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Preface

The branch of mathematics which studies the relationship between side lengths and angles
of triangles is known as trigonometry. This field of study is considered to be the foundation
of all applied geometry. The real functions which relate an angle of a right-angled triangle
to ratios of two side lengths are called trigonometric functions. They have a wide range of
applications in astronomy, music theory, electronics, medical imaging and optics. Astronomy
uses the trigonometric technique of triangulation to measure the distance to nearby stars.
A few important concepts within trigonometry are triangle identities and trigonometric
identities. This book presents the complex subject of trigonometry in the most comprehensible
and easy to understand language. It will prove to be immensely beneficial to students and
researchers in this field. Coherent flow of topics and extensive use of examples make this
book an invaluable source of knowledge.

To facilitate a deeper understanding of the contents of this book a short introduction of
every chapter is written below:

Chapter 1- The branch of mathematics that deals with the study of relationships between side
lengths and angles of triangles. They can be defined using the unit circle and are used in
the areas of geodesy, celestial mechanics, optics and acoustics, and navigation. This chapter
has been carefully written to provide an easy understanding of trigonometry.

Chapter 2- Trigonometric functions are the angle functions which gives a relationship
between an angle of a right-angles triangle and ratios of two side lengths. It includes sine,
cosine, tangent, cosecant, secant and cotangent. This is an introductory chapter which will
briefly introduce about these trigonometric functions.

Chapter 3- Inverse trigonometric functions are the inverse functions of sine, cosine, tangent,
cotangent, secant, and cosecant functions. They can be used for obtaining an angle from
any of the angle’s trigonometric ratios. All these inverse trigonometric functions have been
carefully analyzed in this chapter.

Chapter 4- The graphs of trigonometric functions of sine, cosine, tangent, cotangent, secant,
and cosecant functions are periodic in nature. The graph cycle is repeated after every angle
of 180 degrees. This chapter closely examines these graphs of trigonometric functions to
provide an extensive understanding of the subject.

Chapter 5- Pythagorean identities, double angle formulas, half-angle formulas, triple-angle
formulas, etc. are studied within trigonometric identities. Law of sines, cosines, tangents,
Morrie’s law, De Moivre’s theorem, etc. fall under the domain of trigonometric laws. The
topics elaborated in this chapter will help in gaining a better perspective about these
trigonometric identities and laws.
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VIl Preface

Finally, I would like to thank the entire team involved in the inception of this book for their
valuable time and contribution. This book would not have been possible without their efforts.
I would also like to thank my friends and family for their constant support.

Isabella Hughes
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Trigonometry: An Introduction

The branch of mathematics that deals with the study of relationships between side
lengths and angles of triangles. They can be defined using the unit circle and are
used in the areas of geodesy, celestial mechanics, optics and acoustics, and naviga-
tion. This chapter has been carefully written to provide an easy understanding of
trigonometry.

Trigonometry is the branch of mathematics concerned with specific functions of angles
and their application to calculations. There are six functions of an angle commonly used
in trigonometry. Their names and abbreviations are sine (sin), cosine (cos), tangent
(tan), cotangent (cot), secant (sec), and cosecant (csc). These six trigonometric functions
in relation to a right triangle are displayed in the figure. For example, the triangle con-
tains an angle A, and the ratio of the side opposite to A and the side opposite to the right
angle (the hypotenuse) is called the sine of A, or sin A; the other trigonometry functions
are defined similarly. These functions are properties of the angle A independent of the
size of the triangle, and calculated values were tabulated for many angles before com-
puters made trigonometry tables obsolete. Trigonometric functions are used in obtain-
ing unknown angles and distances from known or measured angles in geometric figures.

B
sinA=@ 23|de opposite cscA= G hypotenusﬁe
c hypotenuse a side opposite

c . )

a  cosA _b _ side adjacent T o bypotgnuse
c hypotenuse b  side adjacent
. a_ S|Ide opposﬂe oot A = b _ sl|de adjacgnt
A b c b  side adjacent a side opposite

The six trigonometric functions: Based on the definitions, various simple relationships exist among the
functions. For example, csc A = 1/sin A, sec A = 1/cos A, cot A = 1/tan A, and tan A = sin A/cos A.

Trigonometry developed from a need to compute angles and distances in such fields
as astronomy, mapmaking, surveying, and artillery range finding. Problems involving
angles and distances in one plane are covered in plane trigonometry. Applications to
similar problems in more than one plane of three-dimensional space are considered in
spherical trigonometry.

Principles of Trigonometry
Trigonometric Functions

A somewhat more general concept of angle is required for trigonometry than for
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Introduction to Trigonometry

geometry. An angle A with vertex at V, the initial side of which is VP and the terminal
side of which is VQ, is indicated in the figure by the solid circular arc. This angle is
generated by the continuous counterclockwise rotation of a line segment about the point
V from the position VP to the position VQ. A second angle A’ with the same initial and
termed as the coordinate axesinal sides, indicated in the figure by the broken circular
arc, is generated by the clockwise rotation of the line segment from the position VP to
the position VQ. Angles are considered positive when generated by counterclockwise
rotations, negative when generated by clockwise rotations. The positive angle A and
the negative angle A’ in the figure are generated by less than one complete rotation
of the line segment about the point V. All other positive and negative angles with the
same initial and terminal sides are obtained by rotating the line segment one or more
complete turns before coming to rest at VQ.

/

\
A,\\\ //

General angle: This figure shows a positive general angle A, as well as a negative general angle A’.

Numerical values can be assigned to angles by selecting a unit of measure. The most
common units are the degree and the radian. There are 360° in a complete revolution,
with each degree further divided into 60’ (minutes) and each minute divided into 60”
(seconds). In theoretical work, the radian is the most convenient unit. It is the angle
at the centre of a circle that intercepts an arc equal in length to the radius; simply put,
there are 27 radians in one complete revolution. From these definitions, it follows that
1° ="/ . radians.

Equal angles are angles with the same measure; i.e., they have the same sign and the
same number of degrees. Any angle —A has the same number of degrees as A but is of
opposite sign. Its measure, therefore, is the negative of the measure of A. If two angles,
A and B, have the initial sides VP and VQ and the terminal sides VQ and VR, respec-
tively, then the angle A + B has the initial and terminal sides VP and VR. The angle A +
B is called the sum of the angles A and B, and its relation to A and B when A is positive
and B is positive or negative is illustrated in the figure. The sum A + B is the angle the
measure of which is the algebraic sum of the measures of A and B. The difference A — B
is the sum of A and -B. Thus, all angles coterminal with angle A (i.e., with the same
initial and terminal sides as angle A) are given by A + 360n, in which 360n is an angle
of n complete revolutions. The angles (180 — A) and (90 — A) are the supplement and
complement of angle A, respectively.

2
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Trigonometry: An Introduction

Addition of angles: The figure indicates how to add a positive or negative angle (B) to a positive angle (A).
Trigonometric Functions of an Angle

To define trigonometric functions for any angle A, the angle is placed in position on
a rectangular coordinate system with the vertex of A at the origin and the initial side
of A along the positive x-axis; r (positive) is the distance from V to any point Q on the
terminal side of A, and (X, y) are the rectangular coordinates of Q.

y-axis
Q=(xy)

X-axis

Angle in standard position: The figure shows an angle A in standard position, that is,
with initial side on the x-axis.

The six functions of A are then defined by six ratios exactly as in the earlier case for the
triangle given in the introduction. Because division by zero is not allowed, the tangent
and secant are not defined for angles the terminal side of which falls on the y-axis, and
the cotangent and cosecant are undefined for angles the terminal side of which falls on
the x-axis. When the Pythagorean equality x* + y? = r? is divided in turn by r?, x2, and y?,
the three squared relations relating cosine and sine, tangent and secant, cotangent and
cosecant are obtained.

Table: Negative Angles.

sin(-A)=-sin A csc(-A) = -csc A

cos(-A) = cos A sec(-A) = sec A

tan(-A) = -tan A cos(-A) = -cot A
3
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Introduction to Trigonometry

If the point Q on the terminal side of angle A in standard position has coordinates (X,
y), this point will have coordinates (x, —y) when on the terminal side of —A in standard
position. From this fact and the definitions are obtained further identities for negative
angles. These relations may also be stated briefly by saying that cosine and secant are
even functions (symmetrical about the y-axis), while the other four are odd functions
(symmetrical about the origin).

It is evident that a trigonometric function has the same value for all coterminal angles.
When n is an integer, therefore, sin (A + 360n) = sin A; there are similar relations for
the other five functions. These results may be expressed by saying that the trigonomet-
ric functions are periodic and have a period of 360° or 180°.

Table: Complementary angles and cofunctions.

sin(A£90°)= *cosA csc(A+90°)= tsecA

cos(A£90°) = FsinA sec(A+90°) = FescA

tan(A+90°) =-cot A cot(A+90°) =-tan A

When Q on the terminal side of A in standard position has coordinates (x, y), it has
coordinates (-y, x) and (y, —x) on the terminal side of A + 90 and A — 90 in standard
position, respectively. Consequently, six formulas equate a function of the complement
of A to the corresponding cofunction of A.

Tables of Natural Functions

To be of practical use, the values of the trigonometric functions must be readily avail-
able for any given angle. Various trigonometric identities show that the values of the
functions for all angles can readily be found from the values for angles from 0° to 45°.
For this reason, it is sufficient to list in a table the values of sine, cosine, and tangent for
all angles from 0° to 45° that are integral multiples of some convenient unit (commonly
1"). Before computers rendered them obsolete in the late 20th century, such trigonom-
etry tables were helpful to astronomers, surveyors, and engineers.

Table: Common angles for trigonometry functions.

0° 30° 45° 60° 90°
sin o] 1/2 \5/2 \/5/2 1
cos 1 \/3/2 \/5/2 1/2 0
tan 0 \/g /3 1 \/g undefined

For angles that are not integral multiples of the unit, the values of the functions may
be interpolated. Because the values of the functions are in general irrational numbers,

4
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Trigonometry: An Introduction

they are entered in the table as decimals, rounded off at some convenient place. For
most purposes, four or five decimal places are sufficient, and tables of this accuracy are
common. Simple geometrical facts alone, however, suffice to determine the values of
the trigonometric functions for the angles 0°, 30°, 45°, 60°, and 90°. These values are
listed in a table for the sine, cosine, and tangent functions.

Plane Trigonometry

In many applications of trigonometry the essential problem is the solution of triangles.
If enough sides and angles are known, the remaining sides and angles as well as the
area can be calculated, and the triangle is then said to be solved. Triangles can be solved
by the law of sines and the law of cosines. To secure symmetry in the writing of these
laws, the angles of the triangle are lettered A, B, and C and the lengths of the sides op-
posite the angles are lettered a, b, and ¢, respectively.

C

A c B

Standard lettering of a triangle.

In addition to the angles (A, B, C) and sides (a, b, c), one of the three heights of the tri-
angle (h) is included by drawing the line segment from one of the triangle’s vertices (in
this case C) that is perpendicular to the opposite side of the triangle.

The law of sines is expressed as an equality involving three sine functions while the
law of cosines is an identification of the cosine with an algebraic expression formed
from the lengths of sides opposite the corresponding angles. To solve a triangle, all the
known values are substituted into equations expressing the laws of sines and cosines,
and the equations are solved for the unknown quantities. For example, the law of sines
is employed when two angles and a side are known or when two sides and an angle op-
posite one are known. Similarly, the law of cosines is appropriate when two sides and
an included angle are known or three sides are known.

Spherical Trigonometry

Spherical trigonometry involves the study of spherical triangles, which are formed by
the intersection of three great circle arcs on the surface of a sphere. Spherical triangles
were subject to intense study from antiquity because of their usefulness in navigation,
cartography, and astronomy.

5
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Introduction to Trigonometry

The angles of a spherical triangle are defined by the angle of intersection of the corre-
sponding tangent lines to each vertex. The sum of the angles of a spherical triangle is
always greater than the sum of the angles in a planar triangle (71 radians, equivalent
to two right angles). The amount by which each spherical triangle exceeds two right
angles (in radians) is known as its spherical excess. The area of a spherical triangle is
given by the product of its spherical excess E and the square of the radius r of the sphere
it resides on—in symbols, Er=.

Table: Common spherical trigonometry formulas.

Law of sines: sina sinb sinc

sind sinB sinC

Law of cosines: cosa =cosbcosc+sinbsinccos 4

cosb =cosacosc +sinasinccos B

cosc =cosacosb+sinasinbcosC

Half-angle formulas: \ ( ﬁ ) B \/Sil’l (s—b)sin(s—¢)

2 sin s sin (s—a)
tan _ s1n€s— c? sin(s—a)
sin s sin (s—b)
tan g sm(s— a? sin(s—b) wheres = a+b+c
2 sin s sin (s—c¢)

—cosScos(S—B)
cos(S—A4)cos(S—-C)

Half-side formulas: (

g | —cosScos(S - A)
2 cos(S—B)cos(S—-C)
b \/
tan| —

2

c —cosScos(S—-C) A+B+C
tan| — |= ,where § = ———
2 cos(S — A)cos(S— B) 2

By connecting the vertices of a spherical triangle with the centre O of the sphere that
it resides on, a special “angle” known as a trihedral angle is formed. The central angles
(also known as dihedral angles) between each pair of line segments OA, OB, and OC are
labeled a, 3, and y to correspond to the sides (arcs) of the spherical triangle labeled a,
b, and c, respectively. Because a trigonometric function of a central angle and its corre-
sponding arc have the same value, spherical trigonometry formulas are given in terms
of the spherical angles A, B, and C and, interchangeably, in terms of the arcs a, b, and c

6
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Trigonometry: An Introduction

and the dihedral angles a, 3, and y. Furthermore, most formulas from plane trigonom-
etry have an analogous representation in spherical trigonometry. For example, there is
a spherical law of sines and a spherical law of cosines.

As was described for a plane triangle, the known values involving a spherical triangle
are substituted in the analogous spherical trigonometry formulas, such as the laws of
sines and cosines, and the resulting equations are then solved for the unknown quan-
tities.

Table: Napier’s analogies.

o)

tan(bzcj' (B c)
cot[ ]cos( (BwJ (;Hc)
R

Many other relations exist between the sides and angles of a spherical triangle. Worth
mentioning are Napier’s analogies (derivable from the spherical trigonometry half-an-
gle or half-side formulas), which are particularly well suited for use with logarithmic
tables.

Analytic Trigonometry

Analytic trigonometry combines the use of a coordinate system, such as the Cartesian
coordinate system used in analytic geometry, with algebraic manipulation of the var-
ious trigonometry functions to obtain formulas useful for scientific and engineering
applications.

Trigonometric functions of a real variable x are defined by means of the trigonometric
functions of an angle. For example, sin x in which x is a real number is defined to have
the value of the sine of the angle containing x radians. Similar definitions are made for
the other five trigonometric functions of the real variable x. These functions satisfy the
previously noted trigonometric relations with A, B, 90°, and 360° replaced by x, y, "/,
radians, and 27 radians, respectively. The minimum period of tan x and cot x is 7, and
of the other four functions it is 27.

In calculus it is shown that sin x and cos x are sums of power series. These series may
be used to compute the sine and cosine of any angle. For example, to compute the sine

7
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of 10°, it is necessary to find the value of sin "/ , because 10° is the angle containing
"/ ¢ Tadians. When 7/  is substituted in the series for sin x, it is found that the first two
terms give 0.17365, which is correct to five decimal places for the sine of 10°. By taking
enough terms of the series, any number of decimal places can be correctly obtained.
Tables of the functions may be used to sketch the graphs of the functions.

sin x y-axis cos X y-axis
T _3z T n 3z
- 2 4 2n ) 2 - 2 2 ke 2 :
| . O | Xx-axis 1 0 | | Xx-axis

LY

tan x : y-axis cot x | _y-axis :
I | I I
I 1 | I
I | 1 I
I | 1 I
I | 1 \_T n I
- I | . -7 1 I )
T | 0 | TIC X-axlIs ﬂ:l 2 0 2 J'Cl X-axXlIs
7| L 1 1
-5 1 5l 1 I
2 2, 1 I
I | I I
I | I I
I 1 1 I
I | 1 I
I l 1 I
I | 1 I

Graphs of some trigonometric functions. Each of these functions is periodic. Thus, the
sine and cosine functions repeat every 27, and the tangent and cotangent functions
repeat every m.

Each trigonometric function has an inverse function, that is, a function that “undoes”
the original function. For example, the inverse function for the sine function is written
arcsin or sin™, thus sin~!(sin x) = sin (sin™* x) = x. The other trigonometric inverse func-
tions are defined similarly.

Coordinates and Transformation of Coordinates
Polar Coordinates

For problems involving directions from a fixed origin (or pole) O, it is often convenient
to specify a point P by its polar coordinates (r, 8), in which r is the distance OP and 0 is
the angle that the direction of r makes with a given initial line. The initial line may be
identified with the x-axis of rectangular Cartesian coordinates, as shown in the figure.
The point (r, 0) is the same as (r, 6 + 2nmn) for any integer n. It is sometimes desirable
to allow r to be negative, so that (r, 0) is the same as (-r, 0 + 7).

Given the Cartesian equation for equation a curve, the polar equation for the same
curve can be obtained in terms of the radius r and the angle 0 by substituting r cos 0
and r sin O for x and y, respectively. For example, the circle x> + y? = a has the polar
(r cos 0)* + (r sin 0)* = a2, which reduces to r = a. (The positive value of r is sufficient,

8
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if O takes all values from - to 7 or from 0 to 2m). Thus the polar equation of a circle
simply expresses the fact that the curve is independent of 6 and has constant radius. In
a similar manner, the line y = x tan ¢ has the polar equation sin 6 = cos 6 tan ¢, which
reduces to 0 = ¢. (The other solution, 6 = ¢ + 7, can be discarded if r is allowed to take
negative values).

y-axis ,P

0 \ X-axis
O X M

Cartesian and polar coordinates: The point labeled P in the figure resides
in the plane. Therefore, it requires two dimensions to fix its location, either
in Cartesian coordinates (x, y) or in polar coordinates (r, 0).

Transformation of Coordinates

A transformation of coordinates in a plane is a change from one coordinate system to
another. Thus, a point in the plane will have two sets of coordinates giving its position
with respect to the two coordinate systems used, and a transformation will express the
relationship between the coordinate systems. For example, the transformation between
polar and Cartesian coordinates is given by x = r cos 6 and y = r sin 6. Similarly, it is
possible to accomplish transformations between rectangular and oblique coordinates.

In a translation of Cartesian coordinate axes, a transformation is made between two
sets of axes that are parallel to each other but have their origins at different positions. If
a point P has coordinates (X, y) in one system, its coordinates in the second system are
given by (x — h, y — k) where (h, k) is the origin of the second system in terms of the first
coordinate system. Thus, the transformation of P between the first system (x, y) and the
second system (x’, y’) is given by the equations x = x" + hand y =y’ + k. The common
use of translations of axes is to simplify the equations of curves. For example, the equa-
tion 2x2 + y? — 12x —2y + 17 = 0 can be simplified with the translations x’ =x — 3 and y’
=y — 1 to an equation involving only squares of the variables and a constant term: (x")?
+ (y')?/, = 1. In other words, the curve represents an ellipse with its centre at the point
(3, 1) in the original coordinate system.

A rotation of coordinate axes is one in which a pair of axes giving the coordinates of a
point (X, y) rotate through an angle ¢ to give a new pair of axes in which the point has
coordinates (x’, y’), as shown in the figure. The transformation equations for such a
rotation are given by x = x" cos ¢ — y’ sin ¢ and y = x’ sin ¢ + y’ cos . The application

9
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of these formulas with ¢ = 45° to the difference of squares, x> — y* = a2, leads to the
equation x'y’ = ¢ (where c is a constant that depends on the value of a). This equation
gives the form of the rectangular hyperbola when its asymptotes (the lines that a curve
approaches without ever quite meeting) are used as the coordinate axes.

y-axis y-axis

x"-axis

X-axis

Rotation of axes: Rotating the coordinate axes through an angle ¢ changes the coordi-
nates of a point from (x, y) to (X, y).

Angle I

An angle is the rotation of a ray from an initial point to a terminal point. Some com-
monly used terms in angles are:

« Initial side: The original ray.

« Terminal side: The final position of the ray after rotation.
» Vertex: Point of rotation.

« Positive angle: If the direction of rotation is anticlockwise.

« Negative angle: If the direction of rotation is clockwise.

. Vertex Initial side
o ©
>
10
O >A
Vertex Initial side
(i)Positive angle Fig. 1 (ii) Negative angle

10
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Further, angle measurement is the amount of rotation performed by the initial side to
get to the terminal side. There are several units for measuring angles.

Degree Measure

A complete revolution, i.e. when the initial and terminal sides are in the same position
after rotating clockwise or anticlockwise, is divided into 360 units called degrees. So,

if the rotation from the initial side to the terminal side is (;ﬁjth of a revolution, then
the angle is said to have a measure of one degree. It is denoted as 1°.

We measure time in hours, minutes, and seconds, where 1 hour = 60 minutes and 1
minute = 60 seconds. Similarly, while measuring angles,

» 1degree = 60 minutes denoted as 1° = 60’.

e 1 minute = 60 seconds denoted as 1’ = 60”.

Here are some additional examples of angles with their measurements:

360° A 13PN 270°

0
@ > B€ . >A A

420° o A - A
—30° — 420

B
B

Fig. 2

Radian Measure

Radian measure is slightly more complex than the degree measure. Imagine a circle
with a radius of 1 unit. Next, imagine an arc of the circle having a length of 1 unit. The
angle subtended by this arc at the centre of the circle has a measure of 1 radian. Here
is how it looks:

11
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. . 1
Here are some more examples of angles that measure -1 radian, 1% radian, and —-1—
radian.

Fig. 4

The circumference of a circle = 2mtr where r is the radius of the circle. Hence, for a circle
with a radius of 1 unit, the circumference is 271. Hence, one complete revolution of the
initial side subtends an angle of 2t radian at the centre. Generalizing this, we have, In
a circle of radius r, an arc of length r subtends an angle of 1 radian at the centre. Hence,
in a circle of radius r, an arc of length 1 will subtend an angle = 1/r radian. Generalizing
this, we have, in a circle of radius r, if an arc of length 1 subtends an angle 6 radian at
the centre, then:

0=
.

=Il=ré.

The Relation between Radian and Real Numbers

Radian measures and real numbers are one and the same. Let’s see how: consider a unit
circle with centre O. Let A be any point on the circle and OA be the initial side of the
angle as shown below:

Fig. 5

Now, consider a line PAQ drawn tangential to the circle at point A. Also, let A be the
real number zero. Hence, line AP represents the positive real numbers and line AQ

12
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represents the negative real numbers. Further, let’s drag the line AP along the circum-
ference of the circle in the anticlockwise direction.

Also, let’s drag the line AQ along the circumference of the circle in the clockwise direc-
tion. After doing so, we can see that every real number corresponds to a radian measure
and conversely.

The Relation between Degree and Radian Measures

By the definitions of degree and radian measures, we know that the angle subtended by
a circle at the centre is:

e 360° — according to degree measure.
« 2mradian — according to radian measure.

Hence, 27t radian = 360° = m radian = 180°. Now, we substitute the approximate value

o

22 . . . 1
of mas £l in the equation above and get, 1 radian = 80
7T

radian = 0.01746 radian approximately. Further, here is a table depicting the

=57°16' approximately. Also,

o

T 180°

relationship between degree and radian measures of some common angles:
Degree 30° 45° 60° 90° 180° 270° 360°
Radian e I T T 37 27
6 4 3 2 2

Notational Convention

Since degree and radian measures are the two most commonly used units in angle mea-
surement, there is a convention in place for writing them.

« Ifyou write angle 6°, then it means an angle whose degree measure is 0.
« Ifyou write angle [3, then it means an angle whose radian measure is 3.

Also, note that the term ‘radian’ is usually omitted while writing the radian measure.
Hence, mt radian = 180° is simply written as m = 180°. Further, summing up the rela-
tionship between degree and radian measures, we have:

. T
« Radian measure = T30° x Degree measure.

o

e Degree measure = x Radian measure.

Vs
Example: Convert 40° 20’ into radian measure.

13
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Solution: We know that 1° = 60’. Therefore, 20’ =§ degree. Hence, 40°20'= 40% de-
121

gree =5 degree.

Also, we know that, Radian measure = % X Degree measure.

7 yl2l_Dlw
180 3 540
Example: A wheel makes 360 revolutions in one minute. Through how many radians
does it turn in one second?

Therefore, the radian measure of 40°20'= radian.

Solution: We know that the wheel makes 360 revolutions in one minute. Hence, in one

second it will make, % =6 revolutions.

Also, we know that in one complete revolution, the wheel rotates through an angle of a
2n radian. Therefore, in 6 revolutions it will turn an angle of 6 x 2t radian = 127t radian.
Hence, the wheel turns an angle of 127 radian in one second.

Unit Circle

The unit circle is a circle of radius 1 unit that is centered on the origin of the coordinate
plane.

The unit circle is fundamentally related to concepts in trigonometry. The trigonometric
functions can be defined in terms of the unit circle, and in doing so, the domain of these
functions is extended to all real numbers.

The unit circle is also related to complex numbers. A unit circle can be graphed in the
complex plane, and all roots of unity will lie on this circle.

14
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Relation to Right Triangles

Every point on the unit circle corresponds to a right triangle with vertices at the origin
and the point on the unit circle. The right triangle has leg lengths that are equal to the
absolute values of the x and y coordinates, respectively.

This right triangle is used to apply trigonometric relations.

sin ( 9) _ opposite y b
hypotenuse ¢

cos(H) _ adjacent _a
hypotenuse ¢

tan ( 9) _ opposite _ b
adjacent «a

Since the hypotenuse of the right triangle is always 1 unit long, the values of the x and y

coordinates of a point on the circle are always equal to the cosine and sine (respective-
ly) of the angle 6.

This angle is measured in a unit called radians, which corresponds to the distance
around the unit circle from the point (1,0). The circumference of the unit circle is 2,
so 27 radian is the same as 360°. Any other angle less than 360° can be represented

. . o . 1
as some fraction of 2, radians. For example, A 90° angle is the same as 2 of the way

around the circle, which would be 2z .

Some possible values of 6 are listed below, along with their corresponding values of
sine and cosine.

15
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angle measure, § | sin @ cos @
0 o) 1
z 1 J3
6 2 2
z V2 V2
4 2 2
z V3 1
3 R 2
£ 1 (0]
2

The trigonometry we are familiar with so far is based on only right triangles and acute
angles. However, with help of Unit Circle we can extend our understanding of trigono-
metric functions plus also become familiar with the use of non-acute angles.

Angles in the Unit Circle

An angle on Unit Circle is always measured from the positive xx-axis, with its vertex at
the origin. It is measured to a point on the unit circle. The ray that begins at the origin
and contains the point on the unit circle is called the terminal side.

An angle is said to be positive if it is measured by going in anticlockwise direction from
the positive x-axis and negative if it is measured by going in clockwise direction from
the x-axis.

Since 2mtrad = 360°, any degree measurement can be converted to radians, and vice versa.

Let d be an angle’s measurement in degrees, and let r be that same angle’s measure-
ment in radians.

16
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wd
yr=——
180
d:180r.
V4

Coordinates in the Unit Circle

A right triangle AOBAOB with right angle at AA lies on the Cartesian plane such that
OA lies on the x-axis, point O lies on the origin and point BB lies anywhere on the Unit
Circle. Note that OB=1 units.

A
y
Y
/ : B
."ll.; \\\.
I,f \I
I \

. (1,0)] e | xy
In 0 A (1,0)
|I\\ flrlll

/
0,1
Y

The sine and cosine trigonometric functions are given below. When defining these func-
tions in terms of the unit circle, it is possible to have negative lengths. If OA is along the
negative x-axis, then OA is considered to be negative. Likewise, if AB extends below the
x-axis, then AB is considered to be negative.

opposite 4B _ AB _
hypotenuse OB 1

adjacent :%:%: 04
hypotenuse OB 1

sin(6) = AB

cos(0)=

By this convention, the sine of an angle is considered to be the y-coordinate of a point
on the unit circle given by that angle. Likeways, the cosine of an angle is considered to
be the x-coordinate of a point on the unit circle given by that angle. In general, to com-
pute the sine or cosine of any angle 6, look at the coordinates of the point on unit circle
made by that angle.

17
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Special Angles on the Unit Circle

The sixteen special angles (measured in radians) on the unit circle, each labeled at the terminal point.

The special angles are angles on the unit circle for which the coordinates are well-
known. These coordinates can be solved for with right-triangle relationships.

18
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Trigonometric functions are the angle functions which gives a relationship between an
angle of a right-angles triangle and ratios of two side lengths. It includes sine, cosine,
tangent, cosecant, secant and cotangent. This is an introductory chapter which will
briefly introduce about these trigonometric functions.

Sine I

y Ein.xT
e N
/ o ; \"-_
| i Y
] / S|/ \
<—sinfl sin 0
x f’ﬁﬂ ) y f o
cos f cos @ —2x =¥ / £ r
| | \ /
a !
|I|'
________ L __l":._.."'lll_ -

The sine function sin x is one of the basic functions encountered in trigonometry (the
others being the cosecant, cosine, cotangent, secant, and tangent). Let theta be an angle
measured counterclockwise from the x-axis along an arc of the unit circle. Then sin & is
the vertical coordinate of the arc endpoint, as illustrated in the left figure above.

hypotenise

opposite

I_

The common schoolbook definition of the sine of an angle @ in a right triangle (which
is equivalent to the definition just given) is as the ratio of the lengths of the side of the
triangle opposite the angle and the hypotenuse, i.e.,

opposite

sin@ = .
hypotenuse
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A convenient mnemonic for remembering the definition of the sine, as well as the co-
sine and tangent, is SOHCAHTOA (sine equals opposite over hypotenuse, cosine equals
adjacent over hypotenuse, tangent equals opposite over adjacent).

As a result of its definition, the sine function is periodic with period 27. By the Pythag-
orean theorem, sin ¢ also obeys the identity:

Sin 0+ Cos* 6 =1

Re[sinxz+iv] Im[sinx+iv] sinx iy

Refsinx+iv]

G L L 3

L n o
4
2
B
-2
—4

- =

i N F Y

-6 -4 -2 0 2 4 &

sinxHiy

ks

ks

The definition of the sine function can be extended to complex arguments z, illustrated
above, using the definition,

2i

:%i(e—iz _eiz),

where e is the base of the natural logarithm and i is the imaginary number. Sine is an
entire function and is implemented in the Wolfram Language as Sin[z].

A related function known as the hyperbolic sine is similarly defined,
: 1 z -z
s1nz=5(e —e )
The sine function can be defined analytically by the infinite sum,
: N (_l)n-l 2n-1
sinx =) ————x""".
HZ::‘ (2n-1)!
It is also given by the imaginary part of the complex exponential,

sinx = I[e”‘].

20
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The multiplicative inverse of the sine function is the cosecant, defined as:

cscx=——.
sin x

The sine function is also given by the limit,

sin(z) =—z lim— i'uk ( j C(;{—ZJ,

n—>w Inn = T
where g (k) is the Mobius function and frac (x) is the fractional part.

The derivative of sin x is:

——sinx =CcosXx,
dx
and its indefinite integral is:

Isinxdxz—cosx+C,

where C is a constant of integration.

Using the results from the exponential sum formulas:

sin(n) {z}

L i el(N‘Jrl)x _ 1:|
e -1
» VX2 i(N+)w/2 _ i(N+1)x/2 :|

elx/Z elx/2 _ezx/Z

si_n(;(N+1)xj |
o]
Sm(;x] I

Similarly,

ip" sin(nx) = I{ip" ei""}
n=0

21

WORLD TECHNOLOGIES




Introduction to Trigonometry

l_pe—ix
=1 5
1-2pcosx+p

psinx

- 1—2pcosx+p2.

The sum of sin? (k x) can also be done in closed form,

ZSII’I kx {1+2N cscxsm[x 1+2N)]}

A related sum identity is given by,

= (kﬂj (ﬂj
ZSII’I — |=cot| —
pa n 2n

Product identities include,

£ 2
ﬂsH(l—S—zJ =sin(7s),
n=l1 n

which is more commonly written as an identity for the sinc function or in the form,

© 2
sinx—xl I( N )
- 2 2
n=1 T

Another product formula is,

The sine function obeys the identity:
sin(n @) =2cos@sin[(n —1)@]—sin[(n —2) 0]

and the multiple-angle formula:
sin(nx) = Z( )cos xsin" ™ xsin [%(n - k)ﬂ':| ,

Where (’Z) is a binomial coefficient. It is related to tan(x/2) via:

2tan(1xj
2

sinx =71
1+ tan’ ( xj
2 ).
22
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A curious identity is given by,

sin(na) > Sin(a+¢9j—49k)

:JZ_;E sin(«9j —Qk)

k#j

sina

forall « and 6, # ;.

Cvijovi¢ and Klinowski show that the sum:
© sm 2k +1
Z(; 2k + 1

has closed form for v=2 n+1,

-1 ., a
S2n+l (a) :%ﬂ-z . E2n (;ja

where E_(x) is an Euler polynomial.
A continued fraction representation of sin x is:

X

2
X

X 2
(2:3-x)+ Z ' oo

(4-5—x2)+(6.7_xz)+

sinx
1+

The value of sin(2 7/n) is irrational for all integers n>1 except 2, 4, and 12, for which sin
(m)=0, sin(x/2)=1, and sin(7/6)=1/2, respectively, a result that is essentially known as
Niven’s theorem.

The Fourier transform of sin(27k_x) is given by,

F[sin(Zirkox)](k) Iie "“sin(27k,x)d x

=—i[8(k+ky)—0(k—k,)]

A definite integral involving sin x is given by,

[“sin(x")d x= r(1+ ;jsin[%j

for n>1 where I" (z) is the gamma function.

23
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Sine Function is Odd
Theorem:
ForallzeC:
sin(—z) =—sinz
That is, the sine function is odd.

Proof:

From the definition of the sine function:

0 2n+l
n z
=3 (-1
sinz ;( ) 2n )
2 72
:Z—— —_— — e
31 5!

From Sign of Odd Power, we have that:
Ve N . _(Z2n+1) — (_Z)2n+l
The result follows directly.

Derivative of Sine Function

Theorem:
D, (sinx) =cosx
Corollary:

D (sinax) = acosax

Proof:

From the definition of the sine function, we have:

2n+1

) - X
sinx = -"
;( ) 2n+1)!

From Radius of Convergence of Power Series over Factorial, this series converges for
all x.

24
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From Power Series is Differentiable on Interval of Convergence:

2n

(2n+1)!

smx i 2n+1

n=0
211

8

n:O

The result follows from the definition of the cosine function.

Proof:
D, (sinx)=lim sin(x + h) ~sin(x) Definition of Derivative
"0 of Real Function at Point
. ) 4 sin(h o
lim s1n(x)cos( ) sm( )cos(x) s1n(x) Sine of Sum
h—0 h
sin(x)cos(A—1)+sin(/4)cos(x
= Lln% ( ) ( ) ( ) ( ) collecting terms containing
—
sin (x)and factoring
sin(x)cos(/4)—1 sin( /)cos
S (x)eos(h) =L (o sin(h)eos(x) o e e for
h—0 h h—0
Limits of Functions
=sin(x) x 0+ 1x cos(x) Limit of Sine of X over
X and Limit
of (Cosine (X)- 1) over X
=cos (x)
Proof:
D, sinx =D, cos (% - xj Cosine of Complement equals Sine
=sin [% — xj Derivative of Cosine Function and Chain Rule
=cosx Sine of Complement equals Cosine
Proof:
D, sinx = }11 1 sin(x + h; —sin(x) Definition of Derivative of
-

Real Function at Point

25
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= }limo P Simpson's Formula for
—
Cosine by Sine
i sin (2]
=limcos (x + —) lim———= Multiple Rule for Limits
h—>0 2 Jh—>0 ﬁ
2 of Functions and Product
Rule for Limits of Functions
=cosxxl Continuity of Cosine and Limit
of Sine of X over X
=COSX
Proof:
. xdx .
arcsm(x) = IO - Arcsin as an Integral
l1-x
y o1
d| | ———=dy
. d(arcsin(y)) _ UO J1-3 J
dy dy
1
= = Corollary to Fundamental
I-y

Theorem of Calculus : First Part

We get the same answer as Derivative of Arcsine Function.
By definition of real arcsin function, arcsin is bijective on its domain [-1. . 1].
Thus its inverse is itself a mapping.
From Inverse of Inverse of Bijection, its inverse is the sin function.
d(sin 9) { 1

=1/ Derivative of Inverse Function
deo 1-sin’ @

26
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=+y1-sin’6@  Positivein Quadrant Iand Quadrant IV,
Negative Quadrant [1and Quadrant 11T

Power Series Expansion for Sine Function

Theorem:

The sine function has the power series expansion:

lee) x2n+1
sinx=) (- )"
par (2n+1)!
x3 XS X7
=X—— —_— i
31571
valid for all xeR.

Proof:

From Derivative of Sine Function:

—sinx =cosx
dx

From Derivative of Cosine Function

—CoSx=—sinx

dx
Hence:
2
—zsin X =-sinx
dx
3
— sinx =—cosx
dx

4
—4sinx =sinx
X

and so for all meN:

m

m=4k: msinxzsinx

X

27
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m

m=4k +1: sinx =cosx
dx™
m=4k+2: sinx =-sinx
dx"
m=4k+3: sinx =—cosx
dx"
Where k € Z.

This leads to the Maclaurin series expansion:

o x4k x4k+1 x4k+2 x4k+3
inx=Y"| ——sin(0)+————cos(0) - ———sin(0) —————cos(0
T ;[(41{)!“( VO O Gyt )]

o0 x4k+1 4k+3

= [ - J Sine of Zero is Zero,
=0 (4k + 1)! (4k + 3)! Cosine of Zero is One
o0 " x2k+1

= -1 i =2k
;( ) (2n 1) setting n

From Series of Power over Factorial Converges, it follows that this series is convergent
for all x.

Complex Sine Function

The complex function sin:C — C is defined as:

0 2n+1
. n Zz
= -1) ——
i Z;( ) (2n+1)!
P L2t
L 42 2 L (_ )" +
3t 57! (2n+1)!

Complex Sine Function is Entire
Theorem
Let sin:C — Cbe the complex sine function.

Then sin is entire.

Proof:

By the definition of the complex sine function, sin admits a power series expansion
about o:

o 2n+1

sinz:Z(—l)" z

~ (2n+1)!

28
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By Complex Function is Entire iff it has Everywhere Convergent Power Series, to show
that sin is entire it suffices to show that this series is everywhere convergent.

From Radius of Convergence from Limit of Sequence: Complex Case, it is sufficient to
show that:

|( 1y (2n+1)'|_
n»w\(2n+3)v (~Dn |

We have:
|( ™! (2n+1)| i Ihrn| 2n+1)! |
»Hoo| Qnt3) . (1) no|(2n+3)(2n +2)(2n +1)]|
= lim| ! |
0| (2n+3)(2n + 2)|

=0

hence the result.

Proof:

Let:
f (z) =expz
g(z)=
h(z)=—iz

forall zeC.

By Complex Exponential Function is Entire, we have that f is entire.
By Polynomial is Entire, we have that g and h are entire.

Therefore, by Composition of Entire Functions is Entire, we have that both f o g and f
o h are entire.

By Linear Combination of Entire Functions is Entire, we then have that:
1
—(feg—=/Soh)
2i

is entire.

29
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Note that:

2%((]‘ o g)(z) - (f o h)(z)) = zii(exp(iz) - exp(z’z)) Sine Exponential Formulation
=sinz

Therefore, sin is an entire function.

Complex Sine Function is Unbounded
Theorem:
Let sin:C — C be the complex sine function.

Then sin is unbounded.

Proof:
By Complex Sine Function is Entire, we have that sin is a entire function.
Aiming for a contradiction, suppose that sin was a bounded function.
Then, by Liouville’s Theorem, we would have that sin is a constant function.
However we have, for instance, by Sine of Zero is Zero:
sin0=0
and by Sine of 9o Degrees:
sin% =1
Therefore, sin is clearly not a constant function, a contradiction.

We hence conclude, by Proof by Contradiction, that sin is unbounded.

Sine Exponential Formulation
Theorem:
For any complex number z:

exp (iz) —exp(—iz)
2i
exp z denotes the exponential function

sinz =

sin z denotes the complex sine function

i denotes the inaginary unit.
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Real Domain

This result is often presented and proved separately for arguments in the real domain:

ix —ix

€ —¢

sinx = _
2i

Proof:

From the definition of the sine function:
2n+1

Sm_z 2n+1)

3 5 7 2041
2 2 oz ()n zM

R (2n+1)!+

From the definition of the exponential as a power series:

Then, starting from the right hand side:

exp(iz) —exp(- (iz)" (=iz)"
Sl 5

nOn

1 &( (i) —(—iz)”]

n!

1 o0 (iZ)Zn _(_iZ)Zn (iZ)2n+l _ (_iZ)2n+1

1 o0 (iZ)Zn-H _(_iZ)2n+l
(2n+1)!

B o0 2(1 )2n+1
B 21 (2n+1)
:1i (iZ)2n+1

i~ (2n+1)!

l( l)n 2n+l1
Z (2n+1)!

n=0

i

31

j (2n!) (2n+1)!

] split into even and odd

as(—iz)zn = (iz)Z"
as(_1)2n+l _ _1
cancel 2

as l~2n+1 — l(_l))n

WORLD TECHNOLOGIES




Introduction to Trigonometry

2 .\ 22n+1 )
:Z(;(_ ) W cancel;
=sinz

Proof:
From Euler’s Formula:
exp(iz) =cosz +isinz
Then, starting from the right hand side:
exp (iz) —exp (iz) B (cos z+isin z) - (cos (—z) +isin (—z))
2i - 2i

(cosz +isinz—cosz— isin(—z))

Y Cosine Function is Even
i

_isinz—isin(—z)

2i
isinz —i(—sin(—z
= (2_ ( )) Sine Function is Odd
i
_2isinz
2i

=sinz

Proof:

exp(iz) =cosz+isinz
exp(—iz) =cosz—isinz
~ exp(iz) - exp(—iz) = (cosz +isin Z) - (—cosz —isin z)
=2isinz simplifying
- exp(z’z) —;:xp(—iz) _sinz
i

Euler's Formula

Euler's Formula : Corollary

Also presented as:

This result can also be presented as:

sinz = %i(eiz - eiz)
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Laplace Transform of Sine

Theorem:

Let sin denote the real sine function.

Let L{f} denote the Laplace transform of a real function f.

Then:

L{sinat}=

2 2
s"+a

Where a € R_, is constant, and iRe(s) >a.

Proof:
—>+0
L{sinat} (s) = Io e sinatdt Definition of Laplace Transform
n
= lim . e ' sinatdt Definition of Improper Integral
Lo
r L
.| e (~ssinat—acosat) . s
= lim > primitive of e sin bx
L (—s) +a’
L 0
. e_s'(—ssinaL—acosaL) e 0 (—ssin(Oxa)—acos(Oxa))
Lo s*+a’ st +a’
lim| S sin0+acos0 e (ssinal +acosal) Exponential of Zero
L st +a? s +a’ and rearranging
sin0+acos0 .
= % - Exponential Tends to Zero
s +a
_a Sine of Zero is Zero,
s*+a’ Cosine of Zero is One
Proof:
; 1 .
L {e"”} =—— Laplace Transform of Exponential
s—ia
s+ia L .
=——— multiplying top and bottom by s +ia
s"+a
Also:
L {e’w } = L{cosat +isinat} Euler's Formula

=L {cos at} +il {sin at} Linear Combination of Laplace Transforms
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So:
Li{sinat}= jm(L{ei“’ })
s+ia
()
s*+a’
_a
s*+a’
Proof:
iat —iat
L { sin at} = E{ 3 } Sine Exponential Formulation
i
1 ( at at . : :
=— E{e } - E{e } ) Linear Combination of Laplace Transforms
2i
1 1 1 .
=— ——— Laplace Transform of Exponential
2i\s—ia s+ia
1 (s+ia—s+ia .
= ——& % simplifyin,
2i [ s +a’ j plifying
-\ %@ simplifyin
2i\s* +a° |
a N ...
= simplifying
s +a
Proof:

By definition of the Laplace transform:
L{sinat} = J'O—HOO e " sinatdt

From Integration by Parts:

Ikw=@—ﬁ%ﬁ

Here:
f =sinat
~» f"=acosat Derivativeof sinax
g! — efst
1 _ N
~ g=——e*  Primitiveof e*
s
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So:

. 1 ., . a( _
J.e “sinatdt=——e ™™ smat+—J‘e ' cosat dt
s s

Consider:

J‘ e " cosat dt

Again, using Integration by Parts:

jhj'dz = hjjh' jdt

Here:
h=cosat
~~ h'=—asinat Derivativeof Cosine Function
j ’: e—st
1 _ . . .
~s j=——e*  Primitiveof Exponential Function
)
So:

_ 1 _ ar _g .
J-e Scosatdt =——e™ cosat——Je 'sin at dt
s s

A .. . | _
Substituting this into: je‘S’ sinatdt =——e " sinat+< I e cosatdt:
s s

s 1 _, . al 1 _ arr _g .
Ie ‘sinatdt=——e™" smat-i——(——e st cosat——J.e St smatdtj
s sU s s

2

1 . a _ a .

=——e 'sinat+—e ™ cosat——zje 'sinat dt
s s s

2
a e - a1 . a
> (1+—2jj.e sinatdt =—e (—smat+—zcosatJ
Ky S S

Evaluating at t=0 and ¢ — +c0:

5 1 t—+0
a . _ —st : a
(1+S—2JL{s1nat} —{—e [—s1nat+—2cosatﬂ

S § =0
=0- [—1 (l x 0+ % X ljj Boundedness of Real Sine and
§ § Cosine, Complex Exponential
Tends to Zero
a
=3
35
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Proof:

From Laplace Transform of Second Derivative:
L{@)=s"L{Sf @) =5 1(0)~f"(0)

under suitable conditions.

Then:
f(t) =sinat
~  f'(t)=acosat
f"(t) =—a’sinat
f(0)=0
f'(O) =a
frornequationﬁ{f”(t)} = sz[,{f(t)} —sf(O) —f’(O)substitutingforf(t),f’(O)andf(O)
~ £{—a2 sin at} = szﬁ{sin at} —-sx0—a rearranging
= az[,{sinat} = szﬁ{sinat} —a
~ ﬁ{sinat}z T,
Cosine
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The cosine function cos x is one of the basic functions encountered in trigonometry (the
others being the cosecant, cotangent, secant, sine, and tangent). Let theta be an angle
measured counterclockwise from the x-axis along the arc of the unit circle. Then cos @
is the horizontal coordinate of the arc endpoint.

hypotenuse

adjacent

The common schoolbook definition of the cosine of an angle @ in a right triangle (which
is equivalent to the definition just given) is as the ratio of the lengths of the side of the
triangle adjacent to the angle and the hypotenuse, i.e.

adjacent
cosf = J

hypotenuse

A convenient mnemonic for remembering the definition of the sine, cosine, and tan-
gent is SOHCAHTOA (sine equals opposite over hypotenuse, cosine equals adjacent
over hypotenuse, tangent equals opposite over adjacent).

As a result of its definition, the cosine function is periodic with period 27. By the Py-
thagorean theorem, cos @ also obeys the identity,

sin?@+cos* 0 =1.

lm[cosx+iv]
—_—

CoE XY

CosxHY

- -4 -2 0 2 4 0
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The definition of the cosine function can be extended to complex arguments z using the

definition,

1, . .
cosz =E(e’z + e’z),

where e is the base of the natural logarithm and i is the imaginary number. Cosine is an
entire function and is implemented in the Wolfram Language as Cos[z].

A related function known as the hyperbolic cosine is similarly defined,

cosz =%(ez +e_z).

The cosine function has a fixed point at 0.739085..., a value sometimes known as the
Dottie number.

The cosine function can be defined analytically using the infinite sum:

o (_1)\" 2n
COSXx = (1)
= (2n)
x2 x4 x6
=l-—8=———F ..,
21 4! 6!

or the infinite product:

cosx = I I 1- > 3
n=l V4 (2 n-— 1)
X
c'mi[—J —Hix)
2
: _“\\
?‘“\\ 0.2 04/ oe N 02 o
I N, kY |
—000005 - / .
I N r \ |
[ Y /! |
~0.00010, / |
000015 | \ 4 f
f [
—0.00020 | |
—0.00025 | Voo
I -\.\ /
—0.00030 | o

A close approximation to cos(zx/2) for x€[0,1] is,

H(x)=1-
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T
= COS| —X
(2 j

where the difference between cos(z/2) and Hardy’s approximation is plotted above.
The cosine obeys the identity:

n

cos(mx)= 3" eost xsin”™ xcosB(n-k)ﬁ}.

k=0

n
where (k ) is a binomial coefficient. It is related to tan(x / 2) via,

1—tan? [;xj
1+ tan® (;‘xj

Summation of cos(n x) from n=0 to N can be done in closed form as,

COSX =

gcos(nx):m_ieinx}

[ i(N+1)x
=R e——l}

SN2 Gi(NH)x/2 _ =i(N+1)x/2 }

ix/2 ix/2 ix/2

siI;B(Nﬂ)x} |

_ [esz/z]
sin(;x) !

COS(;NXJSiH[;(N-F l)x} |

. (1
sin| —x
(2 j

Similarly,
Zp” cos(nx)= i}{z p”ei”x},
n=0 n=0
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where | p| <1. The exponential sum formula gives,

Zp"cos(nx)=9{ I=pe 2}
n=0

1-2pcosx+p

1-pcosx

_1—2pcosx+p2'

The sum of cos’(kx) can also be done in closed form,
¥ 1 .

Zcos (kx) :Z{3 +2N+ cscxsm[x(l + 2N)]}.
The Fourier transform of cos (2 7k, x) is given by,

F [cos(2 7 ky x)](k) = _[_w g 2mikx cos(27zk0 x)d x

1
=5[5(k—k0)+5(k+k0)],

where § (k) is the delta function.

Cvijovi¢ and Klinowski note that the following series,

icos 2k+1
k=0 2k+1

has closed form for v=2n,

cz,,(a)=4((%)_nl),”2" B(%)

where E, (x) is an Euler polynomial.

A definite integral involving cosx is given by,

rocos(x" )dx = F(l + ljcos(ij

0 n 2n

for n>1 where F(z) is the gamma function.
Cosine Function is Even

Theorem:

Forall zeC:

cos(—z)=cosz
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That is, the cosine function is even.
Proof:

From the definition of the cosine function:

P T
From Even Power is Non-Negative:
VneN:z*" = (-z)™

The result follows.

Proof:
&7 4 pmi=2)
cos(—z) = — Cosine Exponential Formulation
Fre” .
= eTe simplifying
=C0sZz Cosine Exponential Formulation

Derivative of Cosine Function

Theorem:

D_(cosx)=—sinx

Corollary:

D, (cosax)=—asinax

Proof:

From the definition of the cosine function, we have:

=0 (2 )!

Then:

x2nl Power Series is Differentiable on

D, (cosx) = Z( " 2n2

p (2 )! Interval of Convergence

-1

=3y o _1),

n=1
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© 2 1
= -1 changing summation index
PGV 2 ging

2 1

=20) 2 1

The result follows from the definition of the sine function.

Proof:

cos(x + h) = cos(x) Definition of Derivative of

h Real Function at Point

D, (cosx) = },13%

- cos(x)cos(/) —sin(x)sin(/4) — cos(x)

=li Cosine of Sum
h—0 h
=lim cos(x) cos(h) — cos(x) +lim —sin(x)sin (#) Sum Rule for Limits
h=0 h h=0 h of Functions
cos(h)—1 sin( &
=Cos (x) limL —sin (x) limL Multiple Rule for
0 h 0 h Limits of Functions
=cos(x) x 0—sin(x)x1 Limit of (Cosine (X)- 1) over X and
=_ sin(x) Limit of Sine of X over X
Proof:
D, cosx=D,sin (% - xJ Sine of Complement equals Cosine
= —cos(% - xj Derivative of Sine Function and Chain Rule
=—sinx Cosine of Complement equals Sine
Proof:

+ - .. . .
cos(x + /1) ~ cos(x) Definition of Derivative
h of Real '

Function at Point

=1imcos((“Zj+g—cos[(x+’;j_ 1;}

h—0 h

D =li
 (cosx) lim
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—2sin +ﬁ in h
S 2 > 2 Simpson's Formula for
Sine by Sine
)

=lim
h—0 h

sin

VR
[\

= limsin (x + —) lim Multiple Rule for Limits

7h—0 0 h
2 5 of Functions
and Product Rule for
Limits of Functions
=—sin(x)x1 Continuity of Sine and
Limit of Sine of X over X

= —sin(x)

Power Series Expansion for Cosine Function
Theorem:

The cosine function has the power series expansion:

© 2n
n X
COSX = (— )
n=0 (2}’1)'
_ X2 X4 x6
T2 4 6
valid for all xeR.

Proof:

From Derivative of Cosine Function:

d )
—Ccosx=—sinx
dx

From Derivative of Sine Function:

d .
—sin x=cos x.
dx
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Hence:
d2
——COSX=—C0S X
dx
d3
—5cosx = sin x
dx
4

——COSX =COsX
dx

and so for all m e N.

m

m=4k: —COSX =COSX
dx
m
m=4k+1: — CcOSXx =—sinx
x
m
m=4k+2: —COSX =—COS X
X
m
m=4k+3: mcosxzsinx
dx

where k € Z.

This leads to the Maclaurin series expansion:

0 x4k x4k+1 x4k+2 x4k+3
inx=3"| X —cos(0)- in(0) = ———cos(0) + ———sin (0
T ;((41{)!008( ) G O Gy O Gy )J

© x4k x4k+2
- Z - : Sine of Zero is Zero,
S (4K)1 (4K +2)! Cosine of Zero is One
© 2n
= Z(_l)” i setting n =2k
n=0 (2}1)'

From Series of Power over Factorial Converges, it follows that this series is convergent
for all x.

Complex Cosine Function

The complex function cos:C — C is defined as:

0 2n
n Z
cosz=n:0(—1) (Zn)!
Z2 Z4 6 y ZZn
et I
44

WORLD TECHNOLOGIES




Trigonometric Functions

Example: 4cosz=3+i
Let: 4cosz=3+i

Then:
(8n + l)ﬂ' B iln2
4

forneZ

zZ =
or:
(8m ;1)1'7[ N iln2

formeZ

z =

Complex Cosine Function is Entire
Let cos:C — C be the complex cosine function.

Then cos is entire.

Proof:

By the definition of the complex cosine function, cos admits a power series expansion
about o:

© A ZZn
cosz=ZO(—1) @)

By Complex Function is Entire iff it has Everywhere Convergent Power Series, to show
that cos is entire it suffices to show that this series is everywhere convergent.

From Radius of Convergence from Limit of Sequence: Complex Case, it is sufficient to
show that:

lim| D" X(2n)!|:0
Hw‘(zmz)! (-1)"

We have:
_1\yntl | |
lim|( D ><<2n).|=|—1 lim| (Zn) | Definition of Factorial
| (2ne2) (cay| | (2n+2) (20 1) (2n))
= lim !
n»w£(2n+2)(2n+1)}
=0

hence the result.
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Proof:

Let:
f(z) =expz
g(z)=iz
h(z)=—iz

for all zeC.

By Complex Exponential Function is Entire, we have that f is entire.
By Polynomial is Entire, we have that g and h are entire.

Therefore, by Composition of Entire Functions is Entire, we have that both f o g and
f o h are entire.

By Linear Combination of Entire Functions is Entire, we then have that:
1
E(f og+ foh)

1s entire.

Note that:

L o0+ (Feh)(2) =L ernlie) - exp(-i)

=cosz Cosine Exponential Formulation
Therefore, cos is an entire function.
Cosine Exponential Formulation
Theorem:
For any complex number z e C:

exp(iz) + exp(—iz)
2

CoSz=

where:
exp z denotes the exponential function
cos z denotes the complex cosine function

i denotes the inaginary unit.
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Real Domain

This result is often presented and proved separately for arguments in the real domain:

ix —ix

e’ +e
2

COSXx =

Proof:

From the definition of the cosine function:

0 2n
n Z
= —1 —
COSZ ;( )(Zn)!
ZZ Z4 Zé " ZZn
:1—_+___+...+(_1) ...
20 41 6! (2n)!

From the definition of the exponential as a power series:

o0 Z2n
expz=y
n=0 10
2 3 n
z Z z
=l 4
1 20 3! n!

2 2

exp(iz) + exp(—iz) :le‘:‘ (iz)" +i(iz)nJ

25 (2n)! (2n+1
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Proof:

From Euler’s Formula:
exp(iz) =cosz +isinz

Then, starting from the right hand side:

exp(iz)+exp(—iz) cosz+isinz+cos(—z)+isin(—z)

2 2
cosz +cos(—z)
—
_2co0sz
2
=cosz

Proof:

exp(iz) =cosz+isinz

exp(—iz)=cosz—isinz

i2n — (_ 1)n

Sine Function is Odd

Cosine Function is Even

Euler's Formula

Euler's Formula : Corollary

~ exp(iz) + exp(—iz) = (cosz +isin z) + (cosz - isinz) MH+(@2)

=2c0sz

. exp(zz) +2exp(—zz) —coss

Also presented as:
1 —iz iz
cosz=—(e “ +e

Laplace Transform of Cosine
Theorem:

Let cos be the real cosine function.

48

simplifying

WORLD TECHNOLOGIES




Trigonometric Functions

Let L{f} denote the Laplace transform of the real function f.

Then:

L {cosat}=

2 2
s +a

where a eR_, is constant, and Re(s)> a.

Proof:

Definition of

L {cosat}(s)= J‘%m e " cosat dt
0 Laplace Transform

L

=lim| e cosatdt Definition of

L—xd0

Improper Integral
. L
) e‘“(—scosat+as1nat) o w

= lim 5 Primitive of e™ cosbx

Lo (—s) +a’

i e (—scosaL +asinal) e‘sxo(—scos(Oxa)+asin(O><a))
= 11m —

Lo s> +a’ s> +a’

i scos(0xa)—asin(0xa) e*(-scosal+asinal)

Lo s +a’ s +a’

3 scos(Oxa)—asin(Oxa)

= B, -0 Exponential Tends to Zero
s“+a
scos0—asin0 T
= simplifying
s“+a
s Sine of Zero is Zero,
T il Cosine of Zero is One
Proof:
L {e"}=—— Laplace Transform of Exponential
s—ia
s+ia . .
=———  multiply top and bottom by s +ia
s +a
Also:
L {e“} =L {cosat +isinat} Euler's Formula

=L {cosat}+il { sin at} Linear Combination of Laplace Transforms
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So:
L {cosat} =Re(L {e“})
s+ia
=NRe
(sz +a’ j
s
s*+a’
Proof:
e +e” . . .
L {cosat}=L { } Cosine Exponential Formulation
= %( L ”” e }) Linear Combination of Laplace Transforms
= l( j Laplace Transform of Exponential
2\ s—ia s +ia
1(s+za+s—zaj ...
=9 simplifying
2 s“+a
=—— simplifying
s“+a
Proof:

By definition of the Laplace Transform:

oo
L {cosat}zJ. e " cosatdt
0

From Integration by Parts:

[rde=rg[ frgar

Here:
f =cosat
~  f'=-asinat Derivative of Cosine Function
g! :e*S[
1 _ o . .
~ g=——e" Primitive of Exponential Function
s
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So:

J

Consider:

N

I e ¥ sinat dt

Again, using Integration by Parts:

jhj'dtzhj—fh’jdt

_ 1 _ a _g .
e cosatdt=——-e" cosat——J-e sinat dt
s

Here:
h=sinat
~ h'=acosat Derivative of sine Function
jr 267St
1 _ A . .
~ o j=——e ™ Primitive of Exponential Function
s
So:

. 1
e Vsinatdt =——
s

J

A ag _
e s1nat+—je Lcosatdt
s

. . . . - 1 _ al _g .
Substituting this into equation: Ie Y cosatdt=——e " cosat—— I e " sinat dt
S

J

- [1+;’—2Jj

Evaluating at t=0 and ¢ — +c0:

N

1 _ a
=——e " cosat+—

N

N

2

N N S

st

_ 1 _ a
e cosatdt=——e " cosat——

N

N

oo a
——e " sinat+—
s s

J.e"" cosat dtJ

2
s a’ o
~e sina——- Ie “cosatdt
s s

_ 1 _ a _ .
e " cosatdt=——e " cosat+—e " sinat

N

1 t—>+0
a a .
(1 + —2J L {cos at} = {—e_” [— cosat ——sin atﬂ
t=0
a
1+ — X 0))
s

Boundedness of Real Sine and
Cosine, Complex Exponential
Tends to Zero
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lan x

ol

- — - — - -
\
__,._,|_::
I
=]
-

where sin x is the sine function and cos x is the cosine function. The notation tg x is
sometimes also used.

opposite

adjacent
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The common schoolbook definition of the tangent of an angle theta in a right triangle
(which is equivalent to the definition just given) is as the ratio of the side lengths oppo-
site to the angle and adjacent the angle, i.e.

opposite

tanf = — .
adjacent

A convenient mnemonic for remembering the definition of the sine, cosine, and tan-
gent is SOHCAHTOA (sine equals opposite over hypotenuse, cosine equals adjacent
over hypotenuse, tangent equals opposite over adjacent).

The word “tangent” also has an important related meaning as a line or plane which
touches a given curve or solid at a single point. These geometrical objects are then
called a tangent line or tangent plane, respectively.

. Lm[tan x+iv] ;
Reltan x+iv - - tanx+iv
[tan x 1] sl |tan.xtiv |

—

The definition of the tangent function can be extended to complex arguments z using
the definition:

i(e—iz _eiz
anz=—

e " +e

eiz _e—iz

i(eiz +e " )
i(l —e’" )
1+ &%=

eZz’z _1

where e is the base of the natural logarithm and i is the imaginary number.
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A related function known as the hyperbolic tangent is similarly defined,

e —e*
tanz=

e +e
An important tangent identity is given by:
tan® @ +1=sec” 6.

Angle addition, subtraction, half-angle, and multiple-angle formulas are given by:

tan(a +ﬂ)= tana + tan

1—-tanatan

tan(a —,3)_ tana —tan B

B 1+tane tan f

2tana
n(20)= 1 e

tan[(n - l)a] + tan o
l—tan[(n —l)a]tana

a sina
tan| — |=—
(2] l1+cosa

_l—cosa

tan(na)z

sina

tanasina

tana +sina

The sine and cosine functions can conveniently be expressed in terms of a tangent as:

1—tan’ (ltj
. \2)
1+ tan? (ltj
2
2tan (1 tj
2 )
1+ tan? (lt)
2
which can be particularly convenient in polynomial computations such as Grobner ba-

sis since it reduces the number of equations compared with explicit inclusion of cos t
and sin t together with the additional relation cos®¢+sin’¢—1=0.

cost =

sint =
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These lead to the pretty identity,

( 1 j 1+tanx
tan| x+—x |= .
4 l-tanx

There is also a beautiful angle addition identity for three variables,

tana +tan S +tany —tan o tan Stan y

tan(a+ f+y)= .
( p 7) 1—tan ftany —tan y tan @ — tan o tan f§

Another tangent identity is,

Si(1-i)' ~(1ie)’

=i+ (1+ie)’

l(l—it)"—(1+it)”
i(1=it)" +(1-it)"

where t = tan x. Written explicitly,

b

2i(1—itant")

tan(nx = p p
(1-itanz)" +(1+itans)

This gives the first few expansions as,

tanx =t
tan(2x):12ttz
3t—1°
tan(3x) :W
4t—4¢1
tan(4x) :—1—6t2 .
5t-102° +£°
tan(33) =10 s
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4t—4¢1 5t-108 +¢
tan(4x)=———— and tan(5x)=———— is given by,
(4x) 1-6£2 +7* (5+)= 1-10¢* +5¢* 8 Y

tan(zeJ N (1 itan6,)— v | (itan@, +1)
ztané’ +1 H —ztan9

There are a number of simple but interesting tangent identities based on those given
above, including,

A beautiful formula that generalizes the tangent angle addition formula, equation

tan (A4 +60°)tan (A4 —60°)+ tan Atan (A4 +60°)+ tan A tan( A4 —60°)=-3.
The Maclaurin series valid for —z /2 < x < 7/ 2 for the tangent function is
22n 22]’! -1 B ;
tanx = 2 () ) 2
=x+lx3+£x5+ o1+ 02 0w
3 15 315 2835
where B_is a Bernoulli number

x2n—1

tan x is irrational for any rational x # 0, which can be proved by writing tan x as a con-
tinued fraction as,

tan x i
x2
1- 2
x
3= 2
5 %
7 —
and,
tan x !
= T ;
x 3 1
x 5 1
x 7
X
both due to Lambert.

(n-1)12]

( j \/_ for nodd
tan
i 1

forneven

where LxJ is the floor function

An 1nterest1ng identity involving the product of tangents is,
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The equation x =tanx, which is equivalent to tanc(x)=1, where tanc(x) is the tanc
function, does not have simple closed-form solutions.

The difference between consecutive solutions gets closer and closer to  for higher or-
der solutions. The function tanc(x)=(tanx)/x is sometimes known as the tanc function.

Tangent Function is Odd

Theorem:
For all x e C where tan x is defined:

tan(—x) =—tanx

That is, the tangent function is odd.

Proof:
sin(—x) e .
tan (—x) =———-=  Tangent is Sine divided by Cosine
cos(—x)
—sinx . .. ) .
= Sine Function is Odd; Cosine Function is Even
coS X
=—tanx Tangent is Sine divided by Cosine

Derivative of Tangent Function
Theorem:

1

D, (tanx)=sec’ x =—
cos” x

when cos x #0.
Corollary:

D, (tan ax) =asec’ ax

Proof:
From the definition of the tangent function:

sin x

tan x =
COSX
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From Derivative of Sine Function:
D, (sinx)=cosx

From Derivative of Cosine Function:
D, (cosx) =—sinx

Then:

Dx(tanx) _ COSXCOSX—SIHX(—SIHX)

> Quotient Rule for Derivatives
cos” x

_ cos” x+sin” x
cos’ x
1

COS2 X

Sum of Squares of Sine and Cosine

This is valid only when cos x = 0.
The result follows from the Secant is Reciprocal of Cosine.

Proof:

D, (tanx) — lim tan(x + h) - tan(x)

h—0 h Real Function at Point
tan(x) + tan(h) B tan(x)
=lim I~ tan (x) fan (h) Tangent of Sum
h—0 h

tan(x) + tan(h) — tan(x) + tan® (x) tan(h)
1- tan(x)tan(h)

=lim
h—0

h
0 tan(h) + tan® (x)tan(h)
=0 h(l - tan(x)tan(h))
1+ tan? (x) i tan (/)

=lim -lim Product Rule for Limits
=01 —tan(x)tan(h) -0 h ,
of Functions
1 2 .
= *+lan” x -1 Limit of Tan X over X
1-tan(x)tan(0)
=1+tan’ (x) Tangent of Zero
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_ sec? ( ) Corollary to Sum of Squares
of Sine and Cosine

__ | Secant is Reciprocal

2
cos” (x) of Cosine cos(x)#0

Power Series Expansion for Tangent Function
Theorem:
The tangent function has a Taylor series expansion:

22n 22n 1 B -1
tan x = Z ) (zn)!) znx
¥ 2x° 17x

=X+—+——+

3 15 315

where B,, denotes the Bernoulli numbers.

. V4
This converges for |x| < b

Proof:

From Power Series Expansion for Cotangent Function:

cotx= z

2n 2n-1
2 an X

Then:

tan x = cotx —2cot2x Cotangent Minus Tangent
2n-1

= 22"an L 22"32n (2x)
5 ]
(_1) 22n (1 _p2n )an K2

(Zn)!
(_l)nfl 22,, (22,, —1)32,, x2n71

(2n)!

vl

=
Il
[=)

VI

=
1l
—_
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Proof:
We have:
X X 2 J
e -1 2\le" -1
X e —e"+2
2 e’ —1
N (e" +1)—(ex —1)
2 e —1
_X[e +1 _q
2( e" -1
X X e’ +1
2 2lef -1
x/2 x/2
= _% + g[%} multiplying top and bottom by e />
Thus:

x/2 x/2 ©
+ B . .
g[%} - E (22”') x*" ' Definition of Bernoulli numbers
e’ —e n!

n=0

Replacing x with 2ix in the left hand side equation above:

. 2ix/2 2i /2
x( e e”
eZix/Z e 2ix/2

xcotx Cotangent Exponential Formulation

Replacing x with 2ix in the right hand side in equation

x/2 —x/2 0
x| e’ +e B . .
—( j = E 212" Definition of Bernoulli numbers

n:0(2n)

o0 22}’!B
— _1 n 2n 2n
20 g
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0 22nB
tx=> (-1)" 2n_ 20
~> XCOotXx n:O( ) (Zn)l X
) 2211B
— _1 n 2n 2n-1
~ cotx ,,:0( ) (Zn)' X

Then from Cotangent Minus Tangent:
tanx = cotx —2cot2x
from which:

-1) 22”3 22”32,,

tan x= Z 2 2n 2nl 22
n =0

_1) 92n (1 22n)

Z ) x2n—l

(=) 22”(22"—1)an

Dt

x)2x—l

Proof of Convergence
By Combination Theorem for Limits of Functions we can deduce the following:
(_l)n pm+2 (2n+2 _ I)an+2 -
im _ (2211 + f)!

ol (<1)7 22 (27 -1) By, s

(2n)!

= lim (2"+2 1) 1 B2n+2
n (2n+2 1) (2n+1)(2n+2) B,,

452

22n+2 1 | 1 B,

= lim 2n+2 | 7 2
2| 221 {|(2n+1)(n+1) B,, |
2n
:33?04222"_ 22"—1§ 2n+11 n+l) B;M 2
2n
= hm 4+ 4 1 || 1 BZn+2 2x2

e 221 27 1|(2n+1)(n+1) B,,

= lim 1 BZn+2

8 2
e (2n+1)(n+1) By, |
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et 1 2n+2
L ﬂ(n+1)( j
= lim i1 " ”ezn 8x>  Asymptotic Formula
e |(2n+1)(n+1) (_1)"“ an (”j for Bernoulli Numbers
e
, (n+1)° n+1(n+1j2" 8
= lim 55X
n—a (2n+1)(n+1) n n T e
2n
. n+1 4 2
=1lim X
n—0 ( n j ﬂ'zez
. 2
. 1 4 ,
=lim||1+— X
n—o [( nj J 7[262
- f - x2 Definition of Euler's Number
T e
4 ,
=—x
72

This is less than 1 if and only if:

T
|x|<—
2

. . Vs
Hence by the Ratio Test, the series converges for | x|< 7

Sequence of Terms
The Power Series Expansion for Tangent Function begins:

13 2 5 17 ; 62
tanx=x+—-x"+—x +—x +——x +
3 15 315 2835

Tangent Exponential Formulation
Theorem:
Let z be a complex number.

Let tan z denote the tangent function and i denote the imaginary unit: i* = —1.

Then.
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Formulation:
) 1 _ eZiz
tanz =1 o
1+e™
Formulation:
iz _e—iz
tanz =———
i (e’z +e " )
Formulation:
. eiz _ efiz
tanz =—1 ﬁ .
e +e
Cosecant I

The cosecant function is an old mathematical function. It was mentioned in the works
of G. J. von Lauchen Rheticus and E. Gunter. It was widely used by L. Euler and T. Ol-
ivier, Wait, and Jones.

The classical definition of the cosecant function for real arguments is: “the cosecant of an
angle in a right-angle triangle is the ratio of the length of the hypotenuse to the length of
the opposite leg.” This description of csc(a) isvalid for 0 <& < 7 /2 when this triangle is
nondegenerate. This approach to the cosecant can be expanded to arbitrary real values
of a if the arbitrary point (x,y) in the x,y -Cartesian plane is considered and csc(a)

is defined as the ratio (x2 +y° )1/2 / y assuming that a is the value of the angle between

the positive direction of the x-axis and the direction from the origin to the point (x, y).

T U J U
ARNA N

aQ L En R
A

Comparing the classical definition with the definition of the sine function shows that
the following formula can also be used as a definition of the cosecant function:

1
cse(z)= ()
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Here is a graphic of the cosecant function f (x) =csc (x) for real values of its argument x.

Representation through more General Functions

The cosecant function csc(z) can be represented using more general mathematical
functions. As the ratio of one divided by the sine function that is a particular case of
the generalized hypergeometric, Bessel, Struve, and Mathieu functions, the cosecant
function can also be represented as ratios of one and those special functions. Here are
some examples:

1

CSC(Z) :ﬁ
zh (;;—Z]

2 4

csc(z)z\/%m

2

csc(z) = S R

\/;H_l(z)
1
csc(z):m.

But these representations are not very useful because they include complicated special
functions in the denominators.

It is more useful to write the cosecant function as particular cases of one special func-
tion. That can be done using doubly periodic Jacobi elliptic functions that degenerate
into the cosecant function when their second parameter is equal to 0 or 1:

csc(z)=ds(z|0)=ns(z|0)=dc(%—z|0j:

nc(%—zm] =ics(iz|1) =ids(iz|1) = cn(%i—izj = dn(%i—izhj.
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Definition of the Cosecant Function for a Complex Argument

In the complex z-plane, the function csc(z) is defined using sin(z) or the exponential
function " in the points iz and —iz through the formula:

1 2i

CSC(Z) - sin(z) - e -

In the points z=rk/;keZ, where sin(z) is zero, the denominator of the last formula
equals zero and csc(z) has singularities (poles of the first order).

Here are two graphics showing the real and imaginary parts of the cosecant function
over the complex plane.

The best-known properties and formulas for the cosecant function:

Values in Points

Using the connection between the sine and cosecant functions, the following table of
cosecant function values for angles between 0 and 27 can be derived:

For real values of argument z, the values of csc(z) are real.
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In the points z=27n/m/;neZrmeZ, the values of csc(z) are algebraic. In several
cases they can be integers -2, -1, -1, or 2:

csc _z =-—1 csc _z =-2 csc z =1 csc z =2.
2 6 2 6

nrw

The values of csc( j can be expressed using only square roots if neZ and mis a

m
product of a power of 2 and distinct Fermat primes {3, 5, 17, 257, ...}.

The function csc(z) is an analytical function of z that is defined over the whole com-
plex z-plane and does not have branch cuts and branch points. It has an infinite set of
singular points:

z=rk/;keZ are the simple poles with residues (—1)" .
+ z=00 is an essential singular point.
It is a periodic function with the real period 27:
cse(z+27)=csc(z)
cse(z)=csc(z+27k)skeZ esc(z)= (—1)k cse(z+mk)/kel.
The function csc(z) is an odd function with mirror symmetry:

csc(—z) = —csc(z) csc (E) = m

Differentiation

The first derivative of csc(z) has simple representations using either the cot(z) func-

tion or the csc(z) function:
Gc%(z): —cot(z)csc(z).

The n' derivative of csc(z) has much more complicated representations than symbolic
n' derivatives for sin(z) and csc(z):

Syt e
ocsc(z -1) 27" (k- cset (z
az"( ):cot(z) 5n+(”+1)!k:0 ]Z(;( ()lc+1)j!((k—j)]!()”_k)!( |
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Where J, is the Kronecker delta symbol: 6, =1 and &, =0/;n#0.

Ordinary Differential Equation

The function csc(z) satisfies the following first-order nonlinear differential equation:
w'(z)2 — w(z)4 + w(z)2 = O/;w(z) = csc(z).

Series Representation

The function csc(z) has the following Laurent series expansion at the origin that con-
verges for all finite values z with 0< |z| <7

k=1 2k-1 2k-1
© (- 21277 -1)B
csc(z)=l+£+7i =Ly E () ( ) 2 ,
z 6 360 = (2k)!

z
where B,, are the Bernoulli numbers.

The cosecant function cos (z) can also be represented using other kinds of series by the
following formulas:

Integral Representation

The function csc(z) has well-known integral representation through the following
definite integral along the positive part of the real axis:

cse(z)= l w;tZ/”dl/0<Re( )<7m

0741t

Product Representation

The famous infinite product representation for sin(z) can be easily rewritten as the
following product representation for the cosecant function:

1 7k
csc =—||
=1
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Limit Representation

The cosecant function has the following limit representation:

. X (—l)k z
csc(z)=lim Z k/;—eZ.

Indefinite Integration

Indefinite integrals of expressions that contain the cosecant function can sometimes
be expressed using elementary functions. However, special functions are frequently
needed to express the results even when the integrands have a simple form (if they can
be evaluated in closed form). Here are some examples:

[esc(z)d =1og[tan(§D

[ Jose(2) de=- 26562 (<)sin (= )F(%(ﬂ—Zz)PJ

v—1 : N o
Jcscv(az)dzz—cos(az)csc (az)sin’(az) 2F(1 v+1,%,c0s (az)].

a N2’ 2

Definite Integration

Definite integrals that contain the cosecant function are sometimes simple. For exam-
ple, the famous Catalan constant C can be defined as the value of the following integral:

1 ¢7/2
Ejo tcsc(t)dt =c.

This constant also appears in the following integral:

I $? csc =2Cr 747(3).

Some special functions can be used to evaluate more complicated definite integrals.
For example, polylogarithmical, zeta, and gamma functions are needed to express the
following integrals:

§t3 csc? (t)dt =
J P 1)
é2[6i7r3 —23 7 +54n° 1og(—3/—1(—1+(—1)2/3)j+162i7zLi2 (—%/——1)+243Li3(—%/—_1)—243§(3)j

Io% osc” (1) dr = Jx F(l—%]/;Re(a)d,
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Finite Summation

The following finite sums that contain the cosecant function have simple values:
n—1
csc (—4‘ z] =n’csc? (nz)/;neN+
k=0

S csc? (ﬁj :%(nz —1)/;neN+

k=1 n
an;cscz(z:ZJ=§n(n+l)/;neN+
2]
2 2 k7Z' 1 P n .
chc (—)zE(Zn —3(—1) —5)/;neN
k=1 n
{71 (2k+1)z) 1
Z csc [2—] Z(an +(—1)"—1)/;neN+
k=0 n

csc(zikj = cot(ﬁ} —cot(z)/;neN".
k=0

Infinite Summation

The following infinite sum that contains the cosecant has a simple value:

i csc kﬂ\/_ 13723
— 36042

Finite Products

The following finite product from the cosecant can also be represented using the cose-
cant function:

n—1
Hcsc[z+ﬂ—kj =21 csc(nz)/;neN*.

Addition Formulas

The cosecant of a sum and the cosecant of a difference can be represented by the formulas
that follow from corresponding formulas for the sine of a sum and the sine of a difference:

B 1
esc(a+b)= cos(b)sin(a)+ cos(a)sin(b)
csc(a—b)= :

cos(b)sin(a) - cos(a)sin(b)'
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Multiple Arguments

In the case of multiple arguments z, 2z, 3z, ..., the function csc(z) can be represented
as a rational function that contains powers of cosecants and secants. Here are two ex-
amples:

csc(ZZ) = %csc(z sec(z)

)
CSC3 (Z)

3z)=———r—.
CSC( Z) 3csc2(z)—4

Half-angle Formulas
The cosecant of a half-angle can be represented by the following simple formula that is

valid in a vertical strip:

csc(é] =L/;O<Re(z)<27zv Re(z)=0AIm(z)>0vRe(z)=27 Alm(z)<0.

J1= cos(z)

To make this formula correct for all complex z, a complicated prefactor is needed:

el 2)- ()= 2 <—1>V555)J(l—(ﬁ(—l)ﬁiz’HRiff)J]e(—Imu))}

1- cos(z)

where c(z) contains the unit step, real part, imaginary part, and the floor functions.

Sums of two Direct Functions

The sum and difference of two cosecant functions can be described by the following
formulas:

csc(a)+csc(b):ZSin(%+§jcos(%—§jcsc(a)csc(b)
csc(a)_csc(b)=_zsm(g-gjcos[g+§]csc(a)csc(b).

Products involving the Direct Function
The product of two cosecants and the product of the cosecant and secant have the fol-
lowing representations:

2
cos(a —b)—cos(a +b)
2
sin(a —b)+ sin(a +b)'

csc(a)csc(b):

csc(a) - csc(b) =
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Inequalities

Some inequalities for the cosecant function can be easily derived from the correspond-
ing inequalities for the sine function:

1

—/;x>0.
csc(x) >x X >
‘csc(x)‘Zl/;xe]R

xcsc(x) <£/;—£< x<£.
2 2 2

Relations with its Inverse Function

There are simple relations between the function csc(z) and its inverse function csc™ (z):

csc(cscf1 (z)) =z csc”! (csc(z)) =z/,

Re(z)| <%v Re(z) = —g /\Im(z) >0v
Re(z)= % Alm(z)>0.
The second formula is valid at least in the vertical strip —% <Re(z)< % Outside of this

strip a much more complicated relation (that contains the unit step, real part, and the
floor functions) holds:

([

csc_l(csc(z))z(—l) 1+(-1) 9(—Im(z))—1

o) 1|, af oy
{R—()ﬂ? () o(~1m(2)) |

T

Representations through other Trigonometric Functions

Cosecant and secant functions are connected by a very simple formula that contains the
linear function in the argument:

csc(z)zsec(%—zj.
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The cosecant function can also be represented using other trigonometric functions by

the following formulas:
tan’ (Z) +1 cot’ (Zj +1
2 2
——2— cos(z)=—T—

ese(z)=— 1 cos(z)= .
R e

Representations through Hyperbolic Functions

The cosecant function has representations using the hyperbolic functions:

i(l — tanh? (ZZD
2
2tanh(2ij
2

i

cosh(m —iz)
2

cse(z)= cos(z) = cse(z)=

sinh(iz)

i(coth2 (sz — IJ
2
2coth (sz
2

csc( z) = icsch(iz) cos(iz) = —icsch(iz) csch( z) =sech (% - izj.

cse(z)=

Applications

The cosecant function is used throughout mathematics, the exact sciences, and engi-
neering.

Cosecant Function is Odd
Theorem:

Letx € R be a real number.

Let csc x be the cosecant of x. Then,

whenever csc x is defined: csc( )

csc(-x) = -csc x

That is, the cosecant function is odd.
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Proof:
1 . . .
csc( - x) =— Cosecant is Reciprocal of Sine
sin (—x)
1 . .
=— Sine Function is Odd
—sinx
=—CSCX Cosecant is Reciprocal of Sine

Derivative of Cosecant Function
Theorem:

D (cscx)=—cscxcotx

where sinx = 0.

Proof:

From the definition of the cosecant function:

CSCX =—
sinx

From Derivative of Sine Function:

D, (sinx) =cosx

Then:

Chain Rule

D, (sinx)=cosx——;
sin” x

—1 cosx

sinx sinx

=—cscxcotx  Definitions of secant and cotangent

This is valid only when sinx # 0.

Power Series Expansion for Cosecant Function
Theorem:

The cosecant function has a Laurent series expansion:

= (-1)"" 2(22"‘1 - 1)32,, X!

CSCX =

n=0 (2}1)'
x93
x 6 360 15120
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where B_denotes the Bernoulli numbers.

This converges for 0 < |x| <7

Proof:
. XX .
sinx =2 SIHECOSE Double Angle Formula for Sine
1 1 . . .
= — = taking the reciprocal of both sides
SINX 5 X X
sin—cos—
2 2
1 X x . . .
= CSCX =—CSC—Ssec— Cosecant is Reciprocal of Sine,
Secant is Reciprocal of Cosine
1 X 2 . .
= Ecsc—ﬁ Secant Exponential Formulation
i— —i—
e+e ?
s
e 2
=csc———
21+e™
A X -t .
& cscx(l + e"“‘) = cscze 2 multiplying both sides byl + ™
X —if . .
& escx= cscEe 2 —cscxe ™ subtractingcsc xe ™ from both sides
2 i 2i . ,
=—r——e ’-———r—c¢ Cosecant Exponential Formulation
R e —e
el _g 2
i 2i
- ix 1 T oix
e" -1 e -1

1 &, (ix)' B, (2ix)"B, . ,
=_ 2 - Definition of Bernoulli Numbers

x = n! n!
w n(Z(ix)n —(2lx)n)
- _n=0 n!
& B2 (1-2m)
- ;n:o n!
o anl-nxln—l 2(1 _ 2211—1)
= Z ' 0Odd Bernoulli Numbers Vanish
=0 (2”) and the term n = 1 vanishes

an (_l)nfl x2n—1 2(22#1 _ 1)

=2, (2n)!
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By Combination Theorem for Limits of Functions we can deduce the following:

an+l (_1)" x2n+l (22n+1 . 1)

| 2n+l
lim (2n+2)! =1im|22 ] Bra| 2
7| B, (<1)7 2 (220 1) | |2 1 (20 41)(2n42) B,
(2n)!
~lim | -1 1 Bl 1 2

H—>0

2 —1)|(2n+1)(n+1) B,, |2

| 2 Ll B, |1
:1 — 2n+2 2
e P 2 —1)|(2n+1)(n+1) B 2"
a2 | 1 B, .,
o 22 -1 2 —1||(2n+1)(n+1) B,
. 4 1] B,,.|1
=1 4 + 2042
e M T T 1|(2n+1)(n+1) B,, |2
1 B
=1 2n42 | 5 2
= (2n+l)(n+1) *
1 B
=1 2n42 | 2
w2l(2n+1)(n+1) By, |

=lim

n+l

e

(<1)74 ﬂ(n+1)(

j2n+2

1

2
—X

2
—X

H—>00

(2n+1)(n+1)

| (Y et (n1Y 2,
=lim X
n—ew (2n+1)(n+1) n n e’

2n
im0 |

e 2]

2x?

2
Y 1
=1 1+— —
ﬂl—g}o (+n)] ﬁzezx
:7[262x
_1
==
75
WORLD TECHNOLOGIES




Introduction to Trigonometry

This is less than 1 if x| < 7.
Hence by the Ratio Test, the outer radius of convergence is .
The principal part of the Laurent series is finite so converges for x # 0.

Thus we have the annulus of convergence to be 0 <|x|< 7.

Cosecant Exponential Formulation
Let z be a complex number.

Let csc z denote the cosecant function and i denote the imaginary unit i* = —1.

Then:
2i
€Sz =— .
1z _ e—lZ
Proof:
cscz = ‘1 Definition of Complex Cosecant Function
sinz
e —e " . . .
=1/ — W Sine Exponential Formulation
i
2i . ,
= multiplying top and bottom by 2i
e —e
Secant

The word “secant” was introduced by Alhabas Alhasib around 800. Later on Th. Fincke
used the word “secans” in Latin for notation of the corresponding function. The secant
function also appeared in the works of A. Magini and B. Cavalieri. J. Kresa used the
symbol “sec” that was later widely used by L. Euler.

The classical definition of the secant function for real arguments is: “the secant of
an angle ¢4 in a right-angle triangle is the ratio of the length of the hypotenuse to the
adjacent leg.” This description of sec(d) is valid for 0<d<d/2 when this triangle
is non-degenerate. This approach to the secant can be expanded to arbitrary real
values of ¢ if consideration is given to the arbitrary point (x,y) in the x, y-Cartesian
plane and sec(d) is defined as the ratio, assuming that a is the value of the angle
between the positive direction of the x-axis and the direction from the origin to the

point (x,).
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Comparing the sec(d) definition with the definition of the cosine function shows that
the following formula can also be used as a definition of the secant function:

1

sec(z) = cos(2)

Here is a graphic of the secant function f (x) = sec(x) for real values of its argument x.

Y ERRY
AENARNANN

Q T 2 I

Representation through More General Functions

The secant function sec(z) can be represented using more general mathematical func-
tions. As the ratio of one and the cosine function that is a particular case of the general-
ized hypergeometric, Bessel, Struve, and Mathieu functions, the secant function can also
be represented as ratios of one and those special functions. Here are some examples:

1

sec(z)—l— sec(z)z(ﬁ; sec(
0F1[ LIS o2y /
2’ 2 ,l 1

sec sec C 10
’621_] e Z)

2 1

2

But these representations are not very useful because they include complicated special
functions in the denominators.

It is more useful to write the secant function as particular cases of one special function.
That can be done using doubly periodic Jacobi elliptic functions that degenerate into
the secant function when their second parameter is equal to 0 or 1:

sec(z)=dc(z|0)=nc(z|0)=ds(%—z|0)=
ns[%—zmj =cn(iz[l)=dn(iz|l)= ics(%—izpj =ids(%—iz|1).

77

WORLD TECHNOLOGIES




Introduction to Trigonometry

Definition of the Secant Function for a Complex Argument

In the complex z-plane, the function sec(z) is defined using cos(z) or the exponential
function ¢" in the points iz and —iz through the formula:
1 2

see(z) = cos(z) T e’

In the points = /2% k/; €Z, where cos(z)has zeros, the denominator of the last
formula equals zero and sec(z) has singularities (poles of the first order).

Here are two graphics showing the real and imaginary parts of the secant function over
the complex plane.

The Best-known Properties and Formulas for the Secant Function

Values in Points

Using the connection between the cosine and secant functions gives the following table
of values of the secant function for angles between 0 and 2 o

ot wft)- (o {2

General Characterists

For real values of argument z, the values of sec(z) are real.
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In the points z=2zn/m/;neZ AmeZ, sec(z) are algebraic. In several cases they can be
integers -2, -1, 1 or 2:

sec(0)=1 sec(%)zZ sec(%”j:—z sec(r)=—1.

The values of sec (M

m
product of a power of 2 and distinct Fermat primes {3, 5, 17, 257, ...}.

j can be expressed using only square roots if neZ and m is a

The function sec(z) is an analytical function of z that is defined over the whole complex
z-plane and does not have branch cuts and branch points. It has an infinite set of sin-
gular points:

z=n/2+rk/;keZ, are the simple poles with residues (—1)"71

+ z=oo is an essential singular point.
It is a periodic function with a real period 27.
sec(z +27)=sec(z)
sec(z) = sec(z + 27zk)/;keZ
sec(z) = (—l)k sec(z + ﬂ'k)/;kEZ.

The function sec(z) is an even function with mirror symmetry:
sec(—z) = sec(z) sec(E) = sec(z).

Differentiation

The first derivative of sec(z) has simple representations using either the tan(z) func-
tion or the sec(z) function:

=tan(z)sec(z).

6sec(z)
Oz

The n™ derivative of sec(z) has much more complicated representations than symbolic
n derivatives for sec(z) and cos(z):

dsec(z) " [%] 21 "(k 2j)" sec* (z)

- )\ 6, 1) IR (k=2/)z | |/ineN.
p =sec( +(n+ kz(;; k+1 P Tp—aT cos(z +( j)Zj =

where §, is the Kronecker delta symbol: §, =1 and &, =0/;n #0.
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Ordinary Differential Equation

The function sec(z) satisfies the following first-order nonlinear differential equation:
w'(z)2 — w(z)4 + w(z)2 = 0/;w(z) = sec(z).

Series Representation

The function sec(z) has the following series expansion at the origin that converges for

all finite values z with |z|< %:

where E,, are the Euler numbers.

The secant function sec(z) can also be presented using other kinds of series by the fol-
lowing formulas:

Integral Representation

The function sec(z) has a well-known integral representation through the following
definite integral along the positive part of the real axis:

22

ootﬂ'

sec(z)= zjo

(=<3

2 +1

Product Representation

The famous infinite product representation for cos(z) can be easily rewritten as the
following product representation for the secant function:

o0
sec I I
=1

2(2k-1)
7t (2k-1) —42%
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Limit Representation

The secant function has the following limit representation:

k
sec —hm z 'i—%eZ.

Tk "ﬂ'(k-l— j z "
2
Indefinite Integration

Indefinite integrals of expressions involving the secant function can sometimes be ex-
pressed using elementary functions. However, special functions are frequently needed
to express the results even when the integrands have a simple form (if they can be eval-
uated in closed form). Here are some examples:

Isec(z)dz:log(cot(g—%]]
| sec(z)dz=2cos;(z)F(%Pjsec;(z)
o oy ] 1)

av—a

Definite Integration

Definite integrals that contain the secant function are sometimes simple and their val-
ues can be expressed through elementary functions. Here is one example:

J‘O%tsec2 (l)dt = %(7[ - log(4)).

Some special functions can be used to evaluate more complicated definite integrals.
For example, polygamma and gamma functions and the Catalan constant are needed
to express the following integrals:

Ioztsec(t)dt = [Sn(log(l )" ) - log(l + (—1)3/4)) + Q/fl(y/(l) (%) — iy [gj
—l//(l)(gj+ll// 64CD

1

Isseca(t)dtzzr@_J ( > j/;Re(a)<l.
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Finite Summation

Finite sums that contain the secant function have the following simple values:

Zn:sec( 2z Jz%(—l)n (2n+1)+%/;neN

:0 sec” (2:/« . ZJ () e Gn(zz + ﬂ)j iy

csc? (%n(2z+ z)j/;neN+

Z:z%sec2 (Zikj =csc? (z) - 2; csc? (%) /;neN.

k=1

Infinite Summation

The evaluation limit of the last formula in the previous subsubsection for n—> « gives
the following value for the corresponding infinite sum:

Zz%sec ( j =csc’ (z)- Zziz'

Finite Products

The following finite product from the secant can be represented through the cosecant
function:

n—1 —
Hsec(z + ﬂ—kJ = (—l)n_1 2! csc(@} /;neN"*,

Infinite Products

The following infinite product from the secant can be represented through the cosecant
function:

ﬁsec(zik] ~-ese(2).

82

WORLD TECHNOLOGIES




Trigonometric Functions

Addition Formulas

The secants of a sum and a difference can be represented by the following formulas that
are derived from the cosines of a sum and a difference:

sec(a+b)= !
cos(b)cos(a)—sin(a)sin(b)
1
-b)= .
sec(a ) cos(a)cos(b)+sin(a)sin(b)
Multiple Arguments

In the case of multiple arguments z, 2z, 3z, ..., the function sec(z) can be represented as
a rational function including powers of a secant. Here are two examples:

sec(2z)=%c(zz()z)

sec’ (z )
860(32) 4— 3secz(z)

Half-angle Formulas

The secant of a half-angle can be represented by the following simple formula that is
valid in a vertical strip:

m@}ﬁ%%j;

To make this formula correct for all complex z, a complicated prefactor is needed:

S%ﬂbi@—mw#dwﬂﬁmwwwm”WMeumm,

1+ cos(z)

(z)|<7rv Re(z) =—7 /\Im(z)>OvRe(z) =7 /\Im(z)<0.

where c(z) contains the unit step, real part, imaginary part, and the floor functions.

Sums of Two Direct Functions

The sum and difference of two secant functions can be described by the following formulas:
sec(a)+sec(b)=2 cos(g - éj cos(g + éj sec(a)sec(b)
2 2 2 2
sec(a) - sec(b) =2sin (ﬁ - é] sin(g + é] sec(a)sec(b).
2 2 2 2
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Products Involving the Direct Function

The product of two secants and the product of a secant and a cosecant have the follow-
ing representations:

1

b)=
sec(a)sec() cos(a—b)+cos(a+b)
1
b)= .
sec(a)csc() sin(a+b)—sin(a—b)
Inequalities

One of the most famous inequalities for a secant function is the following:

sec(x) > xese(x)/;0 <x<%/\xeR.

Relations with its Inverse Function
There are simple relations between the function sec (z) and its inverse function
sec” (z):
sec(sec’1 (z)) =z sec (sec(z)) =z/;0<Re(z)<7vRe(z)=0AIm(z)>0v Re(z):
=TT A Im(z) <0.
The second formula is valid at least in the vertical strip 0 < Re(z) < 7. Outside of this

strip a much more complicated relation (containing the unit step, real part, and the
floor functions) holds:

w2l e[ty ™ fogmian

2]

Representations through other Trigonometric Functions

Secant and cosecant functions are connected by a very simple formula that contains the
linear function in the argument:

sec(z):csc(%—zj.
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The secant function can also be represented using other trigonometric functions by the

following formulas:
1+ tan® (Zj cot’ (ZjJrl
2 2
sec(z) =

see(z)=—see(z)=— 2 N\
sin(z - zj 1—tan® (;j cot’ (;j -1

Representations through Hyperbolic Functions

The secant function has representations using the hyperbolic functions:

Sec(z)—; sec(z) = -t (l;j

B cosh(iz) L tan? (zzj
2

sec(z)zicsch(%i—izj see(z) = sech (i) sec(iz) = sceh(z).

coth? [Zzzj -1
coth? [122) +1

sec(z) =

Applications

The secant function is used throughout mathematics, the exact sciences, and engineer-
ing.

Secant Function is Even
Theorem:

Let xeR be a real numbei.et
sec x be the secant of x. Then,

whenever sec x is defined:

sec(—x) =secx
That is, the secant function is even.

Proof:

1 . . .
sec(—x)=———  Secant is Reciprocal of Cosine

= Cosine Function is Even

=secx Secant is Reciprocal of Cosine
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Derivative of Secant Function

Theorem:

D, (secx)=secxtanx
where cosx=0.

Proof:

From the definition of the secant function:

S€Cx =

-1
cosx (cosx)

From Derivative of Cosine Function:
D (cosx)=—sinx
Then:
D (secx) =D, ((cos x)_1 ) Exponent Laws

= (—sin x)(—cos_2 x) Chain Rule, Power Rule

1 sinx
= Exponent Laws
COSX COS X
=secxtanx Definitions of secant and tangent

This is valid only when cosx = 0.

Power Series Expansion for Secant Function

Theorem

The (real) secant function has a Taylor series expansion:

x? +z 61x°
2 24 720

where E,, denotes the Euler numbers.

. T
This converges for |x| < 7
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Secant Exponential Formulation

Theorem:
Let z be a complex number.

Let sec z denote the secant function and i denote the imaginary unit: i* = —1.

Then:
SeCz=—~-
elZ + e 1z
Proof:
secz = ! Definition of Complex Secant Function
cosz
=1/ % Sine Exponential Formulation and Cosine Exponential Formulation
i
2 R .
=— multiplying top and bottom by 2
e“+e
Cotangent

Ref[cotxiv]

Lm[cotxtiv] | catxiv|
o oLt

—

-—

| cotaxtiv|

4 2 0 2 4

The cotangent function cot z is the function defined by,

cotz =
tanz

i (e” + e"iz)
eiz _e—iz
i (eZiZ + 1)

= eZiz _1

b

where tan z is the tangent.
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The notations ctn z and ctg z are sometimes used in place of cotz. Note that the co-
tangent is not in as widespread use in Europe as are sin z, cos z, and tan z, although it
does appear explicitly in various German and Russian handbooks. Interestingly, cotz
is treated on par with the other trigonometric functions in most tabulations while sec z
and csc z are sometimes not.

An important identity connecting the cotangent with the cosecant is given by,
1+cot’é =cot’é.
The cotangent has smallest real fixed point x such cot x = x at 0.8603335890....

The derivative is given by,

—cotz=—cot’z
dz

and the indefinite integral by,
Icotzdz =In(sinz)+C,

where C is a constant of integration.

Definite integrals include,

/2 1
j cotxdx=—In2
/4 2

T

j:Mln(cot x)dx=K
/4 1
.fo xcotx dx:§(7r1n2+4K)
/2 1
j xcotx dx==—mln2
0 2
/2 1
j B xcotx dx :§(37r1n2—4K)

[ cota dx:i[lénluzﬁ In2-34((3) ]
0 64

J‘omx2 cotx dx :é[znz In2- 76(3)]’

where K is Catalan’s constant, In 2 is the natural logarithm of 2, and { (3) is Apéry’s
T x/
constant. Integrals . IO " xcotx dx= %(n'ln2+ 4K) and jo “x cotx dx :%nan were con-

sidered by Glaisher. Additional integrals include,

)
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for R[n]<1, where psi 2, (z) is the digamma function, and
/2 1 1
_f cot"xdx =—msec| —(mn)
0 2 2

for —1< R[n]<1.
The Laurent series for cot z about the origin is

1, 2 5 1 5
cotz=———z——12"——2" ——z —..
z 3 45 945 4725

where B_is a Bernoulli number.

A nice sum identity for the cotangent is given by,

1 = 1
Tceot(mz)=—+22) ———.
@2) z Zzz—nz

n=l1

For an integer n> 3, cot (x / n ) is rational only for n = 4. In particular, the algebraic de-
grees of cot (7 /n)forn=2, 3, ...are1, 2, 1,4, 2, 6, 2, 6, 4, 10, 2, ....

Cotangent Function is Odd
Theorem:

Let xeR be a real number.

Let cot x be the cotangent of x.
Then, whenever cot x is defined:

cot(—x)=—cotx

That is, the cotangent function is odd.

Proof:
cos(—x) . . .
cot(—x)=——= Cotangent is Cosine divided by Sine
sin(—x)
—sinx . . . Lo
= Cosine Function is Even and Sine Function is Odd
cosx
=—cotx Cotangent is Cosine divided by Sine

89

WORLD TECHNOLOGIES




Introduction to Trigonometry

Derivative of Cotangent Function

Theorem:

-1

sin? x

D, (cotx)=—csc’ x =

where sin x # 0.

Corollary:

D, (cotax) =—acsc’ ax

Proof:

From the definition of the cotangent function:

COS X

cotx =—
sin x

From Derivative of Sine Function:
D (sinx) =cosx

From Derivative of Cosine Function:
D (cosx)=—sinx

Then:

sin x (—sin x) — cos Xxcos x . ..
D, (cot x) = ( : )2 Quotient Rule for Derivatives
sin” x

_ —sin® x+cos’ x

sin’ x

-1 . .
=— Sum of Squares of Sine and Cosine
sin” x

This is valid only when sinx # 0.

The result follows from the definition of the cosecant function.
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Power Series Expansion for Cotangent Function
Theorem:

The (real) cotangent function has a Taylor series expansion:

© _1 n22nB 2n-1
cotx:Z( ) 2

n=0 (2}’1)'
_ox X2
x 3 45 945

where B, denotes the Bernoulli numbers.

This converges for 0 < |x| <.

Proof:

ix —ix

et +e . .
cotx=i———— Cotangent Exponential Formulation
et —e

Definition of Bernoulli Numbers
1
asB,=1andB, = =3

—_ Odd Bernoulli Numbers Vanish
n=1 ( 2n ) !
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By Combination Theorem for Limits of Functions we can deduce the following:
(_1)” 2n+2 an+2 x2n+l
(2n+2)!
(_1)'1*1 92n B, K2

lim

n—>0

= 1.
v (2n+1)(2n+2) B,

ve|(2n+1)(n+1) B

n

= 1'
nglgo (2n +l)(n +1)

2x? Asymptotic Formula
for Bernoulli Numbers

m (2n(11;2;)12+1)\/m(n:1j2n
lim (n+lj

= Definition of Euler's Number

This is less than 1 if and only if:
x| < 7.
Hence by the Ratio Test, the series converges for |x| <T.

Cotangent Exponential Formulation
Theorem:

Let z be a complex number.
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Let cot z denote the cotangent function and i denote the imaginary unit: i* =—1.

Then:
eiz + efiz
cotz=i r——
elZ _ e 1z
Proof:
cosz . .
cotz=— Definition of Complex Contagent Function
sinz
eiz + e—iz eiz _e—iz ) ) )
= / - Sine Exponential Formulation
2 2 and Cosine Exponential Formulation
eiz + e—iz
=i—r multiplying numerator and denominator by 2i
e"—e
Proof:
1 " .
cotz= Definition of Complex Cotangent Function
tan z
iz e—iz
=1/——— Tangent Exponential Formulation/ Formulation 2
i(e'z +e” )
i re”
=1 eiz _ e—iz
Also defined as:

This result is sometimes also presented as:

i(eiz +e_iz)
cotz= :

Trigonometric Functions and the Unit Circle

A unit circle is a circle centered at the origin with radius 1. The angle t (in radians)
forms an arc of length s.

The x- and y-axes divide the coordinate plane (and the unit circle, since it is centered at
the origin) into four quarters called quadrants. We label these quadrants to mimic the
direction a positive angle would sweep. The four quadrants are labeled I, II, III, and IV.

93

WORLD TECHNOLOGIES




Introduction to Trigonometry

For any angle t, we can label the intersection of its side and the unit circle by its coordi-
nates, (x, y). The coordinates x and y will be the outputs of the trigonometric functions
f(t)=cost and f(r)=sint, respectively. This means:

X =COoSst

y =sint

The diagram of the unit circle illustrates these coordinates.

y
Il |

.y

sint

cost

1 vV

Unit circle: Coordinates of a point on a unit circle where the central angle is t radians.

The values of x and y are given by the lengths of the two triangle legs that are colored
red. This is a right triangle, and you can see how the lengths of these two sides (and the
values of x and y) are given by trigonometric functions of t.

For an example of how this applies, consider the diagram showing the point with coor-

V2 V2 .

dinates S on a unit circle.

B

Point on a unit circle: The point _Q Q on a unit circle.

5

22
We know that, for any point on a unit circle, the x-coordinate is cos t and the y-coordi-

V2 V2

nate is sin t. Applying this, we can identify that ¢ = - and sint = —72 for the angle

t in the diagram.
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sint

Recall that tan ¢ = . Applying this formula, we can find the tangent of any angle
identified by a unit@itle as well. For the angle t identified in the diagram of the unit

. . . 2 2 .
circle showing the point [—%,%}, the tangent is:
sint
tanf =——
cost

We have previously discussed trigonometric functions as they apply to right triangles.
This allowed us to make observations about the angles and sides of right triangles, but
these observations were limited to angles with measures less than 90°. Using the unit
circle, we are able to apply trigonometric functions to angles greater than 9o°.

Further Consideration of the Unit Circle

The coordinates of certain points on the unit circle and the measure of each angle in ra-
dians and degrees are shown in the unit circle coordinates diagram. This diagram allows
one to make observations about each of these angles using trigonometric functions.

Unit circle coordinates: The unit circle, showing coordinates and angle measures of certain points.

We can find the coordinates of any point on the unit circle. Given any angle t, we can
find the x— or y-coordinate at that point using x = cost and y = sin t.

The unit circle demonstrates the periodicity of trigonometric functions. Periodicity refers to
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the way trigonometric functions result in a repeated set of values at regular intervals. Take
a look at the x-values of the coordinates in the unit circle above for values of t from 0 to 27:

ffllff 3 N2 113243

0 T s T T __’_15 P T T T

2727277 2 2 2 2222

We can identify a pattern in these numbers, which fluctuate between —1 and 1. Note
that this pattern will repeat for higher values of t. Recall that these x-values correspond
to cos t. This is an indication of the periodicity of the cosine function.

Example:

Solve in (7—”]
6
It seems like this would be complicated to work out. However, notice that the unit circle

. . T . . .
diagram shows the coordinates at ¢ = o Since the y-coordinate corresponds to sin t,

we can identify that,

. r 1
sin=—=——
2

Special Angles

The unit circle and a set of rules can be used to recall the values of trigonometric func-
tions of special angles.

Trigonometric Functions of Special Angles

Recall that certain angles and their coordinates, which correspond to x = costand y =
sin t for a given angle t, can be identified on the unit circle.

Unit circle: Special angles and their coordinates are identified on the unit circle.
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The angles identified on the unit circle above are called special angles; multiples of

ﬁ,%,%,%, and (180°, 90°, 60°, 45°, and 30°). These have relatively simple expres-

sions. Such simple expressions generally do not exist for other angles. Some examples
of the algebraic expressions for the sines of special angles are:

sin(OO) =0

sin(30°) =

sin(45°) =

ol 1

sin (60°) =
sin(90°) =1
The expressions for the cosine functions of these special angles are also simple.

Note that while only sine and cosine are defined directly by the unit circle, tangent can
be defined as a quotient involving these two:

Tangent functions also have simple expressions for each of the special angles.
We can observe this trend through an example. Let’s find the tangent of 60°.

First, we can identify from the unit circle that:

NE

sin(60°) = 7

cos(60°) = %

We can easily calculate the tangent:

sin (60°)

tan(60°) = W

G-l
'_ll\)
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Memorizing Trigonometric Functions

An understanding of the unit circle and the ability to quickly solve trigonometric func-
tions for certain angles is very useful in the field of mathematics. Applying rules and
shortcuts associated with the unit circle allows you to solve trigonometric functions
quickly. The following are some rules to help you quickly solve such problems.

Signs of Trigonometric Functions

The sign of a trigonometric function depends on the quadrant that the angle falls in.
To help remember which of the trigonometric functions are positive in each quadrant,
we can use the mnemonic phrase “A Smart Trig Class.” Each of the four words in the
phrase corresponds to one of the four quadrants, starting with quadrant I and rotating
counterclockwise. In quadrant I, which is “A,” all of the trigonometric functions are
positive. In quadrant II, “Smart,” only sine is positive. In quadrant III, “Trig,” only tan-
gent is positive. Finally, in quadrant IV, “Class,” only cosine is positive.

y
|| sint | sint
cost
tant
"Smart" wpn
X
"Trig" "Class"
I tant |y cost

Sign rules for trigonometric functions: The trigonometric functions are each
listed in the quadrants in which they are positive.

Identifying Values using Reference Angles

Take a close look at the unit circle, and note that sin t and cos t take certain values as
they fluctuate between —1 and 1. You will notice that they take on the value of zero, as

. . . 1
well as the positive and negative values of three particular numbers: ?,g and 3

Identifying reference angles will help us identify a pattern in these values.

Reference angles in quadrant I are used to identify which value any angle in quadrants
IT, IT1, or IV will take. This means that we only need to memorize the sine and cosine of
three angles in quadrant I: 30°, 45°, and 60°.

For any given angle in the first quadrant, there is an angle in the second quadrant with
the same sine value. Because the sine value is the y-coordinate on the unit circle, the
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other angle with the same sine will share the same y-value, but have the opposite x-val-
ue. Therefore, its cosine value will be the opposite of the first angle’s cosine value.

Likewise, there will be an angle in the fourth quadrant with the same cosine as the
original angle. The angle with the same cosine will share the same x-value but will have
the opposite y-value. Therefore, its sine value will be the opposite of the original angle’s
sine value.

As shown in the diagrams below, angle a has the same sine value as angle t; the cosine
values are opposites. Angle (3 has the same cosine value as angle t; the sine values are
opposites.

sint=sina and cost=-cosa

sinf=-sin 8 and cost=cos/f

n v 1] v

Reference angles: In the left figure, t is the reference angle for a. In the right figure, t is the reference
angle for .

Recall that an angle’s reference angle is the acute angle, t, formed by the terminal side
of the angle t and the horizontal axis. A reference angle is always an angle between 0

and 90°, or 0 and 2 radians. For any angle in quadrants II, III, or IV, there is a refer-

ence angle in quadrant I.

Quadrant | Quadrant Il Quadrant Il Quadrant IV

¥ 7 AN
. X ‘ x
e\ \ [
n v n v 1l v 1 \%

=i t

==

60° — t

T—t tr=t—-=w t

=2
180° -~ t =t 180° =3

Reference angles in each quadrant: For any angle in quadrants II, I1I, or IV, there is a reference angle in
quadrant I.

Thus, in order to recall any sine or cosine of a special angle, you need to be able to iden-
tify its angle with the x-axis in order to compare it to a reference angle. You will then
identify and apply the appropriate sign for that trigonometric function in that quadrant.
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These are the steps for finding a reference angle for any angle between o0 and 2m:
« An angle in the first quadrant is its own reference angle.

« For an angle in the second or third quadrant, the reference angle is |7r —t| or
[180°—1|.

« For an angle in the fourth quadrant, the reference angle is 2n—t or 360" — t. If
an angle is less than o or greater than 27, add or subtract 27t as many times as
needed to find an equivalent angle between o0 and 2.

Since tangent functions are derived from sine and cosine, the tangent can be calculated
for any of the special angles by first finding the values for sine or cosine.
Example: Find tan(225°), applying the rules above.

First, note that 225° falls in the third quadrant:

70

x

1 v

Angle 225° on a unit circle: The angle 225° falls in quadrant III.
Subtract 225° from 180° to identify the reference angle:
180" - 225°| =|-45'|

—45°
In other words, 225° falls 45° from the x-axis. The reference angle is45°.

Recall that,

V2

Sin(450) = 7

However, the rules described above tell us that the sine of an angle in the third quad-
rant is negative. So we have,
V2

Sln(2250) = —7
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Following the same process for cosine, we can identify that,

NG

c0s(225%) = -

We can find tan(225°) by dividing sin(225°) by cos(225°):

sin(225%)

tan(225%) =
c0s(225%)
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Inverse trigonometric functions are the inverse functions of sine, cosine, tangent, co-
tangent, secant, and cosecant functions. They can be used for obtaining an angle from
any of the angle’s trigonometric ratios. All these inverse trigonometric functions have
been carefully analyzed in this chapter.

Inverse Sine

The inverse sine is the multivalued function sin™ z , also denoted arcsin z , that is the
inverse function of the sine. The variants Arcsinz and Sin~' z are sometimes used to
refer to explicit principal values of the inverse sine, although this distinction is not al-
ways made. Worse yet, the notation arcsin z is sometimes used for the principal value,
with Arcsin z being used for the multivalued function. Note that in the notation sin™" z
(commonly used in North America and in pocket calculators worldwide), sin z is the
sine and the superscript —1 denotes the inverse function, not the multiplicative inverse.

¥

sin

4

The inverse sine is a multivalued function and hence requires a branch cut in the com-
plex plane. This follows from the definition of sin™' z as:

sin_lz:—iln(iz+\/1—zz).
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Special values include:

sin”' (—1) :—%ﬂ
sin!0=0

sin”'1= l .
2

. . . _l .
The derivative of sin™ z is:

and its indefinite integral is:

. 1
—sin”~ z=
dz 1-2°

and its indefinite integral is:
Jsinflzdz =y1-z"+zsin" z+C.

The inverse sine satisfies:

. 41
=sin" z=c¢sC | —
z

For z#0,
sin”' z=—sin"' (-z)
=cos’' (—Z)—%ﬂ'

1 o
=—7m—cos 'z

for all complex z,

1 | 2
—57[+sm (\/l—x ) for x <0
%ﬁ—sin_l(m) for x>0

sin" x=
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—lﬂ—co‘f1 i for x <0
2 1-x*

] for x>0

1
—7r cot”
(\/1 x°

—cos”’

—

l—xz) for 1-<x<0

cos’l( l—xz) for 0<x<1

—secl[ ! Jfor—l<x<0
1-x°

secl[ IZJ for 0<x <1,

1-x

And,

sin”' x=tan™ [

=)
o (5]

X

for —1 < x < 1, where equality at points where the denominators are 0 is understood to
mean in the limit as x — =1 or x — 0,, respectively.

The Maclaurin series for the inverse sine with —1< <1 is given by:

sin” x =
,,_0(2n+1)n'
=x+lx3+ix5+ix7+3—5x9+...
6 40 112 1152
2n
Where ( jis a binomial coefficient. Similarly,
n
1\ 3afa 1]
sin”| —x || == — |—
k
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N—

C (1] 4
sin —X =
2

Ramanujan gave the cases (sin‘l x)n for n=1, 2, 3, and 4, and the general cases are

given in terms of multiple sums by Bailey et al. and Borwein and Chamberland.

The inverse sine has continued fraction:

zy1—=2Z?

sin” z=
- 1-227
1.22°
Bl 2
3-4z
S—— - —
34z
s
9_ z
11—...
Arecsin Rules
Rule name Rule

Sine of arcsine

sin (arcsin x ) =x

Arcsine of sine

arcsin (sinx ) =x+ 2k, whenk € Z(kis integer)

Arcsin of negative argument

arcsin (—x) = —arcsinx

Complementary angles

arcsin x= xr / 2 —arccos x=90° —arccosx

Arcsin sum

arcsin o + arcsin(ﬂ)=arcsin(a\/(1_ﬂ2) +ﬂ\/(1_az))

Arcsin difference

arcsing — arcsin (/) = arcsin(a\/(l—ﬂz)—ﬂ\/(l—az) )

Cosine of arcsine

cos (arcsin x) = sin (arccos x) = V1-x’

Tangent of arcsine

X

tan (arcsin x) = -
1-x
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Derivative of arcsine

X

i(arcsin x) =arcsin'x =

1-x

Indefinite integral of arcsine

Iarcsinxdx =xarcsinx+v1—x*+C

Arecsin Table

arcsin(x) | arcsin(x)
x o]
(rad) (°)

-1 -/2 -90°
_J3/2 | -7/3 -60°
/2 |-n/4 457
-1/2 -7/6 -30°

o) (o} 0°

1/2 /6 30°
V2/2 /4 45°
Ve s |

1 /2 90°

Inverse Cosine

l-l.e|c0s'1 xHiv]

Imeos™ xriv] |cos'1 THY
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The inverse cosine is the multivalued function cos™ z, also denoted arccos z, that is
the inverse function of the cosine. The variants Arccosz and Cos™'z are sometimes
used to refer to explicit principal values of the inverse cosine, although this distinction
is not always made. Worse yet, the notation arccos z is sometimes used for the principal
value, with Arccosz being used for the multivalued function Note that the notation
cos™' z (commonly used in North America and in pocket calculators worldwide), cos z is
the cosine and the superscript —1 denotes the inverse function, not the multiplicative inverse.

CO8 " I

g3

The inverse cosine is a multivalued function and hence requires a branch cut in the
complex plane. This follows from the definition of cos™ z as:

cos_lz=%7r+iln(iz+\/1+zz).

Special values include:
cos” (-1)=x
cos ' 0= lﬂ

2
cos'1=0.

The derivative of cos™ z is given by:

d 1
—cCos z=
dz 1-2°

and its indefinite integral is:

J-cosflza’z=zcos’1 z—~N1-z> +C.
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The inverse cosine satisfies:
cos' z=rm—cos™ (—z)

for all complex z, and:

%7r+cos1 (\/l—xz) forx<0
%H—COS_I (\/1—x2) forx>0

cos'x=

The inverse cosine is given in terms of other inverse trigonometric functions by:
_ 1 . 1
cos” z=—m+sin"' (—z)
2
=—7-sin"'z
2
for all complex z,

1 a1
cos z=sec |—
z

for z#0,

» 1 0 X
cCOosS x=—m—tan
2 1-x

for —-1<x <1, and:

for x > 0, where in the last equation, equality at zero is understood to mean in the limit

as x> 0".
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The Maclaurin series for the inverse cosine with —1 < x <1 is:

1 1,

=S—T—X——X ———X ———X ————X
40 112 1152

2 6

Arccos Rules

Rule name

Rule

Cosine of arccosine

cos(arccos x ) =x

Arccosine of cosine

arccos(cosx ) =x+ 2k, whenk € Z(kis integer)

Arccos of negative argument

arccos (—x) = 77 —arccosx=180°—arccosx

Complementary angles

arccos x= r / 2— arcsin x=90° —arcsin x

Arccos sum

arccos (a)+ arccos(f) = arccos(aﬂ—\/(l —az)(l—ﬁz) )

Arccos difference

arccos (o ) —arccos () = arccos(aﬂ+\/(1—a2)(1—ﬂ2))

Arccos of sin of x

arccos(sinx ) =—x— (2k+0.5) 7

Sine of arccosine

cos (arcsin x) = sin (arccos x) = V1-x’

Tangent of arccosine

2

1—x
tan (arccos x) =
X

Derivative of arccosine -1

— (arcos x) = arccos'x =

dx 1-x°
Indefinite integral
of arccosine I arcos x dx = xarccosx —vV1—x> +C

Arccos Table

arccos(x) | arccos(x)

(rad) (°)
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-1 T 180°
_J3/2 |57/6 150°
_J2/2 |37n/4 135°
/2 27 /3 120°
0 7wl2 90°
1/2 /3 60°

2/2 /4 45
J3/2 /6 30°
1 [0) 0°

Inverse Tangent I

The inverse tangent is the multivalued function tan™ z, also denoted arctan z or arctg z,
that is the inverse function of the tangent. The variants Arctanz and Tan 'z are some-
times used to refer to explicit principal values of the inverse cotangent, although this

distinction is not always made.

The inverse tangent function tan™' x is plotted above along the real axis.

Worse yet, the notation arctan z is sometimes used for the principal value, with Arctan z
being used for the multivalued function. Note that in the notation tan™' z (commonly
used in North America and in pocket calculators worldwide), tan z denotes the tangent
and —1 the inverse function, not the multiplicative inverse.
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The inverse tangent is a multivalued function and hence requires a branch cut in the
complex plane. This follows from the definition of tan™' z as:

1
tan' z=—i| In(1-iz)-In(1+iz)]|.
L in(1-12)-Tn(1+12)]
This branch cut definition determines the range of tan™' x forreal x as (-7 /2,7/2).

Care must be taken, however, as other branch cut definitions can give different ranges
(most commonly, (0,7)).

Reltan™ x1iv] Im|tan iy

| —

The inverse tangent function tan™' z is plotted above in the complex plane.

tan~' z has the special values:

tan™ (—o0) = —%ﬂ'

tan™ (i) = —ioo
tan'0=0

tan~' i = joo

O 1
tan~ oo =—or.
2
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The derivative of tan' z is:

. 1
—tan z=
dz 1+z

2
and the indefinite integral is:

J-tan_lzdz:ztan_1 z—%ln(l+zz)+C.

The complex argument of a complex number z = x+i y is often written as:

0 =tan” (Zj,
X

where 6, sometimes also denoted @, corresponds to the counterclockwise angle from
the positive real axis, i.e., the value of € such that x =cos@ and y=sinéf. Plots of
tan™' (y/x) are illustrated above for real values of x and y.

Reltan~" x+iv] Im[ta.n'] xiv] tan™? iy
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In the degenerate case when x =0,

1
57 ify<0
¢ =qundefined if y=0
1 ify>0

2

The usual tan' z has the Maclaurin series of:

OO (_l)n Z2m

tan' z = Z

= 2n+l1

1
=z——2+—2 ——2z +...

3
A more rapidly converging form due to Euler is given by:

0 22n (n')z x2n+1

= (2n+1)! (1+x° )n+1

tan”' x =

for real x. This is related to the formula of Euler given by:

Loy 2 24, 246 , j
tan” x=| 1+=yp+ + +on |,
x( 377357 73677

Where:

2
X

1+x°

yE

The inverse tangent formulas are connected with many interesting approximations to pi:

I ) ()

tan” (1+x)== S X
n=1 n

L1 1, b 1 1 1 o
47727 47 127 400 48 112

The inverse tangent satisfies:

1
tan ' z=—cot™'| —
z
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for z =0,

tan” z=—tan"' (—z)

for all complex z,

1
tan” x = Ezr —cos™ (

=

I X
=sin
[\/x2 +lj

~1 x2 +1
= CSC
X

for all real x, where equality for the last equation is understood to be in the limit as

x— 0, and:
—l —tan (lj for >0

l —tan (lJ for >0

—— +cot (—x) forx<0

tan

— +cot (-x) forx>0

—— —cot x forx>0

— —cot x forx>0

R e
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In terms of the hypergeometric function,

tan”' z = z, | (l,l,z;—zzj
22

for complex z, and:

2
tan” x =——2F, LS, .
1+x 2 1+x

for real x.

Castellanos also gives some curious formulas in terms of the Fibonacci numbers,

Fv2n+1t2n+l
tan”"x = ,,Z:(; 5" 2n+1)
:500 ( 1) F122n+1
(20 +1)(u+ \/—1)2"+1
0 n5n+2F3n+
:Z ( ) - 205l 2
= (2n+1)(v+ 7 +5)
Where:
2x

and v is the largest positive root of:

8xv' =100V’ —450xv* +875v+625x =0.

The inverse tangent satisfies the addition formula:

. . i x
tan”' x+tan”' y =tan”' 4
xy
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for —1<x,y <1, as well as the more complicated formula:

tan' [ L] = 2tan'{ - |~ tan" 3;
a 2a 4a” +3a

valid for all complex a. An additional identity known to Euler is given by:

t _1( 1 j_ _1£1j ) b
an =tan | — |+ tan 5
a—>b a a —ab+1

for (a>bAa>0) or (a <bAaa<0). Another interesting inverse tangent identity at-

tributed to Charles Dodgson (Lewis Carroll) by Lehmer is:
tan” (p+r)+tan (p+gq)—tan” p= %7[,

Where:
1+p°=qr

and p,q,r >0

The inverse tangent has continued fraction representations:

tan' x = i -
1+ X 5
4x
3+ 9
5+7f6 3
7+ X
9+...
and:
tan™ x = i -
1+ o 5
3-x + ox
5_3)62LX2
7-5x*+...

due to Euler and sometimes known as Euler’s continued fraction.
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To find tan™ x numerically, the following arithmetic-geometric mean-like algorithm
can be used. Let:

-1/2

a, =(1+x2)
b, =1.

Then compute:

bj+1 = ai+1bi >
and the inverse tangent is given by:

-1 . X
tan~ x =1lim

=2 J1+x7 a,

An inverse tangent tan~' n with integral # is called reducible if it is expressible as a
finite sum of the form:

tan"'n=) f tan" n,
k=1

oy . . . -1 . .
where f, are positive or negative integersand  areintegers <. tan™ m is reducible

iff all the prime factors of 1+m” occur among the prime factors of 1+#n* for n=1, ...,
m—1. A second necessary and sufficient condition is that the largest prime factor of

1+ m? is less than 2m . Equivalent to the second condition is the statement that every

Gregory number ¢, =cot™' x can be uniquely expressed as a sum in terms of ¢, s for
which m is a Stermer number. To find this decomposition, write:

arg(1+in) = argH(1+nki)fk,
k=1

so the ratio:

I1,_, (1+nk i)fk
1+in

=

I1, (l+nk i)f"
I+in

is a rational number. Equation » = can also be written:

r2(1+n2)=H(1+n,f)fk.

k=1

117

WORLD TECHNOLOGIES




Introduction to Trigonometry

Writing in the form:

tan' n = ka tan"'n, + ftan"'1
k=1

allows a direct conversion to a corresponding inverse cotangent formula:

cot'n=> f, cot” n +ccot™ 1,
k=1

Where:

c=2-f-2) f.

Todd gives a table of decompositions of tan™' n for n <342. Conway and Guy give a
similar table in terms of Stermer numbers.

Arndt and Gosper give the remarkable inverse tangent identity:

| Zin;—l H2n+l a,—tan ﬂ-(j_k)
. (2%1 A j (_1) : 2n+1
S = .

tan a
B e I (a) +1)

k=1

There is an amazing set of BBP-type formulas for tan™ (4/5):

L g | [262144 163840 65536}L
131072 531048576" | 40k +2 40k +5 40k +6
an-l(ij= 16384 4096 5120 1024 256
5) 40k+10 40k+14 40k+15 40k+18 40k+22
160+64_16+4+5_1}
40k+25 40k+26 40k+30 40k+34 40k+35 40k+34

1 & 1 393216 163840 131072 163840 24576
131072;1048576’[40“4 40k+5 40k+6 40k+8 40k+12
8192 15360 10240 1024 512 640
T 40k+14 40k+15 40k+16 40k+20 40k—6 40k+24
160+96_32_40+15+6_2}
40k+25 40k+28 40k+30 40k+32 40k+35 40k+36 40k+38
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1 & 1 [262144 262144 65536 327680 65536
131072;1048576’{40“1_40k+3_40k+5_40k+6+40k+7_
163840 16384 _ 40960 _ 16384 _ 4096 _ 20480 _ 16384 _
40k+8 40k+9 40k+10 40k+11 40k+13 40k+14 40k+15

_ 10240 1024 1024 2560 256 1280
40k+16 40k+17 40k+19 40k+20 40k+21 40k+22
256 640 64 64 16 40
40k+23 40k+24 40k+25 40k+27 40k+29 40k+30

16 40 4 16 1 5 1 }

— + + - — +
40k+31 40k+32 40k+33 40k+35 40k+37 40k+38 40k+39

1 i 1 262144+262144+131072_ 65536 N
262144£51048576" | 40k +3  40k+4 40k+6 40k+7

~ 81920 N 16384 L 16384 N 8192 4096 N
40k+10 40k+11 40k+12 40k+14 40k+15

1024 1024 512 | 256 64 64
40k+19 40k+20 40k+22 40k+23 40k+27 40k+28
48 16 4 4 2 1
40k+30 40k+31 40k+35 40k+36 40k+38 40k+39
Arctan Rules
Rule name Rule

Tangent of arctangent
& 8 tan (arctanx ) =x

Arctan of negative argument
& & arctan (—x) = —arctanx

Arctan sum

arctan« +arctan £ = arctan [(a + ,B) / (1 - aﬂ)}

Arctan difference arctana —arctan 3 = arctan [((x -B)/(1+ap )]

Sine of arctangent X

sin (arctan x) =
1+x°
Cosine of arctangent 1
cos (arctan x) =
1+x*
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Reciprocal argument

j %—arctan(x) ,x>0

( 1
arctan| —

X —z—arctan(x) ,x<0

Arctan from arcsin

arctan x = arcsin

X
Vxt +1

Derivative of arctan

d (arctan x) = arctan'x =

dx 1+ x?

Indefinite integral of arctan

jarctanxdx = xarctanx—%ln (1+x2)+C

Arctan Table

g arctan (x) | arctan (x)
(ad) | ()

y —/2 -90°
-3 —1.2490 -71.5605°
-2 —1.1071 -63.435°
-3 -7 /3 -60°
-1 x4 |
“1/3 | -#/6 -30°
-0.5 —0.4636 -26.565°
o (o] o°
0.5 0.4636 26.565°
1/\3 | 7/6 30°
1 /4 45°
NE) 7l3 60°
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2 1.1071 63.435°
3 1.2490 71.565°
0 /2 90°

Inverse Cosecant I

Relese ™ xtiv Imlese v
T

Relese™ xiv]

The inverse cosecant is the multivalued function csc™ z, also denoted arccsc z, that is

the inverse function of the cosecant. The variants Arccscz and Csc 'z are sometimes
used to refer to explicit principal values of the inverse cosecant, although this distinc-
tion is not always made. Worse yet, the notation arccscz is sometimes used for the

principal value, with Arccsc z being used for the multivalued function. Note that in the

notation csc™' z (commonly used in North America and in pocket calculators world-
wide), cscz is the cosecant and the superscript —1 denotes an inverse function, not the
multiplicative inverse.

-2 = 2
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The inverse cosecant is a multivalued function and hence requires a branch cut in the
complex plane. This follows from the definition of csc™' z as:

csc! z:—iInL‘fl—L2 +LJ.
z zZ

The derivative of csc™' z is given by:

d 1
—CSC z=————,
dz ) 1
z 1- —
z
which simplifies to:
1

d . -
—CSC X=-—

dx xx® -1

for x > 0. Its indefinite integral is:

2
_[CSC'zdz=zcsc'z+In[z(1+ z 21]1+C
z

which simplifies to:

J-cscflxdx =xcsc! x+In(x+\/x2 —1)

For x > o.

The inverse cosecant has Taylor series about infinity of:

csc x = —i pa(0) x

=x +lx_3 +ix_5 +ix_7 +...
6 40 112

Where P, (x) is a Legendre polynomial and (x)n is a Pochhammer symbol.

The inverse cosecant satisfies:

- .1
csc z=sin | —
z
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for z#0,
csclz= 57[ —sec’'z

= —%7[ +sec” (—z)

for all complex z, and

sec” [LJ - forx>-1
x* =1

sec™ [Lj forx >1
x =1

—cos™! —1 forx < -1

csclx=

Arccos Rules

Rule name Rule

Cosine of arccosine cos (arccosx ) =x

Arccosine of cosine arccos(cosx ) =x+ 2k, whenk € Z(kis integer)

Arccos of negative argument
8 8 arccos (—x) = 7 —arccosx=180°—arccosx

Complementary angles arccosx= 7z /2 —arcsinx=90° — arcsinx

Arccos sum

arccos(a )+ arccos(f) = arccos(aﬂ—\/(l—az)(l—ﬁz))

Arccos difference

arccos (a ) —arccos () = arccos(aﬂ+\/(1—a2)(l—ﬁz) )

Arccos of sin of x arccos(sinx)=—X—(2k+0-5)ﬁ
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Sine of arccosine

cos (arcsin x) = sin (arccos x) = V1-x°

Tangent of arccosine

2

Derivative of arccosine

tan (arccos x) = I-x
X
i(arccos Xx)=arccos'x = !
X 1-x*

Indefinite integral of arcco-
sine

2
Iarccosxdx= xarccosx—+1-x"+C

Arccos Table
arccos(x) | arccos(x)
X
(rad) (°)
-1 T 180°
-{3/2 S57/6 150°
~J2/2 3x/4 135°
-1/2 27 /3 120°
0 /2 90°
1/2 /3 60°
V272 z/4 45°
/2 /6 30°
1 0 0°
Inverse Secant
sec ! x
T'r -
i
_____,-f |
T _i ______________
4 -r_'______
i
H
T — [ A - : g
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1-‘.e|sec"' ativ] Im|sec™ x tiv]

The inverse secant sec” z, also denoted arcsec z, is the inverse function of the secant.
The variants Arcsecz and Sec'z are sometimes used to indicate the principal val-
ue, although this distinction is not always made. Worse yet, the notation arcsec z is
sometimes used for the principal value, with Arcsecz being used for the multivalued
function. In the notation sec™' z (commonly used in North America and in pocket cal-

culators worldwide), secz is the secant and the superscript —1 denotes the inverse
function, not the multiplicative inverse.

-2 = 2

The inverse secant is a multivalued function and hence requires a branch cut in the
complex plane. This follows from the definition of sec™ z as:

sec_lz=l7r+i1n ‘/1—%+i .
2 z z

The derivative of sec™ z is:

-l 1
—sec z=
z
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which simplifies to:

- 1
—sec x=

dx xVx* -1

for x > 0. The indefinite integral is:

2
Iseclzdz—zseclz—ln[z{l+ z ZIJ]+C,
4

which simplifies to:

J‘secflxdx =xsec x—In(x+\/x2 —1)

Forx > o.

The inverse secant has a Taylor series about infinity of:

~ i 2 1) Ny
sec” x = —Z(—g”xZ !

2 (2n 1)(2n)
N W SER BY AN
2 6 40 112

The inverse secant satisfies:

- a1
sec z=cos | —
z

for z#0, and:

sec” z=m—sec” (—z)

=—x—csc 'z
2

= lﬂ' +csc” (-z)
2

for all complex z. It is given in terms of other inverse trigonometric functions by:

7r+csc‘1( j forx < -1

X
Vx' =1

csc_l( al ] forx >1
x* =1
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ﬂ'—COt_l( ! jforx<—1
x* =1

cotl( 21 j forx >1
x =1

2

7 +sin”! forx < —1
X
2
.l AxT =1
sin™ forx >1
X

7—tan”' (\/x2 —l) for x <-1
tan™ (\/x2 —1) forx>1.

Inverse Cotangent I

|eot™ xriv|
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The inverse cotangent is the multivalued function cot™ z, also denoted arccotz
or arcctgz, that is the inverse function of the cotangent. The variants Arccotz and
Cot ™'z are sometimes used to refer to explicit principal values of the inverse cotan-
gent, although this distinction is not always made. Worse yet, the notation arccot z is
sometimes used for the principal value, with Arccotz being used for the multivalued
function. Note that in the notation cot™ z (commonly used in North America and in
pocket calculators worldwide), cot z is the cotangent and the superscript —1 denotes an
inverse function, not the multiplicative inverse.

¥

cot

&

_2!

There are at least two possible conventions for defining the inverse cotangent. This
work follows the convention of Abramowitz and Stegun, taking cot™ x to have range
(—7[ 2,7/ 2] , a discontinuity at x =0, and the branch cut placed along the line seg-
ment (—i ,i ) . This definition can be expressed in terms of the natural logarithm by:

cot!z= i{In (Z—_lj —In (Z——Hﬂ
2 z z

This definition is also consistent, with the definition of ArcTan, so ArcCot[z] is equal to
ArcTan[1/z].

A different but common convention defines the range of cot™ x as (0, 7[), thus giving
a function that is continuous on the real line R . Extreme care should be taken where
examining identities involving inverse trigonometric functions, since their range of ap-
plicability or precise form may differ depending on the convention being used.

The derivative of cot™ z is given by:

d
—cot z=-—
dz 1+z
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and the integral by:
-1 -1 1 2
Icot zd z=zcot Z+EII’1(1+Z )+C.

The Maclaurin series of the inverse cotangent for x > 0 is given by:

)k 2k+1

et x___z 2k +1

k=0
1 1
LA S U N o B
3 5 7 9

SR

The Laurent series about z = is given by:

® (_l)k Z—(2k+1)
o 2k+1

Euler derived the infinite series:

© _2\n
ot 7 = z (2n 2)..

p (2n—1)!1(z2 +1)"

The inverse cotangent satisfies:

1
cot'z=tan"'| =
z

for z#0,
cot” z=—cot™ (—z)

forall zeC", and:

sec”! [ x 41

j—n for x>0
X

cot ' x=

sec”! ( x 41

] for x>0
X
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—%7r—tan1 x forx<0

%ﬂ—tan"lx forx>0

J forx>0

. 1 1
—sin
Vx?+1
1( 1
x*+1

——72 cot” lj forx >0
X

J forx>0

—7z cot” (IJ forx >0
X

—csc” (\/x +1) forx >0

csc'( X +1) forx >0

[ J 7 forx>0
x> +1

cosl[ ] forx>0
x*+1

] forx<0

1 . X
—— 7 —sin

2 (\/x2+l
1 . X

— 7T —Ssin forx >0
2 (\/x2+1]

Analytic sums of cotangents include the beautiful result:

3 cot™ > = cot” (T—ij 142474,

Where:

t= coteﬂﬁjtanh Gm/ij
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A number:
-1
t.=cot x,
where x is an integer or rational number, is sometimes called a Gregory number. Leh-

mer showed that cot™ (a / b) can be expressed as a finite sum of inverse cotangents of
integer arguments:

with | x | the floor function, and:
a., =an+i+b,

b

i+1

=a,—nb,
with a, =a and b, = b, and where the recurrence is continued until 5,,, =0. If an in-

verse tangent sum is written as:

tan"' n= ka tan"'n, + ftan"' 1,

k=1
then equation becomes:

cot'n=> f, cot"n +ccot™ 1,
k=1

Where:
c=2-f-2) f.
k=1

Inverse cotangent sums can be used to generate Machin-like formulas.
Other inverse cotangent identities include:
2cot™ (Zx) —cot™ x=cot™ <4x3 + Sx)

27x* +18x% -1
8x

2cot™' (3x)—cot™ x = cot™ (
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8x
the choice of convention for cot™ z is significant, since it holds for all complex z in the

4 2
aswellasmanyothers. Notethatforequation 2 cot™ (3 x)— cot™ x=cot™ [Mj ,

[0, 7] convention, but holds only outside a lens-shaped region centered on the origin in
the [~z /2,7 /2] convention.

Properties of Inverse Trigonometric Functions

Property 1:
. sin” (1 / x) =cosec 'x, x>lorx<—-1
« cos ' (I/x)=sec” x, x>1orx<-1
« tan"'(I/x)=cot™ x, x>0
Proof:
sin”' (1/x)=cosec™x, x>1 orx <—I, Let sin—lx =y

i.e. x = cosecy

—=siny
1 1
sinm — |=y
X
. ,1 1 71
sin. — |=cosec X
X
. (1 a
sin” | — [=cosec x
X
.1 1
Hence, sin” —=cosec™ x where,x>10rx < -1.
x
Property 2:

« sin”(—x)=-sin"' (x), xe[-11]
« tan”'(—x)=—tan"'(x), xeR

. cosec” (—x)=—cosec™ (x),

x|21
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Proof:
sin” (—x)=-sin"'(x), xe[-11] Let, sin—1(-x)=y
Then —x =siny
X=-siny
x=sin(-y)
sin”' =sin™' (sin(—y))
sin"'x=y
sin”' x =—sin"' (—x)
Hence, sin™' (—x)=—sin"' x € [-1,1]
Property 3:
. cos”(—x)=z—cos'x, xe[-11]

. sec” (—x)=m—sec x,

x| >1
. cot'(—x)=m—cot’x, xeR

Proof:
cos™ (—x) =7 —cos” x, x e[-11]
Let cos™ (—x) =y
COSy=—X X=—COSYy
x=cos(z—y)

Since, cosz—q =—cosq

cosflxzir—y

cost'x=m—cos'—x

Hence, cos'—x =7z —cos ' x

Property 4:

1

« sin'x+cos'x=7x/2, xe[—l,l]

« tan'x+cot'x=7/2, xeR

-1 -1
e cosec x+sec x=m/2, x|21

133
WORLD TECHNOLOGIES




Introduction to Trigonometry

Proof:

sin”' x+cos” x=7/2, xe[-11]

. . Vs
Let sin—1x = yorx =sin y = cos (E_yj

cos” x=cos”' [cos (% - J’D

1 T
cos x=—-—y
2
1 T
cos” x=—-—sin_ x
2
. 4 Vs
sin” +cos x:E

Hence, sin™' x+cos ' x=7/2, xe[-1,1]
Property 5:
« tan'x+tan” y=tan" ((x+y)/(1-x)), <L
. tan"'x—tan" y=tan" ((x—p)/(1+xy)), xp>-L.
Proof:
tan” x+tan” y=tan”' ((x+y)/(1-xy)), xp<1.
Let tan' x= 4
And tan' y =B
Then, tan 4 = x
tanB =y
Now, tan( A4+ B)=(tan A+tan B)/(1—tan A tan B)

tan(A+ B) = 1x+y
Hence, tan™ ( j =tan ' x+tan"' y
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Property 6:
. 2tan"'x=sin" (2x / (1 +x° )),

x| <1
. 2tan” x=cos ' ((1-x")/(1+57)), x20
« 2tan’x=tan"' (2x/(1 - x*)),~1<x <1
Proof:

2tan' x =sin™’' (2x / (1 +x’ )),

x|£l

Let tan™' x = yand x=tan y

Consider RHS. sin™ ( 2x - j
1+x

=sin’1( 2tan2y ]
l+tan” y

=sin”' (sin 2y)

Since, sin 20 = 2tan9/<1 +tan’ 9),

=2y =2tan"' x which is our LHS

Hence 2tan" x = sin™ (2x / (1 +x* )) s

x| <1
Solved Example:

Prove that “sin”™ (—x) =—sin™' (x), x €[-L1]”

Ans: Let, sin™ (—x) =y
Then —x =siny
X=-siny
x=sin(-y)
sin”' x = arcsin (sin (-y))
sin”' x =y

sin”' x =—sin”' (—x)

Hence, sin™' (—x)=—sin"' x, x e[-11]
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Graphs of Trigonometric Functions

The graphs of trigonometric functions of sine, cosine, tangent, cotangent, secant, and
cosecant functions are periodic in nature. The graph cycle is repeated after every angle
of 180 degrees. This chapter closely examines these graphs of trigonometric functions
to provide an extensive understanding of the subject.

Graph of Sin x

y = sin x is periodic function. The period of y = sin x is 27. Therefore, we will draw the
graph of y = sin x in the interval [, 271].

For this, we need to take the different values of x at intervals of 10°. Then by using the
table of natural sines we will get the corresponding values of sin x. Take the values of
sin x correct to two place of decimal. The values of sin x for the different values of x in
the interval [—m, 271] are given in the following table.

We draw two mutually perpendicular straight lines XOX’ and YOY’. XOX’ is called the
x-axis which is a horizontal line. YOY’ is called the y-axis which is a vertical line. Point
O is called the origin.

Now represent angle (x) along x-axis and y (or sin x) along y-axis.
Along the x-axis: Take 1 small square = 10°.
Along the y-axis: Take 10 small squares = 1 unity.

Now plot the above tabulated values of x and y on the co-ordinate graph paper. Then
join the points by free hand. The continuous curve obtained by free hand joining is the
required graph of y = sin x.

Steps to Draw the Graph of y = ¢ Sin ax
Step I: Obtain the values of a and c.
Step I1: Draw the graph of y = sin x and mark the points where y = sin x crosses x-axis.

Step III: Divide the x-coordinate of the points where y = sin x crosses x-axis by a and
mark maximum and minimum values of y = ¢ sin ax as ¢ and —c on y-axis.
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The graph obtained is the required graph of y = c sin ax.

Properties of y = Sin x

(i) The graph of the function y = sin x is continuous and extends on either side in sym-
metrical wave form.

(ii) Since the graph intersects the x-axis at the origin and at points where x is an even
multiple of 90°, hence sin x is zero at x = n;t where n = 0, +1, 2, +3, 4, ...

(iii) The ordinate of any point on the graph always lies between 1 and — 1i.e., -1 <y <
10r,-1<sin x <1 hence, the maximum value of sin x is 1 and its minimum value is — 1

37 5 .
and these values occur alternately at %,7”,77[ ,eloeat x = (2n + 1)%, wheren = o,

+1, £2, +3, 4, ...

(iv) Since the function y= sin x is periodic of period 27, hence the portion of the graph
between 0 to 27 is repeated over and over again on either side.

The following table shows the value of sin x for various values of x. (Namely all multi-
ples of 30 degrees and 45 degrees, except we're using radians).

P 0 Z T Z 7 27 3a 57 77 57 4x 37 57 77 1z
6 4 3 2 3 4 6 6 4 3 2 3 4 4

esing) 0 L L V8 N3 1111 g8 3 1 1
2 Jo 2 2 Jo 2 2 Ja 2 2 o 2

If we plot these points (x, y) they look like this:

If we connect the dots using a smooth curve, we’ll get the following graph.
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We know that sin (x) is periodic with period 27 . That means the graph just repeats
forever and ever to the left and right.

Graph of Cos x

y = cos x is periodic function. The period of y = cos x is 271. Therefore, we will draw the
graph of y = cos x in the interval [—m, 27].

For this, we need to take the different values of x at intervals of 10°. Then by using the
table of natural cosines we will get the corresponding values of cos x. Take the values of
cos x correct to two place of decimal. The values of cos x for the different values of x in
the interval [—m, 271] are given in the following table.

We draw two mutually perpendicular straight lines XOX’ and YOY’. XOX’ is called the
x-axis which is a horizontal line. YOY’ is called the y-axis which is a vertical line. Point
O is called the origin.
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Now represent angle (x) along x-axis and y (or cos x) along y-axis.
Along the x-axis: Take 1 small square = 10°.
Along the y-axis: Take 10 small squares = 1 unity.

Now plot the above tabulated values of x and y on the co-ordinate graph paper. Then
join the points by free hand. The continuous curve obtained by free hand joining is the
required graph of y = cos x.

Steps to Draw the Graph of y = ¢ Cos ax

Steps I: Obtain the values of a and c.

Step II: Draw the graph of y = cos x and mark the points where y = cos x crosses
X-axis.

Step III: Divide the x-coordinate of the points where y = cos x crosses x-axis by a and
mark maximum and minimum values of y = ¢ cos.ax as ¢ and —c on y-axis.

The graph obtained is the required graph of y = c cos ax.

Properties of y = Cos x

(i) The graph of the function y = cos x is continuous and extends on either side in sym-
metrical wave form.

(i) Since the graph of y = cos x intersects the x-axis at the origin and at points where x

is an odd multiple of 90°, hence cos x is zero at x = (2n + 1) = wheren = 0, +1, +2, +3,
2
+4, ...

(iii) The ordinate of any point on the graph always lies between 1and - 1i.e.,-1<y<1
or, —1 < cos X < 1 hence, the maximum value of cos x is 1 and its minimum value is - 1
and these values occur alternately at x = 0, 7, 27,... 1. e., at x = not, where n = 0, +1, +2,
+3, £4, ...

(iv) The portion of the graph between 0 to 27 is repeated over and over again on either
side, since the function y = cos x is periodic of period 27t.

The following table shows the value of cos x for various values of x. (Namely all multi-
ples of 30 degrees and 45 degrees, except we're using radians.)

. o % T T & 20 3x 5t 7n 57 47 3 51 7n Ux
6 4 3 2 3 4 6 6 4 3 2 3 4 6
geos) 1 Y8 L1 oo 11 3 Y3 11,11 43
2 J2 2 2 Jo 2 2 Jo 2 2 J2 2
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If we plot these points (x, y) they look like this:

1t )
D‘5.- - -
1 2 3 3 5 6
_|:|‘5. - -
_l. -

If we connect the dots using a smooth curve, we’ll get the following graph.

-1t

We know that cos (x) is periodic with period 27. That means the graph just repeats
forever and ever to the left and right.

|
Ln
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Graph of Tan x

The tangent function has a parent graph just like any other function. Using the graph of
this function, you can make the same type of transformation that applies to the parent
graph of any function. The easiest way to remember how to graph the tangent function
is to remember that:

siné
cosd

tand =

. Because cos@ = 0 for various values of 6,

some interesting things happen to tangent’s graph. When the denominator of a fraction
is 0, the fraction is undefined. Therefore, the graph of tangent has asymptotes, which is
where the function is undefined, at each of these places.

The table presents 6,sin#, and tané.

It shows the roots (or zeros), the asymptotes (where the function is undefined), and the
behavior of the graph in between certain key points on the unit circle.

0 0 0<o<Z z Teo<rn n 7Z'<9<3—7T & 3—ﬂ<6’<27r 27
2 2 2 2 2 2

sind 0 positive 1 positive 0 negative -1  negative 0

cosd 1 positive 0 negative -1 negative 0 positive 1

tand 0 positive undef. negative 0 positive undef. negative 0

To plot the parent graph of a tangent function f{x) = tan x where x represents the angle
in radians, you start out by finding the vertical asymptotes. Those asymptotes give you
some structure from which you can fill in the missing points.

+ Find the vertical asymptotes so you can find the domain.

These steps use x instead of theta because the graph is on the x—y plane. In order to find
the domain of the tangent function f{x) = tan x, you have to locate the vertical asymp-
totes. The first asymptote occurs when the angle:

T : .
x =—, and it repeats every r radians.
2

The period of the tangent graph is:

7 radians.
which is different from that of sine and cosine.) Tangent, in other words, has asymp-

totes when:

x== and3—7z.
2 2
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The easiest way to write this is:
Vs
X#—+nrx
2
where n is an integer. You write:
"+ nz"because the period of tangent is 7 radians,
so if an asymptote is at:

% and you add or subtract 7,

you automatically find the next asymptote.
« Determine values for the range.
Recall that the tangent function can be defined as:

sin x

cosx
The closer you get to the values where:

cosx =0,

the smaller the number on the bottom of the fraction gets and the larger the value of the
overall fraction gets — in either the positive or negative direction.

The range of tangent has no restrictions; you aren’t stuck between 1 and -1, like with
sine and cosine. In fact, the ratios are any and all numbers. The range is:

(—o0,0).
« Calculate the graph’s x-intercepts.
Tangent’s parent graph has roots (it crosses the x-axis) at:
0,7, and 2.
You can find these values by setting:

sin x

COS X

equal to 0 and then solving. The x-intercepts for the parent graph of tangent are located
wherever the sine value is 0.
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« TFigure out what’s happening to the graph between the intercepts and the as-
ymptotes.

o The graph of f{x) = tan x is positive for angles in the first quadrant (with re-
spect to the unit circle) and points upward toward the asymptote at pi/2, be-
cause all sine and cosine values are positive for angles in the first quadrant.

o The graph of f{x) = tan x is negative for angles in Quadrant II because sine
is positive and cosine is negative for angles in this quadrant.

o The graph of f{x) = tan x is positive for angles in Quadrant III because both
sine and cosine are negative.

o Finally, the graph of f{x) = tan x is positive for angles in Quadrant IV be-
cause sine is negative and cosine is positive for angles in this quadrant.

~

N I
b=

N L= e
S

{—1 One period ——

A tangent graph has no maximum or minimum points.

f(x)=tanx.

Graph of Cosec x

y = csc x is periodic function. The period of y = csc x is 271. Therefore, we will draw the
graph of y = csc x in the interval [-mt, 27].

For this, we need to take the different values of x at intervals of 10°. Then by using the
table of natural sines we will get the corresponding values of csc x. Take the values of
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sin x correct to two place of decimal. The values of csc x for the different values of x in
the interval [-mt, 271] are given in the following table.

We draw two mutually perpendicular straight lines XOX’ and YOY’. XOX’ is called the
x-axis which is a horizontal line. YOY’ is called the y-axis which is a vertical line. Point
O is called the origin.

Now represent angle (x) along x-axis and y (or csc x) along y-axis.
Along the x-axis: Take 1 small square = 10°.
Along the y-axis: Take 10 small squares = 1 unity.

Now plot the above tabulated values of x and y on the co-ordinate graph paper. Then
join the points by free hand. The continuous curve obtained by free hand joining is the
required graph of y = csc x.

The graph of the cosecant function appears as:
[

4

Properties of y = Csc x

» The graph of the function y = csc x is not a continuous graph, but consists of
infinite number of separate branches, the points of discontinuities are at x = n,
wheren = 0, +1, £2, £3, +4, ...

« As x passes through any point of discontinuity from the left to the right, the
value of csc x suddenly changes from (-o) to (+ ).

« Eachbranch of the curve approaches continuously the two lines parallel to y-axis
at two points of discontinuity of the graph. Such lines are called asymptotes to
the curve.

« No part of the graph lies between the lines y = 1 and y = -1, since |csc x| > 1.

« The portion of the graph between 0 to 27 is repeated over and over again on
either side, since the function y = csc x is periodic of period 2.
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Graph of Sec x

y = sec x is periodic function. The period of y = sec x is 27. Therefore, we will draw the
graph of y = sec x in the interval [-m, 27].

For this, we need to take the different values of x at intervals of 10°. Then by using the
table of natural cosines we will get the corresponding values of cos x. Take the values of
cos x correct to two place of decimal. The values of cos x for the different values of x in
the interval [-m, 27t] are given in the following table.

We draw two mutually perpendicular straight lines XOX’ and YOY’. XOX’ is called the
x-axis which is a horizontal line. YOY’ is called the y-axis which is a vertical line. Point
O is called the origin.

Now represent angle (x) along x-axis and y (or sec x) along y-axis.
Along the x-axis: Take 1 small square = 10°.
Along the y-axis: Take 10 small squares = 1 unity.

Now plot the above tabulated values of x and y on the co-ordinate graph paper. Then
join the points by free hand. The continuous curve obtained by free hand joining is the
required graph of y = sec x.

The graph of the secant function appears as:

1]

Properties of y = Sec x

» The graph of the function y = cos x is not a continuous graph, but consists of
infinite number of separate branches, the points of discontinuities are at x = (2n
+ 1)m2m2, where n = 0, +1, 2, £3, £4, ...

The straight lines parallel to y-axis at these points of discontinuities are asymp-
totes to the different branches of the curve.

« Comparing cosecant-graph and secant-graph we see that cosecant-graph coin-
cides with secant-graph if the former is shifted to the left through 90° this is due
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to the fact that cos (90° + x) = sec x.
« No part of the graph lies between the lines = 1 and y = -1, since |sec x| > 1.

« The portion of the graph between 0 to 27 is repeated over and over again on
either side, since the function y = sec x is periodic of period 2.

Graph of Cot x

y = cot x is periodic function. The period of y = cot x is 7. Therefore, we will draw the
graph of y = cot x in the interval [-m, 27].

For this, we need to take the different values of x at intervals of 10°. Then by using the
table of natural cotangent we will get the corresponding values of cot x. Take the values
of cot x correct to two place of decimal. The values of cot x for the different values of x
in the interval [-7t, 27] are given in the following table.

We draw two mutually perpendicular straight lines XOX’ and YOY’. XOX’ is called the
x-axis which is a horizontal line. YOY’ is called the y-axis which is a vertical line. Point
O is called the origin.

Now represent angle (x) along x-axis and y (or tan x) along y-axis.
Along the x-axis: Take 1 small square = 10°.
Along the y-axis: Take 10 small squares = 1 unity.

Now plot the above tabulated values of x and y on the co-ordinate graph paper. Then
join the points by free hand. The continuous curve obtained by free hand joining is the
required graph of y = cot x.

The graph of the cotangent function appears as:

Properties of y = Cot x

» The cotangent-graph is not a continuous graph, but consist of infinite separate
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branches parallel to one another, the points of discontinuities are at x = n,
wheren = 0, +1, £2, £3, %4, ...

« As x passes through any point of discontinuities from the late to the right, the
value of cot x suddenly changes from (- ) to (+ ).

« Each branch of the curve approaches continuously the two lines are called as-
ymptotes to the curve.

« Each branch is simply a repetition of the branch from 0° to 180°, Since the func-
tion y= cot x is periodic of period 7.

Graphing Trigonometric Functions I

You've already learned the basic trigonometric graphs. But just as you could make the
basic quadratic, y=x", more complicated, suchas y= = (x+ 5)2 — 3, so also trigono-

metric graphs can be made more complicated. We can transform and translate trigono-
metric functions, just like you transformed and translated other functions in algebra.

Let’s start with the basic sine function, f (t) = sin(t). This function has an amplitude of
1 because the graph goes one unit up and one unit down from the midline of the graph.
This function has a period of 2tbecause the sine wave repeats every 27 units.

The graph looks like this:

/AN SN
~2n —ﬁ\/ B ﬂ\/n 3}\/;1

Now let’s look at g(t) = 3sin(t):

Aniwie
VARVARY)

Do you see that this second graph is three times as tall as was the first graph? The am-
plitude has changed from 1 in the first graph to 3 in the second, just as the multiplier
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in front of the sine changed from 1 to 3. This relationship is always true: Whatever
number A is multiplied on the trigonometric function gives you the amplitude (that is,
the “tallness” or “shortness” of the graph); in this case, that amplitude number was 3.

«  What is the amplitude of y(t) = 0.5cos(t)?

For this function, the value of the amplitude multiplier A is given by 0.5, so the function
will have an amplitude of:

0.5=1/2
« What is the amplitude of y(x) = —2cos(x)?
For this function, the value of the amplitude multiplier A is —2, so the amplitude is:
2

and, by the way, the graph would also be flipped upside down, because of the “minus”
sign.

Technically, the amplitude is the absolute value of whatever is multiplied on the trigo-
nometric function. The amplitude just says how “tall” or “short” the curve is; it’s up to
you to notice whether there’s a “minus” on that multiplier, and thus whether or not the
function is in the usual orientation, or upside-down.

Recall the first graph, being the “regular” sine wave:

ANEE LN\
-~ —r\/ j T\/ﬂ 3>\/n

Now let’s look at h(t) = sin(2t):

ANANAWANAWAR
VALY RVAVEVAV/

Do you see how this third graph is squished in from the sides, as compared with the first
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graph? Do you see that the sine wave is cycling twice as fast, so its period is only half as
long? This relationship is always true: Whatever value B is multiplied on the variable
(inside the trigonometric function), you use this value to find the period  (“omega”,
not “double-u”) of the trigonometric function, according to this formula:

+ General period formula:

3 (regular period)
3]

For sines and cosines (and their reciprocals), the “regular” period is 27, so their formula is:
+ Period formula for sines & cosines:
2
w=—
3]
For tangents and cotangents, the “regular” period is m, so their formula is:

+ Period formula for tangents & cotangents:

In the sine wave graphed above, the value of the period multiplier B was 2. (Sometimes
the value of B inside the function will be negative, which is why there are absolute-value
bars on the denominator.) As a result, its period was 2m/2 = m.

« What is the period of f(t) = cos(3t)?

The formula for sines and cosines says that the regular period is 27. In cos(3t), B = 3,
so this function will have a period of:

27 (2)
—=| — T
3 3

« What is the period of g(x) = tan(x/2)?

The formula for tangents and cotangents says that the regular period is nt. For tan(t/2),
the value of B is 1/2, so the function will have a period of:
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Recall again the first graph, being the “regular” sine wave:

JANEE /A
- _,\/ j vn 3)..\/&

Now let’s looks at j(t) = sin(t — n/3):

-

_H}/ —n\_‘é m P 3n\jn

Do you see that the graph (shown in blue on the graph above) is shifted over to the right
by 71/3 units from the regular graph (shown in gray)? This relationship is always true:
If the argument of the function (the thing you’re plugging in to the function) is of the
form “(variable) — (number) = (variable) — C”, then the graph is shifted to the right by
that (number) of units (that is, by C units); if the argument is of the form “(variable)
+ (number) = (variable) + C”, then the graph is shifted to the left by that (number) of
units (again, by C units). This right- or left-shifting is called “phase shift”.

«  What is the phase shift of y(¢)= cos(x +%)?

Inside the argument (that is, inside the parentheses of the function), a 1t/4 is added to
the variable. This means that C = 7t/4. Because this value is added to the variable, then
the shift is to the left. Then the phase shift is:

to the left by %
« What is the phase shift of f(¢) =tan (t —ZT”j

The number C inside with the variable is 271/3, so this will be the phase shift. This num-
ber is subtracted from the variable, so the shift will be to the right.

to the right by 2%
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Let’s recollect again the graph of the “regular” sine wave:

/AN AN
-2 —\_/ j \_/Zn 3}\/:1

Now let’s look at k(t) = sin(t) + 3:

&Y

t

-

—27 -7 T 2n 3m 4t

Do you see how the graph was shifted up by three units? This relationship is always
true: If a number D is added outside the function, then the graph is shifted up by that
number of units; if a number D is subtracted, then the graph is shifted down by that
number of units.

« By what amount is the graph of h(t) = cos(t) — 2 shifted, and in which direction?

The trigonometric-function part is the cos(t); the up-or-down shifting part is the D =
—2. There’s nothing else going on inside of the function, nor multiplied in front of it, so
this is the regular cosine wave, but it’s:

shifted downward two units

« By what amount is the graph of t(x) = tan(x) + 0.6 shifted, and in which direc-
tion?

The trigonometric-function part is the tan(x); the up-or-down shifting part is the + 0.6.
So this is the regular tangent curve, but:

shifted upward by 6/10 = 3/5 of a unit.

Putting it all together in terms of the sine wave, we have the general sine function:

F(t)=Asin(Bt— C)+D
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where |A| is the amplitude, B gives you the period, D gives you the vertical shift (up or
down), and C/B is used to find the phase shift.

Why don’t we just just use C for the phase shift? Because sometimes more involved stuff is
going on inside the function. Remember that the phase shift comes from what is added or
subtracted directly to the variable. If the variable isn’t alone (that is, if there’s something
multiplied directly on it), then there’s another step to follow.

For instance, if you have something like:

y=sin(2t-r)

the phase shift is not m units. Instead, you first have to isolate what’s happening to the
variable by factoring, as so:

rosn(o5)

Now you can see that the phase shift will be 5t/2 units, not m units. So the phase shift, as
a formula, is found by dividing C by B.

For F(t) = A f(Bt — C) + D, where f(t) is one of the basic trigonometric functions, we have:

« the amplitudeis |A]

« the period is regular period
Bl
e C
« the phase shift is B
 the vertical shift is D
Find the amplitude, period, phase shift, and vertical shift of s(¢) = —2.5¢tan(4t —37)—4

The amplitude is given by the multipler on the trigonometric function. In this case,
there’s a —2.5 multiplied directly onto the tangent. This is the “A” from the formula, and
tells me that the amplitude is 2.5.

The regular period for tangents is 7. In this particular function, there’s a 4 multiplied

on the variable, so B = 4. Plugging into the period formula, we get%.

To find the phase shift, I need to isolate the variable with the shift value, so I need to fac-
tor out the 4 (also known as “C”) that’s multiplied on the variable. The factorization is:

4t—37r=4(t—3—”J
4
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Then the phase shift is 3 7. Because the shift value is subtracted from the variable, the
shift is to the right.

The vertical shift comes from the value entirely outside of the trigonometric function;
namely, the outer 4 (also known as “D”, from the formula). Because this 4 is subtracted
from the tangent, the shift will be four units downwardfrom the usual center line, the
X-axis.

Amplitude: 2.5
Period: =

4 3
Phase shift: to the right by 2 T

Vertical shift: downward by 4.

Graphs of Inverse Trigonometric Functions

Graph of Arcsin(x)

Graph of arcsine of x:

Graph, Domain and Range of Arcsin(x)

In what follows, arcsin(x) is the inverse function of f(x) = sin(x) for - /2 < x < t/2. The
domain of y = arcsin(x) is the range of f(x) = sin(x) for -n/2 < x < /2 and is given by the
interval [-1, 1]. The range of arcsin(x) is the domain of f which is given by the interval
[-t/2, mt/2]. The graph, domain and range of both f(x) = sin(x) for -n/2 < x < /2 and
arcsin(x) are shown below.
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¥
............................ 2.__...............................
2k - - — 4
sin(x)
I
I
—‘Il:-"l’g 1 N
] L |
-2 1 T2 2
|
I
arcsin(x) o —_ 4 .
N

A table of values of arcsin(x) can made as follows:

X -1 0 1
y=arcsin(X) —x/2 0 /2

Note that there are 3 key points that may be used to graph arcsin(x). These points are:
(-1,-mt/2) , (0,0) and (1,7/2).

Example:
Find the domain and range of y = arcsin(x - 2) and graph it.

Solution to Example: The graph of y = arcsin(x - 2) will be that of arcsin(x) shifted
2 units to the right. The domain is found by stating that -1 < x - 2 < 1. Solve the double
inequality to find the domain: 1 <x< 3

The 3 key points of arcsin(x) can also be used in this situation as follows:

X-2 -1 0 1
y = arcsin(x—2) —-/2 0 /2
X 1 2 3

The value of x is calculated from the value of x - 2. For example when x - 2 = -1, solve
for x to find x = 1 and so on. The domain is given by the interval [1,3] and the range
is given by the interval [-n1/2,m/2] The three points will now be used to graph y =
arcsin(x - 2).
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(3, pii2)

22,0 4

(1, -pii2)

-7+

Example:
Find the domain and range of y = 2 arcsin(x + 1) and graph it.

Solution to Example: We use the 3 key points in the table as follows, then find the value
2 aresin(x + 1) and x.

x+1 -1 0 1
arcsin (x+1) —/2 0 1
y=2arcsin(x+1) -7z 0 r
X -2 -1 0

domain = [-2,0] , range = [- 7, 7]

(o, piy

b -1,0) 2

(-2,,-pi}
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The graph is that of arcsin(x) shifted one unit to the left and stretched vertically by a
factor of 2.

Example:
Find the domain and range of y = - arcsin(x - 1) and graph it.

Solution to Example: We use the 3 key points in the table as follows, then find the value
- arcsin(x - 1) and x.

x—1 -1 0 1
arcsin (x-1) -7/2 0 /2
y =—arcsin(x-1) /2 0 —7/2
X 0 1 2

domain = [0, 2] , range = [- /2, 11/2]

¢ (0, pi2)

“,0)

-2+

The graph is that of arcsin(x) shifted one unit to the right and reflected on the x axis.

Graph of Arccos(x)
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Graph, Domain and Range of Arccos(x)

In what follows, arccos(x) is the inverse function of f(x) = cos(x) for 0 < x < m. The
domain of y = arccos(x) is the range of f(x) = cos(x) for 0 < x < 7t and is given by the
interval [-1, 1]. The range of arccos(x) is the domain of f which is given by the interval
[0, m]. The graph, domain and range of both f(x) = cos(x) for 0 < x < ;t and arccos(x)
are shown below.

Tt

yE arccos(x}é

T T
a2 1 e

y= cosé{x)

A table of values of arccos(x) can made as follows:
X -1 0 1

y = arccos (X ) r /2 0

Note that there are 3 key points that may be used to graph arccos(x). These points are:
(-1,7m) , (0,7/2) and (1,0).

Example:
Find the domain and range of y = arccos(x - 1) and graph it.

Solution to Example: The graph of y = arccos(x - 1) will be that of arccos(x) shifted 1
unit to the right. The domain is found by stating that -1 < x - 1 < 1. Solve the double
inequality to find the domain: 0 < x < 2

The 3 key points of arccos(x) can also be used in this situation as follows:

x—1 -1 0 1
y = arccos(x-1) r /2 0
X 0 1
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The value of x is calculated from the value of x - 1. For example when x - 1 = -1, solve
for x to find x = 0 and so on. The domain is given by the interval [0,2] and the range is
given by the interval [0,71] The three points will now be used to graph y = arccos(x - 1).

o,
T %

mE T

2.0

o

Example:

Find the domain and range of y = 2 arccos(x + 1) and graph it.

Solution to Example: We use the 3 key points in the table as follows, then find the value

2 arccos(x + 1) and x.

x + 1 -1 0 1
arccos(x+1) T /2 0
y=2 arccos(x+l) 2 V4 0
X -2 -1 0
domain = [-2,0], range = [0, 2 m]
-2.2m
2T T
—Iz (o, 0
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The graph is that of arccos(x) shifted one unit to the left and stretched vertically by a
factor of 2.

Example:
Find the domain and range of y = - arccos(x - 1) and graph it.

Solution to Example: We use the 3 key points in the table as follows, then find the value
- arccos(x - 1) and x.

x — 1 -1 0 1

arccos(x—1) r /2 0
y =larccos(x—1) —7 —7/2 0
X 0 1 2

domain = [0, 2] , range = [- 7, O]

2,0

=2 T

=T 4
o,-m

The graph is that of arccos(x) shifted one unit to the right and reflected on the x axis.

Graph of Arctan(x)
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Graph of Arccsc(x)

Arc cosecant is inverse of the cosecant function.

Graph

Arc cosecant is antisymmetric function defined everywhere on real axis, ecxept the
range (-1, 1) — so, function domain is (—oo,—l] U[1,400). Its graph is depicted below.

M

o
|
o
|
I
|
[ax]
|
]
|
i
]

T

2
Graph of the arc cosecant function y= arccscx.

Function codomain is limited to the range [-7/2,0)U (0,7 /2].

Graph of Arcsec(x)

Arc secant is discontinuous function defined on entire real axis except the (-1, 1) range

— S0, its domain is (—oo,—l] U[1,+0). Function graph is depicted below.

¥

-8 -5 —d - -z -1 [+] 1 z 3 q [ 6 x
Graph of the arc secant function y = arcsecx.

Function codomain is limited to the range [0,72 / 2) U (72' / 2,72'].

Graph of Arccot (x)

Arc cotangent is monotone function defined e verywhere o n r eal a xis. I ts g raph is
depicted below.

161

WORLD TECHNOLOGIES




Introduction to Trigonometry

¥

-8 -5 -4 -3 -z -1 o 1 2 a 4 5 6 x

Graph of the arc cotangent function y = arccotix.

Function codomain is limited to the range (0,7).
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Trigonometric Identities and Laws

Pythagorean identities, double angle formulas, half-angle formulas, triple-angle for-
mulas, etc. are studied within trigonometric identities. Law of sines, cosines, tangents,
Morrie’s law, De Moivre’s theorem, etc. fall under the domain of trigonometric laws.
The topics elaborated in this chapter will help in gaining a better perspective about
these trigonometric identities and laws.

Pythagorean Identities

Pythagorean identities are identities in trigonometry that are extensions of the Pythag-
orean theorem. The fundamental identity states that for any angle 0,

cos’@+sin*@=1.

Pythagorean identities are useful in simplifying trigonometric expressions, especially
in writing expressions as a function of either sin or cos, as in statements of the double
angle formulas.

Derivation of Fundamental Pythagorean Identity

C

6
A [] B

By using the Pythagorean theorem, which states that a2 + b2 = ¢2, and the definitions of
the basic trigonometric functions,

2 2 2 2
+br=c? =2 +h =(£] +(éj =1=cos’O+sin* O =1.

02 C C

This gives the following important identity of the basic trigonometric functions.
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Theorem:
Pythagorean Identity
For any angle &, we have cos’ @ sinf § = 1.

Example:

. 1
If sin (30°) = 5 ,what is cos (30°)?
By the Pythagorean identity, sin”(30°)+cos®(30°)=1,s0

B3

cos’ (30°) =1—% = % = cos’(30°) = iT'

However, since 30° is an acute angle, we must have cos(30°) = ?
Other Forms of Pythagorean Identity

From the Pythagorean Identity, we have the following corollaries:

Corollaries:

By dividing both sides by cos® @, we have the following identity:

cos’@+sin’0 1

- = or 1+tan? 6 =sec’ 6.
cos” @ cos

0
Similarly, by dividing both sides by sin® 8, we have the following identity:

2 < 2
cos” @ +sin” 0
= or cot> @+1=csc’ 6.

sin’ @ sin’ @

Applications and Problem-solving
Example:

Evaluate sin 225° exactly.

Unit circle with angle greater than 2.
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Notice that the problem reduces to finding the value of y in the above picture.

Since 225° — 180° = 45°, @ makes an angle of 45° with the negative x-axis. Further,
since this is a right triangle, the angles must be 90° + 45° + 45° = 180°, which means it

x| =]

is isosceles. Therefore,

By the Pythagorean theorem,

x2+y2:1
2y° =1
1
2—_
Y 2
2
=+
YT

By inspection, y is negative, so sin 225° = —

Most values for @ will be difficult or impossible to evaluate exactly in this way, so we
often use a calculator to evaluate the approximate value of the function.

In most problems, it is best to convert all trigonometric functions into sines and co-
sines, in order to take advantage of the Pythagorean identities.

Example:
1 1 1
If tan @ = —, what is - -t 3 ?
3 sin“d cos 6
We have
2 2 1
tan- @ +1=sec” 0 = 5
cos” 0
cot’ @+1=csc’ O =— —.
sin” @

and cot’@+1=

1
Since tan@ = 3 implying cot@ =3, from tan’ f+1=sec’ f =

cos’ 0
csc” @ =—— we have
sin
1 _ 2 2
——+———=cot" f+1+tan" O +1
sin“ @ cos
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The Pythagorean identities are so useful that it is often worth squaring expressions to
take advantage of them:

Example:

If sin@+cosd :%,what is sin@-cosf?

(sin 6+ cos 0)2 = (

;

|~

sin* @+2-sin@-cosf+cos* O =

!
R

Since sin’ @+ cos’ @ = 1, it follows that:
. 5 ) 1 1
sin“@+2-sin@-cos@+cos” @ =—
1+2-sin@-cosf =

2-sin@-cosf@=—-1

:sin@-cosﬁz—%

Example:
If tan @ + =&, where O<6?<£,whatis sin@+cosf?
tan 2
We have
tan @ + =8
tan &
sind cosé
+——=8
cos@ sind

sin’ @+cos’ 0
sin@-cos@
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sin’ @+cos’ 0
sin@-cos@
1

sin@-cos@ B
sin@-cos@ =—
. ) 1
Since sin@-cosd = g,thus we have
(sin«9+cos0)2 =1+2-sin@-cosf
=1+2><l
8
S

T
Since 0 lies in the interval [ J the value of sin @ + cos @ is positive. Thus,

sin@+cosd = \/7 \/—

Example:
If the two roots of the equation 2x” + px—1=0 are sin 8 and cos 0, what is p?

From Vieta’s formula, we have
sin@+cosf =——

sin@-cos@ = —l.
2

Squaring both sides of sin @+ cosf = 127 we have:
2
sin® @+2-sin@-cos @ +cos’ O = pT
p2
1+2-sinf-cosf = R

2

) 1 )
Substituting sin@-cosf = —5 to 1+2-sin@-cosf = 4’ we have,
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o) 2
2) 4

p__
4
= p=0.

Trigonometric Addition Formulas

Angle addition formulas express trigonometric functions of sums of angles o+ f in
terms of functions of & and £ . The fundamental formulas of angle addition in trigo-
nometry are given by:

sin(a+ﬂ)=sinacosﬂ+sinﬂcosa
sm(a ﬁ)—smacosﬂ sin f cosa
cosa cos ff —sin o sin

(a+pB)=
cos(a—fB)=cosacos S +sinasin f§
(a+p)=

tan o + tan
tan(a+ f W chgen S
I-tan ¢ tan
tan o — tan
tan(a—ﬂ):—’g.
1+ tan o tan

The first four of these are known as the prosthaphaeresis formulas, or sometimes as
Simpson’s formulas.

The sine and cosine angle addition identities can be compactly summarized by the ma-
trix equation:

{cosa sina}{cosﬁ Sil’lﬁ:|_|:COS(O!+ﬂ) sin(a + )

—sina cosa || -sinf cosfB| |-sin(a+pB) cos(a+p)|

These formulas can be simply derived using complex exponentials and the Euler for-
mula as follows.

cos(a+fB)+isin(a+f)= P

— iaeiﬁ'

(cosa +isina)(cos S +isin j)

=(cosa cos B—sinasin f8)+i(sina cos B +cosasin ).
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Equating real and imaginary parts then gives sin (oc +p ) =sina cos f+sin fcosa and
cos(a+ fB)=cosacos f—sinasin B, and sin(a—f)=sinacosf—sin fcosa and
cos(a— ) =cosacos f+sinasin B follow immediately by substituting B for B.

Taking the ratio of sin(a+f)=sinacosf+sinfcosa and cos(a+p)

= cos & cos [ —sin e sin [ gives the tangent angle addition formula:

sin(a + f3)
cos(a+f3)
_ sina cos B +sin fcosa
- cosa cos f—sinasin

tan(a+ﬂ)

sing sin
+ J

_cosa cosf3

| sin sin
cosacos ff
_ tana +tan S

 l-taneatan y/j
The double-angle formulas are:

sin(2a) =2sina cos o
cos(2a)=cos’ @ —sin’ &
=2cos’a—1
=1-2sin’*«&
2tana

tan(2a) = R

Multiple-angle formulas are given by:

sin(n,x) = Zn:(g cos”* xsin"™* xsin {%(n —k)ﬁi|

k=0

cos(n,x)= Zn:(;j cos” xsin"™* xcos {%(n —k)ﬂ:|

k=0
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and can also be written using the recurrence relations:

sin(n x) =2sin [(n —l)x] cosx—sin[(n —k)x]

cos(nx)= 2cos[(n—I)x]cosx—cos[(n—k)x],

tan [(n — l)x] +tanx

t = .
an(nx) l—tan[(n—l)x]tanx
b :
sin @
s
6'."[
T COS ¥
3-8 |
sin 3 p
0 B
cos [

The angle addition formulas can also be derived purely algebraically without the use of
complex numbers. Consider the small right triangle in the figure above, which gives:

g sina
- cos(a+ )
b=sinatan(a+ f)

Now, the usual trigonometric definitions applied to the large right triangle give:

. sin f+a
sm(a+ﬂ)= cosa+b
. sina
B sinf+ cos(a+f)

cos0¢+sinozM

cos(a+f3)

cos
cos(a+,8): cosa+b
cos [
sin(a+ )

cos(a+p)

cosa +sina

—_—
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Solving these two equations simultaneously for the wvariables sin(a +p ) and
cos (a +p ) then immediately gives:

cosa sina +cos fsin

sin(a+ )=

cosa cos f+sinasin f

2 2
cos” f—sin" «

cos(a+p)=

cosacos B+sinasin

These can be put into the familiar forms with the aid of the trigonometric identities:

(cosacos S +sinasin f)(sina cos B +sin fcosa) = cos fsin f+cosasina

and:
(cosacos B +sinasin B)(cosa cos B—sinasin ) = cos® acos’ f—sin® asin’
=1-sin’ @ —sin* S
=cos’ a—sin’ S
=cos’ f—sin’a,
which can be verified by direct multiplication:
sin(a + ) =sina cos ff +sin fcosa

cos(a + ) =cosacos f—sinacos S,

as before.
V: cos sinf i + &)
[
) &im 5 cos
sinir + &) 1 sin cos 3 41
sin & \ cosia + [#)
Lt f @] = il
sin cos(a + &)
sim i

A similar proof due to Smiley and Smiley uses the left figure above to obtain:

sin(a + )

sin fcosa’

sing =

cos f+ -
sina
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from which it follows that:

sin(a + f8) =sina cos B +sin fcos a.

Similarly, from the right figure,

sina cos B
- °
cosa . cos(a +
sin f + M
sina
So,
cos(a + ) =cosacos ff—sinasin S.
hcos &
o0 o siN

LS ¥

hsin g sim ar — fi sin 8

Similar diagrams can be used to prove the angle subtraction formulas. In the figure at
left,

j o cosa
cos
x=hsin(a—f)

=(sina —hsin ff)cosa
Giving,
sin((x —ﬂ) =sina cos S —cosasin f.

Similarly, in the figure at right,

L
sin
x=hcos(a—p)
=(sina +hcos ) cosa
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Giving,

cos(a—f3)=cosacos f+sinasin B

A

E tan @ — tan 3

D

(v

B C  tan @ tan 8 F|

A more complex diagram can be used to obtain a proof from the tan (a -p ) identity.
In the above figure, let BF/BE =AD/DE. Then:

_DE AD tana-tanpf
BE BF l+tanatanf’

tan (o — f3)

An interesting identity relating the sum and difference tangent formulas is given by:

tan(a— ) sin(a—p)cos(a+f)

tan(a+ﬂ) - cos(a’—ﬂ)sin(a+ﬂ)
_ (cosacos B —sin fcosa)(cosacos f—sinasin )
~ (cosacos B +sinasin §)(sina cos f+sin fcos )
_ sinacosa —sin S cos fB
- sina cosa +sin fcos ff-

Double-angle Formulae

Formulas expressing trigonometric functions of an angle 2x in terms of functions of

an angle x,
sin(2x)=2sinxcosx
cos(2x) = cos® x—sin’ x

=2cos’x—1

=1-2sin’ x
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2tanx
tan(2x) = m

The corresponding hyperbolic function double-angle formulas are:

sinh (2x) = 2sinh xcosh x
cosh(2x)=2cosh’ x—1
2 tanh x

tanh(Zx) = m

Double-angle Formula for Sine

sin26 =2sinfcos O
where sin and cos denote sine and cosine respectively.

Corollary:

2tan @

sin2<9:—2
1+tan” @

Proof:

c0s26 +isin 20 = (cos @ +isin §)*
=cos’ @ +i’sin’> @+2icosBsin O
=cos’ @—sin® @ +2icos@sin @
sin 26 =2 cos@sin 6

Proof:
sin 260 = sin(@ + 9)
=sin@dcos +cos@sin Sine of Sum
2sin@cos @
Proof:
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equating imaginary parts
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Consider a Isosceles Triangle A ABC with base BC, and head angle /BAC = 2a.
Draw a angle bisector to /BAC and name it AH.

/BAH = ZCAH =«
From Angler Bisector and Altitude coincide iff triangle is isosceles:

AH 1 BC.

From Area of Triangle in Terms of Two Sides and Angle:

Area(ABAH ) :w
Area(ACAH )= A AT sina

By definition of sine:
AH = CAcosa
AH = BAcosa

And so:
Area(ABAH ) = BA'CAC;)sasma
Area(ACAH) = C4-BA C;)SOC sin &

Area(AABC) = Area(ABAH )+ Area(ACAH )
_ BA-CAcosasina N CA-BAcosasina

2 2
=BAC Acosasina
= %;mza Area of Triangle in Terms of Two Sides and Angle (A4BC)

And by cancelling out common terms:

sin2a =2cosasina

Proof:

. L e . . .
sin 26 = ;(6216 —e 2’0) Sine Exponential Formulation
i
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= —_(e’g +e” ) (e“g e ) Difference of Two Squares

2i
) e _ o0 .eiﬁ P
2i 2

=2sinfcosd Sine Exponential Formulation, Cosine Exponential Formulation

Double-angle Formula for Cosine

Theorem:

c0s 20 = cos’ @ —sin” 6
where cos and sin denote cosine and sine respectively.

Corollary 1:

cos20 =2cos’ 0 -1

Corollary 2:

cos26 =1-2sin> 6

Corollary 3:

1+tan’ @

cos26 = 5
1+tan” @

Proof:

cos26+isin26 = (cos 0 +isin 9)2 De Moivre’s Formula

=cos’ @+i’sin* @+ 2icosBsin b

=cos’ @ —sin” @+ 2icosfsin O

cos20=cos’ =@ —sin’6#  equating real parts
Proof:

cos260 = cos(0+0)

=cos@cos@—sinfsind Cosine of Sum

=cos’@—sin’ 0
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Proof:

Starting from the right, we have:

2 2
. 1,0 10 . .
cos’@—sin’* @ = —(e”’ te "9) - —(e"9 —e "9) Cosine Exponential
2 2i
Formulation, Sine Exponential Formulation

= Z(e +e )2 + —(eig —e™” )2 i is the imaginary unit

1, . _ _ _
= Z(ez’e +2+e 4 -2+ efz’g) Square of Sum, Square of Difference

1 i =21 . op .
= 5(62 ‘ye” 9) Simplifying
=co0s 20 Cosine Exponential Formulation

Proof:

Consider a Isosceles Triangle AABC with base BC, and head angle /BAC = 2a.
Draw a angle bisector to ZBAC and name it AH.
/BAH = /CAH =«

From Angler Bisector and Altitude coincide iff triangle is isosceles:

AH 1 BC.
From Law of Cosines:

CB?> = AB> + AB*>-2-AB - AC -cos2a
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From Pythagoras’s Theorem:

AC*=CH’+ AH*  Intriangle AAHC

= CH’ = AC* - AH’

AB>=BH’+ AH*  Intriangle AAHB

— BH* = BC* - AH"*

By definition of sin:
CH= ACsin
BH = ABsina

By definition of cos:

And so:

Now:

AH = ABcosa = ACcosa

AH?* = AB-AC -cos*

CH>=AC* - AH*  (2.1)

= AC? — AB-AC -cos’ assigning (4)

CB* =(CH +BH)’

=CH’+BH?+2-CH-BH Square of Sum

=AC*—~AB-AC-cos’ a+ AB> — AB-AC-cos’ a+2-CH - BH assigning

(5.1),(5.2)

=AC*+ AB*-2-AB-AC-cos’ a +2-

=AC*+ AB*-2-AB-AC-cos*a +2-

(3.1),(3.2)

CH -BH simplifying

AB-AC -sin’ « assigning

=AC*+AB* -2-AB- AC(cos2 a —sin’ a) simplifying

=AC*+ AB*-2-AB- AC -cos2«a
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And so we get the equation:

AC? + AB? —2-AB-Ac(cos2a—sin2a): AC?* + AB>-2-AB- AC -cos2a
= cos’ a —sin’ a = cos2a

Double-angle Formula for Tangent
Theorem:

2tan &
tan(20)=——
(20) 1—tan* @

where tan denotes tangent.

Proof:

tan (26) = %%0)) Tangent is Sine divided by Cosine
cos (26

_ 2cos@sind

_ Double Angle Formula for Sine and Double Angle
cos’ @ —sin® 6 Formula for Cosine

2cosfsin @
__ cos’@ dividing top and bottom by €08’ &
cos’ @ —sin’ @
cos’ @
2tan @

1-tan@

Simplifying: Tangent is Sine divided by Cosine
Proof:

tan (26) = tan (6 +0)

_ tanf+tand Tangent of Sum

I-tan@tan @
_ 2tan®

1—tan’ @

Proof:
1 _ ezig
2tan 6 2 1+ &%
l—tan’ 0 = S Tangent Exponential Formulation
—e
1-|i .
[l 1+ j
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2i(1-¢")(1+¢2i6)
- ( T )2 N ( N )2 multiplying both numerator and denominator by

o\ . s L .
(1 +e’® ) ;i is the imaginary unit

2i(1-¢") :
_ ' ' ‘ _ Difference of Two Squares, Square of
1+2e™ + % +1-26"7 + & Sum, Square of Difference
2i(1-¢")
= W Slmphfylng
1-¢* o g
= 2+2—419 SImpllfylng

=tan(260)  Tangent Exponential Formulation

Half-angle Formulae

Half-angle formulas and formulas expressing trigonometric functions of an angle x/2
in terms of functions of an angle x. For real x,

|_x/2 (2x)| |1—cosx
sin

[1 j |(-m)(27)] [1+cosx
cos| x

(1 ) Lx/;rJ [1-cosx
tan| —x | =
2 1+cosx

sin x

1+cosx
B 1-cosx

sin x

tan xsin x

tan x +sin x

B (_I)L(x+7r/2)/7rJ

I+tan’ x —1

tan x
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The corresponding hyperbolic function half-angle formulas are:

sinh (é x) =sgn(x) coshx-1

2
1 coshx+1
cosh| —x |=,[—
2 2
tanh l x|= —smh al
2 coshx+1
_coshx—1
sinhx

The Weierstrass substitution makes use of the half-angle formulas:
1—tan’ (1 t]
_\2)
(3
I+tan” | —¢
2
2tan (1 t)
2
1+ tan’ [1 tj
2

Half-angle Formula for Sine

Ccost =

sint =

Theorem:
sin—=+ 1= CZOS 0 forg in quadrant [ or quadrant 11
sin—=— 1= C;S 0 forg inquadrant Il or quadrant IV

where sin denotes sine and cos denotes cosine.

Proof:

cos® =1—2sin> g Double Angle Formula for Cosine: Corollary 2

2sin2?:l—cosz9
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We also have that:

In quadrant I and quadrant II, sin 6 > o

In quadrant IIT and quadrant IV, sin 6 < o.
Proof:

Define:

oD

Then:

. 1—cos2u .
siny=—>-—""" Power Reduction Formulas

sing=i 1-cos@
2 2

We also have that:
In quadrant I, and quadrant II, sin 6 > o

In quadrant III, and quadrant IV, sin 0 < 0.

Half Angle Formula for Cosine

Theorem:
cos 9 =+ I+ cosd , forg , inquadrant I or quadrant IV
2 2 2
cosg _ CZOS 0 , forg, in quadrant Il or quadrant 11

where cos denotes cosine.

Proof:

cos @ =2cos’ g—l Double Angle Formula for Cosine: Corollary

20052§:1+c056’

cosgzi 1+(:2056’
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We also have that:

0
In quadrant I, and quadrant IV, COSE >0

0
In quadrant IT and quadrant III, COSE <0.
Proof:

Define:

oD

Then:

1+cos’ u
2

0 1+cos@
= Ccos—==

2 2

cos’u = Power Reduction Formulas

We also have that:

o
In quadrant I, and quadrant IV, cos—> 0

0
In quadrant IT and quadrant III, COSE <0

Half-angle Formula for Tangent

In trigonometry, tangent half-angle formulas relate the tangent of half of an angle to
trigonometric functions of the entire angle. Among these are the following:

tan(nigj— sinpEsind _ cosy—cosé
2 cosn +cosé sinnisine’
0 +sin 6 +tan @ +1

tan| +— |[= = = R
2 1+cos@ secO+1 cscO+cotd

0 1—-cos@ secO-1
tan| £t— | = - =
2 +sin @ +tan @

(7=0)

=*(cscd—coth), (n=0)

+si +
tan l(z9i£) =1_Sm0:sec¢9itant9zcsce_l ( =£)
2 2 cosd cotd 2
tan(l(eiz) _ cos‘¢9 _ 1 __cotd , (’721)
2 2 1Fsinfd secO@Ftand cscHFl 2
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1—tan(6’/2)_+ 1-sind
1+tan(6/2) ~V1+sin®
tangzi /l—cosﬁ

2 1+cosé@

From these one can derive identities expressing the sine, cosine, and tangent as
functions of tangents of half-angles:

a
2tan —
sing = —20[
1+tan® =
a
l—tan® =
cosa = —
1+tan® =
a
2tan —
tan o = —20{
1—tan®> =
Algebraic Proofs

Use double-angle formulae and sin® a + cos? a = 1,

. a a
sin— COS—
2 2

2 2
. a o« a a a
2sin—cos— COS— COS — 2tan —
. T LN 2 2
sma—231nzcos = = =
a . ,a a ..« a
cos’ = +sin’ = cos’ = sin’= l+tan’*=
272 .
a a
cos’— cos’ —
2 2
a . ,a
cos’—= sin® =
2 2
a . .a a a a
o o cos’ ——sin’— cos’— cos’— l—tan’—
cosa:coszz—sinzzz 2 2 _ 2 2 _
a . ,a a ..« a
cos’ —+sin’— cos’— sin’— l+tan’ =
27 2,
a a
cos’ = cos’ =
2 2
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Taking the quotient of the formulae for sine and cosine yields:

a
2tan —
tano = 2a
1—tan® =

2

Combining the Pythagorean identity cos’  +sin® & = 1 with the double-angle formula
for the cosine, cos2a =cos” o —sin’ @ =1-2sin’ @ =2cos* a -1,

rearranging, and taking the square roots yields:

. 1-cos2a 1+cos2a
|sina |= Tand |cosa |= —

which, upon division gives

_Vl=cos2a  1-cos2a~1+cos2a l-cos*2a |sin2«|

\/1+0052a _ 1+cos2a — l4+cos2a —1+cos2a

| tan

or alternatively

N1—cos2a 1-cos2a l1—-cos2a 1—cos2a
J1+cos2a _ 1+cos2a1-cos2a _ \l—cos’2a _ |sin2a|

Also, using the angle addition and subtraction formulae for both the sine and cosine
one obtains:

|tana |=

cos(a+b) =cosacosb—sinasinb.
cos(a—b) =cosacosb+sinasinb.
sin(a+b) =sinacosb+cosasinb.

sin(a —b) =sinacosb—cosasinb.
Pairwise addition of the above four formulae yields:

sin(a+b) +sin(a —b) =sinacosb+cosasinb +sinacosb—cosasinb
=2sinacosb
cos(a+b)+cos(a—b)=cosacosb—sinasinb+cosacosb+sinasinb

=2cosacosh
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Setting g = pTJrq and p = P~ 9 and substituting yields:
2

. (p+q p—q), . (p+tq p—q - .
sm| ——+——|+SIn| ——————— | = SIn + S1n
( 5 5 J ( 5 5 j (p) (q)

:ZSin(p_qucos(p_qj
2 2

cos(pTw+ p;qj+cos(p+q —ﬂ]=cos(p)+coS(Q)

2 2
=2c0s p*q cos P9
2 2

Dividing the sum of sines by the sum of cosines one arrives at:

Pt pP—4q
sin(p) +sin(g) _sz( 2 jm( 2 j:tan(p_ﬂ

cos(p)+cos(q) N 2cos(p+qjcos[p_qj
2 2

Geometric Proofs
Applying the formulae derived above to the rhombus figure on the right, it is readily

shown that:

cos((a+b)/2)

The sides of this rhombus have length 1. The angle between the horizontal line and
the shown diagonal is (a + b)/2. This is a geometric way to prove a tangent half-angle
formula. Note that sin((a + b)/2) and cos((a + b)/2) just show their relation to the
diagonal, not the real value.

sina+b
tana+b— 2 _ sina+sinb
h a+b )
2 oS cosa+cosb
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In the unit circle, application of the above shows that ¢ = tan (ﬂj .According to similar
triangles, 2

L _ ! . It follows that

sin @ - I+cosg

Z/d

sin @

9/2 9
o] cos @

o]

A geometric proof of the tangent half-angle formula:

_ sing. . sing(l-cosp)  l-cose
l+cosp (1+cos@)(l—cosp) sing

The Tangent Half-angle Substitution in Integral Calculus

In various applications of trigonometry, it is useful to rewrite the trigonometric func-
tions (such as sine and cosine) in terms of rational functions of a new variable t. These
identities are known collectively as the tangent half-angle formulae because of the defi-
nition of t. These identities can be useful in calculus for converting rational functions in
sine and cosine to functions of t in order to find their antiderivatives.

Technically, the existence of the tangent half-angle formulae stems from the fact that
the circle is an algebraic curve of genus 0. One then expects that the circular functions
should be reducible to rational functions.

Geometrically, the construction goes like this: for any point (cos @, sin @) on the unit
circle, draw the line passing through it and the point (-1, 0). This point crosses the
y-axis at some point y = t. One can show using simple geometry that ¢ = tan(¢/2). The
equation for the drawn line is y = (1 + x)t. The equation for the intersection of the line
and circle is then a quadratic equation involving t. The two solutions to this equation
are (-1, 0) and (cos ¢, sin ). This allows us to write the latter as rational functions of
t (solutions are given below).

Note also that the parameter ¢ represents the stereographic projection of the point (cos
@, sin @) onto the y-axis with the center of projection at (-1, 0). Thus, the tangent
half-angle formulae give conversions between the stereographic coordinate ¢ on the
unit circle and the standard angular coordinate ¢.
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Then we have:

CosSQ=— i in —i
¢ 2 g) 1+t2’
tan @ = cot _1—t2
e I
sec(p—1 2 cscgo—“_t2
_ 29 2t b
And,
ei¢=1+it, e_i(p:l—it.
1—it 1+t

By eliminating phi between the directly above and the initial definition of t, one arrives
at the following useful relationship for the arctangent in terms of the natural logarithm:

1+t

1
arctant = —In .
2i  1-it

In calculus, the Weierstrass substitution is used to find antiderivatives of rational func-
tions of sin ¢ and cos @. After setting:

t=tan1@.

This implies that:

@ =2arctan(t) + 27zn,

for some integer n, and therefore:

241
1+

do

Hyperbolic Identities

One can play an entirely analogous game with the hyperbolic functions. A point on (the
right branch of) a hyperbola is given by (cosh @, sinh ). Projecting this onto y-axis
from the center (-1, 0) gives the following:

sinhd  coshd—1
cosh@+1 sinh @

t=tanh16 =
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with the identities:
2
cosh0:1+—12, sinhﬁziz,
1- 1—t¢
2
tanh&ziz, coth9:1+t ,
1+¢ 2t
2 2
sechQ:1 tz, csché’zl t,
t 2t
And,
egzli 70:1;1(
1t 1+t

The use of this substitution for finding antiderivatives was introduced by Karl Weier-
strass.

Finding & in terms of t leads to following relationship between the hyperbolic arctan-
gent and the natural logarithm:

artanht=llnli.
2 1-¢

(“ar-” is used rather than “arc-” because “arc” is about arc length and “ar” abbreviates
“area”. It is the area between two rays and a hyperbola, rather than the arc length be-
tween two rays measure along an arc a circle).

The Gudermannian Function

Comparing the hyperbolic identities to the circular ones, one notices that they involve
the same functions of ¢, just permuted. If we identify the parameter t in both cases we
arrive at a relationship between the circular functions and the hyperbolic ones. That is,
if:

t=tan1¢@ =tanh16

Then,
@=2tan"' tanh 10 = gd .

where gd(#) is the Gudermannian function. The Gudermannian function gives a di-
rect relationship between the circular functions and the hyperbolic ones that does not
involve complex numbers. The above descriptions of the tangent half-angle formulae
(projection the unit circle and standard hyperbola onto the y-axis) give a geometric
interpretation of this function.
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Pythagorean Triples

The tangent of half of an acute angle of a right triangle whose sides are a Pythagorean
triple will necessarily be a rational number in the interval (0, 1). Vice versa, when a
half-angle tangent is a rational number in the interval (0, 1), there is a right triangle
that has the full angle and that has side lengths that are a Pythagorean triple.

Triple-angle Formulae

The trigonometric triple-angle identities give a relationship between the basic trigono-
metric functions applied to three times an angle in terms of trigonometric functions of
the angle itself.

Theorem
Triple-angle Identities

sin36 =3sin —4sin’ @
cos36 =4cos’ 9 —3cosb

Proof:

To prove the triple-angle identities, we can write sin 36 assin (249 + 9) . Then we can
use the sum formula and the double-angle identities to get the desired form:

sin 36 = sin (260 +6)
=sin26cos @+ cos26sind
:(23in9<:059)cost9+(1—2sin2 H)sin@
=2sin@cos’ @ +sin @ —2sin’ 6
=25i116’(1—sin2 6)+sin0—23in30
=2sin@—2sin’ @ +sinf —2sin’ 4

=3sin@—4sin’ 6.

The triple angle identity of cos 30 can be proved in a very similar manner.

From these formulas, we also have the following identities for sin’®(#)andcos® () in
terms of lower powers:
sin’ (6) - 3s1n(0);sm(349) o5 (6) = cos(30) :3c0s(9).

To remember the cosine formula, the trick that I like to use is to read cosine as “dollar.”
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Then, we say:
“Dollar thirty is equal to four dollar thirty minus three dollar”.

$1.30 =$4.30 -$3
lcos30 =4cos’@ —3cosd

Just leaving a mark here,

tan x tan(60° — x) tan(60° + x) = tan (3x)
4sin xsin(60° — x) sin(60° + x) = sin(3x)
4.¢os x cos(60° — x) cos(60° + x) = cos(3x)
_ 3
tan(3x) _ 3tan x te;n X
I-3tan” x
Example:
Prove that:

tan(6°) = tan(12°) tan(24°) tan(48°).

Triple-angle Formula for Sine

Theorem:
sin36 =3sin & —4sin’ 0
where sin denotes sine.

Proof:

sin3 = sin(20 + 6?)
=sin2@cosf+cos2@sinf Sine of Sum

=(2sinfcosH)cos b + (cos2 6 —sin® 49) sin@ Double Angle Formula for Sine

and Double Angle Formula for Cosine

=2sinHcos’ 8 +cos’ Osin§ —sin’ 9

:2sin0(l—sin2 6’)+(1—sin2 9)5in9—sin3¢9 Sum of Squares of Sine and

Cosine
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=2sin@—2sin’ @ +sin @ —sin’ @ —sin’  multiplying out

=3sin @ —4sin’ @ gathering terms

Proof:
We have:
cos 36 +isin360 = (cos @ +isin 6)3
3
=(cos 0)3 + [J(cos 6?)2 (isin8) De Moivre’s Formula
3
+ (Cos 9) (i sin 49)2 + (i sin 0)3 Binomial Theorem
2
=cos’ @ +3icos’ @sin@+3i’ cosfsin® @ +i’sin’ @ substituting for binomial
coefficients
=cos’ O+ 3icos” Osin @ —3cosHsin® @ —isin’ 6 it =—1
=cos’ @—3cos@sin’ @
+i (3 cos’ @sin & —sin’ 6?) rearranging
Hence:
sin36 =3cos’ @sin @ —sin’ & equatingimaginary partsin (1)

=3(1-sin’ #)sinf—sin’ @  Sum of Squares of Sine and Cosine

=3sin@—4sin’ multiplying out and gathering terms

Triple-angle Formula for Cosine

Theorem:
cos36 =4cos’ @—3cosb

where cos denotes cosine.

Example: 2 cos 30 + 1

2cos30+1= (cos 6 —cos 2?”) (cos 0 —cos %Tj (cos @ —cos 8?”)
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Proof:

cos36 = cos(2¢9+9)
=c0s20cos@ —sin20sin@ Cosine of Sum

= (cos2 0 —sin’ 49) cos@—(2sinfcos@)sind Double Angle Formula for
Cosine and Double Angle Formula for Sine

=cos’ @ —sin” @ cos @ —2sin’ O cos O

=cos’ @—sin’ fcos@—2sin* @cos@ Sum of Squares of Sine and Cosine

=cos’ @ —cos@+cos’ @—2cosf+2cos’ @ multiplying out

=4cos’#—3cosf  gathering terms

Proof:
We have:
cos30+isin360 = (cos 0 +isin 0)3 De Moivre’s Formula
3 (3 2. . . )
=(cos@) + | (cos®) (isin8) Binomial Theorem
3 2 .3
+ ) (cos®)(isin@) +(isin6)
=cos’ @ +3icos’ @sin @ +3i° cos@sin> @+i’sin’ @ substituting for binomial
coefficients
=cos’ @+3icos” @sin @ —3cosHsin’ G—isin’ 6
=cos’ @ —3cosfsin’ O iP=-1
+i (3 cos’ @sin @ —sin’ 0) rearranging
Hence:
COS 39 = COS3 0 — 3 COS 9 Sin2 0 equating real parts in (1)
=cos’ @—3cos 6’(1 —cos’ 9) Sum of Squares of Sine and Cosine
=4c¢o0s’ @—3cos multiplying out and gathering terms
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Proof:

cos360 =cos(20+0)

=c0s20cos@—sin20sin@ Cosine of Sum

= ( 2cos’ 6 — 1) cos@—2sin?@cos@ Double Angle Formula for Cosine and

Double Angle Formula for Sine

- (2 cos’h—1-2 (1 —2cos? 9)) cos @ Sum of Squares of Sine and Cosine
=4cos’@—3cosd  gathering terms

Triple-angle Formula for Tangent

Theorem:

_ 3
tan(3¢9) _ 3tan @ taln 0
1-3tan” @
where tan denotes tangent.

Proof:
sin (39)
cos(30)

tan (30) = Tangent is Sine divided by Cosine

. .3
_ 3sinf—4sin" 0 Triple Angle Formula for Sine and Triple Angle Formula
4cos’ @—3cos@  for Cosine

_ 3sin@—4sin’ 6 cos’ 0
4cos’ @—3cosd cos’ O

3tan

~——4tan’ 0
_cos 8 Tangent is Sine divided by Cosine
3cosd
4- 2
cos” @

_ 3tan@sec’ O —4tan’ 0

5 Secant is Reciprocal of Cosine
4—3sec” 0

_ 3tan6’(1+tan2 6’)—4tan3 o
- 4-3(1+tan’0)

Difference of Squares of Secant and Tangent
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_3tan@+3tan’ —4tan’ 0

multiplying out
4-3-3tan’ 6
3
= 3tanf—tan” ¢ gathering terms
1-3tan’ @
Proof:
tan @ + tan (26
tan (39) -4 an( ) Tangent of Sum

1—tan 0tan(29)

2tand
tan@+————
= I-tan" 0 poyple Angle Formula for Tangent
2tan @
l-tan@ ————
l1-tan” 6
tan@(1-tan’ 0)+2tand v
= simplifyin
(l—tan2 49)—2tan2 0 P &
_tanf—tan’ @+2tan 6 simplifyin
1-tan’ —2tan’ @ P s
3
= M simplifying

1-3tan* 6

Law of Sines

Theorem
For any triangle AABC':

a b c

sind sinB  sinC

where a,b,and c are the sides opposite 4, Band C respectively.
Proof:

Construct the altitude from B.
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It can be seen from the definition of sine that:

sin 4 =ﬁ and sinC =ﬁ

c a
Thus,

h=csin 4 and h=asinC
This gives:

csind = asinC
So,

a C

sind  sinC
Similarly, constructing the altitude from A gives:

b c

sinB  sinC

Proof:

Construct the circumcircle of AABC, let Obe the circumcenter and R be the
circumradius.

Construct AAOB and let E be the foot of the altitude of AAOB from O.

C
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By the Inscribed Angle Theorem:

JACB - ZAOB

From the definition of the circumcenter:
AO =BO
From the definition of altitude and the fact that all right angles are congruent:

ZAEO = ZBEO

Therefore from Pythagoras’s Theorem:
AE = BE

and then from Triangle Side-Side-Side Equality:
ZAOFE = ZBOE

Thus,
ZACB=/Z4A0E

Then by the definition of sine:
sin C = sin (£ AOE) = C/Tz

and so:

c

=2R
sinC

Because the same argument holds for all three angles in the triangle:

€ _op_ b _sp__a
sinC sinB sinA

Note that this proof also yields a useful extension of the law of sines:

a__ b __c _oR
sinA sinB  sinC

This result is also known as the sine law, sine rule or rule of sines.
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Law of Cosines

Theorem:

Let AABC be a triangle whose sides a, b, ¢ are such that a is opposite 4, b is opposite B
and c is opposite C.

Then,

> =a*+b*=2ab cos C

Proof:

Let AABC be embedded in a Cartesian coordinate system by identifying:

C:=(0,0)
B:=(a,0)

h

-

C “ B = (a,0)

Thus by definition of sine and cosine:

A=(bcosC,bsin(C)

By the Distance Formula:

¢ =(bcosC —a)’ +(bsin C—0)’

Hence:

2 ( heosC — a)2 +( hsin C — 0)2 squaring both sides of Distance Formula

—b2cos’ C—2abcosC+a® +b*sin>C Square of Difference

. Real Multiplication Distributes over Addition
=a’ +b2(s1n2C+cos2 C)—2abcosC P

— a2 +b>—2abcosC Sum of Squares of Sine and Cosine
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Proof:

Let AABC be atriangle.

Case 1: AC greater than 4B

Using AC as the radius, we construct a circle whose center is A.

Now we extend:

CBtoD
AB to F
BAto G
CA to E.

D isjoined with E, thus:

Using the Intersecting Chord Theorem we have:
GB-BF =CB-BD

AF isaradius,so AF = AC=b=GA and thus:
GB=GA+AB=b+c
BF =AF -AB=b—-c

Thus:
(b+c)(b—c)=a-BD
b -c*

= =BD
a
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Next:
CD=CB+BD

As CA isaradius, CE is a diameter.
By Thales’ Theorem, it follows that ZCDE is a right angle.

Then using the definition of cosine, we have:

cosC:C—D
CE
a+b’-c
(=
- 2b
B a’+b* -
B 2ab

= ¢ =a’+b*—2abcosC

Case 2: AC lessthan AB

When AC is less than 4B, the point B lies outside the circle and so the diagram
needs to be modified accordingly.

Now we extend:

BAto G
CA4 to E.
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Then we construct:

D as the point at which CB intersects the circle.
F as the point at which 4B intersects the circle.
Finally D is joined to E.

Using the Secant Secant Theorem we have:

GB-BF=CB-BD

AF isaradius,so AF = AC=b=GA and thus:

GB=GA+AB=b+c
BF =AB—-AF =b—c

Thus:
(b + c)(b — c) =CB-BD Secant Secant Theorem
(b+c)(b—c): a-BD
2 2
— b=¢ _pp
a
Next:
CD=CB-BD
b —c*
=da—
a
B a’—b*+¢*
a

As CA is aradius, CE is a diameter.
By Thales’ Theorem, it follows that ZCDE is a right angle.

Then using the definition of cosine, we have:

cosC = C—D
CE

a’—b*+c*
a

2b
3 a’-b*+c’
- 2ab
= ¢’ =a’ +b>—2abcosC
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Case 3: AC=AB

When AC = AB the points B,D and F coincide on the circumference of the circle:

c

We extend:

BA to G
CAto E

and immediately:
GB=CB

Proof:

Lemma: Right Triangle

Let AABC be aright triangle such that Z4 is right.

ceo By

b

a’=b>+c’ Pythagoras's Theorem
ct=a>-b adding—b to both sides and rearrangin
g ging
=a’-2b*+b’ adding 0=b>—b" to the right hand side
=a’2ab (éj +b’ multiplying2b® by 4
a a

=a’>+b*—2abcosC Definition of Cosine :C = é
a
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Hence the result.

Acute Triangle

Let AABC be an acute triangle.

I_

C b D A

Let BD be dropped perpendicular to 4C and let us define #=BD,e=CD anqd f = AD.
Then ACDB and AADB are right triangles.
So we have both:

b’ =(e+ f)Y =€ + f7+2ef

e =acos C Definition:Cosine of Angle

We'll start with the first equation and use the rest of them to get the desired result:

c=n+f?

=a’ -+ f?

=a’ -’ + [ +2e" —2e +2ef —2ef adding and subtracting 2e’
and 2ef

=a’+(e’ + 17 +2ef)—2e(e+ f) rearanging

=a’+b>—2abcosC using to substitute both
parentheses forh> and b
respectively, and tosubst.
efor acosC

Obtuse Triangle

Let A4ABC be an obtuse triangle.
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C b A D

Let AC be extended and BD be dropped perpendicular to 4C, and let us define
h=BD,e=CD and f = AD.

Then ACDB and A ADB are right triangles.
So we have both:

¢’ =h’ + f? Pythagoras’s Theorem

a’* = h* + ¢* Pythagoras’s Theorem
and also:

e =0b+f)Y=b+f+2bf

e =acos C Definition:Cosine of Angle

We'll start with the first equation and use the rest of them to get the desired result:

c=n+f
=a’-e+f°
=a’—b*— f2-2bf + f?
=a’—b* -2bf +2b> - 2b° canceling out 1> — f?
and adding and subtracting 25°
=a’+b>=2b(b+ f) rearanging
=a’+b* —2abcosC using to substituteb + f = e
withacosC
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Law of Tangents

Theorem: Let AABC be a triangle whose sides a, b, c are such that a is opposite A, b is
opposite B and c is opposite C.

Then:

t 1A B
a+b anE( +B)
a=b tanl(A—B)

2
Proof:
Let d = .a .

sin 4

From the Law of Sines, let:

d= .a _ 'b
sind sinB
so that:
a=dsin 4
b=dsinB

a+b dsinA+dsinB
a—-b dsinA-dsinB

_sinA+sinB

sin A —sin B

Let C =%(A+B) and D =%(A—B), and proceed as follows:

- a+b _ 2sinCcos D
a-b sinA-sinB
_2sinCcosD

" 2sinDcosC

sinC

Prosthaphaeresis Formula for Sine plus Sine

Prosthaphaeresis Formula for Sine minus Sine

cosC o
=D dividing top and bottom by cos C cos D

cosD
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_tan€ Tangent is Sine divided by Cosine
tan D
tan 1 ( A+ B)

= %— substituting back for Cand D
tan 5 ( A-B )

Morrie’s Law I

Morrie’s law is the trigonometric identity:

co0s(20°)-cos(407)-cos(80°) = %

It is a special case of the more general identity:

n-1 3 n
2n. Hcos(zka) — M
k=0 sin(a)
with n = 3 and a = 20° and the fact that:

sin(160")  sin(180 —20) _Y
sin(20°) sin(20")

>

since:

sin(180° — x) = sin(x).

The name is due to the physicist Richard Feynman, who used to refer to the identity
under that name. Feynman picked that name because he learned it during his child-
hood from a boy with the name Morrie Jacobs and afterwards remembered it for all of

his life.

A similar identity for the sine function also holds:

3

sin(20°)-sin(407)-sin(80°) = -

Moreover, dividing the second identity by the first, the following identity is evident:

tan(20°)-tan(40")-tan(80°) = /3 = tan(60").
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Proof:

Recall the double angle formula for the sine function:

sin(2a) = 2sin(a)cos(a).

Solve for cos(a)

cos(a) = M.
2sin(«)
It follows that:
cos(2a) = —51?(405)
2sin(2a)
cos(4a) = —51.11(805)
2sin(4a)
cos(2"'a) = S’Tn(—z_of).
2sin(2"" &)

Multiplying all of these expressions together yields:

cos(ar)cos(2a)cos(da)- -cos(2™ ' a) = sin(2a)_ sin(4a) . sin(8«) sin(2"«)

2sin(a) 2sin(2a) 2sin(4a) h 2sin(2"' @)

The intermediate numerators and denominators cancel leaving only the first denomi-
nator, a power of 2 and the final numerator. Note that there are n terms in both sides
of the expression. Thus:

sin(2" &)
2"sin(a)’

n-1
[[cos(2“a) =
k=0

which is equivalent to the generalization of Morrie’s law.

Euler’s Formula

In complex analysis, Euler’s formula provides a fundamental bridge between the
exponential function and the trigonometric functions. For complex numbers x, Euler’s
formula says that:

e™ =cos x+1sin x.
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In addition to its role as a fundamental mathematical result, Euler’s formula has
numerous applications in physics and engineering.

Proof of Euler’s Formula

A straightforward proof of Euler’s formula can be had simply by equating the power
series representations of the terms in the formula:

2 x4
cosx=l-—+——--
21 4!
and,
: Pox
SIN X =X ——+——"--+,
3! 5!
So,
. \ : 2o Xt
cosx+ismx=l+wx———1—+——---
2! 31 4!
. 2 . 3 . 4
. x 1x x
:1+1x+( )+( )+( )+---
2! 3! 4!
=e™.
Theorem:

Euler’s Formula
Suppose X is complex. Then:

e™ =cos x +isin x.

Example:
Compute e™".
We have:
e" =coszr+isinz=-1,
which leads to the very famous Euler’s identity: ¢i* ;. 1_ (.

Example:

Compute 1'.
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Recall that VkeN we have that:

ei(/z/2+27rk) — l'

pilr/2+27k) )i _

:>( [

Therefore,

l-i _ eiz(fr/2+2nk) _ efn/zfzﬁk

Note: This means that i' is not a well defined (unique) quantity. To remedy this, one
needs to specify a branch cut. For example, we can define the argument of " to be de-
fined for 96[0, 27;), in which case we have that i' = e”™/2. That is, this forces k = 0. Of
course, different branch cut can be chosen yielding different values for k.

Geometric Interpretation

Euler’s formula allows for any complex number X to be represented as e, which
sits on a unit circle with real and imaginary components cosx and sin x, respectively.
Various operations (such as finding the roots of unity) can then be viewed as rotations
along the unit circle.

Im‘

; e’=cos g +ising

sin @

Trigonometric Applications

One immediate application of Euler’s formula is to extend the definition of the trigono-
metric functions to allow for arguments that extend the range of the functions beyond
what is allowed under the real numbers.

A couple useful results to have at hand are the facts that:
e ™ =cos x—1sin x,

S0,

ix

eX +e ™ =2 cos x.
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It follows that:

v poix
COSX=—-—, and similarly

) e
sinx= -
21

and,
e —e™
tanx=——m—-.
l(e”‘ +e ™ )
Example:

Solve cosx =2 in the complex numbers.

We first note that if x =X, is a solution, then so is x =27k * x, for any integer k.

This is because cosx is an even function with a fundamental period of 27. Taking
ix + —ix
cosx=% yields:
e +e =4
N2 .
(e“) —4e” +1=0
e =2+.3
=>X= 1 In (2 + \/5 )
1

=—11In (2i\/§).

Hence x =27k+1 In (2i\/§), 2k F1 In(Zi\/g) for any integer k.

Euler’s formula also allows for the derivation of several trigonometric identities quite
easily. Starting with:

e = cos(x+y)+isin(x+y),
one finds:
ei(xiy) _ eix tiy

=(cosx+isinx)(cosy+isiny)

=cosxcosyFsinxsiny+i(sinxcosyFcosxsiny).
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Equating the real and imaginary parts, respectively, yields the familiar sum and differ-
ence formulas:

cos(xiy):cosxcosyisinxsiny

and,

sin(xi y) =sinxcosy+cosxsiny.

De Moivre’s Theorem

De Moivre’s theorem gives a formula for computing powers of complex numbers. We
first gain some intuition for de Moivre’s theorem by considering what happens when
we multiply a complex number by itself.

Recall that using the polar form, any complex number z = a+1b can be represented as
z=r(cos @ + 1 sin @) with:

Absolute value : r=+/a’ +b*
b

. a .
Argument 6 subject to : cos §=—,sinf=—.
r r

Then squaring the complex number z gives:

z*=(r(cos 0 + isin 0))*
=71%(cos 0 + isin H)*
=7r’(cos #cos @ + isin fcos + isinfcos O + i* sin Hsin H)
=1>((cos Ocos @ — sin @sind) + i(sinfcos & +sin GcosH))

=7r’(cos20+1 sin26).
This shows that by squaring a complex number, the absolute value is squared and the
argument is multiplied by 2. For n >3, de Moivre’s theorem generalizes this to shotw
that to raise a complex number to the n™ power, the absolute value is raised to the 1
power and the argument is multiplied by n.
Theorem

For any complex number x and any integer n,

(r(cos@ +1isin 8))" =r"(cos(nd)+isin(nh)).
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Proof:
We'll prove by induction.
We have:
z"=(r(cos(@)+1isin(0))"
=r"(cos(@)+isin(H))".
Let’s focus on the second part: (cos(8) + isin(&))". For n =1, we have:

(cos(8)+1sin(6))' =cos(1-0) +1isin(1-6),

which is true.

We can assume the same formula is true for n =k, so we have:

(cos(8) +isin(9))* = cos(kO) +isin(kd).

For n =k +1, we expect to have:

(cos(8) +1isin(8))*"" = cos((k + 1)) +isin((k +1)0).

We get:
(cos(8) +isin(9))"

=(cos(8)+1isin(0))* (cos(8)+1isin(H))'

=(cos(k@)+1isin(kd))(cos(1-8)+1isin(l-0)) (We assume this to be true
for x=k.)

=cos (k@) cos(0) + cos(kO)isin(8) +1isin (k@) cos(0)+1i* sin(kO)sin(6)
(We have i* =—1.)

=cos(k@)cos(0)-sin(kO)sin(8)+ i(cos(kO)sin(8)+sin(kd)cos(0))
=cos(k@+6)+isin(kf+6) (deducted from the trigonometry rules)
=cos((k+1)8O)+isin((k +1)0).

Thus, for n = k +1, we have (cos(0)+1sin(8))*" =cos((k+1)0) + isin((k +1)9), as
expected.

As the theorem is true for n =1 and n =k +1, itis true for all n>1.
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NotethatindeMoivre’stheorem,thecomplexnumberisintheform z = r(cos 6 +isin9).
For complex numbers in the general form z = a + bi, it may be necessary to first com-
pute the absolute value and argument to convert z to the form r(cosé@+isiné) be-
fore applying de Moivre’s theorem.

Raising to a Power: Basic
Example:
Evaluate (1-1)°.

In order to express z=1-1 in the form r(cos 8+1isin@), we calculate the absolute
value r and argument & as follows:

Absolute value :r=+/1? +(=1)> =+/2

Argument :6 = arctan _TI: —%.

Now, applying DeMoivre’s theorem, we obtain:

o <[ -2 Jotsnl 2|
oo ) on( ]
)

=38(0+117)
= 8i.

Example:

1000
Evaluate (\/_ \/_ J
2

NG

In order to express z = (_4._1] in the form r(cos@+ isin@), we calculate the
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absolute value r and argument as follows:

2 2
Absolute value :r= \/ (%J +(£] =1

2

Argument :f0=arctanl 2%.

Now, applying DeMoivre’s theorem, we obtain:

4
10007 ) . . (1000x
=cos +1sin
4 4

= 052507 +1sin 2507
=cos(0+125x27 )+isin(0+125x27)
=1.

Example:

Evaluate (1 +/31 )2013 .

In order to express z =1+ V31 in the form r (COS f+1sind ) , we calculate the absolute

value r and argument @ as follows:

Absolute value :r = /17 +(\/§)2 =J4=2

3 7

Argument : 0= arctanT:?.

Now, applying DeMoivre’s theorem, we obtain:

2013
228 =| 2| cosZ+isinZ
3 3

= (cos;rzm?w +1sin 20137[)

=270 (-1+01)

—_ 92013
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Raising to a Power: Intermediate
De Moivre’s Theorem

For any complex number X and any integer n.
o« . n .« e
(cosx+isinx)" = cos(nx)+isin(nx).

Proof:

We prove this formula by induction on ™ and by applying the trigonometric sum and
product formulas. We first consider the non-negative integers. The base case =0 is
clearly true. For the induction step, observe that:

(cosx +isinx)*" = (cos x + isinx)*x(cos x + isinx)
=(cos(kx) + isin(kx))(cos x + isin x)
= cos(kx)cos x —sin(kx)sin x +1(sin (kx)cos x +cos x +cos (kx)sin x)
=cos[k+1Dx]+isin[(k+1)x].

Note that the proof above is only valid for integers n. There is a more general version,
in which n is allowed to be a complex number. In this case, the left-hand side is a
multi-valued function, and the right-hand side is one of its possible values.

Euler’s formula for complex numbers states that if z is a complex number with abso-
lute value r, and argument &,, then:

z=re"%.
The proof of this is best approached using the (Maclaurin) power series expansion and

is left to the interested reader. With this, we have another proof of De Moivre’s theorem
that directly follows from the multiplication of complex numbers in polar form.

Example:
Show that cos(56) = cos’ @ —10cos’ @sin’ @+ 5cos @sin* 6.
Applying De Moivre’s theorem for n = 5, we have:
cos(50) +1sin(50) = (cos @ + isin 6)’.
Expand the RHS using the binomial theorem and compare real parts to obtain:

cos(50) = cos’ @ —10cos’ Osin’ O+ 5cosdsin’ 6.

For an integer n, we can express cos(né) solely in terms of cos@ by using the identity
sin® @ =1-cos” . This is known as the Chebyshev polynomial of the first kind.
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Example:
Evaluate sin(00)+sin(18)+sin(28)+---+sin(né).
Applying De Moivre’s formula, this is equivalent to the imaginary part of:
(cos @+1sin 6)° +(cos @ + isin 8)' + (cos 6 + isin ) +---+(cos &+ isin O)".

Interpreting this as a geometric progression, the sum is:

(cos @ +isin 6)""' -1
(cos @ +1sin@) -1

as long as the ratio is not 1, which means 8 # 2kr. (Note that in this case, we get that
each term sin (k@) is 0, and hence the sum is 0).

Converting this to polar form, we obtain:
[ n+l [ n+l
el 0 e{Tjg e{T)g

e’ —1 A ilo 8 Lo _ilg -¢ 1
e? el —e 2 2isin(20j

Taking imaginary parts, we obtain:

sin(n 9) sin (n+1 Hj
2 2
sin(lej
2

The n™ roots of unity are the complex solutions to the equation:

Roots

z" =1.
Suppose complex number z =a+bi is a solution to this equation, and consider the
polar representation z =re", where r =+a’ +b* and tan9=§,0 <0 <2rm.
Then, by De Moivre’s theorem, we have:

1=2z"=(re”)" =r"(cosO+isin)" =r"(cosnd +isinnéh).

bserve that this gives n complex n™ roots of unity, as we know from the fundamental
theorem of algebra. Since all of the complex roots of unity have absolute value 1, these
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points all lie on the unit circle. Furthermore, since the angle between any two consec-

. . 27 . .
utive roots is —, the complex roots of unity are evenly spaced around the unit circle.
n

Example:

What are the complex solutions to the equation z = e
Cubing both sides gives z’ =1, implying z is a 3™ root of unity. By the above, the 3™
roots of unity are:

2kr .

e’ =cos (MTHJ + isin(szﬂjfork: 0,1,2.

27. Ar.
=i =i
This gives the roots of unity L,e * ,e3 , or:

Another way to solve this equation would be to factorize z’ —1=(z —1)(Z2 +Z+ 1).

Then the solutions are z =1 and the solutions to the quadratic equation z° +z+1=0,
which can be found using the quadratic formula.

Example:
2kr .

—1
Given positive integer n, let { =e " for some k=1,2,...,n—1 i.e., { is one of the

n™ root of unity that is not equal to 1. Show that:
1+ +E++ M =0.

Since ¢ is an n™ root of unity, we have ¢" =1. Then:
0=1-¢" =(1=Q)+ £+ 4™,

Since ¢ #1, wehave 1+ +¢2 +---+ " =0.
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|
Imaginary Unit, 62, 76, 87, 93, 177, 180

Indefinite Integration, 68, 81

Infinite Product, 38, 67, 80, 82

Infinite Sum, 20, 38, 69, 82

Inverse Cosecant, 121-122

Inverse Cotangent, 110, 118, 127-129, 131
Inverse Secant, 124-126

Inverse Sine, 102-105

J
Jacobi Elliptic Functions, 64, 77

K
Kronecker Delta, 67, 79

L
Laplace Transform, 33-34, 36, 48-50

Laurent Series, 67, 73, 76, 89, 129
Law Of Sines, 5-7, 163, 195, 197, 205
Limit Of Sequence, 29, 45

M
Maclaurin Series, 28, 44, 56, 104, 109, 113, 129

Mathieu Functions, 64, 77
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Matrix Equation, 168
Mirror Symmetry, 66, 79

Multivalued Function, 102, 107, 110-111, 121-122,
125, 128

N
Natural Logarithm, 20, 38, 53, 88, 128, 188-189

Nonlinear Differential Equation, 67, 80
Notational Convention, 13
Numerical Values, 2

0]
Ordinary Differential Equation, 67, 80

P
Periodic Function, 66, 79, 137, 139, 144, 146-147

Plane Trigonometry, 1, 5, 7
Polar Coordinates, 8-9

Power Series, 7, 24-25, 27-29, 31, 41-43, 45, 47,
59, 62, 73, 86, 91, 208, 215

Pythagorean Identities, 163, 165-166
Pythagorean Theorem, 20, 37, 163, 165

R
Radian Measure, 11, 13-14

Radius Of Convergence, 24, 29, 45, 76
Rational Number, 117, 131, 190

Real Numbers, 12-14, 209
Reference Angles, 98-99

Right Triangle, 1, 15, 17, 19, 37, 53, 94, 165, 170,
190, 202

S

Sine Function, 8, 19-22, 24, 27-28, 30-31, 33, 42-
43, 48, 51-52, 57-58, 63-64, 71, 73, 89-90, 148,
152, 206-207

Spherical Trigonometry, 1, 5-7

Symmetrical Wave Form, 138, 140

T
Tangent Function, 52-53, 56-57, 59, 62, 110-111,
142-143

Tangent Line, 53

Taylor Series, 59, 86, 91, 122, 126

Trigonometric Functions, 1, 3-5, 7-8, 14, 16-17, 19,
71-72, 84-85, 88, 93-96, 98, 102, 108, 126, 128,
137, 148, 154, 163, 165, 173, 180, 187, 190, 209
Trihedral Angle, 6

U
Unit Circle, 1, 12, 14-19, 37, 93-98, 100, 142, 144,
164, 187, 189, 209, 217

W
Wolfram Language, 20, 38
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