.

t y=0.2 v=12 v=2.2 =32 V=42
0.00 5.6427 5.6427 5.6427 5.6427 5.6427
0.10 6.5072 5.4044 5.6143 5.6408 5.6426
0.20 7.0748 5.1461 5.5127 5.6249 5.6410
0.30 7.5810 4.9199 5.3291 5.5773 5.6330
0.40 8.0669 4.7403 5.0624 5.4788 5.6101
0.50 8.5489 4.6124 4.7172 5.3088 5.5595
0.60 9.0358 4.5376 4.3026 5.0468 5.4638
0.70 9.5338 4.5149 3.8322 4.6727 5.3011
0.80 10.0472 4.5423 3.3237 4.1680 5.0448
0.90 10.5800 4.6174 2.7980 3.5166 4.6637
1.00 11.1353 4.7378 2.2788 2.7061 41222
1.10 11.7165 4.9012 1.7917 1.7296 3.3808
1.20 12.3265 5.1058 1.3630 0.5864 2.3968
1.30 12.9684 5.3500 1.0193 -0.7158 1.1249
1.40 13.6456 5.6329 0.7860 -2.1593 -0.4809
1.50 14.3612 5.9541 0.6861 -3.7152 -2.4656
1.60 15.1187 6.3138 0.7398 -5.3414 -4.8712
1.70 15.9220 6.7125 0.9628 -6.9812 -7.7330
1.80 16.7748 71514 1.3661 -8.5628 -11.0764
1.90 17.6815 7.6323 1.9551 -9.9980 -14.9121
2.00 18.6466 8.1573 2.7289 -11.1825 -19.2305
9 T T T T T T T T T

N(t)

—— y=1.2 —— v=1.6

—— y=14 —— v=1.8

FIGURE 6: Solution of fractional kinetic equation given in (182) for
Ny=lLa=2B=1y=3,m=2d=1,a=2,y=12:2:18.

11.2. Special Cases of Fractional Kinetic Equations. Choosing
m = 0, Theorems 63, 64, 65, 66, 67, and 68 reduce to the
following form.

N(t)

—6 L L L L L L 1 1 1

—— y=2.2 —+— v=2.6

—— v=2.4 —+— v=2.8

FIGURE 7: Solution of fractional kinetic equation given in (182) for
Ny=la=2B=1y=3,m=2d=1,a=2v=22:2:28

Corollary 69. Ifa > 0,d > 0,v > 0; a, 5,y € C; R(y) >
R(PB) > 0, then the solution of the equation

N (t) = Ny ,F, (o, Bsy3d’t") = —a” \D,"N (t) (204)
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FIGURE 8: Mesh-Plot of solution of fractional kinetic equation given in (182) for Ny = 3,0 =2, =1,y =3,m=2,d=1l,a=2.

is given by the following formula:

N @) = Noi (), Bﬁf (;,';’f ;g)ﬁ ) nt! )

T(m+1)E, . (-a’t").

Corollary 70. Ifa > 0,d > 0,v > 0; &, B,y € C; R(y) >
R(PB) > 0, then the solution of the equation

(205)

N () - No® (B;y;d’t") = =a” yD;"N (¢) (206)
is given by the following formula:
S B(B+my-p) (@)
N(t) =N, I(vn+1)
O,;) BBy-p) (207)

: Ev,vn+1 (_avtv) .

Corollary 71. Ifd > 0,v > 0; &, 3,y € C; R(y) > R(B) > 0,
then the solution of the equation

N (t) = Ny ,F, (&, Bsy:d’t") = =d” (D,"N (¢) (208)
is given by the following formula:
o BBny-p) (@)
N (t) = Ny (@),
O,;) Y TBBy-p) (209)

T(m+1)E,,,, (-d't").

Corollary 72. Ifd > 0,v > 0; a, 3,7 € C; R(y) > R(B) > 0,
then the solution of the equation

N (t) = Ny® (B; y;d’t") = =d” \D,"N (¢) (210)
is given by the following formula:
SCB(B+my-B)(dt)
N(t)=N I'( 1)
0,;) BBy-p (11)

: Ev,vn+1 (_dvtv) .

Corollary 73. Ifd > 0,7 > 0; &, B,y € C; R(y) > R(B) > 0,
then the solution of the equation

N (t) = Ny ,F, (&, B y5t) = =d” (D" N (¢) (212)
is given by the following formula:
- B(ﬁ'*‘”;)"ﬁ),, v,y
N@)=Ny) (&), ——F——F5=t"E, ., (-d't). (213
02, gy ¢ B (A1) 21

Corollary 74. Ifd > 0,v > 0; v, 3,7 € C; R(y) > R(B) > 0,
then the solution of the equation

N (t) - No® (B y3t) = —d” D, "N (t) (214)
is given by the following formula:

< B T n v,
N (1) = N@Wr Eyp (-d'F). (215)

12. Concluding Remarks

In the present article authors introduced the new the gen-
eralization of the classical beta function. It has been further
used to study the various properties of the new extended beta
function. Furthermore, on application of this new extended
beta function, extension of Gauss hypergeometric function
and confluent hypergeometric function are introduced. Frac-
tional integrals of extended hypergeometric functions and
their image formulas (in the form of beta transform, Laplace
transform, and Whittaker transform) are established. We
introduce new fractional generalizations of the standard
kinetic equation and we derived the solutions for the same.
Their numerical results and graphs are established to study
the nature of these fractional kinetic equations involving
new extended Gauss hypergeometric function and confluent
hypergeometric function. From the closed relationship of the
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hypergeometric functions with various special functions, we
can easily construct various new known results.
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The main purpose of this paper is to extend the work concerning the measures of growth of an entire function solution of the
generalized axially symmetric Helmholtz equation 0*1/0x* +0°1/0y* + (244/ y)(0u/dy) = 0, u > 0, by studying the general measures
of growth ((p, g)-order, lower (p, q)-order, (p, g)-type, and lower (p, q)-type) in terms of coefficients |a,|/I'(n+ p+ 1) and the ratios

of these successive coefficients.

1. Introduction

The partial differential equation
o*u  *u 2uou
ox?  0y?  y oy

is called generalized axially symmetric Helmholtz equation

(GASHE) and the solutions of (1) are called GASHE func-

tions. The GASHE function u is regular about the origin and
has the following Bessel-Gegenbauer series expansion:

u(r,0)

+Ku=0 0

e an (2)
=T (2u) (kr)™ thm (kr) Ct (cos (0)) ,
n=0

where x = r cos(0) and y = rsin(0), J .., are Bessel functions
of first kind, C!, are Gegenbauer polynomials, and I'(2u) =
2 M- 1)L

When series (2) converges absolutely and uniformly on
the compact subsets of the whole complex plane, then the
GASHE function u is said to be entire. For u being entire, it
is known [1, page 214] that

ol )"
limsup [ ————— =0. (3)
r—o0 r (Tl +U+ 1)

The concept of order p(f) and lower order A(f) of an
entire function was introduced by R. P. Boas [2] as follows:

p(f) | sup loglog (M (r. f)

A(f) e log(n) @

and the concept of type T'(f) and lower type t(f) has been
introduced to give more precise description of growth of
entire functions when they have the same nonzero finite
order. An entire function, of order p, 0 < p < +00, is said
to be of type T'(f) and lower type t(f) if

T(f) . sup log(M(r,f))

t(f) " =0 inf o 0<p(f)<oo (5)

where M(1,f) = max,_g,, | f(+,0)].

Gilbert and Howard [3] have studied the order p(u) of
an entire GASHE function u in terms of the coefficients a,
occurring in the series expansion (2) of u. McCoy [4] studied
the rapid growth of entire function solution of Helmholtz
equation using the concept of index. Kumar [5, 6] extended
and improved this result and studied the growth using
the concept of index pair. Khan and Ali [7] studied the
generalized order and type of entire GASHE function. Kumar
and Singh [8] have studied the lower order and lower type
of entire GASHE function in terms of the coefficients in its
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Bessel-Gegenbauer series expansion (2) when the order of u
is a finite nonzero number. But, for the class of order p(u) = 0
and p(u) = 0o, we cannot define a type of u. For this reason,
numerous attempts have been made to refine the concept of
order and type. Therefore, the (p, q)-order and (p, q)-type of
an entire function have been defined [9, 10]. In this paper,
we extend the work of Kumar and Singh [8] to this new
classification of entire function.

For (p,q) # (1,1) and p > q > 1, we define the (p, q)-
order and lower (p, g)-order as

p(pgu) sup log!” (M (r,u))

A(pg.u) log” (r)
where p and q are integers such thatb < p(p, g, u) < co where
b=0ifp>qgandb=1ifp=gq.

The (p, q)-type and lower (p, q)-type are defined as
T(pqu) sup log”™!1 (M (r,u))
t(p’ 9 Ll) r—+00 inf log[qfl] (r)P(P)q:u) ’

and log!” (x) = x and log"™(x) =
and we use the notations

(6)

r—+00 il’lf

7)

log"™ Ylog(x) for m > 1

o it p>q
l+a it p=g=2
P(x)=P(a,p.q) = (8)
max (L) if 3<p=g<oo
0 if p=g=o00,
and
M () = M (. p, q)
1
— i ,q) = (2,1
x| if (p.q) =2 1)
(“_l)oc—l -
f (p.q)=(@2,2
w it (pa)=22)
1 if p >3,
1
— ifp=2
N(x)=N(a,p,gq) =1« p
1 ifp#2
We note that the smallest integer p is 2 (p > 2) since,

for example, the order is given by p =
O(e"), 2] — +oo}.

To prove that P(x) = P(f3), M(a) = M(), or N(&) =
N(B) we can prove that « = f for the different values of p
and g. From [9], we define the relation between (p, q)-order,
lower (p, q)-order, the coefficients of u, and the ratios of these
successive coeflicients as follows.

inf{u > 0: |f(2)| =

Theorem 1. Let u(z) = Yoy a,z" be an entire function of
(p, q)-order p(p, q, u), and then

p(p.qu) = P(L(p.q)) (10)
where
lo [P—I](n)
= (= (1/m) log (|a,]))

L(p,q) = limsup (11)

n—+00 10

Theorem 2. Let u(z) = Y., a,
(p, q)-order p(p,q, u), and then

P(L" (p.q)) (12)

z" be an entire function of

p(pqu) =
where

. . log'?™! (n)
L"(p,q) = hmsup[q?—
n—co log'? (|a,/a,.,|)

(13)

Theorem 3. Let u(z) = Y,o,a,2" be an entire function
of (p,q)-order p(p,q,u) and (la,/a,,,|), a nondecreasing
function of n for n > ny and then

A(p.gu) = P(1(p.q)), (14)

where

[p-1]
l(p, )—hml log ()

(15)
n=+02 1oglt 1 (~ (1/n) log (|a,))

Theorem 4. Let u(z) = .o, a,2" be an entire function of
(p» q)-order p(p,q,u) and (|a,/a,.|) a nondecreasing function
of n for n > ny and then

A(p.g.u) =P(I" (p.q)), (16)
where
logt?™! (n)
,q) = 17
e n_}or}’ log[q] (|| )

From [10], we define the relation between (p,q)-type,
lower (p, q)-type, the coeflicients of u, and the ratios of these
successive coeflicients as follows.

Theorem 5. Let u(z) = Y2 a,z" be an entire function.
The function f(z) is of (p,q)-order p(p,q,u) and (p,q)-type
T(p,q,u) if and only if T = MV, whereb = 1 if p = q and
b=0ifp>q,andV is defined as

. log"?™? (n)
V (p,q,u) = lim sup = p—C
n—co 1ogl™? (= (1/n)log (|a,|))

with C = 1if(p,q) = (2,2) and C = 0 if (p,q) # (2,2).

(18)

Theorem 6. Let u(z) = .o, a,z" be an entire function of
(p» q)-order p and lower (p, q)-type t(p,q,u) and (|a,/a,..|),
a nondecreasing function of n for n > n, and thent = My,
where

log??™?) (n)
1% > ’ _llml
(b, 1) WS 10g1 Y (— (1/n) log ([a,)))”

withC = 1if(p,q) = (2,2) and C = 0 if (p,q) # (2,2).

(19)

Theorem 7. Let u(z) = Y,2a,z" be an entire function

of (p,q)-order p(p,q,u) and lower (p, q)-type t(p,q,u), and
la,/a,,,| forms a nondecreasing function of k for k > k; then
N#*R<t<T<N=Q, (20)

where
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log!?P2]
Q(p,q) =limsup log ) ool (21)
nee log[q_ : (|an/an+1|)P
and
[p-2]
R(p.q) = mpnf— B ()
lOg 1 (lan/anﬂl)
withC = 1if (p,q) = (2,2) and C = 0if (p,q) # (2,2).
2. Auxiliary Results
Let f and g be two functions defined as
+00 |an| k n Y
f(z)=r;)7<z> z,
+00 |a | k n (23)
g(z)zr;)F(Z) z.

According to [3], we know that if u is an entire GASHE
function, then f and g are also entire functions of the
complex variable z, and

T(p+1/2)

k o2 H m (r,g) <M (r,u) < kM (r, f)

(24)

where m(r, g) = max,o[(la,l/n)(k/2r)"] and M(r, f) =
max, .| f(z)|. In this section, we shall prove some auxiliary
resuits which will be used in the sequel.

Lemma 8. Let f and g be entire functions of particular form
defined above. Then the (p, q)-orders and the (p, q)-types of f

and g, respectively, are identical.

Proof. Let d(z) = Y.’ a,z" be an entire function, and then,
according to Theorem 1, the (p, g)-order of ¢ is given as

Applied Principles of Mathematical Analysis

In the consequence of [3], we have

p(2Lf)=p(2Lg),

T(2,1,f)=T(21,9).

(27)

Here we consider the case when g > 2.
We have

L G108 (2 (| )
P ) log (1)

n—+00

log (lanlfl) +log (n!) —log (k/2)"
nlog(n)

-1
=lim inf(log(|an| ) +

= liminf
n—+0oo

(28)

n—+00 nlog (n) nlog(n)  nlog(n)

log(n!) _log (k/2)”>
lo !

= lim inf—g(lanI ) +
n—+00pnlog(n)

and then 1/p(2,1, f) > 1and p(2,1, f) < 1.
This implies that we will necessarily have p(2,1, f) = 0 to
define p(p, g, f). And we have

p(21,f)=0=
liminf —— = +o0 =
n—>+00p(2,1)f)
log (|a,|”"
liminfM = +00 =

n—+o00  nlog(n)

[p-11 lim sup—n log () = >
) log”™ (n) N
p (g, ¢) = lim sup—— (29 nreo log (Ja,| )
n—+00 log[q 1 (= (1/n)log (|a,])) | '
. . . im —Og (n.) =0,
and the (p, g)-type is defined in view of Theorem 5 as n=+eoog (|a l—l)
T(p’q’(p) |a |1/n_)0
. log'*™* (n) (26) ! ’
= lim sup = D
n—e0 log™ ((=1/m) log (|a,|)) Hence, for the function f we have
1 i log"™" ((~1/n)log ((k/2)" (|a,| /n!)))
—— =limin =
p(pq f) n—eo log?™" (n)
~ loglt™¥ (log (|an|71) /n+log(n!) /n—(1/n)log (k/2)")
= liminf =
n—-+00 lOg p (n) (30)
-1 n
= lim inf ; * log[q_ll log (Ian| ) 1+ log (n?l - ! — log (If>
o T () z g () Tog(lal ) E\2

H@Wmammmm»

=limin

n—>-+00

lq-11 ((_
:hmmf<logq (=1/m)log(|a,))

log[P*I] (n)

n—-+00

log (1 +o(1)))

log[P*U (n) log[P*H (n)
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and

1 log'™" ((~1/n) log ((k/2r.)" (|a,| /n)))

———— =liminf
p(pgg) r—+ log!?™!1 (n)

logld™!! (log (|an|_1) /n+log (n!) /n— (1/n)log (k/2r, )")

= liminf

n—+00

log[pfl] (n)

n—+00

[q-1]
= liminf log ’ ((_1/n) log (|an|)) +
log[pfl] (n)

Since f and g have the same (p, q)-order it follows that

p(paf)=p(p.ag)=p (32)

Now we will prove that f and g have the same (p, g)-type
forg = 2.

log[P*IJ (n)

n—+0oo

1

log(1+0(1) ) _ . . log"" ((-1/mlog(|a,]))
log[P*IJ (n)

n\P
(st skt
log(la,|)”  log(la|)

=li
n—s+00 log[P—ZJ (n)

= liminf
n—+00

log!?~! (n)

_(~1/m)log(|a,]))
mlnf—

(1+o(1))

(1) 1og ()’

log[P*Z] (n)

L g (G log ((/2)" (Ja,| /)"
T(p, 2, f) et log[pr] (n)
In the same way we prove that
_ _ n\pP
_ liminf(( 1/n)log (|a,|) +10g[(7j2 /n—(1/n)log (k/2)") .
e log?”™ () ———— = liminf
, T(p:2.9) n—+
o (U og Ja])
=liminf —————"—
n—+00  JoglP~l () Now, for the case g > 3, we have
1 . log P ((=1/m) log ((k/2)" (|a,| 1n1)))?
———— = liminf
T (p’ 9 f) n—s+00 log[P—Z] (n)
lg-2] (/_ | _ n\pP
i inflog ((=1/n)log(|a,|) + log (n!) /n — (1/n)log (k/2)")
n—+00 log[P_z] (1’1)

= liminf ————
n—+00 log[P*Z] (I’l)

log(n!)  log(k/2)"

-log[q_z] <—108(|“n|) <1 +
n

log"™? ((-1/m)log (|a|) (1 +0(1)" _

= liminf
N—>+00 log[P—Z] (n)
- log'? ((=1/m) log (|a|))”
= liminf > .
n—+00 log[P— 1 (n)
The same is true for
log'?™ ((=1/m)1 )
R S ( /”)zog(la”l/n)) (36)
T(p.g.g) r—+e log'?™?! (n)

since f and g have identical (p, g)-order and (p, q)-type. O

Lemma 9. For an entire GASHE function u of (p, q)-order
p(p,q,u), lower (p, g)-order M(p, q,u), (p,q)-type T(p,q,u),
and lower (p, q)-type t(p, q, w). If f and g are entire functions
as defined above, then

WORLD TECHNOLOGIES

log (la,))”"  log(|a,)™"

))

limin
n—-+00

f(log[q_zl ((-1/n)log(|a,|)) +log (1 + o (1)));:
log?™ (n)

paf)=p(pau)=p(pqg9),

paf)=T(pqu)=T(p.q.9),

p(
Ap.a f) <A(p.gu) <A(p.q.9),
T (
t(

pa f)<t(p.qu)<t(p.qg).

Proof. Using (24), we get

log[P]m (r.g)

[p]
_ log'”' M (v, u) -

log[P]M (r, f)

log[q] (r)

log[q] (r)

log[q] (r)
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(1)

(33)

(34)

(35)

(37)
(38)
(39)
(40)

(41)
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From the above relation we obtain
p(paf)<p(pgu) <p(pq.9),
Apg f) <A(pgu) <A(p.q.9),

and since p(p,q, f) = p(p, g, g) it proves (37) and (38).
Denoting by p the common value of (p, g)-order of f, g,
and u, we have from (24)

(42)

log lp= 1]m(r g) [p UM (r,u)
1 [g-11 /. .\p 1 [g-11 .\p
G 1 (r) (43)
g log[pf IM(r, f)
log[q_l] (r)f
This proves (39) and (40). L]

Before we start the next section, let us define f3, =
la,|/Tn + u + 1), y, = (la,l/n))(k/2)", and 5, =
(ayl/n)(k/2r, ).

It is known, according to [3], that if (f,/f,.;) is a
nondecreasing function of n then (I,/T,,, ) and (§,,/9,,,,) also
is a nondecreasing function of n.

3. Main Results

Theorem 10. Let u be an entire GASHE function of (p,q)-
order p(p,q,u) and (p,q)-type T(p,q,u). If (B,/Bus1) is a

nondecreasing function of n for n > ny, then

log"”™!! ()
- , 44
p(p:g.u) = limsup log™ ((-1/n)log (B,)) .
[p-2]
T (p,q,u) = lim sup v A A

n—oo log'"? ((=1/m)log (B,))"

Proof. For an entire function ¢(z)
to Theorem 1, we have

v n .
=), a,2" and according

log'?™! (n)
og " ((=1/m)log (|a,))

We know that if (3,,/,,,) is a nondecreasing function of
n for n > ngy, and then also (y,/,,1) and (8,,/6,,,,)-
Applying (46) to f, we get

p(p.a f)

log[p_l] (n)
= lim sup T -
n—oo log " ((~1/m) log ((|a| /n!) (/2)")))

= lim sup log? ™" (n) - (log[q_l] (_—1
n

(e ”2)1
()

= lim sup log?? ™" () - (log[q 1 (

p(p.q¢) = lim sup (46)

|a |F n+u+1
-lo
n T(n+up+1)

)

)

hmsu log?~!! (
= lim suplog (n) -

n—~oo
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u 1\ !
-log (B,) - el iz) ) ))
log[P—I] (n)
= lim sup
n—co log'"™ ! ((=1/m) log (B,)) + o (1)
1 [p-1] (n)
= lim sup 1
n—00 log la- (( 1/m)log (B,))’
(47)
Similarly, applying (46) to g, we prove
p(p:a.9)
= lim sup log - (n)
s Tog 1 ((—1/n) 1og(<|a | /1) (k/2r.)")))  (48)
[p-1]
= lim sup log?_ (n)

n—co logl"™! ((~1/m)log (B,))’

Then result (44) is found from the two relations p(p, g, f)
and p(p, g, g) above and relation (37).

Let p be the common (p, q)-order of f and g.

The (p, q)-type of ¢ is defined according to Theorem 5 as

T(p.q.¢)

log [p-2] (n) (49)
= lim sup [g-2] P(P:q)‘l’)’
”—’00 log ((-1/n)log(|a,|))

and we can easily prove that

log??? (n)
) = T Cmiog By
and
log?~! (n
TP 0) =P T (17 (lo)g(/sn))” <
Equation (45) now follows in view of (37) and (39).
Hence the proof is completed. 0

Theorem11. Let u be an entire GASHE function of (p, q)-order
p(p,q,u), and |,/ B,.1] is a nondecreasing function of n for
n > ny. Then

log?™ (n)
p(p g u) =limsup————.
n—co 10g' " (B,/ 1)

Proof. For an entire function ¢(z) =
Theorem 2,

(52)
Yoy a,2", according to

log?™! (n)

11m p—
lOg ‘1] (la /an+1|

p(p.a.¢) = (53)

provided |a,,/a,,.,| is a nondecreasing function of n for n > n,,.
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Applying this equation on f we get

[p-1]
p(p.q f) = limsup 98 m = lim

n—ca log'®! (y,/7,,1)

log [p-1] (n)

e log ((|a, |/|an+1| ((n+ 1)!/n!) (2/K))

L 1]\ @ ( 18] Tn+u+2)-T(n+p+1) g))l
_hrllll?élopbg ) (10g (|an+1| Th+pu+1) - T(n+p+2) (n+ 1)k 4)
= lim sup log[P_l] (n) '
n—09 10g!¥ ((B,/B,1) (T (n+p+ 1) /T (n+ p+ 2)) (n + 1) (2/k))
Since (T'(n+u+1)/T(n+u+2))(n+1) = (n+1)/(n+u+1) = 1 Applying (59) to f, we get
asn — oo then
Ap.a, f)
log*" (n) log'? ™! (n)
' f) = 1 = lim inf
ot f) = gt ((/3,,//3,,+1) (2/k)) ) P Lo ((-1/m) log((la | /) (k/2)")))
55
= lim sup—lOg[[H] () . - hnniglofloglp_l] (n) * log!?™"! <_—1
"N log[q] (ﬁn/ﬁrﬁl) "
|a,| T(n+pu+1) (k\"\) (60)
By the same way, we prove log T(n+u+1) n! <§>
log??™" ()
log[P U (n) = lim inf r
" —lmsu— (56) n—0o | ‘7](1/)1 ) +o0(1)

P(pravg) = lmsuprogir og ™ ((—1/n)log (B,) + 0

lim log [p-1] (n)

Relation (52) now follows on using (37). Hence the proof is
completed. O

Theorem 12. Let u be an entire GASHE function of (p,q)-
order p(p, g, u), lower (p, q)-order A(p, g, u), and lower (p, q)-
type t(p, g, u) and let (3,/3,..1) be a nondecreasing function of
n forn > ny. Then

log?™" (n)
e NG
(P q u) }}E}oo logq 1] ((_1/n) log (ﬂn))
[p-2]
t(p,g,u) = lim inf Log o )

=% 1oglt 2! ((~1/n) log (B,))"

Proof. For an entire function ¢(z) =
to Theorem 3,

(6] n .
Yo a,2",and according

logt?~! (n)
> > = lim '
A(p.q,¢) = lim inf log! ™! ((=1/n) log (|a,|))

(59)

We know that if (j3,/f3,,,;) form a nondecreasing function of
nfor n > ny, then, also, (y,,/y,,1) and (6,,/8,,..)-

inf
T loglt ! (< 1/n)log (B,))
Similarly, applying (59) to g, we prove that

A(p.g.9)
- log?™ (n)
= lim inf log ™! ((~1/n) log((|a | /nt) (k/2r,)"))) (61
log? ™! (n)
= lim

im int log[q 1 (( 1/n)log (B,))

Then result (57) is now followed by (38) and above by the two
relations for A(p, g, f) and A(p, g, g).

If ¢(z) = Y a,z" is an entire function of (p,q)-order
p(p, g, ¢) and lower (p, q)-type t(p,q, ¢), and if |a,/a,. | is a
nondecreasing function of n for n > n,, then, according to
Theorem 6, we have

( ) log [p-2] (n)
pg>¢) = lim inf . (62)
log"?! ((=1/m) log (|ay|))""**
We can easily prove that
log?~2
t(prq f) = liminf g () (63)

" 1oglt 2 ((~1/m) log (B,))/ ")
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and

logl?21
t(p.q,g) = liminf og" " (n) —
n—00 1 g[q 2] (( 1/n) log Iﬁnl P y 20N

(64)

Equation (58) now follows in view of (37) and (40). Hence the
proof is completed. O

Theorem 13. Let u be an entire GASHE function of lower
(p, q)-order AM(p,q,u), and let (B,/p,.1) be a nondecreasing
function of n for n > n,. Then

[p-1]
A(pogyu) = lim inf— 28 (65)

inf28 W
— 4]
" OO 10g 1 (:Bn/ﬂn-H)
Proof. Let¢(z) = Y a,2" be an entire function and |a,/a,,, |
form a nondecreasing function of nn for n > n,, and, according
to Theorem 4, we have

lo g[P*U (n)
N f—— (66)
) o
Applying this on f and g, we can easily prove that
log'?™!)
A(p.q f) = limin f‘[)?—(”) (67)
" dog (Bl 1)
and
log?™ ! (n)
A(p.q,9) =lim 3 (68)

inf———~ |
n—»oo log[q] (:Bn/ﬁnﬂ)

Thus, we obtain relation (65) by using (38) and the two
equalities above. O

Theorem 14. Let u be an entire GASHE function of (p,q)-
order p, (0 < p < 00), (p,q)-type T(p,q,u), and lower (p, q)-
type t(p, g, u). Then

[p-2]
liminfN (p) - [1??] ) > <
10g 1 (ﬁn/ﬁnﬂ)

n—+0o

t (u, p,q)

(69)
log[p -2l (n)

< T (u,p,q) <limsup N (p) - - .
log[q ! (ﬁn/ﬁnﬂ)p

n—+00

Proof. If ¢(z) = Y2, a,2" is an entire function of (p,q)-

type T'(p, g, g) and lower (p, q)-type t(p, g, g), then in view
of Theorem 7 we have

[p-2]
liminf N (p) — %6 ™, 1 (7
n—»0o0 P [g-1] p—C
log (|an/an+1|)
) log?”? (n)
T <limsup N (p) * [q_l]g -C (71)
e log (lan Ayl |)

Applied Principles of Mathematical Analysis

Applying inequality (71) to f(z) = Y y,2", we get

log[P_z] (n)

T (f) <limsup N (p) -

n—00 log[qil] ()’n/YnH)P—C
< limsup N (p)
log”*! (n) 7
0gl"™ (|| / [yeal) 1+ DY/t 27K))"
. log'?™*! (n)
< limsup N (p) - -C>
n—00 Og[qil], (ﬁn/ﬁnﬂ)P ¢
and then
T(w)=T(f)
log'”? (n) 73)

<limsup N (p) -

n—oo

- —C
1™ (B,/ Brsr)’
and applying (70) to the function g(z) = Y~ §,2" we get
log[P -2l (n)

0g "™ (8,/8,.)"

and we can easily prove

lim inf N ( p)

n—+00

<t(g)<t(u), (74)

[p-2]
lim inf [lo%] (n) .
#1061 (5,/6,01)
(75)
i » log[P—Z] (n)
S 10g T (BB )
and, thus,
log (p-2] (n)
lim inf N ( ) t(w), (76)
T loglt (B, /B, )
and thus the proof is completed. O
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The performance of the numerical computation based on the diagonally implicit multistep block method for solving Volterra
integrodifferential equations (VIDE) of the second kind has been analyzed. The numerical solutions of VIDE will be computed at
two points concurrently using the proposed numerical method and executed in the predictor-corrector (PECE) mode. The strategy
to obtain the numerical solution of an integral part is discussed and the stability analysis of the diagonally implicit multistep block
method was investigated. Numerical results showed the competence of diagonally implicit multistep block method when solving

Volterra integrodifferential equations compared to the existing methods.

1. Introduction

Consider the Volterra integrodifferential equation of the
second kind

Y () =F(xyx),z(x), y(x) =y o

where
z(x):JxK(x,s)y(s)ds, 0<s<x. 2)
0

The numerical methods are generated to solve (1) which
is a standard algorithm for ordinary differential equations
and Newton-Cote integration formulae are required for
solving the integral part since it cannot be solved explicitly.
These equations usually appeared in physics, biology, and
engineering applications such as biological models, neutron
diffusion, wind ripple in the desert, heat transfer, and many
more.

For many years, several methods had been applied to
solve first-order problem of VIDE. Day [1] proposed Newton-
Cotes integration formula of the trapezoidal rule for the
solutions of outer and inner integral to obtain approximate

solutions of integrodifferential equations. A comparison
between the variational iteration method and trapezoidal
rule revealing that the variational iteration method is more
efficient and convenient to solve linear VIDE was discussed
by Saadati et al. [2].

In [3], finite difference method is used for solving linear
VIDE by Raftari. He transforms the Volterra integrodifferen-
tial equation in a matrix form and solved it by using finite
difference method based on Simpson’s rule and trapezoidal
rule. A fourth-order robust numerical method was presented
by Filiz [4] with a combination of the trapezoidal rule and
Simpson’s 1/3 rule to evaluate the solution of VIDE for kernel
equal to one. Then, he extended his work with a Runge-Kutta-
Verner method in [5] and used higher rules of numerical
integration method for solving the integral part.

The extended trapezoidal method [6] was proposed for
the numerical solution of VIDE of the second kind and
implemented the method in PECE scheme. Mohamed and
Majid [7] had solved the second kind of VIDE using one-step
block method and the Newton-Cotes quadrature formula
was employed for finding the solution of the integral part.
The multistep block method in [8] had implemented two
approaches for solving VIDE for K(x,s) = 1 and K(x,s) # 1.
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FIGURE 1: Two-point multistep block method.

2. Numerical Method

The proposed numerical method is in the form of block
method and it will generate two or more solutions at the same
time. The proposed method is a two-point block method;
hence it will generate two solutions in one block.

In Figure 1, the two approximate values of y,,, and y,,,
will be computed simultaneously in a block. The approximate
values of y,,, can be developed by integrating (1) over
the interval [x,,x,,,,] while the interval for values y,,, is
[X,, X,,,]. Hence, the formulae of y,,, and y,,, can be
obtained as

wa ¥ (x)dx = wa F(x, y,z)dx. (3)
X, %,
Therefore,

ntr = Yn = E E (x, y,2)dx, )
where r = 1,2. Then, function F(x, y,z) in (4) will be

approximated using Lagrange interpolating polynomial, and
the interpolation points involved in obtaining the corrector
formula of y,,, are {x,_,,x,,x,,,}. Taking x = x,,, + sh,
dx = hds, and replacing into (4), the limit of integration in
(4) will be -1 to 0.

The formulation of y,,, can be obtained when three
points are involved in the interpolation polynomial, that is,
{%,_1> X,41> X142} Considering x = x,,,, + sh, dx = hds in
(4) and the limit of integration will be changed from -2 to
0. The corrector formulae of y,, and y,,, will be obtained
using MAPLE software. The predictor formulae are one order
less than the corrector formulae and the same process of
derivation is applied.

Diagonally Implicit Multistep Block Method

Predictor
3 1
yrIL)Jrl =Vn +h [EFn - EFn—l] >
(5)
y5+2 =n +h [4Fn - 2Fn—1] .
Corrector
5 2 1
yrc1+1 =V +h [EFHH + 3Fn EFn—l] >
(6)

The matrix form of the corrector formulae is

o b=l Il

- 1 2-
12 3| [Fn
+h
1 51LE | (7)
L 9 3_
rs5
=0 " E 1.
+h 12 "
§ z .Fn+2
L3 9

which is equivalent to the difference equations
AyY,, =AY, +h(B,F,_, +BF,), (8)

where A, A, B,, and B, are the coeflicients with m-vectors
Y, Y1, E,_1> and F,, defined as

Y. — —yn+1- i

" L Vn+2

—yn—l ]
L Vn |
[F,

n-1

| F

n 4

)

Fn+1

F,

L+ n+2 d

3. Analysis of Diagonally Implicit
Multistep Block Method

3.1. Order and Convergence of the Method. The order of the
method can be obtained by referring [9]

[“j)’ (x + jh) - hﬁjy’ (x + Jh)]
j=0 (10)
=C,y* +0(h"),

where p is the order of the linear multistep method, O(h?*")
is the local truncation error, and C pis defined as

B k ijCj j(p_l)ﬁj 1
“L T o i

Definition 1. The numerical method is said to be in order p if
the linear operator of numerical method is

C=C=C=-=C,=0, Cp, #0, (12)

where C,,,, is called as an error constant of the method.
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The order of diagonally implicit multistep block method
in (7) can be determined by applying the formula in (11);
hence the values of & and f are obtained as follows:

[0
%2_0 ,
-1
o = ,
-
[1
042:-0 ,
[0
oc3:_1 ,
r1
12
Bo=| * | (13)
L 9
[2
=131,
_0
r 5
12
ﬁ2: 5 >
L 3
[0
Bs = g .
L9

Substitute the values of « and 8 into (11) and obtain

j=0
3 3 rol
vl 1o, [0
Cl_'_ﬁ]‘xj_;)&]ﬁj_ ol’
= = 0]
3 3 ol
1, 1, 0
C = —_— X — —_— .= 5
2 j;)z!] j ;01!] Fi=1o) (14)
3 3 rol
13 1, 0
Cy=) ila;=) i’Bi=1 |
3 g o]
ro 1
SRIPIER - g T4
Com 2/ =25 F =]
j=0 j=0 §

Therefore, the diagonally implicit multistep block method is
third-order where the coefficient of error constant is

1 11" T
C =c=[—— -] 0 0] . (15)
1 =Ci= |55 5] #10 0]

Applied Principles of Mathematical Analysis

Definition 2. The local truncation error at x,,,; of the method
is defined to be expression L[y(x,);h], when y(x) is the
theoretical solution of the initial value problem

k
L{y(x,)sh] =) [a;y (x + jh) —hB;y (x+ jh)]. (16)

Jj=0

For the formula y; ,,

5 2 1
yf1+1:yn+h[EFn+1+§Fn_EFn—1:|- (17)

1 = V' (x,,,), Taylor expansion will be applied to the
derivatives y'(x,,,) and y'(x,_,) where F,_; = y'(x,_,),

Since F,

h2
y’ (xn+1) = )/, (xn) + h)/” (xn) + Z_!y/" (xn)

Lo (i),
" h2 n (18)
hy (xn) + Ey (xn)

y’ (xnfl) = }” (xn) -
Lo ().

Then, since F,, = y'(x,) we have

3
h "

_ , Ky
Ynt1 _yn+hyn+?yn +

So, the local truncation error for y,,, is O(h*). For the
formula y;,,,

2 5 1
y12+2:yn+h §Fn+2+§Fn+1+§Fn—l:|- (20)

The Taylor expansion for y'(x,,,,) = F,,, is given as

! _ ! " (Z’h)2 n
y (xn+2) - y (xn) + Zhy (xn) + | y (xn)
2! (21)
+0 (h3) .
Then, we will have

4
Yusz = yut 2hy, + 2y 4 Sy O (RY). (@)

This shows that the local truncation error for y,,,, is O(h*).
Definition 3. The numerical method is said to be consistent if

the order of method is p > 1 and the method is consistent if
and only if

(23)
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Proof. (i) le-:o a; =0,

3
Zocjzoco+(x1+oc2+oc3

=0
(24)
o)l
= + + + = :
0 -1 0 1 0
(i) X - 0 = Yico B
3
Zj'(xj=0'“0+1'“1+2"X2+3"x3
=0
0 -1 1 0 1
Solof 1 [B] o] []-L)
0 -1 0 1 2
(25)

Zﬁj =PLo+ Pt BtPs

Jj=0
3
3

3 3 1
Zj'“j:Zﬁj: [2] (26)
=0 =0

By Definitions 1 and 3, the diagonally implicit multistep block
method is consistent. d

Therefore,

Definition 4. A block method is said to be zero-stable if and
only if providing the roots of R;, j = 1(1)k of the first
characteristic polynomial, p(R), specified as

p(R) = det

k
ZA")R(’“)] =0 (27)

=0
satisfies IRJ-I < 1 and those roots with Ile =1.

Proof. The values of A can be obtained in (7):

p(r) =det[RA, - A,] = det [R[l 0] - [0 _IH

01 0 -1
(28)
R 1
= det =R(R+1).
0 R+1
The diagonally implicit multistep block method is zero stable
since |R| < 1. ]

Theorem 5. The method is said to be convergent if and only if
the method is consistent and zero-stable.

Proof. By Definitions 1, 3, and 4, the diagonally implicit
multistep block method is convergent. O

3.2. Stability Region of the Method. In this section, the
stability region of the diagonally implicit multistep block
method of order three is discussed for the numerical solution
of VIDE. The test equation for first-order VIDE of the second
kind [10] is

VW=QMH¢yWM (29)

where & and 7 are real constants, £ = A + pand n = —Au.
Therefore,

Y ()= (A +p) y(x) - Ay Jo y (t) dt. (30)

Definition 6. The method is said to be A-stable if and only if
the region of absolute stability contains at the quarter plane
hE <0, W’y < 0.

From the proposed method for the numerical solution,

the characteristics polynomials p(r), o(r), p(r), and G(r) can
be developed as follows.

Corrector formula for y,,,, is

p(r) = -,
5, 2 1 (D)
o(r)=—r"+-r—- —.
12 3 12
Corrector formula for y,,,, is
P (r) = 73 -1,
2, 5, 1 (32)
or)==r"+=-r" +—-.
9 3 9
Simpson’s rule is
p(r) = -1,
1, 4 1 (33)
or)==r"+-r+-.
3 3 3

The stability polynomial of the diagonally implicit multistep
block method can be determined by substituting (31), (32),
and (33) into this particular formula,

7 (r,hE W) = p(r) [p (r) - Hy0 (r)]

-Hyo(r)o(r),

(34)

where H, = hé and H, = h*u. Thus, the stability polynomial
of the proposed method is obtained:
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—j.s -1 -0.5 0
H,
g
3 ~0.5
<o 4
<o _1_
o H2

FIGURE 2: Stability region in H,, H, plane.

5

_Z 7 —£H2—1H2+—H2r4
36 ' 108 27 ' 243 % 54 !
71 41 53 3
-~ —H¥+ —Hjr' - —Hr+-Hyr
54 18 54 2
7 23 1 4
- ZH;r-=H;*+=-H;© + —H,H,
9 36 9 81
5 131 95 5
+ —Hyr'— —H;r’ + —Hyr’ - —Hir (35)
486 486 54 486
23 205 116 19
- —H2r4 - —H2r3 G —H2r2 - —H,r
108 54 27 54
61 ; 61 1 )
- 8—1H1H27" + ﬁHler - §H1H2”

+ 85—1H1H2r4 +rt =3 37 —r=0.
The region of stability polynomial can be illustrated in
Figure 2.
Regarding Definition 6, the third-order of diagonally
implicit multistep block method in Figure 2 is A-stable within
the shaded region.

4. Implementation

The one-step methods are required for finding the first start-
ing point at x,,,, since Volterra integrodifferential equations
of the second kind have two types of kernels. For K(x,s) = 1,
Runge-Kutta method is involved in solving differential part of
VIDE, while, midpoint method is needed to solve VIDE when
K(x,s) # 1. Hence, the predictor and the corrector formula
can be implemented until the end of the interval

3 1
)/,};,1 =yn+h[EFn_§Fn—1:|’

y5+2 =Vnt h [4Fn _2Fn71] >

Applied Principles of Mathematical Analysis

5 2 1
yfn+1 :yn+h[EFn+1 +5F, - _Fn—l] >

3 12
2 5 1
Vosz = J’n+h[§Fn+2+ 35 + §Fn—1:|‘

(36)

Since z(x) in F(x, y(x),z(x)) is the integral term in VIDE
and cannot be solved explicitly, therefore, Simpson’s rule is
adapted for solving the integral part.

(i) For K(x,s) = 1, Simpson’s 1/3 rule is applied to solve
the integral term in VIDE:

1 4 1
Zpia =2yt h [gyn + g)’nu + gyn+2 . (37)

(ii) For K(x, s) # 1, composite Simpson’s rule is employed
for solving the integral part:

n+2

_ s
Zpy2 = gzwiK(xnﬂ’xb yi) >
i=0

n+2

Zpi3 = g;wlsK (xn+3’xi’ yl) (38)

h
+ g [K (xn+3’xn+2’ yn+2)

+ 4K (%x,425 Xnt5/2> J’n+5/2) + K (%435 X135 Yur3)] s

where wf are Simpson’s rule weights 1,4,2,4,...,2,4, 1. The
unknown value of ,,5/, in (38) can be estimated by using
Lagrange interpolation at the point {x,,, X,., 1> X,.12> X113 }>

1 5 5 5
yn+5/2 = E)’n - 1_6yn+1 + 1_6yn+2 + 1_6yn+3' (39)

4.1. Algorithm of the Method. The input of the programming
is the endpoints of a and b and the integer, N. The developed
algorithm for the method is given as follows.

Step 1. Set
Xg = a;
Yo =&
zy = 05
h=(b-a)/N;

OUTPUT: (x4, ¥o» Z0)-
Step 2. Fori =1,

When K(x, s) = 1, using RK3 to evaluate the value of
.
When K(x, s) # 1, applying Midpoint Method.

Step 3. Fori=2,...,(N/2), do Steps 4-6.

Step 4. Set x = a + ih.
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h 0.025 0.0125 0.00625 0.003125
MAXE
RK3 8.3229(-08) 1.0910(~08) 1.3953(~09) 1.7637(~10)
ABM3 1.9468(-06) 2.4548(-07) 3.0813(~08) 3.8593(-09)
2PMBM 4.2079(-07) 4.9165(-08) 5.9272(-09) 7.2715(-10)
DIMBM 4.1354(-07) 4.7815(-08) 5.8390(-09) 7.2152(~10)
TFC
RK3 120 240 480 960
ABM3 82 162 322 642
2PMBM 43 83 163 323
DIMBM 42 82 162 322
TS
RK3 40 80 160 320
ABM3 40 80 160 320
2PMBM 21 41 81 161
DIMBM 21 41 81 161
Time
RK3 0.1035 0.1840 0.2970 0.4527
ABM3 0.0860 0.1410 0.2264 0.3454
2PMBM 0.0670 0.1200 0.2024 0.3204
DIMBM 0.0450 0.1120 0.1600 0.2660
Step 5. Calculate for y?. and 2%, y? , and z° . Exact solution is y(x) = exp(-x).
Source: [11].
Step 6. Compute the solution for y}, and z,,,, y;,, and z; ,.
Example 3 ((K(x,s) # 1) nonlinear VIDE).
Step 7. Calculate the error.
' 1
Step 8. OUTPUT: (x, y, z) and the absolute error. y () =xexp(l-y(x)- m X
ep s SO - JX - sexp(1-y(s))ds (42)
0 (1+s)
5. Numerical Results

Four tested problems of first-order Volterra integrodifferen-
tial equations were considered in order to study the perfor-
mance of the diagonally implicit multistep block method.

Example I ((K(x,s) = 1) linear VIDE).
y'(x):l—ny(s)ds, y(0)=0, 0<x<1. (40)
0

Exact solution is y(x) = sin(x).
Source: [4].

Example 2 ((K(x, s) # 1) linear VIDE).
y’ (x) = —sin (x) — cos (x) + JX 2cos(x —s) y(s)ds,
0

y(0)=1, 0<x<5.

y(0)=1, 0<x<4.

Exact solution is y(x) = 1/(1 + x).
Source: [12].

Example 4 ((K(x,s) # 1) nonlinear VIDE).

y' (x) =2x - % sin (x4) + Lx x%s cos (xzy (s)) ds,

(43)

y(0)=0, 0<x<2.

Exact solution is y(x) = X2
Source: [13].

Notations used in Tables 1-4 are as follows:

h: step size

MAXE: maximum error
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TaBLE 2: Numerical results for Example 2.

h 0.25 0.125 0.0625 0.03125
MAXE
BVMs 2.1607(~01) 2.8411(~02) 3.6378(-03) 4.6011(—04)
ABM3 1.5401(~02) 3.1321(-03) 5.3778(-04) 7.9127(-05)
2PMBM 5.7923(~02) 1.2209(~03) 3.7500(~04) 8.4172(~05)
DIMBM 1.8211(-02) 3.4489(~03) 4.6803(—04) 6.0807(-05)
TFC
BVMs - - - -
ABM3 84 164 324 644
2PMBM 50 90 170 330
DIMBM 22 42 82 162
TS
BVMs - - - -
ABM3 20 40 80 160
2PMBM 11 21 41 81
DIMBM 11 21 41 81
Time
BVMs - - - -
ABM3 0.0715 0.1546 0.2433 0.3546
2PMBM 0.0460 0.0780 0.1710 0.2738
DIMBM 0.0140 0.0410 0.1170 0.1480
TaBLE 3: Numerical results for Example 3.
h 0.025 0.0125 0.00625 0.003125
MAXE
ABM3 2.3797(=06) 3.2252(~07) 4.2061(-08) 5.3727(-09)
2PMBM 8.0020(~06) 9.7319(~07) 1.2000(-07) 1.4862(~08)
DIMBM 3.6545(~06) 4.6274(~07) 5.8216(~08) 7.2999(~09)
TFC
ABM3 644 1284 2564 5124
2PMBM 330 650 1290 2570
DIMBM 322 642 1282 2562
Time
ABM3 0.3543 0.5677 1.1650 1.9855
2PMBM 0.2810 0.4210 0.7496 1.3570
DIMBM 0.2610 0.3010 0.6740 1.1050

TS: total steps
TEC: total functions call
Time: the execution time taken

RK3: Runge-Kutta method of order 3 with Simpson’s
1/3 rule by Filiz [4]

ABM3: Adam Bashforth Moulton Order 3 with Simp-
son’s rule.

BVMs: Combination of BVMs and third-order Gen-
eralized Adams Method by Chen and Zhang [11]

2PMBM: Two points Multistep Block Method of
Order 3 with Simpson’s rule by Mohamed and Majid
(8]
DIMBM: Diagonally implicit multistep block method
with Simpson’s rule proposed in this paper
Tables 1-4 display the numerical results for the four tested
problems when solved using the proposed block method and
the code was written in C language.
The numerical results for Examples 1-4 displayed in
Tables 1-4 are solved numerically using the proposed numer-
ical method with Simpson’s rule. In Table 1, the numerical
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TABLE 4: Numerical results for Example 4.

h 2/9 2/17 2/33 2/65
MAXE
ABM3 5.0218(-02) 1.8761(-03) 1.1046(-04) 5.8996(—06)
2PMBM 2.7425(-02) 6.5258(—04) 1.7781(-04) 6.6888(—06)
DIMBM 8.8008(-03) 8.6068(—04) 1.7703(-04) 6.6994(-06)
TFC
ABM3 40 72 136 246
2PMBM 22 38 70 134
DIMBM 10 18 34 66
Time
ABM3 0.0670 0.0723 0.1291 0.2030
2PMBM 0.0140 0.0352 0.0662 0.1336
DIMBM 0.0050 0.0280 0.0350 0.0420
6 4 —6 J
( 4
-7 ~ 7
S
5 &
ﬁ -8 = -8
=
—9 -9
100 200 300 400 500 600 700 800 900 0.1 0.2 0.3 0.4
TFC Time
* RK3 -+ DIMBM * RK3 O 2PMBM
Bl ABM3 O 2PMBM B ABM3 + DIMBM

(a) Graph of TFC versus MAXE

(b) Graph of Time versus MAXE

FIGURE 3: Graph of the numerical results when solving Example 1.

results will be obtained when the step size h = 0.025,
0.0125, 0.00625, and 0.003125 for the case when K(x,s) = 1.
The maximum error of DIMBM is comparable compared to
2PMBM at all tested /i but the order of accuracy is the same or
one order less compared to RK3 and ABM3. The performance
of DIMBM is better in terms of total functions call and total
number of steps compared to RK3 and ABM3.

In Tables 2, 3, and 4, the numerical results are solved using
the proposed numerical method via composite Simpson’s for
the integral part when K(x,s) # 1. In Table 2, the maximum
error of DIMBM is comparable compared to 2PMBM and

ABMS3. The DIMBM manage to obtain less total functions
call compared to ABM3 and 2PMBM. For the nonlinear
Examples 3 and 4, we could observe that ABM3 and 2PMBM
are expensive in terms of total functions call, respectively.
Figures 3-6 display the numerical results of maximum error
versus total functions call when solving the tested problems.
This has shown the advantage of DIMBM in the form of
a standard multistep method because the cost per step is
cheaper and the numerical results are more accurate when the
step size is reduced. In terms of timing, DIMBM gave faster
results compared to ABM3 and 2PMBM.
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FIGURE 4: Graph of the numerical results when solving Example 2.
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FIGURE 5: Graph of the numerical results when solving Example 3.

6. Conclusion integrodifferential equations and comparisons were made
with the existing method. Comparisons with existing method
In this research, we proposed the diagonally implicit multi- ~ reveal that the diagonally implicit multistep block method is

step block method for solving linear and nonlinear Volterra ~ more efficient and cheaper.
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FIGURE 6: Graph of the numerical results when solving Example 4.
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We apply new modified recursion schemes obtained by the Adomian decomposition method (ADM) to analytically solve specific
types of two-point boundary value problems for nonlinear fractional order ordinary and partial differential equations. The new
modified recursion schemes, which sometimes utilize the technique of Duan’s convergence parameter, are derived using the Duan-
Rach modified ADM. The Duan-Rach modified ADM employs all of the given boundary conditions to compute the remaining
unknown constants of integration, which are then embedded in the integral solution form before constructing recursion schemes
for the solution components. New modified recursion schemes obtained by the method are generated in order to analytically solve
nonlinear fractional order boundary value problems with a variety of two-point boundary conditions such as Robin and separated
boundary conditions. Some numerical examples of such problems are demonstrated graphically. In addition, the maximal errors

(ME,) or the error remainder functions (ER,(x)) of each problem are calculated.

1. Introduction

During the last three decades, fractional order differential
equations (FDEs) have played an important role in modelling
many phenomena in engineering [1, 2], applied sciences [3-
6], and biological systems [7, 8]. This is because the behavior
of most systems appear after effects or memory which can
be explained better by using fractional order derivatives
[5]. Several methods have been proposed to analytically
and numerically solve nonlinear fractional order differen-
tial equations including initial value problems (IVPs) and
boundary value problems (BVPs). These methods include the
Adomian decomposition method (ADM) [9-14], the multi-
step generalized differential transform method (MSGDTM)
[15], the Adams-Bashforth-Moulton type predictor-corrector
scheme [16], and the Haar wavelet method [17].

The ADM has been extensively utilized to solve IVPs
and BVPs for nonlinear ordinary or partial differential
equations, integral equations, or integrodifferential equations

since it can provide approximate analytic solutions without
linearization, perturbation, discretization, guessing the initial
term, or using Green’s functions which are quite difficult to
determine in most cases. The ADM has been used as a tool to
investigate analytical and numerical solutions of real-world
problems by Hashim et al. [18] and Sweilam and Khader [19].
Modifications of the ADM have been developed for different
purposes for IVPs for both integer order and fractional order
differential equations.

Several researchers proposed expressing the initial solu-
tion component u, as a series of orthogonal polynomials,
such as Chebyshev polynomials [20], or Legendre polyno-
mials [21, 22]. In 2013 Duan et al. [11] combined the ADM
with convergence acceleration techniques such as diagonal
Padé approximants and iterated Shanks transforms to solve
nonlinear fractional ordinary differential equations. It was
found that the modified techniques can efficiently extend
the convergence region of the decomposition series solution.
In 2014 Ramana and Prasad [23] modified the ADM to
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solve parabolic equations and the results obtained by their
modified method converged very quickly and were more
accurate than the standard ADM results.

There are now several different resolution techniques
using the ADM for solving BVPs of nonlinear integer order
differential equations. These techniques were developed by
many authors as follows. Tatari and Dehghan [24] gave the
solution of the general form of multipoint BVPs using the
ADM. Al-Hayani [25] used the ADM with Green’s function
to solve sixth-order BVPs. Duan and Rach [26] proposed
the Duan-Rach modified decomposition method for solving
BVPs for higher order nonlinear differential equations. Duan
et al. [27] developed the multistage ADM for solving BVPs
for second-order nonlinear ordinary differential equations
with Robin boundary conditions. In particular, modified
approaches for solving nonlinear fractional order BVPs can
be found in [10, 14, 28]. Most of the resolution techniques
are fundamentally based on two principles of using the ADM.
The first approach is the method of undetermined coeflicients
(see, e.g., [10, 14, 29, 30]) in the ADM which approximates the
constants of integration embedded in the recursion scheme
of the ADM by solving numerically a sequence of nonlin-
ear algebraic equations obtained by employing boundary
conditions. The Duan-Rach modified ADM (see, e.g., [26,
27, 30, 31]), which is the second approach, determines the
remaining unknown constants of integration of the solution
by using the remaining boundary conditions before designing
a suitable modified recursion scheme. In the Duan-Rach
modified ADM, the constants of integration are calculated
simultaneously along with the solution components. Details
of the Duan-Rach modified ADM will be discussed in
Section 2.3.

In our work, we study the use of the Duan-Rach modified
ADM to solve nonlinear high fractional order boundary
value problems with a variety of boundary conditions such
as Robin and separated boundary conditions. We will study
these fractional BVPs for the Caputo fractional derivative
which allows some boundary conditions to be included into
the formulas of the solutions. To the best of the authors’
knowledge, our paper will be the first to develop formulas
for the recursion schemes obtained by using the Duan-Rach
modified ADM for the above types of problems.

1
RL]ZF“f(m) (x) =

This paper is organized as follows. In Section 2, we
review necessary definitions and important properties of the
fractional order integrals and derivatives that are needed in
our work. The principal reviews of the ADM and the Duan-
Rach modified ADM are briefly given in this section as well.
In Section 3, we give the formulas for the recursion schemes
obtained by using the Duan-Rach modified ADM for selected
types of nonlinear fractional BVPs. In Section 4, we give
numerical examples of solutions obtained using the proposed
recursion schemes for some scientific fractional BVPs with
mixed sets of Dirichlet, Neumann, Robin, and separated
boundary conditions. These examples include a Bratu-type
fractional BVP, an oscillating base temperature equation, and
an elastic beam problem.

2. Mathematical Preliminaries

2.1. Review of Fractional Order Integrals and Derivatives.
In this section, we present basic definitions and important
theorems of the fractional calculus (see [5, 32-35]) required
in this paper.

Definition 1 (see [5]). A function f(x) (x > 0) is said to be in
the space C, (o € R) ifit can be expressed as f(x) = x? f;(x)
for some p > «, where f,(x) is continuous in [0, 00), and it
is said to be in the space C™ if f™ € C,, m € N. Clearly,
Co cCpiffacRand f<a.

Definition 2 (see [5]). The Riemann-Liouville fractional inte-
gral operator of order & > 0 of a function f € C, witha >0
is defined as

« 1 (" o
RL]“f(x)sz (x—-1) 1f(T)dT, x> a, 0
rJof () = f (%),

where I'(+) is the gamma function.

Definition 3 (see [5]). The Caputo fractional derivative of
f(x) of order « > 0 with a > 0 is defined as

cDZf (x) =
f(m) (x),

forx >aand f € C"}.

For0 < f < a,a > 0,and m € N, we have the following
important properties [5]:

it RL]ff (x) = RL]fj o f (%) = RL]ZJrBf (%),
where f € C,,

(©)

I'(m-«)

(m)
(f )(Efr)mld‘r’ m-1l<a<m, meN, @)
X-T
o =m,
r 1
RL]Z (x - 61)# = & (X - a)‘uﬂx >
1“(;4+a+1) (4)
where py > -1, x > q,
r 1
D Gmaf = Dy,
F(/A—oc+1) (5)

where 0 <m—-1<a<m<u+1, u>0, x>a,
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m—1 k
RL]Z chf (x) = f(x) - Zf(k) (a) (x——a)’
= “ (6)

m
wherem—-1<y<m, feC/, y>-1

2.2. Review of the Decomposition Methods. We first review the
important concepts of the Adomian decomposition method
(ADM) [9] introduced by George Adomian who is an Amer-
ican physicist. The ADM combined with the use of symbolic
algebra packages such as MATHEMATICA or MAPLE is a
powerful method for solving nonlinear operator equations
including ordinary or partial differential equations [14, 36].
Here we describe the ADM to solve integer order IVPs and
BVPs as follows.

Consider the ordinary differential equation in the follow-
ing operator form:

Lu+Ru+ Nu = g, (7)

where L is the highest order derivative; that is, L =
(d?/dx?)(-), where p is the integer order of the derivative,
which is assumed to be easily invertible, R is a linear differ-
ential operator of order less than L, N denotes a nonlinear
operator assumed to be analytic, g is a source term, and u
is the solution of the equation. The ADM decomposes the
solution u(x) and the analytic nonlinear term Nu of the
nonlinear operator equation (7) into a rapidly convergent
series of solution components and a series of the Adomian
polynomials.

Applying the inverse linear operator L', which is a p-
fold definite integration, to both sides of (7) and using the
given conditions, that is, the initial conditions or boundary
conditions, and the fact that L' Lu = u — @, we obtain

u=0+L"'g-L" (Ru)- L' (Nu), (8)

where @ denotes the terms arising from using the given
conditions. The ADM decomposes the solution u(x) into an
infinite series

w= Y, )
n=0

and then it decomposes the nonlinear term Nu(x) into a
series

Nu = ZA"’ (10)

n=0

where A, = A,(uy(x),u;(x),...,u,(x)) are the Adomian
polynomials that are obtained by the following formula (see
the derivation of the formula in [27, 37] and the references
therein):

, n=0, (11)
A=0

1 4" <k
A=—2 N A
n T dan (,;)”" )
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where A is a grouping parameter. The first six Adomian
polynomials obtained by using (11) for the general analytic
nonlinear term Nu(x) = f(u(x)) are as follows:

Ay = f (),

A= f, (up) 1y,
Ay = f, (o) us + f" (u4g) %’
Ay = f (o) s + " (o) iy + £ (o) 5

2
A4:f’ (”0)”4+f” (”o)(z_?‘*”ﬂf%) (12)
Uy

4
u
+ 1" () T £ (uo) 4_:’

As = f’ (ug) us + f” (uo) (uyus + uyuy)

2 2
Uusu u,u
+f(3)(uo)( 3 1+ 2 1)

2! 2!

wu
3!

5
u
+ 1 (o) + £ (1) 5_:
We observe that the Adomian polynomials are of the follow-
ing forms:

Ay :f(”o)’

(13)
A =

n

9 ()5 nx1,

M=

k=1

where Cﬁ are the sums of all possible products of k com-

ponents from u,,u,, ..., U, ., whose subscripts sum to #,

divided by the factorial of the number of repeated subscripts.
From (8), (9), and (10), we have

Yu,=0+L"g-L" (Ru)- L™ (Nu), (14)
n=0

and the classic (or standard) Adomian recursion scheme [36,
38] is as follows:

Uy (x) =0+ L_lg,

1 1 15
Uy (x) ==L (Ru,)-L (A,), n=0.
Then the n-term approximation of the solution is
n—-1
P (%) = Dy (x), (16)
k=0
which in the lim,_, ., yields the exact solution to (7) as
u(x) = lim g, (x). (17)
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The choice of different initial solutions u,(x) can generate
different recursion schemes which can remedy problems in
the classic scheme caused by the difficulty of integration for
uy(x) or the slowness of convergence to the series solution
(see [39] for details). One criterion that can be used for
choosing the initial solution is to achieve a simple integration
for the initial solution component of the series solution. Then,
to obtain a fast rate of convergence and an extended region
of convergence, we can apply Duan’s convergence parameter
technique [40-42] to the recursion scheme for that initial
solution component. Duan and coresearchers [26, 27] have
shown that the parametrized recursion scheme usually gives a
sequence of decreasing maximal errors which approach zero
when the value of # in the approximation ¢, (x) increases.

2.3. The Duan-Rach Modified Decomposition Method. In this
section, we will provide the idea of the modified ADM
called the Duan-Rach modified decomposition method to
solve integer order BVPs. The method generates a recur-
sion scheme for computing successive solution components
without any undetermined coefficients. Unlike the method
of undetermined coefficients, this new Duan-Rach modified
decomposition method [26, 27, 30] does not require the
solution of a sequence of the nonlinear algebraic equations
obtained from the approximation ¢,(x) for the constants
of integration. In the Duan-Rach modified decomposition
method, we first incorporate as many of the given boundary
conditions as possible into the solution u(x) in (8) of the BVP
and then we determine the remaining unknown constants
of integration before constructing the modified recursion
scheme.

We will now give an example of the use of the Duan-Rach
modified decomposition method to solve the following two-
point BVP:

Lu+Ru+ Nu=g,
u(a) =B, (18)
u(b) =y,

where the operator Lin (18) is L = (d?/dx?) (). Using the first
condition of the boundary conditions in (18), we obtain the
solution form as follows:
u(x) = ﬁ+u' (a) (x —a) +L_lg—L_1 (Ru)
(19)
- L7 (Nuw),

where L' = f: J:(-)ds dr. We then apply the second

condition of the boundary conditions in (18) to solve for u'(a)
which can be expressed as follows:

u' (a) =

=[], [ )],

+ [ (N ]

(20)

Substituting (20) into (19) yields

u(x)—/3+y ﬁ(x a)—z:Z[Lflg]X:b
X—a
L™ (Ru)
+b a[ u] (21)
+z Z[L (Nw)]_, +L"'g~ L7 (Ru)
L' (Nu).

Applying the Adomian polynomials for the nonlinear terms
in (21), we then obtain the following modified recursion
scheme:

/3

uy (x) = + (x -a) - [L_lg]
+ L_lg,
ey () = 5 (22)

b _ [L (An)] - L71 (Ru)

-L'(4,), n=0.

3. Description of the Proposed
Recursion Schemes for Solving Certain
Types of Fractional Order BVPs

The main advantage of using the Duan-Rach modified ADM
for solving nonlinear integer order BVPs which we can
see from Section 2.3 is that evaluating the inverse operator
directly at the boundary points allows us to obtain the
solution components without using numerical methods to
calculate the values of unknown constants of integration as
in the method of undetermined coefficients. In this section,
we construct the recursion schemes developed by using the
Duan-Rach modified ADM for solving fractional higher
order two-point BVPs with their boundary conditions. We
give examples for a set of Robin conditions and separated
boundary conditions. We consider the following nonlinear
fractional order differential equation:

cDiu(x)+Nu=g(x), asx<b, (23)

where « is a fractional order of the differential equation with
m—-1< a <m,m = 2,4, N is a nonlinear operator, g(x)
is a source term, and u(x) is the solution of the equation.
Comparing with (7), we see that the operator L = DY is
the Caputo fractional derivative operator of order . Applying
Lt = RL]Z, which is the Riemann-Liouville fractional
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integral operator of order «, to both sides of (23) and using
the property in (6) yield

Sy DU (x) = pJ; (g (x) - Nu),

m—1 (X _ a)k
u(x)— k;)u(k) (a) 0

= xS (%) = xS (Nu),

u(x)

(24)

el ® , \ (x —a)f o
=Y u’ @ )% (9 ()

!
= k!

- riJs (Nu).

The specific types of boundary conditions imposed on the
fractional differential equation in (23) or the fractional
integral equation in (24) depend upon the value of a.

3.1. The Fractional Order Differential Equation (23) with a
Set of Robin Boundary Conditions. We consider a nonlinear
fractional order differential equation of the form

cDiu+Nu=g(x), as<x<b l<ac<y, (25)
subject to a set of Robin boundary conditions

pu(a) +qu' (a) = B, (26)

ru(b) + su' (b) =y, (27)

where N(u(x)) is an analytic nonlinear term and p, g, 7, and
s satisfy the following condition:

ps—qr+pr(b-a)#0. (28)

In order to have the two boundary conditions required for the
problem and to make the condition (28) hold, it is necessary
to have p, g not both zero, r, s not both zero, and p, r not both
zero.

From (24), we have that the solution of this BVP can be
written in the form

u(x)=ua) +u (a)(x—-a)+ ris (9 (%)

— ri)o (Nu).

(29)

We now apply the Duan-Rach modified ADM to the
problem in (25). Using (29), we evaluate u(x) at x = b to
obtain

ub) =u(a)+u (@) (b-a)+[pJS (9],

- [RL]Z (N“)]xzb >

(30)

where [ p; J%(-)] -y is the Riemann-Liouville fractional inte-
gral operator of order o evaluated at x = b.

Applied Principles of Mathematical Analysis

Differentiating (29) and then using the property that
(d/dx) g J5o() = RL]Z‘_l(-) and evaluating ' (x) at x = b, we
obtain

u' (b) =u' (a) + [RL]ZA (g (x))]x=b

- [RL]Z_l (Nu)]x:b >

(3D

where [ J 2_1(')])(:;7 is the Riemann-Liouville fractional
integral operator of order « — 1 evaluated at x = b.
Substituting (30) and (31) into (27), we get

ru@ +u @ b-a)+ [ )5 (g(0)],,
~[rJl Nw)] ] +s[w (@) (32)

S @), - S )] L] =y

After manipulating the terms in the above equation, we
obtain

ru(a) + [r (b-a)+slu (a)
=y+r ([ ) (N”)]x:b - [ty (9 (x))]x:b) (33)
ts ([ RL]Z_I (N“)]x:b - [RL]Z_l (g (x))]x:b) .
It is possible to solve the system of two linearly inde-
pendent equations (26) and (33) for the two remaining

undetermined coefficients u(a) and u'(a) if the determinant
of the coefficient matrix denoted by A is not zero, that is, if

p q
r s+rb-a)

=ps—qr+pr(b-a)+0. (34)

For A # 0, the values of u(a) and u'(a) can be expressed in
terms of the specified values of the system parameters a, b, f3,
Y, p> g 1> and s as follows:

u(a)=i[rﬁ(b—a)+s[5—qr

+as[ s (@], +ar [ads (960,

—as w2 )] —ar (g s N,
) (35)

u' (a) = A [PY —rB-ps [RLIT1 (9 (x))]x:b

-pr RL]Z‘ (g (x))]x:b +ps [RL]Zk1 (Nu)]x=b

+pr| RL]Z (N”)]x:b] .
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Substituting (35) into (29), we obtain the following equivalent
nonlinear Fredholm-Volterra integral equation:

u(x):%[s[)’—qy+rﬁ(b—a)+(py—r[3)(x—a)

+(gs-ps(x-a) [wJs  (9)] _,
+(qr—pr(x-a) [ J% (9 ()],
~(gs-ps(x-a) [pJo NW)]_,

(36)

- (qT - pr (x - 61)) [RL]Z (Nu)]x:h]
+ x5 (9 (%) = i J5 (Nu),

which is free of any undetermined coefficients. Therefore
(36) represents the solution of the fractional order nonlinear
differential equation (25) subject to the Robin boundary
conditions (26) and (27). Next we apply the decomposition
to the solution u(x) and the nonlinear term Nu(x); that is,

u(x) = Y, (%),
n=0
(37)
Nu(x)= ) A, (%),
n=0
respectively, where A, (x) are the Adomian polynomials
defined in (11).
Inserting the equations in (37) into (36), the solution

components are determined by the following modified recur-
sion scheme:

o ()= 5 [sB - ay + 1B b~ )+ (py —B) (x - a)
+(gs=ps(x—a) [y (9],
+(qr - prx-a) [ Jo (9 ()],,]
+ rety (9()), (38)
b (9 = 1 [(-as+ ps =) [ (4],

+ (_qr + pr (X - a)) [RL]Z (An)]x:h]
- RL]: (An)’ 1’120,

where the resulting integrals are assumed to exist.

The n-term approximation of the solution to the BVP
obtained by the ADM is the following truncated decompo-
sition series:

n—-1
P () = Dy (). (39)
k=0

With the above decomposition obtained by the Duan-Rach
modified ADM, each approximation ¢,(x), n > 1, must
exactly satisfy the boundary conditions (26) and (27). In

addition, other techniques such as partitioning initial terms
into two appropriate terms [39, 43, 44] or using the Duan’s
convergence parameter [40-42] can be incorporated, if nec-
essary, into the recursion scheme (38) for solving the BVP
described in (25)-(27).

Using the general formulas given above, we can derive the
equivalent nonlinear Fredholm-Volterra integral equations
and their associated recursion schemes for (25) for the special
cases of the boundary conditions in (26) and (27). The results
are as follows.

Case 1. The nonlinear fractional BVP consists of (25) and the
following Dirichlet boundary conditions:

u(a) =,
u(b) =y.

(40)

The boundary conditions (40) correspond to the case of p =
r=1landg=s=0in(26) and (27). Thuswehave A = b—a #
0 and then (36) is reduced to
1
u(x) = . [ﬁ(b—a)+(y—/3)(x—a)
—(x—a) [RL]Z (9 (x))]x:b
+(x —a) [RL]Z (N“)]x:b] + RL]Z (9(x))

- RL]: (NM),

(41)

where ¢, J%(-) and [ J5(-)],-, are the Riemann-Liouville
fractional integral operator of order « and the Riemann-
Liouville fractional integral operator of order « evaluated at
x = b, respectively.

Substituting equations in (37) into (41), we can determine
the solution components from the following modified recur-
sion scheme:

uo(x)=ﬁ[ﬁ(b—ah(y—ﬁ)(x-a)

- (x-a) [RL]Z (g (x))]x:h] + RL]Z (g (),
(42)

o [aJs (4]~ s (AN),

®

Uy (x) =

n=>0,

provided that the resulting integrals exist.

Case 2. The nonlinear fractional BVP consists of (25) and
the following mixed set of Neumann and Dirichlet boundary
conditions:

u' (@) = B,
u(b) =y.

(43)
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The boundary conditions (43) correspond to the case of p =
s=0andg =1 =1in(26)and (27). Thuswe have A = -1 # 0
and then (36) becomes

u(@)=y-pl-a)+Bx-a) - [ (9]
+[rfs (NW] _, + rJs (g () (44)
- reJ, (NW),
where p,J7(-) and [ J5(-)],, are the Riemann-Liouville
fractional integral operator of order « and the Riemann-

Liouville fractional integral operator of order « evaluated at
x = b, respectively.

Substituting the equations in (37) into (44), we obtain the
following modified recursion scheme:

uy(x)=y-pMb-a)+p(x-a)
e (@)t (@), (45)
Uy (X) = [RL]Z (An)]x:b - xty (4,), n=0,
where we assume the resulting integrals exist.
Case 3. The nonlinear fractional BVP consists of (25) and
the following mixed set of Robin and Neumann boundary
conditions:
pu(a) +qu' (a) = B,
(46)
su' (b) = P.
The boundary conditions (46) correspond to the case of r = 0

and s = 1 in (27). Thus we have A = p # 0 and then E (36) is
reduced to

ue)= - [B-ay+ pyx-a

a—1
ta-pe-a) W @),
g+ pe-a) [l ()], ]
+ rety (9(%)) = g Sy (NW),
where J5(-) and [ 5 ]:_1(')])(:1] are the Riemann-Liouville
fractional integral operator of order « and the Riemann-
Liouville fractional integral operator of order e — 1 evaluated

at x = b, respectively.

Insertion of the equations in (37) into (47) gives the
following modified recursion scheme:

w09 = [B-ay+pyx-a

+(q-px-a) [ (9] ]
+ o (9 (%)),

Applied Principles of Mathematical Analysis

Uy (x) = % [(_q +p(x-a)) [RL]Z_I (An)]x:b]

-rJo(4,), n=0,
(48)

where we assume the resulting integrals exist.

3.2. The Fractional Order Differential Equation (23) with
Separated Boundary Conditions. We consider a nonlinear
fractional order two-point BVP consisting of the fractional
order differential equation

cDiu+Nu=g(x), a<x<b 3<ac<i4, (49)

and the following separated boundary conditions:

u(a) = p,

" n (50)
pu (a)—qu (a) =P,
u((b) = o,

(51)

ru” () +su" (b) = A

where N(u(x)) is an analytic nonlinear term, p,0, 5,y € R,
and p, g, 7,s > 0 satisty the following condition

ps+qr+ pr(b-a)+0. (52)

In order to satisfy four necessary boundary conditions
required for the problem and to have condition (52), it is
necessary to have p, g not both zero, r, s not both zero, and
p» 7 not both zero.

From (24) and the first condition in (50), we have that the
solution of this BVP can be written in the form

u(x)=1,¢(cz)+u'(a)(x—a)+M—W)(x—a)2

n

+ 4 6(a) (x—a)’ + ris (9 (%)
- RL]Z (NM) >
, (53)
u (x) =p+u'(a)(x—a)+ u_ (@) (x—a)2

mn
u a
L@

6
- rJo (Nu).

We now apply the Duan-Rach modified ADM to the
problem in (49). Using (53) and the first condition in (51), we
evaluate u(x) at x = b to obtain

(x— a)3 + RL]Z (g (x))

o=u(b)
=p+ul(a)(b_a)+ MT(a)(b—a)z
m o
+ 2 6(“) (b-a) + [ruta (9 (D)

- [RL]Z (N”)]x:b-
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Differentiating (53) three times and then using the properties
that (d"/dx") g J5 () = poJ5 (), 1 = 1,2, 3, to the resulting
equations, we obtain

uT(a)(x—a)z

W (x)=u (@) +u" (a)(x-a)+

+ S (@) = @S (NW),

W) =i @+ d" @ -a)+ I (g ) Y
- ) (Nu),
u" () =u" @) + )T (9 () — ST (Nu).
Evaluating (55) at x = b, we have
u" () =d" (@) +u" (a) (b-a)
a7 ()],
- [wli” W]y, (56)

u" (b) =u" @+ [ J5 7 (9],

_ [RL]Z_3 (Nu)]xzb.

Insertion of (56) into (51) gives the following relation:

ru (a) +(r(b-a)+s) u" (a)

=y+r ([ W), =[S @) ) 67)
ts([wla” o], - [ali 7 (0] ).

It is possible to solve the system consisting of the second
condition of (50) and (57) for the two remaining undeter-
mined coeflicients u'’ (a) and u'" (a) if the determinant of the

coeflicient matrix denoted by A is not zero, that is, if

p -4
r r(b—a)+s

=ps+qr+pr(b—a)+0. (58)

For A # 0, the values of "’ (a) and «/" (a) can be expressed in

terms of the specified values of the system parameters a, b, 3,
Y, p> q» 1> and s as follows:

u”(a)=%[r[3(b—a)+sﬁ+qy

9] )

,— e (g)] )]
(59)

+qr ([RL]Z_Z (N”)]xzb - [RL]Z_

+as([w /™ (VW)

[py - P

u (a)=

+pr ([ P\L]f2 (N”)]x=b - [P\L](:f2 (g (x))]x=b)

- (Nu)]x:b - [RL]Z_3 (9 (x))]x:b)] :

+P5([RL]Z

"

Substituting (59) for 4" (a) and 1" (a) into (54) and then
solving the resulting equation for u'(a), we obtain the value
of 4 (a) as follows:

1
! - _
u (a) p o—-p

[RL]Z (g (x))]x=b

2
+[RL]:(N”)]x:h_(b %)

A (rﬁ(b—a)+sﬁ
+qy+qr([RL] (N“] b
~[wts (g (X))]x b) vas([wy” (Nu)]x:b

(b a)

(60)

~[wts (g (x))]x:b))
wpr([wS (9],
+ ps ([ RL]Z_3 (9 (x))]x:b

(rB-py

[RL]“ Z(N”)] )

7 [RL]Z_3 (N“)]x=b)) :

For the computational convenience, we set

A=ps+qr+pr(b-a),
K =2rB + py,
A=sp+qy,

= 2brp + bpy,
v=py-rh,

w = 3q +bp - 2ap.

(61)

Then we substitute (60) and (59) into (53) to obtain the
following equivalent nonlinear Fredholm-Volterra integral
equation:

(x-a)

m (K (b - a3) + 3)Lb2

u(x)=p-

+3(A+y)a2—3(2/\+y)ab+6(p—0)A)

(x a) (x —a)’
vV

6A

(rBb-a)+ 1)+

_ -b -
3 (x—a)(x 6A)(pX+w) (S[RL](X 3(g(x))]x:b
+r o (g (x))]x:b)

C(x- a)

-

[RL] (g (x))]x:b + RL]Z (g ()

(x—a)(x—b)(px+w)
" 6A

(5 [ re) 5_3 (N ”)]x:b
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(x a)

+r [ g3 ( )]x b) b-a) [rife N0,
rfa (Nu),
(62)

where 5, J%(-) is the Riemann-Liouville fractional integral
operator of order « and where [ o J5 ()] p> [RL]Z_Z(-)]x:b,
and [, ] ‘:‘3 ()] are the operators of orders «,  — 2, and
o — 3 evaluated at x = b.

Substituting the equations in (37) into (62), we can deter-
mine the solution components from the following modified
recursion scheme:
(x—a)

_6(b—a)A(K(b

uy(x)=p - a3) +3A0°

+3(A+p)a’—3(2A+p)ab+6(p—0)A)

(x a) (B - a)+/\)+(x Aa)
- -b
_(x-a)(x 6A)(Px+“’) (S[RL]ZH (g (x))]x:b
i (g )] ) (63)
- %;:Z; [RL]Z (g (x))]x=b + RL]Z (g),
un+1 (.X)
- -b
L COC B (s )],
+r[RL]Z_2 (A")]x:b) Ez Z) [r] (A)] 2,

n=>0,

~ [wta (A0)]

where the resulting integrals are assumed to exist. The n-term
approximation of the solution to the BVP can be obtained
using (16). In addition, other techniques such as partitioning
initial terms into two appropriate terms [39, 43, 44] or using
Duan’s convergence parameter [40-42] can be incorporated,
if necessary, into the recursion scheme (63) for solving the
BVP described in (49)-(51).

Using the general formulas derived in (62) and (63),
we can derive the equivalent nonlinear Fredholm-Volterra
integral equations and their associated recursion schemes for
(49) for the special cases of the boundary conditions in (50)
and (51). The results are as follows.

Case 1. 'The nonlinear fractional BVP consists of (49) and the
following two-point boundary conditions:

u(a) =

u” (a) = ,B, o
u(b) =

M” (b) _ )/

Applied Principles of Mathematical Analysis

The derivative boundary conditions (64) correspond to the
caseof p =1 =1land g =s = 0in (50) and (51). Thus (62) is
then reduced to

u(x)=p- % (K(b3 _ as) + 3a® — 3uab
3
+6(p_U)A)+§(X—a)2+%
(x-a)(x-b) (x+w) [ ; _z(g(x))]
RL 4 -
6A )

EZ Z; () (9] + vt (9(%)

(x—a)(x-b)(x+w) .
’ 6A (s (Nw)]_,
T T )

where A =b—a # 0,k =2B+y,A =0, u = 2bB+by,v =y-f5,
and w = b - 2a and where , J7(") is the Riemann-Liouville
fractional integral operator of order « and [ ; J%(-)] -, and
[r] 2‘72(-)] «=p are the operators of orders o and a—2 evaluated
atx =b.

Insertion of (37) into (65) gives the following modified
recursion scheme for solution components:

(x—a) 3
_6(b—a)A(K(b

+6(p—a)A)+§(x—a)2+

uy(x)=p - a3) + 3ua’ — 3uab

(x-a)’
6A

(x-a)(x-b) (x+w)

(o2 (g)]

6A
(66)
D L W]y w9 ),
Uy (%) = (x-a) (x6—Ab) (x + w) [ An)]x:b

(x—-a)

-0 [rifa (An)]oy

n=>0,

- RL]Z (An)’

where we assume the resulting integrals exist.

Case 2. The nonlinear fractional BVP consists of (49) and the
following two-point boundary conditions:

u(a)=p

—u" (a) = ,3, .
u(b) =

4" (b) = y
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The derivative boundary conditions (67) correspond to the
caseof p=s=0andq =r = 1in (50) and (51). Thus we have
A =1 +# 0and w = 3 and then (62) is reduced to

(x —a)
6(b-a)

u(x)=p- (x(b° - a’) + 3007

+3()L+/,¢)a2—3(2/\+[4)ab+6(p—0))

2 3
* (x;a) (ﬁ(b—a)+)t)+gy
R T I
_ iz:z)) [ (g )], + ) (9())
+ (x_a)zﬂ [RL]Z—Z (Nu)]x:b
+ % [ri)S (N, — ) (Nu),

where k = 23, A = y, u =2b; and v = -8 and where ;] (-)
is the Riemann-Liouville fractional integral operator of order
aand where [ o, J%(-)] -, and [ RL]Z_Z(-)]x:b are the operators
of orders a and « — 2 evaluated at x = b.

Insertion of (37) into (68) gives the following modified
recursion scheme for solution components:

(x —a)
6(Mb-a)

Uy (x) =p-— (K (b3 - a3) + 307

+3(A+p)a’-3(2A+p)ab+6(p-0))

; <x‘2“)2 (ﬁ(b—a)+A)+@v
. (’““)zﬂ (52 (g0, (69)
_ H (s (9GN] ey + wts (9)),
Uy (x) = (x_azﬂ [l (A0,
D s (A~ S (A0, nz0,

where we assume the resulting integrals exist.

4. Numerical Examples

In this section, we demonstrate a use of the proposed
recursion schemes in Section 3 derived from the Duan-
Rach modified decomposition method to analytically and
numerically solve nonlinear fractional BVPs. Several non-
linear fractional BVPs presented in this section correspond
to the problems and their formulas described in Section 3
and some of these problems include physical and engineering

problems such as problems of the Bratu type, a problem of
the periodic base temperature in convective longitudinal fins,
and an elastic beam problem. Numerical results obtained
by the method are demonstrated graphically. Moreover, if
the presented nonlinear fractional BVPs have their exact
solutions then we will compute their corresponding maximal
errors. Otherwise, we will investigate the error remainder
function for the remaining problems.

In general, we consider a nonlinear fractional BVP:
cDiu(x) + Nu = g(x),a < x < b, where « is a fractional
order of the equation imposed by some boundary conditions.
If the exact solution u*(x) of the problem is known then we
can examine the convergence of the n-term approximation

@,(x) = ZZ;(I) uy(x) from the error functions expressed as
E,(x) =, (x) - u" (x) (70)
and the maximal errors defined as

ME, = max |E,, (x)|. (71)

a<x<b

For each value of n, we can calculate ME, using the
MATHEMATICA command “NMaximize” over an interval
of interest. Then the logarithmic plot of these values of
ME,, can be made using the MATHEMATICA command
“ListLogPlot”; however, if the exact solution u*(x) of such
a problem is unknown, we compute the error remainder
functions defined as

ER, (x) = oDi¢, (x) + N, (x) - g (x),
(72)
a<x<b.

We observe that ER, is the indicator for measuring how
well the approximation ¢, (x) satisfies the original nonlinear
fractional differential equation.

Example 1. Consider the Bratu-type fractional BVP which is
modified from the Bratu-type second-order equation in [12,
26, 45, 46] as follows:

cDju+e“ =0, 0<sx<1, 1<a<2,
(73)
u(0)=u(l)=0.

For a = 2, it can be easily verified that the exact solution of
the BVP is

cosh ((x —1/2) (C/2))

u (x)==2ln cosh (C/4)

>

(74)
where C satisfies C = V2 cosh <%) .

Fundamentally, we decompose the solution © and the nonlin-
earity Nu = e asu(x) = Yoo u,(x) and Nu = Y2 A, (x),
where u, are the solution components and A, are the
Adomian polynomials. We will show computational details
for the proposed method, that is, the Duan-Rach modified
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ADM. We here list the first four Adomian polynomials for
the nonlinear term Nu as follows:

Ay =€,
A, =ée"uy,

1 2 (75)
A2 = zeu" (Lll + 2142) 5

1 3
Ay = ge”" (”1 + 6u U, + 6u3).

The Duan-Rach Modified ADM. We can apply the formulas in
(41) and (42) in Section 3.1 to this BVP. We havea = 0,b = 1,
p=19=0,r=1,5s=0,f=0,y =0,and A = 1. Equation
(41) turns out to be

u(x) =x[ gty (Nw] _ = o Jo (Nu), (76)

where Nu = ¢". Using (42) and Duans convergence
parameter technique, we obtain the following parametrized
recursion scheme:

uy (x) = ¢,

uy (%) = —c+x [ Jg (Ag)],; — rifs (Ag)s (77)

Upi1 (X) =X [RL]g (An)]le - RL]g (An) , nzl

Since the expressions of the solution components u,(x),
us(x), ug(x),... are very long, we show only the solution
components u;(x), u,(x), and u;(x) using the Adomian
polynomials Ay, A, and A, in (75) as follows:

eC eC «

+ - ,
Ta+r1) T(a+l)

u, (x) =—c

u, (x)

B 47% (4°T (a + 1/2) (e — T (a +2)) — VmeT (a + 2))
B al ()T (e +1/2) T (a +2)

cet oc eZc wsl eZc
X+ x* - X+
TF'(x+1) IFa+1)T(x+2) I'Qa+1)
'xla’
ef c 2c
“3(x):5<2e (F(2a+1)
(o +1) (2o + 3) € = 2cT (ex + 3))
I? (¢ +2)T (ax +3)
B (a(x+5)+3)e° ef . e
IlNa+2)TRa+2) TBa+1l) T'(x+1)

4%*T (e + 1/2) P
VAT Ga+ DT (a+ 1) Ta+1)
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x
FIGURE L: ¢,(x) when n = 10 obtained by the Duan-Rach modified

ADM for o = 1.2 (dot-dash), « = 1.4 (dot line), « = 1.6 (dot-dot-
dash), « = 1.8 (dash line), and & = 2 (solid line).

2c c12
r 2
PR —(a+1)ec+w+2(cx+l)cr(¢x
I3 (x+2) I'Qu+1)
+2) )& - e X - 206” X
2 (x+1)T (e +3) I Qa+1)

((X+2) CSC 2a+1
Fa+1)T 2 +2)

1

3¢ 49¢*T (a + 1/2)
T (a+ )T Gatl) <2“e F@+ )

\r

3o
X .

(78)

Here we select ¢ = 0.1 for the above recursion scheme
for the following values of « = 1.2,1.4,1.6,1.8,2. We can
compute the approximate solution ¢, (x) = ZZ;(I) u;(x) from
the solution components u,(x), u; (x), Uy (x), ..., u,_;(x). In
particular, we compute ¢,,(x) for each selected value of a.
Figure 1 shows curves of the approximation solutions ¢,,(x)
fora =1.2,1.4,1.6,1.8,2.

For each specified value of o # 2, since the exact solution
to this BVP is not known, we calculate the corresponding
error remainder function ER,(x) for n = 10. Figure 2 displays
the graphs of ER,,(x) for the specified values of o. We can
deduce from the graphs in Figure 2 that the approximations
@,0(x) obtained by this method give remarkable accuracy, as
expected, since when # is sufficiently large the magnitude of
each function ER,,(x) approaches zero.

For « = 2, it is possible to compute both the error
function E,(x) and the maximal errors ME, ; however, we
only compute the values of ME,, for n = 2,3,...,9 listed in
Table 1. We show the logarithmic plots of ME, versus # for
n = 2,3,...,9 in Figure 3. We can observe in Figure 3 that
all of the data points after n = 2 lie almost on a straight line
which demonstrates that the maximal errors ME,, are reduced
approximately at an exponential rate.

Example 2. Consider the following nonlinear fractional
order BVP which is developed from the second-order
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FIGURE 2: ER,(x) when n = 10 obtained by the Duan-Rach modified
ADM for o = 1.2 (dot-dash), « = 1.4 (dot line), « = 1.6 (dot-dot-
dash), and « = 1.8 (dash line).

o

1073 L

1074
-5 L

10 ®

107 F Y
107 ¢ ®

ME,

10—8 L

107°

FIGURE 3: Logarithmic plots of the maximal errors ME, versus » for
n = 2 through 9 obtained by the Duan-Rach modified ADM.

homogeneous partial differential equation of the engineering
model in [47] as follows:

Fulxt) € <au (x,1) >2

ox* 1+ eu(x,t) ox
_K? u(xt) ( 1 ) du(x,t) (79)
1+ eu(x,t) 1+ eu(x,t) ot
=0,

where the notation 0%/0x® in (79) represents a fractional
partial derivative with respect to the space x in the Caputo
sense with the fractional order o € (1,2] and where u(x, t)
has the domain of definition x € [0,1] and t € [0, 0c0). The
physical variables u, x,t are the dimensionless temperature,
distance, and time, respectively. For (79), the following mixed
set of homogeneous Neumann and inhomogeneous Dirichlet
boundary conditions is given as

u,(0,t) =0,
(80)
u(l,t) =1+ Scos(Bt).

TABLE 1: For ¢ = 0.1 and « = 2, maximal errors ME, forn = 2,3,
..., 9 obtained by the Duan-Rach modified ADM.

ME,
0.00239285
0.000303804
0.0000401907
5.53739 x 107°
7.91736 x 1077
1.16592 x 1077
1.75801 x 10°®

2.70207 x 1077

o N A S N NP I O

The above conditions consist of a sinusoidally varying bound-
ary value. The parameters ¢, K, S, and B in (79) and (80)
represent thermal conductivity parameter, fin parameter,
amplitude of oscillation, and frequency of oscillation, respec-
tively. The BVP in (79) and (80) describes physically the
periodic base temperature in convective longitudinal fins.

The BVP in (79) and (80) has the same form as the BVP
defined in (25) and (43) in Section 3.1. Thus, we have the
nonlinearity Nu as follows:

3 € 2 2 uxd)
Nu = 1+ eu(x,t) (e e D)) = K 1+eu(x,t)
(81)
W (x,1)
1+eu(x,t)

and the source term g(x,t) = 0. We decompose the
solution u and the nonlinearity Nu as u(x,t) = ZZZO u,(x,t)
and Nu(x,t) = Yoo A,(x,t), where u, are the solution
components and A, are the Adomian polynomials. Using
(81), we list the first two Adomian polynomials for this
nonlinear term as follows:

(1,0))2
A, =— Kuy s(uo ) B 1o
0 euy +1 euy +1 euy+ 1
5 ) 2 (1,0))2
eK uyu, Ku, &4 (”o ) 82
A = > - - - (82)
(eug +1)° ey +1 (eug +1)
B T T T
(e +1)° eug + 1 euy+ 1

where the superscript (1,0) denotes the differentiation with
respect to x, while the superscript (0, 1) denotes the differen-
tiation with respect to ¢ and so forth.

We employ the Duan-Rach modified ADM for the above
BVP to which (44)-(45) are applied. Comparing with (43),
wehavea = 0,b=1,=0,y = 1+ Scos(Bt), p =s =0,
q =1 =1,and A = —1. Then (44) becomes

u(x,t) = 1+ Scos (Bt) + [ g Jg (Nw)]__,

(83)
- rJo (Nuw).
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Using (45), we obtain the following recursion scheme:
Uy (x,t) =1+ Scos (Bt),

Upi1 (x’ t) = [RL]g (An)]xfl - RL]g (An) .

(84)

uy (x,t) =1+ Scos (Bt),

(x* - 1) (K>S cos (Bt) — BSsin (Bt) + K?)

up (x,t) = I (o + 1) (eScos (Bt) + & + 1)

(x*=1) (VAT (e + 1) (x* + 1) = 4°T (a + 1/2))

Applied Principles of Mathematical Analysis

Since the expressions of the solution components u;(x),
u,(x), us(x), ... are complicated, we show only the solution
components uy(x), u;(x), and u,(x) using the Adomian
polynomials A, and A, in (82) as follows:

(85)

u, (x,t) =

2al (@ + 1) T (2o + 1) (eScos (Bt) + & + 1)

(-28 (B (e + 1) - K*) cos (Bt) - 3BS” + 2K*

+ BS (2K2 sin (Bt) (eScos (Bt) + € — 2) + BeS cos (2Bt))) .

We can compute the approximate solution ¢, (x,t) =
Z;(l) u(x, t) from the solution components u,(x, t), u; (x, t),
u,(x,t),...,u,_;(x,t). Since the time consumed for comput-
ing ¢, (x,1) is long, we choose to calculate the approximate
solution ¢s(x,t). Here we take ¢ = 0.2, K = 0.5, S = 0.1, and
B = 1 which are used to plot the approximate solutions and
the error surfaces for 0 < x < 1 and 0 < t < 4. The three-
dimensional approximate solutions @5 (x, t) for the values of
o = 1.2,14,1.6,1.8,2 are plotted in Figures 4(a) and 4(b)
with various orientations. Figures 4(c)-4(e) show the cross
sections of the approximate solutions ¢s(x,t) at x = 0.2,
x = 0.5, and x = 0.8, respectively, for « = 1.2,1.4,1.6,1.8,2.
Since we do not yet know what the exact solution is for
this BVP for each specified value of &, the corresponding
error remainder function

ER, (x,t) = T (1) (Pan (:C’ )
x

€ (8% (x.t) )2

1 £p, (x,1) Ox
(86)
_ 2 §0n (x’ t)
1+eg,(xt)

- < 1 > 09, (x,t)
1 +eg, (x,t) ot

is computed. Here we choose to compute ER,(x, t) for only
o = 1.8 byvaryingn = 2,3,4, 5. Figures 5(a)-5(d) display the
surfaces of the absolute error remainder functions |[ER,,(x, t)|
for n = 2,3,4,5. We can deduce from Figures 5(a)-5(d)
that for « = 1.8 the approximations ¢,(x,t) obtained by
this method provide the greater accuracy for larger n; that is,
the maximum values of |[ER,,(x, )| decrease significantly as n
increases.

Example 3. The following nonlinear fractional BVP is modi-
fied from the nonlinear second-order BVP in [27] with the
sum of an exponential nonlinearity in the solution and a
quadratic nonlinearity in the derivative of the solution and

subject to a set of Robin boundary conditions. The modified
BVP can be expressed as follows:

o 1 —2u !
CDOu(x):—g (e ? +4(u )2) @)

0<x<1, 1<a<2,
subject to the following set of Robin boundary conditions:

u(0)=2u' (0) = -1,

88)
2 (3 (
+2u' (1)=Z+1 (—)
u(@+2u (1) = > +In{ 5
Here we can rewrite (87) as
1/ -
cDyu@)+ < (e +a(u)) =0, (89)
with the nonlinearity and the source term as follows:
1 —2u 12
Nu=—-(e " +4(u ,
s ra()) 0

g(x)=0.

For « = 2,it can be easily verified that the exact solution of
the BVP is u™(x) = In((2 + x)/2); however, the exact solution
to this BVP is not known for 1 < a < 2. Next we decompose
the solution u and the nonlinearity Nu as u(x) = Y2 u,,(x)
and Nu = Y72 A, (x), where u,, are the solution components
and A, are the Adomian polynomials. We here list the first
four Adomian polynomials for the nonlinear term as follows:

_ 1 —2u, 1\2
A0_§<e +4(u0)),
A, = 1 —2u, [
L == uy +ugu,
4
I 2 2 1\2 1o 91
A, = ¢ o (“1 —u, +2e “"((ul) +2u0u2>), D
A, = iefz”0 (—2143 + 61U, U,
12 !

=3 (s — 4€™ (uyuy + ugusy))) -
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...... a=14 — a=2 s =14
———— a=1.6 -~ a=1.6

(c)

¢, (0.8, 1)

0 2 4 6 8 10 12
t
—— a=12 -—— a=18
------ a=14 — a=2
———— a=16
(e)

FIGURE 4: ((a)-(b)) Surfaces of approximate solutions ¢, (x, t) for the values of @ = 1.2,1.4,1.6,1.8,2 with different angles of view. ((c)-(e))
Cross sections of the surfaces of ¢5(x,t) at x = 0.2, x = 0.5, and x = 0.8, respectively, for « = 1.2 (dot-dash), « = 1.4 (dot line), « = 1.6

(dot-dot-dash), o = 1.8 (dash line), and « = 2 (solid line).
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The Duan-Rach Modified ADM. We can now apply the
formulas in (36) and (38) in Section 3.1 to this BVP. For the
parameters described in such a section, we havea = 0,b = 1,
p=LlLqg=-2,r=1s=2,6=-1,9 =2/3+1In(3/2), and
A = 5. Equation (36) turns out to be

-4 2n() G n )
+Qx+4) [ 5 (N (92)

bt 2) [ (Nu)]le] W (Nw).

Using (38) and Duan’s convergence parameter technique, we
obtain the following parametrized recursion scheme:

uy (x) =c,
u; (x) =—c+ é <—§ +21n<%))

Qa+1)e < 11

u (x)——c—l+2ln(§>+
e 5 20T (a+ 1)

3 2 3 5

2

—+—=In

Applied Principles of Mathematical Analysis

A

+ (Zx; Y [wfs™ (A0)],.,
2D s (A0l
~ o (Ag),

(0= 5 [ (4],
D )

-rJo(A,), n=1
(93)

Since the expressions of the solution components u,(x),
n > 2, are quite long, we show only the first two solution
components ¢, (x) and u,(x) computed using the Adomian
polynomials A, and A, in (91) as follows:

3) N Qa+1)e ™ ) e «

X——X,
40T (o + 1) 8T (a+1)

3(c+1) Qo + 1) (4 (o + 2) + 5)

e [ 60a +15
u, (x) =

1200\ TQa+1) T2 (a+2)

8™ (o (200(5 - 61n(3) + In (64)) + 5 — 48 coth ™" (5)) + 15 (a + 1) (2 + 1) ¢ — 10 (1 + 3 coth™" (5))) )
+
T(x+2)

3(@+1)Qa+1) (4o (x+2) +5)

(94)

+ —
2400 \ T 2a + 1)

e [ 60a+15
I? (o +2)

8e™ (o (200(5-61n (3) +1n(64)) + 5 — 48 coth™ (5)) + 15 (a + 1) (2 + 1) c — 10 (1 + 3 coth™" (5)) ) >
+ X
I'(a+2)

e (607 + 90 — 4¢™T (a +2) (15c + 5 - 61n (3) +In (64)) + 3) _
X

" 240aT (@) T (a + 2)
e (3la+1)Qa+1)+8> (5+In(27/8))T(a+2)) ., ot .
" 48072 (o + 2) T RrQa+1)

Throughout this method, we use ¢ = 0.5 and the
following values of &« = 1.2,1.4,1.6,1.8,2 for the recursion
scheme in (93). We can compute the approximate solution
@, (x) = ZZ;(I) u(x) from the solution components u,(x),
Uy (x), uy(x), ..., u,_(x). In particular, we calculate ¢, 5 (x) for
each selected value of « using the Duan-Rach modified ADM.
Figure 6 shows curves of the approximate solutions ¢, 5(x) for
a=12,14,1.6,1.8,2.

For each specified value of o # 2, since the exact solution
to this BVP is not known, we calculate the corresponding
error remainder functions ER,(x) for n = 15. Figure 7

displays the graphs of ER;5(x) for the specified values of
a. We can deduce from the graphs in Figure 7 that the
approximations ¢,s;(x) obtained by this method give the
remarkable accuracy as expected that when # is sufficiently
large then the magnitude of each function ER,(x) approaches
zero.

For o = 2, it is possible to compute both of the error
functions E, (x) and the maximal errors ME,; however, we
only compute the values of ME, for n = 2,3,...,15 listed
in Table 2. We show the logarithmic plots of ME, versus n
forn = 2,3,...,15 in Figure 8. We can observe in Figure 8
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FIGURE 6: ¢, (x) when n = 15 obtained by the Duan-Rach modified
ADM for a = 1.2 (dot-dash), « = 1.4 (dot line), « = 1.6 (dot-dot-
dash), « = 1.8 (dash line), and « = 2 (solid line).

that all of the data points after n = 7 lie almost on a straight
line which demonstrates the maximal errors ME,, are reduced
approximately at an exponential rate.
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(d)

FIGURE 5: Surfaces of the absolute error remainder functions for « = 1.8, (a) |[ER,(x, )], (b) [ER;(x, t)|, (c) |[ER,(x, t)], and (d) |ER5(x, t)].

Example 4. Consider the beam-type fractional boundary
value problem

Diu-2u"+u=g(x), 0<x<1,3<a<4

u(0) =0,
u" (0) =0, (95)
u(l)=0,
u" (1) = -12,
where g(x) = —24 + x + 24x* — x*. For « = 4, it can be

easily verified that the exact solution of the BVP is u”*(x) =
x(1 = x%). Fundamentally, we decompose the solution u and
the nonlinearity Nu = u — 2u" as u(x) = Yoo Un(x) and
Nu = Y2 A, (x), where u,, are the solution components and
A, are the Adomian polynomials. We here list the first four
Adomian polynomials for this nonlinear term as follows:

"
Ay = uy —2uy,,

"
Ay =u; —2uy,
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"
A, =u, —2u,,

Az =u;— 2u;'.
(96)
The Duan-Rach Modified ADM. We can apply the formulas in
(65) and (66) in Section 3.2 to this BVP. We havea = 0,b = 1,
p=1g=0,r=1,5s=0,p=0,0=0,5=0,y =-12,and

A = 1. Then, we have x = —12, A = 0, y = —12, v = -12, and
w = 1. Thus, (65) turns out to be

u(x)=2x-2x" - é (x3 - x) [RL]g_Z (g (x))]x:1
- x| RLIS‘ (g (x))]le + RLIZ (9 (%)
) (97)
te (x3 - x) [RL]g_z (Nu)]x:1

+x [y (NW] _, = pJo (Nu),

Applied Principles of Mathematical Analysis

where Nu is given as above. Using (66), we obtain the
following recursion scheme:

Uy (x) = 2x — 2x°

1 3 a2
- (x - x) [RL]o (g (x))]le

- x| RLfff (g (x))]le + RL]g (9(),
(98)

1 -
Uy (X) = 5 (x3 - x) [RL]O ? (An)]x:I
+x RL]g (An)]x:1 - RLJK (A,),

n=0.

Since the expressions of the solution components u,(x),
us(x), uy(x),... are very long, we show only the first two
solution components u,(x) and u, (x) as follows:

—24a® - 215a° — 398a* + 15890 + 70284 + 7860« + 864
uy(x)=(2+ x+ | -2
6l (x +5)
) 24a’ +470° =750 = 194072 5 24 o xoH! L8 a2 au
6T (o + 3) T(x+1) I'(@+2) T(x+3) [(a+5)

m (=35 T (a+2)

T'(a+4)

1 (432/r (a+3)+72 156" + 9360’ + 7800 — 3744 — 5184

s 312¢° + 3731a® + 1389507 + 7550° — 111451a° — 216262a* + 640520 + 5768160° + 544464a + 124416

TF'(w+3)T (x+5)
737280 + 1459200 - 4200960° — 12213120 — 655872" + 5764320° + 8971200 + 474480a + 74304 .
I'QCa +5)
4 3 2 6 5 4 3 2 (99)
o (4o +80° —120% — 320 - 2T (@ +3) 12 1536a° — 23360 — 2880a” + 19640’ + 8220 — 5da + 84
I'(a+2)T (x+3) 3T 2a + 3)

Lo 13 —260° — 2340 — 5860 + 249a° + 2857a* + 3448a + 13T (a + 5) + 924 e

3602 () 3l () T (ex +5)

(3120 +27950° + 6902ar* - 34490 — 349880 — 41844a — 156T (o + 5) — 11232) _
+ X

6I'(x+2)T (a+5)

(—24a* - 4707 + 7507 + 19400 + 12T (& +3) +72) 48 s 2 s 120 o

+ - X X + X
IF(a+3)T(x+4) I'a-1) I'(2x) I'Qa+1)
x2! 96 2a+2 24 2a+4

TTQa+2) TQa+3) TQa+5)"

In particular, we calculate ¢,,(x) for a = 3.2,3.4,3.6,3.8,
4. Figure 9 shows curves of the approximate solutions ¢, ,(x)
for the selected values of «.

For o = 3.2,3.4,3.6, 3.8, we do not know what the exacts
solutions are, and thus we calculate the error remainder
functions ER,(x) = ~Dj¢,(x) — 2(p£[(x) + ¢,(x) — g(x),

0 < x < 1, for each value of «. We display the functions
ER, (x) for n = 10 in Figure 10. The approximations of this
order give significant accuracy, as expected, since the limit of
the functions ER,(x) approaches zero.

For « = 4, it is possible to compute the error functions E,,
in (70) as E,, = ¢,(x) —u” (x) and the maximal errors ME, in
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FIGURE 8: Logarithmic plots of the maximal errors ME,, versus # for
n = 2 through 15 obtained by the Duan-Rach modified ADM.

(71) as ME,, = max.,;|E,(x)|. However, we only compute
the values of ME,, for n = 2,3,4,...,9 listed in Table 3. In
Figure 11 we show the logarithmic plots of ME, versus n for
n = 2,3,4,...,9 obtained by the method. All of the data
points lie almost on a straight line so the maximal errors are
decreasing approximately at an exponential rate.

5. Conclusions

We have established new recursion schemes using the Duan-
Rach modified decomposition method to solve a variety of
nonlinear fractional BVPs. The obtained recursion schemes
have been derived for solving the nonlinear fractional BVPs
with a set of Robin boundary conditions (order 1 < « < 2)
and with separated boundary conditions (order 3 < «a <
4). We have applied the new recursion schemes to four
numerical expository examples. Example 1 is a nonlinear
Dirichlet fractional BVP of order 1 < « < 2 with the
exponential nonlinearity. Example 2 is a nonlinear Neumann
and Dirichlet fractional BVP of order 1 < « < 2 with the
first derivative nonlinearity. Example 3 is a fractional BVP

0.0 0.2 0.4 0.6 0.8 1.0
X

FIGURE 9: ¢,,(x) when #n = 10 obtained by the Duan-Rach modified
ADM for o = 3.2 (dot-dash), « = 3.4 (dot line), « = 3.6 (dot-dot-
dash), « = 3.8 (dash line), and « = 4 (solid line).

x10"

ER,(x)

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 10: ER, (x) when n = 10 obtained by the Duan-Rach
modified ADM for « = 3.2 (dot-dash), « = 3.4 (dot line), « = 3.6
(dot-dot-dash), and & = 3.8 (dash line).

TaBLE 2: For ¢ = 0.5 and « = 2, maximal errors ME, for n =
2,3,...,15 obtained by the Duan-Rach modified ADM.

n ME,,

2 0.0734942
3 0.0830039
4 0.0203679
5 0.00633962
6 0.00186625
7 0.00192242
8 0.00155408
9 0.000886808
10 0.000608945
1 0.000445665
12 0.000313388
13 0.00021568
14 0.00015314
15 0.000111835

with the sum of an exponential nonlinearity in the solution
and a quadratic nonlinearity in the derivative of the solution
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FIGURE 11: Logarithmic plots of the maximal errors ME,, versus 7 for
n = 2 through 9 obtained by the Duan-Rach modified ADM.

TABLE 3: For « = 4, maximal errors ME, forn = 2, 3,...,9 obtained
by the Duan-Rach modified ADM.

ME,
0.0208592

0.00444248
0.000945886
0.000201388
0.0000428772
9.12892 x 107°
1.94362 x 10°°

413814 x 1077

O 0 N N Uk WOy

which is imposed with a set of Robin boundary conditions.
The beam-type fractional BVP of order 3 < « < 4 with
separated boundary conditions and the product nonlinearity
is provided in Example 4. Besides the obtained approximate
solutions, we also provided the maximal errors (ME,) and
the error remainder functions (ER,(x)) for each problem
if possible. The results for all examples shown confirm that
increasing the number of solution components (i.e., the value
of n) reduces the errors in the numerical solutions. Further-
more, unlike the method of undetermined coefficients in
the ADM, the Duan-Rach modified decomposition method
does not require solving a system of nonlinear algebraic
equations obtained from using the n-term approximation
¢,(x) for the remaining unknown constants of integration,
which are sometimes multiple roots or nonphysical roots.
Hence, the method is very efficient and has provided very
accurate approximate solutions when compared with the
exact solutions (if any).
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An alternative block method for solving fifth-order initial value problems (IVPs) is proposed with an adaptive strategy of
implementing variable step size. The derived method is designed to compute four solutions simultaneously without reducing the

problem to a system of first-order IVPs. To validate the proposed method, the consistency and zero stability are also discussed.
The improved performance of the developed method is demonstrated by comparing it with the existing methods and the results

showed that the 4-point block method is suitable for solving fifth-order IVPs.

1. Introduction

Many natural processes or real-world problems can be trans-
lated into the language of mathematics [1-4]. The mathe-
matical formulation of physical phenomena in science and
engineering often leads to a differential equation, which can
be categorized as an ordinary differential equation (ODE)
and a partial differential equation (PDE). This formulation
will explain the behavior of the phenomenon in detail
The search for solutions of real-world problems requires
solving ODEs and thus has been an important aspect of
mathematical study. For many interesting applications, an
exact solution may be unattainable, or it may not give the
answer in a convenient form. The reliability of numerical
approximation techniques in solving such problems has been
proven by many researchers as the role of numerical methods
in engineering problems solving has increased dramatically
in recent years. Thus a numerical approach has been chosen as
an alternative tool for approximating the solutions consistent
with the advancement in technology.

Commonly, the formulation of real-world problems will
take the form of a higher order differential equation asso-
ciated with its initial or boundary conditions [4]. In the
literature, a mathematical model in the form of a fifth-order
differential equation, known as Korteweg-de Vries (KdV)
equation, has been used to describe several wave phenomena
depending on the values of its parameters [2, 3, 5, 6]. The
KdV equation is a PDE and researchers have tackled the
problem analytically and numerically. It is also noted that in
certain cases by using different approaches the KdV might be
transformed into a higher order ODE [7]. To date, there are
a number of studies that have proposed solving fifth-order
ODE directly [8, 9]. Hence, the purpose of the present paper is
to solve directly the fifth-order IVPs with the implementation
of a variable step size strategy. The fifth-order IVP with its
initial conditions is defined as

Y=y ") y@ =30 Y@=y, ¥ @=yn ¥ @=y5 Y@=y, xelabl.
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Conventionally, (1) will be converted to a system of first-
order ODEs by a simple change of variables. However, it
will increase the computational cost in terms of function
evaluation and thus will affect the computational time. This
drawback is obviously seen when dealing with a higher order
problem. Furthermore, [10] also has remarked that the block
method is far more cost-effective when it is implemented
in direct integration. Hence, several researchers [11-16] have
shown an interest in the development of direct integration
methods. A direct integration method of variable order and
step size for solving systems of nonstift higher order ODEs
has been discussed in [11] whereby [12] has proposed an
algorithm based on collocation of the differential system at
selected grid points for direct solution of general second-
order ODEs. In addition, [13] has used the Gaussian method
in order to solve fourth-order differential equations directly.
However, it requires a tedious computation as well, since it
consists of higher order partial derivatives of Taylor series
algorithm which supplies the starting values. Jator and Li
[15] have proposed the linear multistep method (LMM)
for solving general second-order IVPs directly. The method
is self-starting, so it involves less computational time by
avoiding incorporating subroutines to supply the starting
values.

Thus far, a number of researchers have concerned them-
selves with developing a numerical method based on block
features, and the characteristic feature of the block method
is that in each application it generates a set of solutions
concurrently [10]. Rosser [10] also has remarked that the
implementation of block method in numerical computa-
tion will reduce the computational cost by reducing the
number of function evaluations. Shampine and Watts [17]
have constructed an A-stable implicit one-step block method
and Cash [18] has studied block methods based upon the
Runge-Kutta method for the numerical solution of nonstiff
IVPs. Furthermore [19] has used the self-starting LMM
to solve second-order ODEs in a block-by-block fashion
and recently [20] has constructed a predictor-corrector
scheme 3-point block method with the implementation of
variable step size. This research is an extension of the
work in [20] in which the solution is computed at three
points concurrently and it shows the satisfactory numer-
ical results obtained when solving general higher order
ODEs.

An increasing amount of literature is devoted to vari-
able step size implementations of numerical methods [11,
21, 22]. The practicality of varying the step size for block
method has been justified by [10]. This strategy is an attempt
to reduce the computational cost as well as maintaining
the accuracy. The Falkner method with variable step size
implementation for the numerical solution of second-order
IVPs has been employed in [21]. Although the implemen-
tation of the method involves varying the step size and
solving directly, the computation is still tedious since the
coefficients of the formulae must be calculated every time
the step size is changed. On the contrary, the present
work will store all the integration coefficients in the code
in order to avoid the tedious calculations of the divided
differences.
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FIGURE 1: 4-point block method.

2. Methodology

2.1. Derivation of 4-Point Block Method. The basic approach
of numerical methods for integration is performed by sub-
dividing the interval of integration into certain subintervals.
The proposed method was based on concurrent computation;
hence the closed finite interval was subdivided into a series
of blocks and each block contains four equal subintervals as
illustrated in Figure 1.

Initially, (1) was integrated five times over the corre-
sponding interval: [x,, X, 11, [X,> X121 (X0 %3] %5 X4
for first, second, third, and fourth point, respectively.
The integration was started by replacing the function
feo, .9, 9", y", y'¥) with the interpolating function which
was generated from Lagrange polynomials. A set of points
{('xn—7’ fn—7)’ e (xn’ fn)}’ {('xn—4’ fn—4)’ creo (xn+4’ fn+4)} was
interpolated for deriving predictor and corrector formulae,
respectively. Let the Lagrange polynomial, P, (x), be written
as

Pw (x) = Lw,O (X)f (xn+4) + Lw,lf (xn+3) +ee

v (2)
+ Lw,wf (xn+4—w) = ZLw,j (X) f (xn+4—j) >
=0
where
= (x - xn+4—i)
Ly;(x)= H—
! i;:e(]) (xn+4— i xn+4—i) 3)

for each j=0,1,...,w.

Nine points were interpolated in (2) with w set to be
eight for deriving the corrector and thus one point less for
the predictor formula. Then, the integration process was
proceeded by substituting z = (x — x,,,4,)/h and dx = hdz
in (2). Consistent with the number of interpolation points
involved in deriving the formulae, predictor and corrector
formulae were obtained in terms of variables r and g. The
variables r and g refer to the distance ratio between current
and previous point as a result of implementation variable step
size strategy in the proposed method.

In this work, the selection of the next step size could be
increased by a factor of (r = 0.5,q = 0.5) or maintained
by (r = 1,g = 1),(r = 1,g = 2),(r = 1,4 = 0.5)) and
(r = 2,q = 2) for halving the current step size. This step
size changing technique was limited in order to minimize
the number of coefficients to be stored as well as reducing
the computational storage. The increment of step size was
also limited to doubling in order to control the accuracy of
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the computation [10]. The compact form of the 4-point block

method is presented in

Applied Principles of Mathematical Analysis

where yJ jare the coeflicients of the formulae to be calculated,

d is the number of points (d = 1,2,3,4), g is the number
of times (1) will be integrated, and k is the number of terms
when the equation is integrated. The values of s = -7, t =
Oand s = —4,t = 4 were considered for deriving the
predictor and corrector formulae, respectively. After further
simplification, the associated corrector formulae of the 4-

g-1 k g t .
v-9) _ < (@h)" (—gsi) h g point block method when r = 1 are represented below.
Imid = 2 T Y e @
~ k! (g-1)14&
k=0 j=s Integrate once:
11 [ 10007[ -3233 36394 216014 19098587 [ f,.a
LO| |y [tO0O0]|xn, L _h 4064  —63232 1422272 4541696 | | f,.3
100]|]|y, 1000]||yY,| 3628800 ~29889 1312362 4667058 2789154 | | f..,
100 0]y 100 0] [y, 1040128 5779456 62464 8384512 ] | f,.,
(5)
2224480 425762 126286 257067 [ f. 2497 0 0 07 [ fus
1391360 ~27904 -15808 5888 || f,_, ~736 0 0 0| f.s
+
2708640 -782946 278478 —63018 | | £, 6561 0 0 0| | f.¢
~2324480 2363392 -1012736 249856 ] | f, 5 -27392 0 0 0] [ f,,
Integrate twice:
000 17[y", 1000 ! 10007y
0010[][y", 1000]|[y) 2000( |y,
0100|[y" | [too0o0]|]|y" 3000y,
100 0] |y 100 0][y", 400 0] [y,
~3057 34208 —197216 1258488 1 [ foua
1w ~3008 20480 370944 8341504 | | f,.s ©)
+ ———
7257600 | | —22599 659016 7027560 15769728 | | £,
433152 8093696 12378112 26050560 ] | f,.,
2875850 —444560 128472 -258647 [ f, 2497 0 0 07 [ foa
6492800 —909312 244480 -47104 | | f,_, 4416 0 fos
+
10485450 —1650456 478224 —97200 | | f,, 9477 0 fos
11724800 -622592 -24576 32768 | | f,_s -5120 0 0 0] Lf,,
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Integrate thrice:

213

000 17[y, 1o0007[y 10007/[y) 1 00o07[
0010]|y', 1000f|y), hzooo "l o400 Y
= + + —

" n n i
0100y, 1000(]|y, 3000([(y",] 2[99 00 PIAS
" " n i
100 0]y, 100 0]y, 4000] [y 16 0 0 y
-4872 53782 -304397 1693482 [ foua
W -29632 313088 —1292928 25524992 | | f,.s -
+—
19958400 | | 63423 1004562 15809823 93765438 | | f,.,
218112 20512768 74186752 202702848 ] [ f,.,,
5791735  -751598 213153  —42578 fa 4093 0 0 07 fou
32478080 4915968 1396352 —278272 || f. 26688 0 0 0| f,_s
77715045 11123082 3059613 —599238 | | £, 56862 0 0 0| | f.¢
144240640 20774912 5701632 —1114112] [ f,_, 105472 0 0 0J | f,,
Integrate four times:
000 17[y., 10007[ y ] 1o0007[y 1 o1 [ ¥/ ]
0010[]|y., 1000]|y, MR v | W4 ol |y | ®
= + + — + —
0100y, 1000(]|y, 3000( [y, 219 of [y, | ©
1000]]y, 1000]]y,] 4000y, 16 0 0 0] [y |
1 0007[ [ —25143 276056  —1542812 7955976 [ fuia
8 000[][y, iz ~437504 4788224 25525248 255250432 | | fo.s ®)
Nt ==
270 0 0|y 159667200 | | ~1358127 14924088 74244276 1604715624 | | f..,
n-2 n
64 00 0] |y, | 3342336 190840832 1093402624 5052039168 ] [ f,,,
679888370 —66798970 18463200 —3649810 1 [ f, 21649 0 0 07 [ foa
, | 455836160 15732736 19158016  -3837952 foor 369408 0 0 0| f,s
1734575310 —251470008 70150212 —13839336 | | f,_, 1318761 0 0 0| | f,¢
4381736960 643825664 180092928 —35651584 | | f,_, 3407872 0 0 0] | f,_,
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Integrate five times:
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! "

000 17[Ypa 10007 10007[ v 1 0007[ y
00 10| yus| [LOOO]|y,, o 2000( [y, +ﬁi 4000y, +ﬁi
0100/ 1000y, 3000(]|y | 2[9000][[y,| 6
100 0] [y, 100 0] Ly, 4000] |y, 16 0 0 0] | 4",
1 00o07[y” 1 0007[y
8 000 |y | m|16 000|][y,
27000y | 24|81 00 0|y
64 0 0 0] |y 256 0 0 0] | yv, o)
~397695 4349090  —24084760 118367466 [ fuia
e ~16628480 183347200 —1022977536 7852902400 | | f,.3
" 3632428800 —93592665 995920434 —1796664240 79986003930 | | f,.2
~329908224 6980894720 40512389120 363276533800 | | f,,,

679888370 66798970 18463200  —3649810 fa 348869 0 0 07 [ fos
18183101440 = —2522204160 720401920 —144287744 | | f,, 13889280 0 0 0| | f,s
109670461100 —15912327690 4493865096 —893148930 | | f,., 85522635 0 0 0| | f, s
375644487700 54760308740 1534525440 —3038248960 | | f,_, 1095172096 0 0 0] | f,_,

2.2. Order and Convergence of the Method. The matrix differ-
ential equation of the derived method is given as

ay,, = hpY, + KAY) + B uY)!' + koYY + H°0F,,, ' (10)

where «, 3, A, 4, 0, and 0 are the coefficients of the developed
method. Consequently, the order of 4-point block method
can be determined using the following formulae:

19
Co= D
P

19

C1=Z(j

j=0

“J_ﬁj)>

(11)

-q —1 jq—Z
=2 (G- ot
A L Y
@t oo (q—s>!91>‘

As aresult, a 4-point block method of order nine is developed
with C,,5 # 0 and the error constant obtained is given as

2497 40321 47357

7257600 239500800 479001600’
2818273 164971 23 481
43589145600 3632428800° 113400 1871100

1187 95143 8753 113 689
1871100 85135050 4729725 89600 985600

2559 683073 497799 94
1971200 179379200 44844800° 14175’

568 1088 429568 532736
467775 467775 42567525 14189175

14 =

(12)

T

Hence, the consistency of 4-point block method is proven
according to the definition in [23]. The analysis of zero
stability for the developed method is tested using a similar
approach as presented in [24] and the first characteristic
polynomial obtained is p(R) = R*(R—1) = 0. It is clearly seen
that the roots are 0 and 1. Thus from Theorem 2.1 in [23], the
convergence of the proposed method is asserted.

3. Implementation

Throughout this section, the implementation of 4-point block
method for solving fifth-order IVPs will be explained in
detail. The code starts by finding the values of y in the initial
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TaBLE 1: Numerical results for solving Problem 1.

TOL MTD TS MAXE AVERR FC
oded5 1 1.743 (=6) 2.244 (~6) 67
1072 4PIFI 23 1.640 (—4) 5.346 (-7) 210
4PHODE 20 9.031 (-9) 1611 (~10) 186
ode45 11 1.641 (-6) 2.186 (-6) 67
107 4PIFI 37 9.727 (=7) 6.988 (-9) 339
4PHODE 27 7.059 (~10) 1.092 (~11) 243
ode45 18 5.234 (-7) 8.596 (=7) 109
1076 4PIFI 50 5.582 (-9) 5.727 (-11) 447
4PHODE 35 1.009 (-9) 3.401 (-11) 307
oded5 44 5.485 (-9) 9.472 (-9) 265
1078 4PIFI 96 7597 (~11) 2.881 (~13) 799
4PHODE 4 1.838 (~10) 2.619 (-12) 363
ode45 108 5.552 (-11) 9.551 (—11) 649
1071 4PIFI 788 1.834 (~14) 2.554 (-15) 6331
4PHODE 50 1.023 (~10) 3.443 (-12) 439
KAYODE (a) Not stated 1.638 (—6) Not stated Not stated
KAYODE (b) 100 5.082 (-7) Not stated Not stated
block using Euler method. However, it should be noted that 4. Numerical Results

Euler method will act only as a fundamental building block.
Then the 4-point block method will be applied until the end
of the interval. As stated earlier, the proposed method is
implemented in the mode of predicting and correcting. In
order to preserve the accuracy, the step will succeed if the
local truncation error (LTE) is less than the specified error
tolerance (TOL) such that

LTE = |y},4 — Vhui| < TOL, (13)

where y'_, and y'.} are the corrector value of y at the last
point for each block with t iterations. If (13) is satisfied, the
new step size will be calculated via the step size increment
formula. Otherwise, the current step size will be reduced by
half. The step size increment formula is defined as

1/m
TOL > , (14)

By = 8 X I <—
new X Agg X 2 % LTE

where h,, and h ;4 denote the current and previous step size,

respectively, with value of 0.5 for safety factor (6) and m is

the order of corrector formulae. To show the accuracy and

efficiency of the proposed method, the computational errors
will be reported, equal to

yi =y (%) |

E =|——*+—~2~~% |, 15

) "

Different values of A and B represent the type of error test
which will be considered; namely, A = 1, B = 0 are for the
absolute error test; A = 1, B = 1 represent the mixed error
test; and A = 0, B = 1 correspond to the relative error test.
Here we will use the mixed error test and the maximum error
is calculated by

MAXE = max (E;). (16)

1<i<4

To illustrate the technique proposed in the preceding sec-
tions, two test problems are solved and the results obtained
compared with the method proposed in [8, 9, 25] and the
ODE solver in MATLAB ode45. The work done by [25]
involved the solving of the first-order ODEs using 4-point
block method using variable step size. This means that (1)
needs to be reduced into a system of first-order I[VPs whereby
the methods proposed by [8, 9] are for solving (1) directly with
the implementation of constant step size. The notations used
in Tables 1 and 2 are listed below:

TOL: error tolerance limit;

MTD: method used;

TS: total steps taken;

MAXE: maximum error of the computed solution;
AVERR: average error of the computed solution;
FC: total function calls;

ode45: Runge-Kutta-Dormand-Prince ODE solver;

4PHODE: implementation of the 4-point block
method in this research;

4P1FI: numerical results in [25];
KAYODE (a): numerical results in [8];

KAYODE (b): numerical results in [9].
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TABLE 2: Numerical results for solving Problem 2.
TOL MTD TS MAXE AVERR FC
oded45 11 5.027 (=3) 3.806 (=3) 67
1072 4PIFI 58 2.528 (=7) 3.002 (-8) 490
4PHODE 28 5.537 (=6) 2.245 (=7) 250
oded5 13 1.967 (—4) 1.253 (-4) 79
107 4P1FI 68 9.819 (-9) 1.117 (-9) 571
4PHODE 36 4193 (=7) 1.432 (~8) 315
oded5 25 4.592 (=7) 1.870 (=7) 151
1076 4P1FI 86 1.219 (~10) 9.992 (-12) 715
4PHODE 46 1.003 (-7) 4.290 (-9) 395
ode45 58 1.861 (=9) 1.006 (=9) 349
1078 4PIFI 135 1.363 (-12) 1.597 (~13) 1107
4PHODE 56 2.413 (~-8) 1.012 (-9) 475
oded5 142 4.555 (—11) 2.026 (-11) 853
10710 4PIFI 807 5.630 (—14) 1.250 (~14) 6483
4PHODE 71 1.949 (-10) 7564 (-12) 595
KAYODE (a) Not stated 2.225(=7) Not stated Not stated
KAYODE (b) 10 3.156 (—4) Not stated Not stated
Problem 1. Consider the following:
PUNPIV IO, TN (xz o 3) &,
17)

xel02], y(0) =1, y 0 =1, y(© =3 y" (0 =1, y () =1.

Solution is as follows: y(x) = e* + X2

)/(V) _ 6(2 ()/’)3 + 6)/}”)/” +y2y'”) , xe[L3], y() =1, yr 1) = -1, )/” =2y

Solution is as follows: y(x) = 1/x.
Source is [8].

5. Discussion

In this section the performances of 4PHODE, ode45, 4P1F],
KAYODE (a), and KAYODE (b) are discussed in terms of
three parameters, namely, total steps taken, accuracy, and
total function evaluations. It is apparent from these tables,
mostly at tolerances 1072, 10™*, and 107, that 4PHODE gives
better accuracy compared to ode45, whereas at tolerances
107* and 107'°, 0de45 is one decimal more accurate compared
to 4PHODE for both problems. As both tables show, the
total steps taken by the 4PHODE reduce by nearly half to
ode45 at tolerance 1071, Although, at other tolerance, ode45
requires lesser steps to compute the solution, this result may
be explained by the fact that the initial step size generated by

Source is [8].

Problem 2. Consider the following:

n

(1) =-6, Yy (1)=24. (18)

4PHODE is extremely small in order for the method control
of the accuracy. From the data in Tables 1 and 2, it is apparent
that the number of function calls is likely to be related to the
number of steps taken.

In the comparison of block-by-block method, the numer-
ical results obtained in Tables 1 and 2 demonstrate that
the proposed method 4PHODE always requires fewer steps
in converging to the exact solution compared to 4PIFI.
This gain becomes more obvious as the tolerance decreases.
However, the 4P1FI achieves better accuracy than 4PHODE.
Even so, the maximum error for 4PHODE is still within the
specified tolerance. Another issue that had to be addressed
was the total number of function evaluations used by each
method. The 4PHODE solved all the problems at much lower
cost than 4PIFI and this superiority is most apparent at
finer tolerance. This result is in agreement with [10] which
states the drawback of using the reduction approach in the
implementation of simultaneous computations.
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Comparing the results with the method proposed by
KAYODE (a) and KAYODE (b), for Problem 1, 4PHODE
outperformed both KAYODE (a) and KAYODE (b) in terms
of accuracy and total steps taken. While, for Problem 2,
KAYODE (b) has lesser total steps taken, however, 4APHODE
still has superiority in terms of accuracy.

6. Conclusion

The overall performance revealed that the 4-point block
method is best to be implemented in a direct integration
approach as it required much less storage than the reduc-
tion method while still maintaining an acceptable accuracy.
Besides that, the results of this study also indicate that the
developed method has better accuracy compared to the
existing methods. Hence it can be said that 4PHODE is one
of the alternative methods that can be used for solving fifth-
order ODEs.
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